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Real enumerative invariants relative to the
toric boundary and their refinement

[lia Itenberg and Eugenii Shustin

ABSTRACT

We introduce new invariants of a class of toric surfaces (including the projective plane)
that arise from appropriate enumeration of real curves of genus 1 and 2. These invariants
admit a refinement similar to the one introduced by Grigory Mikhalkin in the rational
case.

1. Introduction

Refined enumerative geometry, initiated in [BG16, GS14], became one of the central topics in
enumerative geometry with important links to closed and open Gromov—Witten invariants and
to Donaldson—Thomas invariants. In a big part of known examples, refined invariants appear
as one-parameter deformations of complex enumerative invariants (see, for example, [BG16,
FS15, GS19, GS14]). In his groundbreaking paper [Mik17], G. Mikhalkin has proposed a refined
invariant provided by enumeration of real rational curves and has related this invariant to the
refined tropical invariants of F. Block and L. Gottsche [BG16]. Namely, he introduced an integer-
valued quantum index for real algebraic curves in toric surfaces. The quantum index is defined
in [Mik17] for real curves satisfying the following assumptions: The curve has to intersect toric
divisors only at real points and to be irreducible and separating; the latter condition means that,
in the complex point set of the normalization of the curve, the complement of the real part
is disconnected, that is, formed by two halves exchanged by complex conjugation (in fact, the
quantum index is associated with one half of a separating real curve, while the other half has the
opposite quantum index; for detailed definitions, see Section 3.2). Mikhalkin [Mik17] showed that,
for an appropriate kind of constraints, a Welschinger-type enumeration of real rational curves (cf.
[Wel05]) in a given divisor class and with a given quantum index produces an invariant that can
be directly related to the numerator of a Block—Gottsche refined tropical invariant (represented
as a fraction with the standard denominator).

The main goal of the present paper is to introduce refined invariants of Mikhalkin’s type in
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I. ITENBERG AND E. SHUSTIN

the case of curves of genus 1 and 2. We follow the ideas of [Shul5] and choose constraints so
that every counted real curve of genus g = 1 or 2 appears to be a mazimal one (that is, it has
g+ 1 global real branches) and hence is separating. More precisely, given a toric surface with the
tautological real structure and a very ample divisor class, we fix maximally many real points in a
generic Menelaus position (see Section 2.2) on the toric boundary of the positive quadrant, where
genus g curves from the given linear system must be tangent to toric divisors with prescribed
even intersection multiplicities, and we fix g more generic real points inside different non-positive
quadrants as extra constraints (through which the curves under consideration should pass).
There are finitely many real curves of genus g matching the constraints, and all these curves
are separating. Their halves have a quantum index, and we equip each curve with a certain
Welschinger-type sign, generalizing the sign used by Mikhalkin in the rational case. This gives
rise to a signed enumeration of halves of real curves of genus g = 1 and 2 that match given
constraints, belong to a given linear system, and have a prescribed quantum index x (we also
treat the case g = 0, slightly generalizing Mikhalkin’s enumeration to the situation with arbitrary
even intersection multiplicities).

We prove that, for some toric surfaces (including the projective plane; in the case of genus 2,
in order to avoid cumbersome technicalities, this is the only toric surface considered in the
paper), the result W;(A, w) of such an enumeration, where the sequence A encodes the orders
of tangencies and the sequence w encodes the position of the constraints, does not depend on
the choice of a (generic) sequence w. Precise statements can be found in Section 3.2 (rational
case, Theorem 3.2), Section 3.3 (elliptic case, Theorem 3.6), and Section 3.4 (genus 2 case,
Theorem 3.8). The obtained invariants are said to be refined. In particular, we get new real
enumerative invariants (without prescribing values for quantum index) in genus 1 and 2. Tropical
counterparts of the above refined invariants, their computation, and comparison with the Block—
Gottsche refined tropical invariants are presented in a forthcoming paper by the authors.

The proofs of invariance are decomposed into four steps (these steps are common for all
genera g =0, 1, and 2):

(1) identifying walls, that is, loci of codimension 1 in the space of constraints, corresponding to
degenerations in the set of counted curves;

(2) analyzing (local) deformations of germs of degenerate curves at their singular points;

(3) establishing transversality conditions that ensure the existence of 1-dimensional families
in the space of constraints transversally crossing the walls and realizing prescribed local
deformations of degenerate counted curves;

(4) verifying the persistence of the count in all wall-crossing events.

In addition to the signed enumeration mentioned above, we suggest another choice for a Wel-
schinger-type sign in the considered enumerative problems. This choice also yields an invariant
enumeration. The proofs of the invariance for these two signed enumerations are literally the
same, so we treat them together. It turns out' that the results W (A, @) and W/ (A, w) of the
two signed enumerations (see Section 3 for the notation) coincide up to a global sign depending
only on A, g, and k. This statement is proved in [[S26]. In fact, the two introduced signs coincide
(up to the above-mentioned global sign) for individual curves under enumeration.

This paper is organized as follows. Section 2 contains preparatory material. In Section 3, we
introduce refined invariants arising in the enumeration of real curves of genus 0, 1, and 2 (the

!The remainder of this paragraph was revised in proof.
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REAL ENUMERATIVE INVARIANTS AND THEIR REFINEMENT

genus 0 version slightly generalizes Mikhalkin’s refined rational invariants [Mik17]). Sections 4, 5,
and 6 are devoted to the proofs of the invariance statements in genus 0, 1, and 2, respectively.

2. Preparation

2.1 Convex lattice polygons and real toric surfaces

Consider the lattice Z? and its ambient plane R? = Z? @ R. Let P C R? be a non-degenerate
convex lattice polygon. For a lattice segment o C R? (respectively, a vector a € Z2 \ {(0,0)}),
denote by ||o||z (respectively, ||al|z) its lattice length, that is, the ratio of the Euclidean length
and the minimal length of a non-zero parallel integral vector.

Denote by Tor(P) the complex toric surface associated with P. Let Tor(P)* ~ (C*)? (re-
spectively, Tor(0P)) be the dense orbit (respectively, the union of all toric divisors) of Tor(P).
The toric surface Tor(P) has the tautological real structure, and the real part Torg(P) of Tor(P)
contains the positive quadrant Torg(P)* ~ (Rs0)?. The closure Torg (P) of Torg(P)* (with re-
spect to the Euclidean topology) is diffeomorphically taken onto P by the moment map. We pull
back the standard orientation and the metric of P C R? to Tory, (P) and induce an orientation
and a metric on the boundary d Torg (P) of Torg (P). In particular, we get a cyclic order on the
sides of P; we call this order positive. Denote by Lp the tautological line bundle over Tor(P).
The global sections of Lp are spanned by the monomials 2%, z = (21, 22), w € P N Z2.

For each edge o0 C 0P, we consider the toric curve Tor(o), its dense orbit Tor(c)*, the real
part Torg (o) of Tor(c), and the positive half-axis Torg(c)™ C Tor(a)* N Torg(c). The closure
Tory, (o) of Torg (o)™ coincides with Tor(o) N O Torg (P).

2.2 Toric degree and Menelaus condition
A multi-set A C Z?\ {(0,0)} is said to be

e balanced if the sum of vectors in A is equal to 0,
e non-degenerate if the vectors of A span R?,
e cven if A C (27)%.

A balanced non-degenerate multi-set A C Z2\ {(0,0)} is called a (toric) degree.

Let A C Z?\ {(0,0)} be a non-degenerate balanced multi-set. For each vector a € A, denote
by @ the vector obtained from a by the counter-clockwise rotation by 7/2. The vectors @ can be
attached to each other so that the next vector starts at the end of the preceding one in order to
form a simple broken line bounding a convex lattice polygon whose boundary gets the counter-
clockwise orientation. This polygon is denoted by Pa; it is determined by A up to translation.
For a convex lattice polygon 4, we set A(0) to be the Euclidean area of § and Z(d) to be the
number of integer points in the interior of ¢. In the case of Pa, we write A(A) and Z(A) for
short. The elements of A are denoted by

al, i=1,...,n%,
where o ranges over the set Pi of sides of the polygon Pa, and n? is the number of vectors in A
that are outer normals to o.

From now on, assume that A is even. For each o € P& and each i = 1,...,n°%

2k7 = || a7z

, put
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DEeFINITION 2.1. For each ¢ € Pi, consider a sequence z? of n? points in Tor(c)*, and denote
by z the double-index sequence (with upper index o € Pi and lower index ¢ = 1,...,n?) formed
by the sequences z?. We say that the sequence z satisfies the Menelaus A-condition (cf. [Mik17,
Section 5.1]) if there exists a curve C' € |Lp,| such that C' does not contain toric divisors as
components and, for each o € P}, the scheme-theoretic intersection of C' and Tor(o) coincides

with Y77 2k720.

LEMMA 2.2. The sequences z satisfying the Menelaus A-condition form an algebraic hypersurface
Men(A) C HUGP& Tor(o)™”.

Proof. We present an explicit equation of Men(A). Consider a linear functional A\: R? — R that
is injective on Z?. The maximal and minimal points of A on Pa divide the boundary OPa of Pa
into two broken lines B’ and B”, and the maximal and minimal points of A on each side o define
its orientation. An automorphism of Z2, which takes an oriented side ¢ of P onto the naturally
oriented segment [0, ||o||z] of the first axis of R?, defines an isomorphism of Tor(c)* with C*.
Denote by £7 = (£7)%, the sequence of images in C* of the points of 2. Then, Men(A) is given
by the equation

[IBIGRENIBIGCIE m

oCB’ =1 ocCB"i=1

The hypersurface Men(A) is called the Menelaus hypersurface. Notice that it is reducible.
More precisely, Men(A) splits into 2ky components, where

ko chd{kg ‘ i=1,...,n%, O’C@PA}.
Denote by Men(A)eq the component given by the equation

n? n?
IT TTeeo) /e = 11 Ty ™. (2.1)

oCB i=1 ocCB" i=1
Note that the isomorphism Tor(c)* ~ C* introduced above takes Torg (o)™ onto R~g C C*.
For p > 0, denote by Menj(A) the part of Men(A)eq specified by the condition that, for
each o € Pi, all points of the subsequence w? belong to Torig(a) and lie at distance at least p
(with respect to the metric fixed in Section 2.1) from the endpoints of Torﬁ (o). Here, we always
assume that, in each interval Tori (0), the complement of p-neighborhoods of the endpoints is

non-empty.

LEMMA 2.3. The (metric) closure Meng(A) C [[,yp(Torg ()" is diffeomorphic to a convex
polytope.

Proof. Since Menf (A) is given by equation (2.1) with positive variables 7 satisfying restrictions
of the form 0 < const; < & < consty < 0o, the coordinate-wise logarithm takes Menﬁ%(A) onto
a hyperplane section of a convex polytope. O

2.3 Deformations of plane-curve germs
Here we introduce notation and recall some known facts on deformations of plane-curve germs.

Let (C,z) C (C2, 2) be the germ of a reduced curve C' with an isolated singular point z, and
let L D {z} be a smooth curve intersecting (C, z) only at z. The space Vers(C, z), defined as the
germ at 0 of O¢, /m‘az, 5 > 0, where mc ., is the maximal ideal in the local ring Oc¢ ., serves
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as the base of a versal deformation of the germ (C,z). Denote by Q1,...,Q, the irreducible
components of (C, z), that is, the local branches of C' centered at z, and consider the following
loci in Vers(C, z):

(a) The equisingular locus ES(C, z) C Vers(C, z) parameterizes curve germs with a singular
point topologically equivalent to (C, z). It is smooth (see [DHS88, item (ii) on p. 435]), and
by [GS84, Theorem 1 and formula (19)], its tangent space T'(ES(C, z)) is contained in

{cp € Vers(C, z) | ord ¢|g, = 20(Qi) + Z(Qz Q) +mult@; —1,i=1,... ,r} ,
J#i
where (Q; - Q;) stands for the intersection multiplicity of the local branches @; and Q;, the
o-invariant §(@;) denotes the maximal number of nodes that may appear in a deformation
of the local branch @);, the multiplicity of Q); at z is denoted by mult Q);, and finally, ord ¢|g,
is the vanishing order of p(z(t),y(t)), where (z(t),y(t)) is a parameterization of Q;.

(b) The equisingular loci ESz(C,z) C ES(C,z) and ES¥(C,z) ¢ ES.(C,z) are additionally
constrained by the requirement to intersect L at a point close to z with multiplicity (C'- L),
or to intersect L at z with multiplicity (C' - L), respectively. Both loci are smooth, and by
[GS84, Theorem 2 and formulas (21), (22)], their tangent spaces satisfy

ordcp‘Qi 2 20(Qi) + 32;4(Qi - Qj)
F(Qi- L) —1,i=1,..,r |’
ord |, >20(Qi) +32;4(Qi - Q))
+mult Q; +(Q;-L)—1,i=1,...,7 |~
(c) The equigeneric locus EG(C,z) C Vers(C,z) parameterizes equigeneric (or 6 = const.)

deformations. It is smooth if and only if all local branches Q1,...,Q, are smooth. In any
case, its tangent cone is the linear space

T, i = {o € Vers(C,2) | ord glo, > 26(Q0) + Q- Qi = Leor
J#

T(ESL(C,z)) C {go € Vers(C, 2) ‘

T(ES(C, 2)) C {L,O € Vers(C, 2) ‘

of codimension codim EG(C, z) = §(C, z), where
J(C, 2) = Ann(9,05/Oc¢) C Oc
is the conductor ideal (see details in [DH88, item (iii) on p. 435 and Theorem 4.15]), and
§(C,2) = dim O,/ J*"(C, 2).
(d) The equigeneric loci EGL(C,z) € EG(C,z) and EGI*(C, 2) ¢ EGL(C, z) are additionally
constrained by the requirement to intersect L at a point close to z with multiplicity (C'- L),

or to intersect L at z with multiplicity (C - L),, respectively. If (C, z) is irreducible, that is,
r = 1, then these loci are smooth [Shul7, Lemma 3(1)], and their tangent spaces satisfy

T(EGL(C, 2)) = {p € Vers(C, 2) | ord ¢|(¢,.) = 20(C,2) + (C - L), — 1},
T(EGH(C, 2)) = {¢ € Vers(C, z) | ord ¢|(c.) = 20(C,2z) + (C - L).}.

2.4 Curves on toric surfaces
Given a morphism ®: C' — Tor(Pa) of a smooth curve C to Tor(Pa), we denote by

o d, (6) the scheme-theoretic push-forward, that is, the 1-dimensional part of the image,
whose components are taken with the corresponding multiplicities;
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o (:= @(6) the reduced model of @, (6), where all components are taken with multiplicity 1;
we split ® into ®: C — C' <> Tor(Pa);

e ®*(D), where D C Tor(Pa) is a divisor intersecting C' in finitely many points, the divisor
on C that is the pull-back of the scheme-theoretic intersection D N &, (C)

Denote by Mgy (Tor(Pa),Lp,) the moduli space of stable maps ®: (C’ p) — Tor(PA)

where C is a smooth connected curve of genus g and p is a sequence of m distinct points in C
such that @, (C ) € |Lp,|. Correspondingly, we denote by M ,,(Tor(Pa), Lp,) the Kontsevich
compactification of the above moduli space. This compactification is obtained by adding isomor-
phism classes of stable maps ®: (é , p) — Tor(Pa), where C is a connected nodal curve of arith-
metic genus g and p is a sequence of m distinct points in C \ Sing(C) such that @, (C ) € |Lp,]|
(here Sing(é) stands for the set of singularities of 6) In what follows, we work with certain
subspaces of these moduli spaces specified for genus g = 0 in Section 3.2, for genus g = 1 in Sec-
tion 3.3, and for genus g = 2 in Section 3.4. For any subset M C Mg, (Tor(Pa), Lp,), denote
by M the closure of M in the compactified moduli space M, ,,(Tor(Pa), Lp,).

We denote by (C1 - Cs), the intersection multiplicity of curves Cq,Cy C Tor(Pa) at a smooth
point z of Tor(Pa). By C1Cy we mean the total intersection multiplicity of curves Cp,Cy C
Tor(Pa) provided that all intersection points of these curves are smooth in Tor(Pa).

Recall that deformations of a morphism ®: C— Tor(Pp) of a smooth curve C are encoded
by the normal sheaf on C' (see, for instance, [GK89)):

Ny := ®*T Tor(Pa)/TC
(where T denotes the tangent bundle). In the case of an immersion, N is a line bundle of degree
deg N = ¢1(Tor(Pa))ci(Lpy) — 2. (2.2)

If ®: C — C < Tor(Pa) is birational onto its image C' but not necessarily an immersion, we
consider deformations realizing specific local deformations of C' at its singular points (see the
details in Section 2.3).

Let A = (af, i1=1,...,n% o € Pi) be a toric degree as introduced in Section 2.2. Fix a non-
negative integer ¢ < Z(A) and a non-negative integer n(o) < n? for each edge o € Pi such that
ZaePi n(o) < ZUEP& n?. Put ng = ZUEPZ\ n(o) and ni, = n — ny, where

n = Z n’+g-—1.
UEP&
Choose a sequence w of n distinct points in Tor(Pa) splitting into two subsequences:

e wy, consisting of ny points in general position on Tor(9Pa) so that, for each side o € Pi,
the sequence wy contains n(o) points w¢, 1 < i < n(o), lying on Tor(o);

® wjy, consisting of nj, points wj, j = 1,...,nin, in general position in (C*)2 C Tor(Pa).
Introduce the subset My (A, w) C Mgy, (Tor(Pa), Lp,) consisting of the elements
[@: (@,p) — Tor(Pa)]
satisfying the following assumptions:

(M1) The sequence p splits into two disjoint subsequences p, and p;, containing ng points p?,
o € PX,1< i< n(o), and niy, points pj, j = 1,...,ni, respectively, such that ®(py) = ws
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(more precisely, for each o € P, one has ®(p) = w?, i = 1,...,n(0)) and ®(p;) = wj,
j: 1,...,77,111.
(M2) For each o € P4, one has

*(Tor(o Zk” 7 c D1V )

where ®(p?) = w¢ for all p¢ € py and w¢ € wy, 0 € P, 1 < i < n(0), and the pl
for n(o) < i < n” are some points of C not counted in the sequence py; finally, Div (C)
denotes the group of Weil divisors on C.

LEMMA 2.4. Suppose that the sequence w is in general position subject to the location with
respect to the toric divisors as indicated above. Then, the space My (A, w) is finite. Moreover,
for each element [®: (C’ p) — Tor(Pa)] € Mgn(A,w), the map ® takes C birationally onto an

immersed curve C' = @(C) that, for each o € P, intersects the toric divisor Tor(o) at n distinct
points and C' is smooth at each of these intersection points. Furthermore, ®(p) N Sing(C) = 0.

Proof. Consider the family
M (&) = {[@: (C,py) — Tor(Pa)] € Mgu(Tor(Pa), Lp,) such that
:C—»C= @(6) is birational and
[@: (é,pa) — Tor(Pa)] satisfies condition (M2)} . (2.3)
We claim that
dim Mg ,(A) < n. (2.4)

Assuming (2.4) and imposing the conditions ®(p7) = w? € wy, 1 < i < n(o), for every edge
o€ Pi, as well as imposing n;, extra point constraints wj, in general position in Tor(Pa)*,
we obtain a finite set.

To prove (2.4), take a generic element £ = [®: (a,p) — Tor(Pa)] in an irreducible com-
ponent of M7, (A). Tt is a smooth point of that component, and the germ of My, (A) at £
realizes an equisingular deformation. We estimate the dimension of the tangent space to this
germ. Put C = <I>(C). Taking into account the formulas in Section 2.3, we derive that

dim M, ,(A) < h°(C, Tzjc ®o,. in* Lpy) = h°(C,05(—d) ®o, *Lp, ), (2.5)
where

e 7 C C is the 0-dimensional scheme supported at Sing(C') U (C'NTor(0Pa)), defined at each
point z € Sing(C') N'Tor(Pa)* by the conductor ideal 1°°"4(C, z), and defined at each point
w € C NTor(c), o € PX, by the ideal described by the right-hand side of the first formula
of item (b) in Section 2.3;

e Jz/c C Oc is the ideal sheaf of the scheme Z C C;

e the divisor d satisfies

degd=2 Y 0(C2)+ > > > (@ Tor(o))w — 1)

2€Sing(C) o€ P} weCNTor(s) QC(C,w)

+ Z Z (mult@ —1).

z€Sing(C)NTor(Pa)* QC(C,z)

825



I. ITENBERG AND E. SHUSTIN

It follows that
deg(Oa(—d) @0, P*Lp,) = C* — degd
= C? — (C® + CKror(py) + 2 — 29) + CKror(pa)
+#{Q C (C,w), we CNTor(o)} — Z Z (mult @ — 1)
2€Sing(C)NTor(Pa)* QC(C,2)

= (29 —2)+#{Q c (C,w), w e CNTor(c)} — > > (mult@—1),
z€Sing(C)NTor(Pa)* QC(C,z)
(2.6)

where the symbol # stands for the number of elements of a given set. Since
3<#{Q C (Cw), we CNTor(o)} < #A,
by (2.6) and by the Riemann-Roch formula, the right-hand side of (2.5) does not exceed
29 -2+ #{Q C (C,w), we CNTor(c)} —g+1
=g—-1+#{Q Cc (C,w),we CNTor(o)} <g—1+#A=n.

Furthermore, if either #{Q C (C,w), w € C N Tor(o)} < #A or there is a singular local
branch @ of C centered in Tor(Pa)*, then we get My (A, w) = (). Thus, we are left with
the following case: dim My ,(A) = n, the curve C is immersed in Tor(Pa)*, and we have
#{Q C (C,w), w € CNTor(c)} = #A. Now we show that C' is smooth along the toric divisors.
Suppose that C has a local singular branch @y centered at some point w € Tor(c), where o € Pi.
Fixing the position of the point w, we obtain a subfamily V; C M, (A) of dimension at least
n — 1. On the other hand, computations as above yield that

dim WV, < h°(C,05(—d1) ®o, ®*Lp, ),
where by the second formula of item (b) in Section 2.3,
degd; =2 Z Z Z Z (Q - Tor(c))y — 1) + mult Qp .
2€Sing(C) oe P} weCNTor(o) QC(Cyw)
This implies that
deg(a,(’) ~(—dp) ®0, o* EPA) =29 —2+#A —mult Qo <29 — 2+ #A -2,
and by the Riemann—Roch formula, we obtain
dimV; < #A+g—-1-2=n-2,

which gives a contradiction. Thus, C' must be immersed. Now suppose that some point w in
C N Tor(o), where o € Pi, is a center of local branches Q1,...,Q,, r > 2. Again, fixing the
position of the point w, we obtain a subfamily Vo C My ,(A) of dimension at least n — 1. On
the other hand, computations as above yield that

dimVy < h0(C, Og(—d2) @0, ®*Lpy) .

where

degdy = 2 Z CZ+Z Z Z (Q-Tor(c))y — 1)+,

z€Sing(C) ceP} weCNTor(o) QC(Cyw)
which implies

deg(C, 0p(—ds) ®o, ®*Lpy) =29 —2+H#A -1 <29 — 2+ #A -2,
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and, by the Riemann—Roch formula, we obtain
dmVo < #A+g—-1-2=n—-2,
which gives a contradiction. Hence, C' is smooth along the toric divisors.

It remains to show that Mg, (A, w) does not contain elements [®: (a,p) — Tor(Pa)] such

that ®: C' — Tor(Pp) is a multiple covering of the image C' = @(6) Following the preceding
argument, we assume that dim M, ,(A) = n and that a generic element of some component
Vo C Mgy n(A) is represented by a multiple covering ®: C — C' < Tor(Pa), and then come to
a contradiction. Denote by ®: C' — C’ the normalization. Notice that the genus ¢’ of C’ is at
most g, and that the number of local branches of C’ centered on the toric divisors is bounded
from above by #A. Furthermore, we can assume that the variation of ®: C — Tor(Pa) along
Vo induces an equisingular deformation of C” in the linear system |C’|. Computations as in the
preceding paragraph imply that

n="Yy < #{Q c (C'w),wel ﬂUTor(a)} +4g -1,
which, in turn, yields that

#{Q C (C',w), we C”ﬂUTor(U)} =#A and ¢ =g.

Moreover, the argument of the preceding paragraph would imply that C” is immersed and smooth
along the toric divisors. That means that ®: C — C' is ramified at each of the #A > 3 points
of C mapped to the toric divisors, and the ramification index at each of them is maximal, but
this contradicts the Riemann—Hurwitz formula. O

A map &: (a,p) — Tor(Pa) such that [®: (a,p) — Tor(Pa)] € Mgn(A, w) is said to be
real if
(i) the sequence w is invariant with respect to the tautological real structure on Tor(Pa),

(ii) (6 ) p) is equipped with a real structure, and

(iii) ®: (6’ ,p) — Tor(Pa) commutes with the real structures in the source and in the target.

The set of equivalence classes of such real maps ®: (6 , p) — Tor(Pa) considered up to equivari-
ant isomorphism is denoted by M;I}in(A, w). We say that an clement [®: (a,p) — Tor(Pa)] of

/\/lﬂ;,n(A, w) is separating if the complement in C to the real point set RC' is disconnected, that
is, consists of two connected components. The choice of one of these halves induces the so-called
complex orientation on RC, as well as on @(RC’) if ® is birational onto its image. Denote by

J\—/lﬁ;,n(A, w) the set of separating elements [®: (é,p) — Tor(Pa)] € Mﬁn(A, w) equipped with
a choice of one half Cy of C \RC.

~ ~ —
Following [Mik17], we assign to each element & = ([CD: (C,p) — Tor(PA)] , C+) € ./\/lﬂg%n(A, w)
its quantum index

e X192

1 L[ dr1 ANdx
- [ @ (12) 21— |21], @ = |2l @.7)
Cy

with 21, 29 coordinates in the torus (C*)? ~ Tor(Pa)* such that the form dzi A dzs agrees with
the orientation of Tory (Pa) defined in Section 2.1. By [Mik17, Theorem 3.1], if all intersection

points of @(CA’) with the toric divisors are real, then QI(£) € %Z and |QI(§)] < A(A).
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3. Real refined enumerative invariants in genus 0, 1, and 2

3.1 Preliminary remarks

Recall that the Welschinger-signed count of real plane curves of a given degree and genus, passing
through a generic conjugation-invariant configuration of points in the plane, is non-invariant
as long as the genus is positive [IKS03, Theorem 3.1]. However, in the case of real rational
surfaces with a disconnected real part, Welschinger invariants survive for certain positive genera g,
provided that some conditions on constraints are fulfilled: In particular, each real connected
component of the ambient surface contains at most one oval (that is, global real branch) of any
curve under consideration, and the counted curves have the maximal possible number g + 1 of
ovals; see [Shulb]. We exploit here a similar approach in order to extend the invariant count
of real rational curves [Mik17] to positive genera. Our idea is to consider real curves that are
tangent to toric divisors with even intersection multiplicity at each intersection point. In such
a case, every quadrant of a real toric surface plays the role of a separate component of the real
part of a real surface. The lack of the “bad” wall in the space of constraints indicated in [IKS03,
Section 3] is expressed as a cohomology-vanishing condition proved below in Lemmas 4.1, 5.1,
and 6.1.

Remark 3.1. The above idea does not work for genus g > 3: If we fix constraints on the boundary
of the positive quadrant (see Sections 3.2, 3.3, and 3.4) and g more extra points in the big real
torus, the set of counted curves will necessarily include non-dividing real curves with at most ¢
ovals, which does not allow one to perform Mikhalkin’s quantization.

3.2 Refined rational invariants

In the notation of Section 2.4, assume that

g=0, nu=0, na:n:Zn", and 'w:wacaTorI'Rt(PA).

In particular, for all ¢ € PX but one, we have n(o) = n?, and for the remaining edge o’,
we have n(o’) = n® —1. Note that for a given w, there exists a unique point wg;, € OTorig (Pa)

such that the sequence w = w U {wz;,} belongs to the hypersurface Men(A). We denote by
Mon(A, w) C Mo (A, w) the subset formed by the curves passing through w.

Denote by Meng(A) the subset of Men(A) formed by the above sequences w such that
Mo (A, w) satisfies the conclusions of Lemma 2.4. The closure

U MEL(A,@) C My, (Tor(Pa), Lpy)
WeMeng(A)

is naturally fibered over the space of sequences w € Men(A); we denote the fibers by ﬂ](lin(A, w).
Let M§’+(A, w) C M](lin(A, w) be the subset formed by the elements [®: (P!, p) — Tor(Pa)]

n

such that ®(PL) C Torf(Pa).? For every [®: (P!, p) — Tor(Pa)] € ME’JF(A,@), the curve

n
C = ®(P') intersects each toric divisor Tor(c) in points w¢, 1 < i < n?. Hence, each element &

*Note that /\/l]g’:[ (A, @) € MG ,.(A, W) when there exists a connected component of Torg(Pa)* \ Torg(Pa) " such
that the boundary of the component coincides with & Torg (Pa).
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of the set
TR+ N 1 1 TR ~
My, (A, w) = {([®: (P!, p) — Tor(Pa)],P}) € Mg, (A, w) such that
[@: (Pl,p) — Tor(PA)] € M%ﬁ’;(A,ﬁ;)}
possesses a quantum index QI(&) € %Z.
Furthermore, if w € Meng(A), then there are well-defined Welschinger signs

Wo(€) = (=)@ I sien(&uy), (3.1)
oEP}, 1Ki<n®
k=0 mod 2

Wo€) = (1)@ [ sien(&wf), (32)

oceP}, 1<i<n®

where e (C), respectively e(C), is the number of elliptic nodes (that is, real intersection points
of a pair of smooth transversal complex-conjugate local branches) of C' = ®(P!) that arise from a
real nodal equigeneric deformation of all singular points of C' in the positive quadrant Torﬁ (Pa),
respectively, in the torus Torg(Pa)* (cf. [IKS18, Section 1.1]), and sign(§, w{) equals 1 or —1
according to whether the complex orientation of RC = @(Pﬁ) at wy agrees or not with the fixed
orientation of d Torg (Pa).

For each x € 17 such that |x| < A(A), put

WA, ) = Z Wo(€), WA= > Wold).
ceMET (A ) §eM]R aw)
QI(E) K Ql(ﬁ)

THEOREM 3.2. For each k € 37 such that |k| < A(A), the values W (A, @) and W&(A,ﬁ)) do
not depend on the choice of a sequence w € Meng(A).

We prove this theorem in Section 4. Since the values W} (A, w) and Wo (A, w) do not depend

on the choice of a sequence w € Meng(A), we use the notation W§(A) and W (A), respectively,
for these values.

Remark 3.3. (1) Theorem 3.2 slightly generalizes the statement of [Mik17, Theorem 5|, because
we allow tangencies of any even intersection multiplicity. .

(2) One can show [Mik17, I526] that the invariants W§(A) and W§(A) vanish for all k ¢ 27
and for all kK € 2Z such that x # A(A) mod 4. In general, the invariants W} (A) can be computed
via the formula in [Blo25, Theorem 3.4].

3.3 Refined elliptic invariants
In the notation of Section 2.4, assume that

g=1, nu=1, na:ZnU—l, wy C dTorg (Pa), win = {wo} C Q,
O'EPi

where Q is an open quadrant in Torg(Pa)* \ Torf (Pa). As in the preceding section, for all
o € P} but one, we have n(o) = n?, and for the remaining edge o', we have n(o’) = n” — 1. As
in Section 3.2, we define the completion wy := w@U{wg;,} € Men(A), where wg;, € d Torg (Pa),
and put w = wyUwi,. We denote by M (A, w) C M (A, w) the subset formed by the curves
passing through w.
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~

Denote by Menj(A) the set of sequences w € Men(A) x Q such that the set My (A, w)
satisfies the conclusions of Lemma 2.4. The closure

U MEL(A,@) C My, (Tor(Pa), Lpy)

weMen; (A)

is naturally fibered over the space of sequences w C Men(A) x Q; we denote the fibers by
My, (A, ).
Consider the subset /\/l]R A, ) C MllRin(A, w) formed by the elements
[<I>: (C’,p) — Tor(PA)] ., where C is a smooth elliptic curve,

defining real curves C = @(6) C Tor(Pa) that have a 1-dimensional real branch in Torg (Pa)
and that intersect the toric divisor Tor(c) in w¢, 1 < i < n?, for all ¢ € Pi. It follows from
Lemma 2.4 that for @ € Men;(A), the curve C has two 1-dimensional branches, one in Tor (Pa)
and the other in the closed quadrant Q containing the point wg. This defines a unique real struc-
ture on C whose fixed- -point set RC consists of two ovals, making ®: C—Ca separating real
curve. The choice of a component of C \ RC defines a complex orientation on the 1-dimensional
branches of RC'

We impose a further restriction on the choice of the quadrant Q 3 wy dictated by our wish to
avoid specific wall-crossing events that may occur in the proof of the invariance of the count to
be specified below: first, the escape of a real 1-dimensional branch of counted curves out of the
positive quadrant and, second, degenerations in which the union of the toric divisors splits off.

DEFINITION 3.4. We say that the quadrant Q@ C Torg(Pa)* satisfies the admissible quadrant
condition (AQC) if the closure Q of Q shares at most one side with d Torf; (Pa).

Ezample 3.5. Let d, dy, and dy be positive integers. Condition (AQC) imposes no restriction on
the choice of Q in the case of the triangle conv{(0,0), (d,0), (0,d)} (the convex hull of the points
(0,0), (d,0), (0,d)), which has the projective plane P? as associated toric surface, while for the
rectangle conv{(0,0), (d1,0), (d1,dz), (0,ds)}, which has P! x P! as associated toric surface, the
condition authorizes only the quadrant @ where both coordinates are negative.

- N
Denote by /\/l1 ’+(A w) the subset of /\/l]ﬁn(A, w) formed by the elements

([@: (é p) — Tor(PA)],a+)

such that [®: (a,p) — Tor(Pa)] € MR+(A @) and C, is one half of C'\ RC. According
o [Mik17, Theorem 1], each element & of MR+(A w) has quantum index QI(&) € %Z with

|QI(¢)] < A(A) (defined by formula (2.7) with integration domain C), and for w such that we
have w € Men;(A), according to the argument in [IKS18, Section 1.1], there is a well-defined
Welschinger sign

Wi(€) = () (@ T sign(& uf), (3.3)
oePL, 1<i<n?
k;’ = 0 mod 2

where h(C, Q) is the number of hyperbolic nodes of C' = @(6) in the quadrant Q that arise in
any real nodal equigeneric deformation of all singularities of C'in Q (here eo(C') and sign(&, wy)
are straightforward analogs of the corresponding ingredients in formula (3.1)).
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For each x € 17 such that [x| < A(A), put
WEAw) = Y Wi©). W@ = Y W),

ceMi (A @) ceMBF (A, @)

1,n

QI(¢)=r Ql(§)=~r
where (cf. formula (3.2))

W) = (-4 [ sign(swy).

oceP},1<i<n®

THEOREM 3.6. Suppose that n > 4. Then, the values W (A, w) and WN/{”(A, w) do not depend on
the choice of a sequence W € Men;(A) x Q subject to the following conditions: Wy C d Torg (Pa)
and wy € Q, where Q is a fixed non-positive quadrant satisfying (AQC).

We prove this theorem in Section 5. Since the values W (A, w) and Wf (A, w) do not depend
on the choice of a sequence w € Men;(A) x Q, we use the notation W{(A, Q) and W(A, Q),
respectively, for these values.

Remark 3.7. (1) We expect that the statement of Theorem 3.6 holds for the remaining value
n = 3 too. This value corresponds to #A = 3 and P a lattice triangle, while the counted elliptic
curves in Tor(Pa) intersect each toric divisor at one point, where they are unibranch.

(2) One can show [IS26] that the invariants W{* (A, Q) and W (A, Q) vanish for all k ¢ 2Z and
for all k € 2Z such that k # A(A) mod 4.

3.4 Refined invariants of genus 2

For genus g = 2, we restrict our attention to the case Tor(Pa) ~ P2, That is, A consists of positive
multiples of the vectors (1,1),(—1,0), (0, —1) and defines plane curves of an even degree 2d. The
boundary of the positive quadrant (IP]%Q)Jr consists of the three segments D}, s = 0, 1,2, where

Df =Dsn CI(IP’]%{)JF, D = {zs = 0} C P2, corresponding to the sides
[(0,d), (d,0)], [(0,0), (0,d)], [(0,0), (d, 0)] € PA,

respectively. Introduce the completions wy = wy U {wgg))} € Men(A) and w = wy U wiy,, where
wip = {wy, wa},

wp € (IP%)(’JF)—{(I‘():{L'l :(IZQ)GP]%‘E<O, x2>0},

xo xo
_ xr X
wze(p@(+v ):{(xolezxz)epﬁ‘:;]>0,xz<0}.

Denote by Meng(A) the set of sequences w € Men(A) x (]P’ﬁ)(f’ﬂ X (IP’%&)H’*) such that the
set Mo (A, w) satisfies the conclusions of Lemma 2.4. The closure

U ME, (A @) C My, (Tor(Pa), Lpy)
weMens (A)

is naturally fibered over the space of sequences w C Men(A) x (Pl%g)(f’ﬂ X (IP’]%{)(J“*); we denote
the fibers by Mﬁn(A, w).

Denote by M§n(A,@) the space of equivariant isomorphism classes of real stable maps
of curves of genus 2. Due to the choice of the points of w, each element is of the form £ =
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[(ID: (é,p) — IP’Q] S M]sn(A,fu), where C stands for a real Riemann surface of genus 2 and &
defines an M-curve; that is, RC consists of three ovals that are mapped to the quadrants Cl (]P’%&) +,
Cl(IF’Q)(_ ) CI(IP’2 )(+’ ) respectlvely The complement C \RC’ consists of two components, and
the choice of one of them, c+ , defines complex orientations on RC and on @(RC) Denote by
./\/12 (A, w) the set of elements of MY (A, w) equipped Wlth a complex orientation. Similarly
to formula (3.3), for each element £ = [®: (C p) —» P? e /\/l (A, w), we define

Wo(€) = ()= (=)= T T sien(& i),

gePé k7 =0 mod 2

where C' = @(6) and h_(C) is the number of hyperbolic nodes that appear in real local equi-
generic nodal deformations of singular points of C' in (IP’]%)(_’JF) U (IP]%)H’_). Put

WEA @) = Y W), WEA@) = > W),
¢ceME (A ) ceME, (A)
QL(¢)=r QIL(¢)=r

where (cf. formula (3.2)
Wa(e) = (-4 J[  sign(&uy).

o€P),1<i<n

THEOREM 3.8. Suppose that n > 5. For any toric degree A as above and any k € %Z such
that |k| < 2d?, the values W§ (A, w) and W5 (A, @) do not depend on the choice of a sequence
@ € Meny(A) x (P2) ) x (p2)+7)

We prove this theorem in Section 6. Since the Values W3 (A A) and WQ"(A, w) do not depend
on the choice of a sequence w € Meng(A) x (IPQ) x (P ) , we use the notation W4 (A)
and W4 (A), respectively, for these values.

Remark 3.9. (1) We expect that the statement of Theorem 3.8 holds for the remaining value
n = 4 too. This value corresponds to #A = 3 and T a lattice triangle, while the counted curves
of genus 2 in Tor(Pa) intersect each toric divisor at one point, where they are unibranch.

(2) One can show (see [IS26]) that the invariants W5 (A) and WQH (A) vanish for all k ¢ 2Z and
for all x € 27Z such that x # A(A) mod 4.

4. Invariance in genus 0: Proof of Theorem 3.2

Note that Meng(A) is an open dense semialgebraic subset of Menf (A). We call its connected
components the chambers. The complement to this subset is the union of finitely many semial-
gebraic strata of codimension at least 1. We call the strata of codimension 1 the walls.

Now we pick two sequences w(0) and w(1) satisfying the hypotheses of Theorem 3.2. We can
join these sequences by a generic path {w(t)}o<t<1 € Menf (A) that avoids the loci of codimen-
sion greater than 1. To prove Theorem 3.2, we need to verify the constancy of W (A, w(t)) and
W§ (A, w(t)) inside any given chamber and in all possible wall-crossing events, for all k.

3Ttem (2) was added in proof.
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4.1 Invariance inside chambers
Here, we verify that W (A, w(t)) does not change along intervals ¢’ < ¢ < t” for which w(¢)
lies in a given chamber. To this end, we show that the projection of M?}iﬁ(A,ﬁ)(t})t%Ktn to

the interval (¢',¢") does not have critical points. In such a case, the family MEJR:’J(A, W(t))p <<t
is the union of intervals trivially covering (¢',t"). Hence it lifts to a trivial family of complex

oriented curves, and the quantum index persists along each of the components of that family.
It is convenient to look at the elements @ € Menf(A) as follows: Pick some pair (o, i),
where oy € Pi and 1 < 9 < n%, and think of wZ)O as a mobile point, whose position is
determined by the other points w¢ € @ via the Menelaus condition. Put C' = ®,(P!). Observe
that the tangent space at C' to the family of curves C' € |Lp,| intersecting Tor(c) at wf
(where (0,1) # (00,10)) with multiplicity at least 2k{ can be identified with the linear system
{C" € |Lpy| | (C"- C)uwe = 2k7}. In turn, the tangent space at C' to the family of curves
C' € |Lp,| intersecting Tor(og) at a point close to wy’ with multiplicity at least 2k7” can be
identified with the linear system {C’ € |Lp,| | (C"-C), o0 = 2k7 —1}. To ensure the behavior of
%0

ME’;(A, W(t))y <<y as indicated in the previous paragraph, we have to show the transversality
of the intersection of the tangent space at C' to the family of rational curves and the tangent
spaces to families of curves matching the above tangency conditions. The required transversality
is reformulated in cohomology language (and proved) in the following lemma.

LEMMA 4.1. Let £ = [®: (P!, p) — Tor(Pa)] € M]Sﬁ’,j(A,ﬂz) with w € Meng(A). Then,

HO (Pl,/\/cp (— Z 2k py — (2k7° — 1)p;’00>>

a#£00, i#io
= Ht <P1,N¢ <— > 2k7p7 — (2K — 1)p;’00>> =0.
0F00, iFio
Proof. We have
deg N (— S 277 — (2K - 1)p;’0°> E S
oF#00,1#i0
Thus, the claim of the lemma follows from the Riemann—Roch theorem. O

4.2 Walls in the space of constraints
Here, we characterize elements £ € M](li;:r(A,’l/l\J(t))ogtgl such that w(t) is a generic member of
a stratum of dimension n — 1 in Menf (A) \ Meng(A) (that is, of codimension 1 in Menf (A)). In

view of the results of Section 4.1, we can ignore the walls along which MER(A, w) = /\/l](lin(A, w).
The following lemma classifies the other walls.

LEMMA 4.2. (1) The following elements { = [®: (6,p) — Tor(Pa)] cannot occur in the space
—R,+ ~ ~
Mo (A, @(8)o<e<t \ Moy (A, ®(1))o<t<:
(1i) C is a reducible connected curve of arithmetic genus 0 with a component mapped onto
a toric divisor,

(1ii) C is a reducible connected curve of arithmetic genus 0 with at least three irreducible
components.

(2) If ¢ = [®: (C,p) — Tor(Pa)] € Mon(A, @(t*)), where w(t*) is a generic element in an
(n — 1)-dimensional stratum in Menf (A) \ Meng(A), then £ is of one of the following types:
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(2i) The element w(t*) consists of n+ 1 distinct points, C ~ P!, and the map ® is birational
onto its image and satisfies the following: Either it is smooth at w(t*) but has singular
branches in Tor(Pa)*; or C' is immersed in Tor(Pa)*, and at some points wi € w(t*),
it has a singularity of type Asp,, m > k{, whereas C' is smooth at the remaining points
of w(t*).

(2ii) Two points of the sequence w(t*) coincide (wf (t*) = w (t*) for some o € P} and i # j),
C ~ P!, and the map ® is an immersion such that the point wy (t*) = wy (t*) is a center
of one or two smooth branches.

(2ili) The element w(t*) consists of n + 1 distinct points, C = C, U Cy, where C) ~ Cy ~
P! and C; N Cy is one point p, each map ®: C — Tor(Pa), i = 1,2, is either an
immersion that is smooth along Tor(OPp), or a multiple covering of a line intersecting
only two toric divisors, while these divisors correspond to opposite parallel sides of Pa
and the intersection points with these divisors are ramification points of the covering
with the maximal ramification index. Furthermore, either ®(p) € Tor(Pa)*, and then
all intersection points of the curves C = @(61), Cy = @(@2) are ordinary nodes; or
w = ®(p) € w(t*), and at least one of the maps ®: C; — Tor(Pya) is birational onto
its image, and the curves Cy = ®(C) and Cy = ®(Cs) intersect Tor(o) at w with even
multiplicities and do not have common point in w(t*) \ {w}.

(2iv) The polygon P is a triangle, n = 3, two points of the sequence w(t*) coincide, the
curve C' = ®(P!) is rational and smooth at w(t*), and ®: P! — C is a double covering
ramified at two distinct points of w(t*).

Proof. (1i) A toric divisor Tor(o) cannot split off alone, since, otherwise, in the deformation
along the path {w(t)}o<i<1, the intersection points with the neighboring toric divisors would
yield points on these toric divisors at distance less than p from the corners of Torig (Pa). For the
same reason, we obtain that only all toric divisors together may split off, while their intersection
points must smooth out in the deformation. However, this contradicts the rationality of the
considered curves.

(lii) First, note that @(5) intersects Tor(0Pa) only at w(t*). Furthermore, if the images

of two irreducible components 61 and Cy of C' contain the same point wy (t*) that is different
from any other point wf(t*), j # 4, then wf(t*) = @(C’l N 02) (cf. Lemma 2.4). Due to the
genus restriction, it follows that the sequence w(t*) satisfies at least three Menelaus conditions,
which cuts off a polytope Menf (A) of dimension at most n — 2, contrary to the dimension n — 1
assumption.

Let ¢ satisfy the hypotheses of item (2).

(2i) Let C ~ P!, @(t*) consist of n + 1 distinct points, and let ® take C birationally onto
C = ®(C) C Tor(Pa).

First, we consider the minimal value n = 2. In such a case, Pa is a triangle, and, for each
W € Menf(A), there exists a unique curve C = ®(P') (where ¢ = [®: (P!, p) — Tor(Pa)] €
./\/l](li’nJr(A, w)) that is smooth along the toric divisors and is nodal, while the number of elliptic

nodes in Torg (Pa) does not depend on the choice of w € Meng (A); see [Shu06, Lemma 3.5].

Suppose that n > 3. Note that £ must be unibranch at each point of w(¢*). Since £ is a generic
element of an (n — 1)-dimensional family in Mg ,(A), fixing the position of a point w{ € w(t*),
we obtain a family of dimension at least n—2 > 1. Applying [[KS18, inequality (5) in Lemma 2.1],
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~CKrorpy) 2 2+ (—=CKyo(py) — 1) + (0= 3) + Z(mult Q-1
B
= —CERyyupy) — 1+ Y (multQ—1) = > (multQ-1)<1, (41
B B

where B is the set of all singular branches of £ in Tor(Pa)* U{w{}. In particular, if C' is singular
at some point w¢, the singularity is of type Asgp,. The requirements of item (2i) are fulfilled.

(2ii) Suppose that C ~ P! is birationally taken by ® onto its image in Tor(Pa), and some
of the points of the sequence w(t*) coincide. The latter is possible only if n > 3. For dimension
reasons, the number #(w(t*)) of points in w(t*) is equal to n (that is, wf(t*) = wf(t*) = w
for some 0 C OPx and ¢ # j), and all these n > 3 points are in general position on Tor(9Pa)
subject to the Menelaus relation (2.1). If C' = @(@) is unibranch at each point of w(t*), then, by
Lemma 2.4, the curve C' is immersed and smooth along the toric divisors. If C' is not unibranch
at w, then, by Lemma 2.4, it has two local branches at w; furthermore, C' must be unibranch at
each point wg (t*) # w. So, assume that C has two local branches at w.

If n —1 = 2, then Pa is a lattice triangle. Using affine automorphisms of Z?, we can take
Pa = conv{(mq,0), (m1 + k1 + k2,0), (0, m2)} with mq, ma, k1, ks even and write a parameter-
ization of C in the form

x=art™?, y:bTml(T—l)kl(T—H)kQ, a,b,0 e R*.

Since z(1) = x(f), we obtain # = —1. Note that k1 # ko, since otherwise, x and y would be
functions of 72, that is, ®: C' — C would be a double covering against the initial assumption.
The relations

z=a(l+ma(t—1)+0((r-1)?), z=a(l-ma(r+1)+0((r+1)?)
show that the local branches of C' at w are smooth. Furthermore, we have
z=ar™, y=>br" +b(ky— k)™ +0O(r™T?);
hence, C' is smooth at the two remaining points of w. In addition, C' is immersed everywhere,

since dzx/dt # 0 for 7 # 0.

Let n — 1 > 3. We now show that C' is immersed. Fixing the position of w and the position
of one more point w’ € w(t*) \ {w}, we obtain a family of dimension at least n — 3 > 1; thus,
[IKS18, inequality (5) in Lemma 2.1] applies:

—CKror(py) 2 2+ (—CKrop(py) —n+2) + Z(mult Q—-1)+(n—4)
B

= —CKrox(py) + Y _(mult Q — 1),
B

where B is the set of all singular local branches of C' in Tor(Pa)* U {w,w'}, and hence C is
immersed.

(2iii)) Consider the case of C = 61 U 62, where 61 ~ 5’2 ~ P! and 6’1 N 6’2 = {p} is one
point. For dimension reasons, the points of w(¢*) are in general position subject to exactly two
Menelaus conditions (induced by the components of 6), and they are all distinct. Each of the
curves C7 and Co, which pass through at least three points of w(t*), is immersed and smooth
along the toric divisors and has even intersection multiplicity with Tor(0Pa) at any point, by
Lemma 2.4. Indeed, suppose that C; or Cs passes through exactly two points of w(¢*); then
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it is a multiple covering of a line as described in item (2iv). Let ®(p) € Tor(Pa)*. Then, by
Lemma 2.4, the curves Cy and Cy do not share points in w(t*), and we claim that all their
intersection points are ordinary nodes. Due to the genericity assumptions for w(t*), we only
have to study the case where both C; and Cy are immersed. If we freely move the points of
Cy Nw(t*) so that the corresponding Menelaus condition induced by C; still holds and fix the
curve (o, then the persisting tangency condition of a germ &: (61, q) — Tor(Pa) to the curve
C5 would yield that the tangent space to the considered family of curves in the linear system
|C| would be contained in H° (@1, O@l(dl)), where

degdy = CF — (CF 4+ C1Kror(py) +2) — (—C1Kror(py) — #(w(t*) N C1)) — 1
=#(w{t)NCy) —3> -2,
and hence, by the Riemann—Roch theorem,
h0(C, 0p, (1)) = #(@(*) N C1) =341 =#(@(t) N C1) — 2 < (@) NCy) — 1,

which gives a contradiction. If ®(p) = w (t*) € w(t*), then the intersection multiplicities of the
germs @(61, p) and @(62, p) with Tor(o) are even. Indeed, otherwise, C; and Cy would have at
least one additional local branch centered on some Tor(¢’) for o/ # o and intersecting Tor(c")
with an odd multiplicity, which contradicts our assumptions.

(2iv) Suppose that ®: P! — Tor(Pa) is an s-multiple covering onto its image, with s > 2.
For a generic ¢t € [0, 1], the set w(t) consists of n + 1 distinct points; hence the sequence w(t*)
contains at least n distinct points. If w(¢*) consists of n + 1 distinct points, then at each point
of w(t*), we have ramification index s. Thus, by the Riemann—Hurwitz formula, we get

2<2s—(s—1)(n+1), (4.2)

which gives n < 1; the latter inequality contradicts the fact that n+ 1 is bounded from below by
the number of sides of Pa. If the sequence w(t*) contains only n distinct points, we have n > 3.
Note that ® has an irreducible preimage in at least n — 1 points of w(t*) with ramification
index s, and hence n = 3 (cf. (4.2)). It also follows that there are no other ramifications and
that s = 2, since the remaining point of w(t*), where ® is not ramified, lifts to at most two
points in P, Thus, we are left with the case described in item (2iv) of the lemma. O

4.3 Wall-crossing
We complete the proof of Theorem 3.2 with the following lemma.

LEMMA 4.3. Let {@w(t)}o<i<1 be a generic path in Meng(A), and let t* € (0,1) be such that
ﬂ](lin(A, w(t*)) contains an element & as described in one of the items of Lemma 4.2(2). Then, for
each k € 37 such that |x| < A(A), the numbers W (t) = W(A, @(t)) and W (t) = W (A, @(t))
do not change as t varies in a neighborhood of t*.

Proof. We always can assume that in a neighborhood of t*, the path {w(t)}o<t<1 is defined by
fixing the position of some n — 1 points of w(t*), while the other two points remain mobile (the
choice of the two mobile points may depend on the considered degeneration). We also notice
that, in the degenerations as in Lemma 4.2(2i,2ii), the source curve and its real structure remain
fixed, which implies that the quantum index is constant in these wall-crossings. Except for the
case of Lemma 4.2(2iii) describing reducible degenerations, we work with families of curves that
are trivially covered by families of complex oriented curves, so the quantum index persists along
each component of the family of oriented curves.
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The proof is separated into parts (1)—(6) in accordance with the classification of walls in
Lemma 4.2(2) and specific degenerations occurring on these walls.

(1) Suppose that & € ﬂ§’+(A, w(t*)) is as in Lemma 4.2(2i) and & has a singular local branch

n

centered in Tor(Pa)*. Then the constancy of W (t), [t —t*| < e, follows from [IKS17, Lemmas 13
and 15], provided that we establish the following transversality condition. Choose a sufficiently
large integer s. For each point z € Sing(C) N Tor(Pa)*, we set I, = I°°"(C, z)/m¢, C Oc,z/mZ;
this is the quotient of the conductor ideal by the power of the maximal ideal, which can be
viewed as the tangent cone to the stratum parameterizing equigeneric deformations (see [DHS&8,
Theorem 4.15]). The condition we need reads

W (C, Tzyc ®o, in* Lpy) =0,
where Jz,c is the ideal sheaf of the O-dimensional scheme Z C C defined at each point 2z €
Sing(C) by the conductor ideal 1°°*4(C, 2) and at each point w = w? € W(t*) by the ideal
Iy ={ € Ocw | (¢ Cw 2 2k] =1} C Ocy -
The above h!-vanishing lifts to P! in the form
h (P!, Opi(d)) =0, (4.3)
where
degd = C? — (C* + CKroy(py) +2) — (CKrop(py) —n— 1)
=n—-1>-2=29-2, (4.4)
and hence the required h'-vanishing comes from the Riemann-Roch theorem.

(2) Suppose that £ € ﬂ]ﬁi’j(A, w(t*)) is as in Lemma 4.2(21) with singularities of type Aoy,

at some points w{ € w(t*), m > kY.
The germ at & of Mg ,(A) (defined by (2.3)) can be identified with the germ at 0 of
HY(C,in* Lp, ), which in turn can be naturally embedded into the product

HVers(C’, wy ) X H Vers(C, z) .
[ z€Sing(C)NTor(Pa)*

We claim that the image of the germ at 0 of H°(C,in* Lp, ) in this product intersects transversally
with Ho,i EGor(o) (C,wf ) X HzeSing(C’)ﬁTor(PA)X EG(C, z). Hence, this intersection V is smooth of
the expected dimension n since the latter product is smooth (see Section 2.3, items (c) and (d)).
The required transversality amounts to the validation of the relation

hl(ov L721/0 ®oc in* ‘CPA) =0, (4.5)

where the 0-dimensional scheme Z; C C' is supported at w(t*) U Sing(C) and defined by the
ideals 1°°"4((C, 2) at all z € Sing(C) N Tor(Pa)* and by the ideals

{v € Ocwe | ordplows = 2k7 —1+26(C,w])}  for all wi € w(t")
(cf. Section 2.3, items (c) and (d)). Relation (4.5) is equivalent to
K (P!, Opi(dy)) =0,

where deg d; is given by (4.4), and hence it holds by the Riemann—Roch theorem.

Note that £ is chosen as a generic member of the wall; that is, it represents a smooth point
of the wall. Let us show that the germ V; of the wall at ¢ has codimension 1 in V. Pick
a point w{ € w(t*), where @(6) has a singularity of type Asgy,, with m > kY, and consider
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the intersection Vs of the image of the germ at 0 of H(C,in* Lp,) in [ 1, i Vers(C, w;.’,') X
HzESing(C’)ﬂTor(PA)X Vers(C’, Z) with

IT  EStoron(Cowg) x ST, ) (Cwf) x 11 EG(C, 2). (4.6)
(o!,i")#(03) z€Sing(C')NTor(Pa)*
It has dimension dim V5 > dim V; — 1. We claim that dim Vs, < dim)V — 2 = n — 2. Indeed,
W (C, T 2,0 ®op In* Lpy) =0, (4.7)

where the 0-dimensional scheme Z3 supported at w(t*) U Sing(C') coincides with Z; (appearing
in (4.5)) along (w(t*) \ {w{}) U Sing(C') and is defined at w{ by the ideal

{¢ € Ocwe | ord plcwe = 2k7 +1+20(C,wf)}
(cf. Section 2.3, item (b)). To see this, as in the preceding paragraph, we rewrite (4.7) in the form
A (P!, Opi(ds)) =0,
where
degdy = C? = (C® + CKpop(pp) +2) = (CKpou(py) —n) —1=n—3> 2.
Thus, by the Riemann—Roch theorem, we have
dimV, < h°(C, Tz,/c ®o. in* Lpy) = (n—3)+1=n—2,

as required. Furthermore, relation (4.7) yields the existence of the germ of a smooth path
through 0 in V transversally intersecting V) and regularly projecting onto a smooth path through
w(t*) in Men(A).

Having a fragment of the path {w(t)};_ <. whose existence we verified above, it remains
to show that the value of W{§(A,w(t)) is the same for ¢t < t* and for ¢ > t*. Given a point
w{ € w(t*) where C' has a singularity of type Ay, m > kY, take local coordinates z, y in
a neighborhood U C Tor(Pa) of w{ so that Tor(c) = {y = 0}. Suppose that we have CNU =
{f(z,y) = y?—2ya* +2?* + h.o.t. = 0}, where k = k¢ and h.o.t. denotes terms above the Newton
diagram. In particular, the real part RC' N U lies in {y > 0}. Without loss of generality, we can
assume that C' deforms along the path {w(t)};_s+|<. into nodal curves CONU,0< |t—t*] <e.
We show that all hyperbolic nodes live in the domain {x > 0, y > 0}, and the elliptic nodes
live in the domain {y > 0} for an even k and in the domain {y < 0} for an odd k. Then, the
constancy of Wi (A, w(t)), 0 < [t —t*| < ¢, follows from the fact that the total number of real
nodes of CY N U equals m modulo 2 and that the orientation of CY) N U at wy correlates with
the number of the hyperbolic nodes; see Figure 1(a,b) for an even k and Figure 1(c,d) for an
odd k.

Since the deformation {C'(t)}|t,t*‘ <¢ Is equigeneric, we can describe it wvia the deformation
of local parameterizations; see [Tei80, Theorem 1 on p. 73] and [CLO6, Theorems 4.1 and 4.2].
Thus, C NU = C*) NU admits a (real) parametrization

=72+ agm "+ Z ag, 7" + Z at", y=1%*,
2<r<m r>2m—2k-+2
where 7 € (C,0) and ag;,—2k+1 # 0, and the curves C® MU are parameterized by
2 2m—2k+1 2 2
x = 7%+ agm_op1 T2 4 Z a7 + E aﬁr—l—ZbrTT, y =1k,
2<r<m r>2m—2k+2 r>1

where the b, = b,(t) are analytic functions defined over R and vanishing at ¢t = ¢*.
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t ;fﬁ t > t*
(@) b
t < t* t > t*
" "
(© (@)

FIGURE 1. Proof of Lemma 4.3, part (2)

The curves C®), t # t*, satisfy the conditions of Lemma 2.4; that is, we have ay(t) > 0 for
0<|t—t*|<e. Since y = 72 > 0 as 7 € R*, all hyperbolic nodes are located in the domain
{y > 0}. Furthermore, a hyperbolic node corresponds to values 71,7 € R, 79 = —71, such that
z(1) = x(r2), which yields z(m) = 72 + O(r{) > 0. Consider an elliptic node of C*), ¢ # ¢*.
It corresponds to a 7 € (C,0) \ (R,0) such that z(7),y(r) € R. Let k be odd. Suppose that
y(7) > 0= 712% > 0, that is, 7 = 0(ox, where # > 0 and ((oz)?* = 1 with (o # 1. Then,

2(1) = a10Cok + (1 + a2)0%(Cor)* + O(6°) € R,
since (recall that k is odd)

a10Cay
(1 + a2)02(Cax)

Hence, all elliptic nodes live in the domain {y < 0}. Let & be even. Suppose that y(7) = 72% < 0,
that is, 7 = OnCar, where 6 > 0, (Co)?F = 1, n = exp(mv/—1/2k). Thus,

() = a10nCak + (1 + a2)0°n*(Car)* + O(6°)

(1+ ag)ez(g%)? ZgR and

SR,

and again we have

a10Cay

2(020 )2
(1+a2)0*(*Cor)” ¢ R and (14 a2)02n%(Cor)? *

Hence, all elliptic nodes live in the domain {y > 0}.

(3) Suppose that & is as in Lemma 4.2(2ii). Here we choose a path {w(t)}o<i<1 defined in a
neighborhood of t* such that the point w{(t) is fixed and the point w;(t*) is mobile (together
with some other point of w(t)). Since C' is immersed, we extract the required local constancy
of W (t) and Wé{(t) from the transversality relation in the form of (4.3) that holds due to

degd = C* — (C* + CKrpo(py) +2) — (—CKror(py) —2) =0 > —2, (4.8)
and from the smoothness of the two following strata in O¢,,/m;:

e one stratum parameterizes deformations of a smooth branch intersecting Tor(o) at w with
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A<y &>0 ’[\\ J[\
A >N ﬁ< 0 ‘\ ’

FIGURE 2. Proof of Lemma 4.3, part (4)

multiplicity 2(k{ + k7) into a smooth branch intersecting Tor(o) at w with multiplicity 2k7
and in a nearby point with multiplicity 2]{:;7;

e the other stratum parameterizes deformations of a couple of smooth branches intersecting
Tor(o) at w with multiplicities 2k{ and 2k7, respectively, into a couple of smooth branches,
one intersecting Tor(c) at w with multiplicity 2k7, and the other intersecting Tor(c) in
a nearby point with multiplicity 2k7.

Both smoothness statements are straightforward.

(4) Suppose that ¢ is as in Lemma 4.2(2iii) and ®(p) € Torg(Pa)}. We closely follow the
proof of [Mik17, Theorem 5], providing here details for the reader’s convenience. Consider the
path {w(t)}o<i<1 locally obtained from w(¢*) by moving one point of w(¢*) N C and one point
of w(t*) N Cy, while fixing the position of the other points of w(t*). Then, we obtain a smooth
1-dimensional germ in mom(A), which locally induces a deformation of the hyperbolic node
@(a,p) equivalent, in suitable local coordinates in a neighborhood of z = ®(p), to uv = A(¢)
with A a smooth function in a neighborhood of t* such that A\(t*) = 0 and N (t*) > 0 (see Fig-
ure 2(a)). The smoothness and the local deformation claims are straightforward from the (stan-
dard) considerations in the proof of [IKS17, Lemma 11(2)], which reduce both claims to the
following h°-vanishing (cf. [IKS17, formula (16) and computations in the first paragraph on
p. 251]):

h(Cr,0p (dy)) =0, r=12, (4.9)
where
degd, = CF — (CF + CrKor(py) +2) = (CrKtor(py) — 1) = =1 > =2,
and hence (4.9) follows.

Now we analyze the change of the refined invariants, closely following the argument from
[Mik17, Section 6.4]. To this end, we pass to the consideration of complex oriented curves. Denote
by éi and éi the connected components of 61 \R@l and 62 \R@g, respectively. When ¢ varies
around t*, the curve 01 U 02 turns into P!, and we encounter two types of deformatlons Either
01 , C glue up with 02 , 02 , respectively; or C’1 , C glue up with 02 , 02 , respectively.
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The type of the deformation agrees with the local complex orientation of the central curve as
shown in Figure 2(b). This means that if for ¢ < ¢* one encounters a deformation of the first
type, then for ¢ > ¢* it is of the second type, and vice versa. Put (cf. (3.1) and (3.2))

+ (At ~+ . At )
£ = H s1gn(C’j ,wf), g = H 81gn(Cj ,wf) , j=1,2.
aGPé, 1<i<n? UGP&, 1<i<n?
wf €Cj, kY =0 mod 2

Depending on the point of C; N Cy chosen for the smoothing, the triple (k, ¢, &), where k is the
quantum index and ¢, £ denote the second product in (3.1), (3.2), respectively, changes as follows
(see Figure 2(c)): Either the real tangent vectors to Cy, Cs at the smoothed-out intersection points
form a negative pair and

(k1 + k2,676,677, ), . (k1 — Ko,e7e5,67785 ),
(—m — /42,51_52_,51_52_) , (—m + /12,51_5;,51_5;) ;

or the real tangent vectors to C1, Cy form a positive pair, and

(k1 — ko, e7e5,6775 ), (k1 + ko,e7ed,677657),

(=K1 + Ko, 6765 ,8, &57) (=K1 — K2,6765,81 &5 ).
For a simple geometric reason, the number of intersection points of the first kind equals the
number of intersection points of the second type. Hence, summing up over smoothings for all
real intersection points of Cp, C2, we derive the constancy of the numbers W} (t) and W (t)
along the path {w(t)};—4<¢ (0 < ¢ < 1) in the case where ®: C — Tor(Pa) is a birational
immersion.

The case of multiple coverings can be treated in the same manner. We leave the details to

the reader.

(5) Suppose that & is as in Lemma 4.2(2iii), and set ®(p) = w{(t*) =: w. Observe that
(@l )*(w) = 2lp, 7 = 1,2, where I + I = kY.

(5a) Suppose that ®|5 and ®|s, are both immersions and that Iy <.

Define the path {w(t)};—<¢, 0 < ¢ < 1, by picking one mobile point in C1 Nw(t*) \ {w}
and the other in Co Nw(¢*) \ {w}. This defines a 1-dimensional subvariety of Mo ,(A). Let V =
{[®:: (CV,p,) — Tor(PA)]}‘tit*|<<
C® ~ P! as t # 0. The 1-dimensional family of curves C() = @, (é(t)) € |Lp,l, |t —t*| < ¢, has
a tangent cone at C7 U Cy spanned by C7 U Cs and some curve C* € |Lp, |\ {C1 U Ca}.

We now describe the local behavior of C* at the point w. Choose local conjugation-invariant
coordinates z, y in a neighborhood of w so that w = (0, 0), Tor(c) = {y = 0}, Torg (Pa) = {y > 0},
and C, = {y = nsx’ 4+ h.o.t.} with 5, > 0, s = 1,2, where without loss of generality we assume
m # 12, and h.o.t. denotes terms above the Newton diagram. Thus, the equation of C7 U Co
has Newton diagram I" at w as shown in Figures 3(a,b) by fat lines. We claim that under I', the
curve C* has the monomial 2 ~1y with a non-zero coefficient and no other monomials. Since C"*
can be taken close to C1 U Cs, its Newton diagram either coincides with or lies below I'. Coinci-
dence is not possible for the following reason. The curve C* passes through C; N Cy N Tor(Pa)*
(which consists of only nodes by Lemma 4.2(2iii)) and, if C* has Newton diagram I' at w, in-
tersects C1 at w with multiplicity at least 2I; = (C7 - Cq),,. Hence, by Noether’s fundamental
theorem, C* lies in the subspace of |Lp, | spanned by the curves of type C U C) with C4 € |Cy
and of type C1 U Cy with C{ € |C1|. However, the Bézout-type restriction dictates that C] = C;
and C% = Cy: For example, at each point z € Sing(C}), the curve € must induce in O¢, , an

be one of the irreducible germs of that variety at £, where
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2 Lh=1l=1 2 I <y
1 1
21 4] 201 211 + 21y
(a) (b)
P =
t<t* t<t*
U ]
P
t>t* t>t*
(c) (d)

FIGURE 3. Proof of Lemma 4.3, part (5), I

element of the conductor ideal (cf. [DH88, Theorem 4.15]), and hence (Cf - C1), > 26(C1, z) at
)N

each fixed point wg (t*) € w(t*) N Oy (including w), we have (C - Cl)wz/(t*) > 2k9, and finally,
at the mobile point wg (t*) € @(t*) N Cy, we have (C} - C) > 2k§ — 1, which altogether

amounts to

A

Z 6(0172)_CIKTor(PA) —1 :Clz—i-l.
z€Sing(C1)
Furthermore, a monomial in an equation of C* below I' cannot be z°, 0 < s < 2(l; + l2),
since (C* - Tor(o))w = 2(I1 + l2), and it cannot be z°y with 0 < s < 2/; — 2. For the latter
claim, we observe that each curve C¥), ¢t # 0, has 2l; — 1 nodes in a neighborhood of w and
satisfies (C® - Tor(c))w = 2(11 + l3). Thus, if the tangent line at C® to the considered family of
curves is spanned by C®) and (C*)®), then C® and (C*)® intersect in a neighborhood of w with
multiplicity at least 2(211 —1)+2(l; +12) = 4l + 2l —2. Hence, C* and C1UC4 intersect at w with
multiplicity at least 41; +2l, — 2, which leaves the only possibility of the extra monomial 221~ 1y.
If I} = Iy = I, we can write down an equation of C® in a neighborhood of w in the form

20-1

y1+0(t7°) = (m+m+ O(t7")) 2y + 2 (mne + O(7°)) + hoo.t. + Z ari(t1)z"y =0,
r=0

where h.o.t. denotes the terms above the Newton diagram, and

ti=t—t", a1(0)=0 forallr=0,...,2l—1.
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Consider the tropical limit at t; — 0. It includes a subdivision of the triangle
T = conv{(0,1), (4,0),(0,2)}

and certain limit curves in the toric surfaces associated with the pieces of the subdivision. Since
locally C®) is an immersed cylinder, we obtain that the union of the limit curves is a curve of
arithmetic genus 0, which finally allows only the following tropical limit: The triangle 7" is the
unique piece of the subdivision, and

an(t) =076 +0(7°), r=0,...,20—1,

where a9, |, # 0 in view of the above conclusion on the Newton diagram of C*, and in addition,
the limit curve with Newton triangle T given by
2r—1
y® — (m +m)a”y + mmpa® + Z ahz"y =0 (4.10)
r=0
is rational. It also follows that V is smooth, regularly parameterized by ¢; (that is, A = 1), and
its real part submersively projects onto the path {@(t)}|t,t*|<<. By the patchworking theorem
[Shu98, Theorems 3.1 and 4.2], we can uniquely restore V as long as we compute the coefficients
ad;, 0 < r < 2l —2 (here agl_m is determined by C*). The rationality of the curve (4.10) can be
expressed as follows. Write equation (4.10) in the form y? — 2P(x)y + nimez? = 0; then resolve
with respect to y:

y= P(x)+ \/P(x)2 —mnextt = P(z) £+ xm\/Q(l/m)2 —mne, deg@Q =21l.

The rationality means that the expression under the radical has 2/—1 double roots (corresponding
to the nodes of the curve). This means that @ is a modified Chebyshev polynomial:

Q(u) = A1 Chebgy(u + A2) + Az, Chebg(u) = cos(2l - arccosu) ,

where A1, Ao, A3 can be computed out of 7, 19, and agl_l 1- As noticed in [Shu06, proof of
Proposition 6.1], there are exactly two real solutions. One coi"responds to a curve with the real
part, shown in Figure 3(c) by lines inside the four Newton triangles designating four real quad-
rants, and this curve has one hyperbolic node and 2! — 2 non-real nodes, while the other curve,
shown in Figure 3(d), has 2] — 1 elliptic nodes. Bringing the complex orientations into play, we
see that the former solution appears when the local real branches (RCi,w) and (RCy,w) are
oriented coherently, while the latter solution corresponds to the case when these real branches
have opposite orientations; see Figures 3(c,d). That is, on both sides of the path {w(t)};—¢|<¢,

TR ~ . . .1
we encounter four elements of My (A, w(t)) having respective quantum indices
K1+ K2, —K1— K2, K1 — Kz, K2—Ki.

It remains to notice that the Welschinger signs (3.1) and (3.2) of the elements with quantum
index k1 + Ko or —k1 — ko are the same on both sides, since the modified limit curves shown
in Figure 3(c) for t > t* and ¢ < t* are obtained from each other by reflection with respect
to the vertical axis. The same holds for the elements with quantum index x1 — kg or Ky — K1
(see Figure 3(d)). This completes the proof of the constancy of the functions W (t) and W (¢)
in the considered case l; = 5.
In the case l; < ly, an equation of C®) in a neighborhood of w takes the form
211
(1+0(t7°)y* = (m +0(t7°))x* y + (mme + O(87°)) 2”1+ 43 " ap1(h1)2"y + hoo.t. = 0,
r=0
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/

() (d)

FIGURE 4. Proof of Lemma 4.3, part (5), 11

where t; =t —t*, a,1(0) =0 for all r =0,...,2] — 1, and h.o.t. stands for the terms above the
Newton diagram. In this situation, due to the condition of arithmetic genus 0, the tropical limit
is defined uniquely: The area under the Newton diagram is divided into two triangles

conv{(0,1),(2l1,1),(2(l1 +12),0)} and conv{(0,1),(2{1,0),(0,2)}

(see Figure 4(a)), while the monomials on the segment [(0,1), (211, 1)] sum up to n1 (z + A1)y,
where A # 0 is uniquely determined by the coefficient a3z1—1,1 coming from C*. The two
limit curves have branches intersecting each other with multiplicity 2/; along the toric divi-
sor Tor([(0, 1), (21,0)]); see Figure 4(b). The genuine geometry of C*) can be recovered when we
deform that intersection point into 2{; — 1 nodes. The modification describes such a deformation
as a replacement of the intersection point by one of the 2l; modified limit curves, among which
exactly two are real, and their real parts are shown in Figure 4(c,d) (cf. Figure 3(c,d)): One
of them has a hyperbolic node and 2/; — 2 non-real nodes, and the other has 2i; — 1 elliptic
nodes. As in the preceding paragraph, the former modified limit curve fits the case when the
local real branches (RC1,w) and (RC,w) are oriented coherently, which means that on each
side of the path {w(t)}|;_s+|<¢, we have two elements of /WIS’:(A, w(t)) with quantum indices
K1 + K2, —K1 — kg, while all four elements have the same Welschinger sign (3.1) or (3.2) since
the constructions for ¢ > ¢* and ¢ < t* are symmetric with respect to the vertical axis. Hence,
we obtain the constancy of the functions W (t) and W (t). The same holds in the case of the
opposite orientation of the branches (RC1,w) and (RC5, w) with the use of the second modified
limit curve. We also point out that the final deformation including the modification still depends
ont; =t—t*.

The realizability of the deformations described in this item by variation of the constraints re-
quires an independent variation of the coefficients of the monomials under the Newton diagram I'
while keeping the total §-invariant outside the point w and keeping the given intersection num-
ber 2k with the toric divisor Tor(o”) at a point close to wg , for each (i’,0’) # (i,0). This can
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be expressed as
hW'(C,Tz/c ®o. in* Lpy) =0, (4.11)

where C = C1 UCy and C, = @(67«), r = 1,2, and where the 0-dimensional scheme Z C C is
supported at Sing(C)Uw (t*) and defined by the ideal J°"4(C, 2) at each z € Sing(C)NTor(Pa)*,
by the ideal {¢ € O o | (p-C) o = 2k‘7l — 1} at each w‘-’,/ € w(t*) \ {w}, and by the ideal

generated by the monomlals on the Newton diagram I' and above it at the point w. This hl-
vanishing lifts to the disjoint union of C’l and 02 in the form

h'(Cr,0g (dy)) =0, =12, (4.12)
where
degd, = CF — (CF + CrKror(py) +2) = (—CrKtor(py) — |Cr N'Tor(9Fa)] + 1)
=|C, NTor(OPA)|—3>—-1>-2, r=1,2, (4.13)

which confirms (4.12).

(5b) The remaining case is as follows: ®: C; — Tor(Pa) is a 2{;-multiple covering of a line
Cy ~ P! through w, and ®: Cy — Tor(Pp) is a (birational) immersion onto a rational curve Cy
having a smooth branch at w intersecting Tor(c) with multiplicity 2l,. Here, we remove the
restriction [} < lo. We extend the range of the coordinate system z, y to a neighborhood of the
line C1, assuming that C; = {x = 0}. Then, the Newton diagram of ®, (6) in this neighborhood
of C; is as shown in Figure 5(a) by fat lines, where N is the intersection multiplicity of the
curves C and C5. Following the recipe used in the preceding cases and taking into account that
the curves C), 0 < |t — t*| < 1, are rational, we obtain the following:

e The combinatorial part of the tropical limit consists of the triangle conv{(0,1), (2l1,1),
(2(l1 +12),0)} and the rectangle conv{(0,1), (0, N), (2l1,1), (2l1, N)} (see Figure 5(b)).

e The limit curve associated with the triangle is a rational curve that intersect the toric divisor
Tor([(0,1),(2l1,1)]) at one point, where it is smooth, while the limit curve associated with
the rectangle is split into 2/;-multiple line intersecting the two horizontal toric divisors and
N —1 distinct lines intersecting the two vertical toric divisors. Here, the position of the N —1
horizontal lines is determined by the intersection points of Co with Tor([(2l1,1), (2{1, N))),
and the position of the vertical line is determined by the intersection point of the limit curve
from the preceding item with Tor([(0,1), (21, 1)]).

Note that the 2[;-multiple component of the limit curve associated with the rectangle is, in fact,
the image of a 2l;-multiple covering ®: C| — C1, and the point p is mapped to the point z = 7
on the toric divisor Tor([(0, 1), (2{1,1)]). The deformation can be written in the form

N-1
ay(z — )% H (y —yj) + f(z,y) +hot. =0,

j=1
where 7 = t — t*, the non-zero constants a,yi,...,yn—1 are determined by Ca, and f(x,y) is
the sum of monomials strictly to the right of the Newton diagram with coefficients determined
by Cy. The higher-order terms (h.o.t.) yield the appearance of 21 (N — 1) nodes of C'®)(t # t*)
in a neighborhood of (', a local equigeneric deformation of each singular point of Cs, the fixed
intersection multiplicity 2/; 4 2l of C¥) and Tor(c) at w, and intersection multiplicities of C'(*)
with Tor(8Pa) \ {w} prescribed by the condition C) € Mg (A, w(t)). Since this deformation
does not produce elliptic nodes in a neighborhood of C1, the functions W (w(t)) and ﬁ//é‘ (w(t)
remain constant for ¢ € (t* — e, t* +¢).
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4 A

20, 2, + 20y 20, 2, + 20y
(a) (b)

FIGURE 5. Proof of Lemma 4.3, part (5), III

A sufficient condition for the existence of the required deformation can be written as
hl(cij/C ®oc in* EPA) =0, (4.14)

where C is the non-reduced union of a 2[j-multiple component C; and of C5, and the O-
dimensional scheme Z C C' is supported at Sing(Cy) U (C' N Tor(9PA)) U (Cy N Cy) and is
defined by the ideal I°°™(Cy(z) at each z € Sing(C»), by the ideal I, = (22, y — y;) at each
point (0,y;) € C1 N Ca, i =1,...,Np, by the ideal

{0 €000y | (0 Ca) 2 267 — 1)
at some point wg € (Co N Tor(dPa))) \ {w}, by the ideal
{0 €Oy ugy | (07 Ca) g > 2657}

at each point wg,// € Cy N Tor(0PA) \ {w,w;’,/}, and finally, at the point w, by the ideal I,
determined by the vanishing of the coefficients of the monomials " for 0 < r < 2l; 4+ 2l» and
x"y for 0 < r < 2ly; see Figure 5. We establish (4.14) using the basic Horace method [Hir85] (see
also [GLS18, Section 3.4.1]): The vanishing relation (4.14) follows from the series of vanishing
relations

hl(Cl7 J(Z:jcl)mCl/Cl ®Ocl in* ﬁPA(_jCI)) = 07 .7 = 07 v 72l1 -1 ’

W (Co, Tz.101) )0 © Oy in* Lpy (—211C1)) = 0.
Each of the 2[; relations in the upper line of (4.15) reads

hl(Cla Ocy (_w)) =0,

which follows by the Riemann-Roch theorem. The residue scheme Z : (2/;C1) in the lower line
of (4.15) coincides with Z at Sing(C2) U (Ca N Tor(0Pa)) \ {w} and is defined at w by the ideal
I, = (%2 y). Then, it lifts to Cy ~ P! in the form

' (Ca, O, (d)) =0,

(4.15)

where
degd = C5 — (C3 + Colror(py) +2) = (—CoKroy(py) — 1) = =1 > 2,
and hence (4.15) together with (4.14) follow.
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(6) Suppose that £ is as in Lemma 4.2(2iv). Without loss of generality, we can suppose that
P = conv{(0,2m), (2p,0), (2¢,0)}, 0<p<gq, m<gq

and that ® is ramified at the points of w(¢*) on the toric divisors associated with the segments
[(0,2m), (2p,0)] and [(0,2m), (2¢,0)], while the two points w{(t),wJ(t) € w(t) on the toric
divisor Tor(c), where o = [(2p,0), (2¢,0)], merge to one point as t — t*. Then, C = ®(P!)
admits a parametrization

x=al™, y=00PO0-1)"P7, HeC,
and correspondingly ® is given by
z=ab®", y=b9"0>-1)"", HeC.

Assuming that the path {w(t)};_s+|<. is defined by fixing the point w{ associated with ¢ =1
and the point of w(t*) on Tor([(0,2m), (2¢,0)]), we obtain a one-parameter deformation of ®

z=af*, y=b0PO-1)TPO+1+NTP, |N<1. (4.16)

This deformation is regularly parameterized by the difference of the z-coordinates of w(t)
and w{(t), which is equal to 2maX + O(A\?). It follows from formulas (4.16) that the corre-
sponding element £(t) € ﬂgﬁ’;(A, w(t)) has the same orientations at a point on the toric divisor
Tor([(0,2m), (2p,0)]) for A < 0 and for A > 0, and similarly for the point on the toric divisor
Tor([(0,2m), (2¢,0)]), while the local branches at w{(¢) and wJ(t) have opposite orientations
with respect to the orientation of Torg(c). Furthermore, £(¢) has exactly two elliptic nodes in

a neighborhood of each elliptic node of C. Thus, the constancy of Wi (t) and Wé“(t) follows.
O

5. Invariance in genus 1: Proof of Theorem 3.6

Take two sequences w(0) = (wy(0), wp(0)) and w(1) = (wy(1),wp(1)) satisfying the conditions
of Theorem 3.6. We may assume that ws(0), Wa(1) € Menf(A) for some p > 0. Then, we join
these sequences by a generic path {wy(t)}o<t<1 in Menf (A) and the points wy(0) and w(1) by
a generic path {wo(t)}oci<1 in Q, and verify the constancy of W (A, @(t)) and W (A, @(t)) in
all possible wall-crossing events, for all quantum indices k.

5.1 Invariance inside chambers

As in the proof of Theorem 3.2, we start with the verification of the constancy of W{* (A, w(t))
along intervals ¢ < t < t” such that {w(t)}y <4<y lies in the same chamber of Men;(A). To
this end, it is enough to show that the projection MIH?;LJr(A, W(t))py<t<pr — (t',t") has no critical
points (cf. the proof of Theorem 3.2). This requirement amounts to the following statement (cf.

Lemma 4.1 and [Shul5, Lemma 2.3]).
LEMMA 5.1. Let & = [®: (a,p) — Tor(Pa)] € MlR’+(A,1T2), where w € Men;(A). Then,

H° (6,/\/(1) (—po — > 2P — (2K — 1)pZ)0>> =0. (5.1)
o#£00, 1710

Proof. We proceed along the lines of the proof of [Shul5, Lemma 2.3]. /\Assume that HY # 0
in (5.1). Then, there exists a real curve C' € [Lp, |\ {C}, where C = ®,(C'), which intersects C
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e at each point ¢ € Sing(C') with multiplicity at least 26(C, q),
e at each point w¢, (o,1) # (00, %0), with multiplicity at least 2k7,

g0

e at w;’ with multiplicity at least 2k7° — 1,

e and at wy.

Since C has a null-homologous immersed circle S in Q , there must be an additional intersection
point w’ € C' N S, not mentioned in the above list. However, then

c'cz2 > N0+ Y i2kf—1+2
)

q€Sing(C oep} i=1
= (C2 — cl(Tor(PA)[C])) + ¢1(Tor(PA)[C]) —142=C?+1,

which gives a contradiction. O

5.2 Walls in the space of constraints

The set of sequences w € Menf (A) x Q satisfying

M]En(A,{IJ) = M]ﬁn(A,ﬁJ) and w € Men;(A)

is a dense semialgebraic subset of full dimension dim(Menf (A) x Q) = n + 1. The complement
is the union of finitely many semialgebraic strata of codimension at least 1. Since the path
{(wa(t), wo(t))o<t<t is generic, it avoids strata of Menf (A) x Q of codimension at least 2 and
intersects strata of codimension 1 only in their generic points. Note that the image pr(S) C [Lp,)|

—R PO . . . .
of My, (A, w) in the linear system |Lp, |, when w ranges over a stratum S of codimension 1,
has dimension n — 1.

Now, we study the strata S of dimension n in (Meng x Q) \ Men; (A) in terms of the geometry
of elements ¢ € ﬂlﬂfn(A, w(t)) \M{&n(A, w(t)), 0 <t < 1. In view of the results of Section 5.1,

we can ignore the strata along which ﬂ]ﬁn(A, w) = M]En(A, w). The following lemma classifies
other strata.

LEMMA 5.2. (1) The following elements & = [®: (a,p) — Tor(Pa)] cannot occur in

-— R ~ R ~
Ml,n(Av w(t)) \ Ml,n(A7 w<t)) ’
0<t<l,asweS:
(1i) C is a reducible curve of arithmetic genus 1 having a component mapped onto a toric
divisor;
(lii) C is a connected curve of arithmetic genus 1 either having at least three irreducible
components, or with two rational irreducible components and no other components.

(2) If¢ = [@: ((7,13) — P?] € My n(A, w(t*)) when @(t*) does not satisfy the conclusions of
Lemma 2.4, then & is of one of the following types:
(2a) either wo(t*) is a singular point of the curve C' = @(a), and the following holds:

(21) wy(t*) consists of n distinct points, the curve C is smooth elliptic, ® is an immersion
onto a curve C that is smooth along the toric divisors, while w(t*) is a center of at
least one real local branch;

(2b) or wo(t*) is a smooth point of the curve C = <I>(a), and one of the following holds:
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(2ii) wy(t*) consists of n distinct points, C is a smooth elliptic curve, the map ® is birational
onto its image C' but not an immersion; it may have singular local branches centered
in Tor(Pa)* as well as singularities of type As,, at some points w{ € wy(t*), where
m >k ;

(2iii) wy(t*) consists of n — 1 distinct points, in particular, wf (t*) = w](t*) =: w for some
s Pi and i # j, the curve C is smooth elliptic, and the map ® is birational onto its
image C; the curve C is immersed outside wy(t*) \ {w} and may have singularities of
type As,, at some points w§ € Wwy(t*) \ {w}, while at w, the curve C' either is smooth
or has two smooth branches;

(2iv) wy(t*) consists of n distinct points, C = C,UCy, where Cy ~ P! and C’g is a smooth el-
liptic curve, the intersection C’l ﬂCg consists of one point p; the map ®: Cl — Tor(Pa) is
either an immersion, smooth along Tor(OPa), or a multiple covering of a line intersecting
only two toric divisors, while these divisors correspond to opposite parallel sides of P
and the intersection points with these divisors are ramification points of the covering;
the map ®: Cy — Tor(Pa) is an immersion, smooth along Tor(0Px); the point p either
is mapped to Tor(Pa)*, and then the curves C; = <I>(C1) and Cy = <I>(Cg) intersect
each other only in Tor(Pa)* and each of their intersection points is an ordinary node,
or p is mapped to some point w{(t*), in which case the curves C; = @(éi), i=1,2,
intersect Tor(o) with even multiplicities, and they do not have other common points in
wy(t*);

(2v) wy(t*) consists of n distinct points, C is an irreducible rational curve with one node p, the
map ® is an immersion sending p to some point wy (t*), center of two smooth branches
intersecting with multiplicity min{2l; + 1,2ls + 1} and intersecting Tor(c) with odd
multiplicities 21y + 1, 2l + 1, where Iy + lo + 1 = k; furthermore, each of the other
points of wy(t*) is a center of one smooth branch;

(2vi) C is a smooth elliptic curve, Wy(t*) consists of n = 4 points, the curve C = o (P
is rational and smooth at wy(t*), and P: C — C factors through the double covering

C — C¥ ~ P! ramified at four points projecting to wy(t*), where C¥ — C' is the
normalization.

Proof. (1i) In this case, we must have C = C’UC”, where C' is a connected curve of arithmetic
genus 1 such that O is mapped onto the union of all toric divisors, and C" is a non-empty (due
to wy € Tor(Pa)*) union of connected curves of arithmetic genus 0, each one joined with C’ in
one point (cf. the proof of Lemma 4.2(1i)). Let Cl/ be a connected component of C” such that
wo(t*) € @(5’6’ ). Note that all local branches of ®: 6’” — Tor(Pa) centered on toric divisors,

except for ®: (ég ,p) — Tor(Pa), where p = ' N C’O, are, in fact, centered at some points of
wp(t*). Observe that either C{f intersects at least three toric divisors of Tor(Pa), or it intersects
two toric divisors corresponding to parallel sides of Pn. However, in the both cases, we reach a
contradiction with (AQC).

(1lii) In the case of at least three irreducible components, we follow the lines of the proof
of Lemma 4.2(1ii). If C contains an elliptic component and at least two rational components,
then we similarly obtain at least three independent Menelaus-type conditions for wy(t*), which
bounds from above the dimension of the considered stratum by (n —3) +2 =n—1 < n, so we
have a contradiction. If all irreducible components of C are rational, then we encounter at least
two independent Menelaus conditions on wy(t*) as well as a condition on the position of the
point wp(t*) due to the finiteness statement of Lemma 2.4, which altogether bounds from above
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the dimension of the considered stratum by (n —2)+1=n—1<n.

(2a) Let wo(t*) be a singular point of C. Then, for dimension reasons, wy(t*) must be
a generic element of Men]R This 1mphes in particular, that C is irreducible and wa( *) consists
of n distinct points. Furthermore, C cannot be a rational curve with a node. Thus, C is a smooth
elliptic curve. Then (see Lemma 2.4), we derive that ®: C — Tor(Pa) is an immersion and C' is
smooth along the toric divisors. Since wg(¢t*) turns into a real smooth point in the deformation
along the path {(wa(t), wo(t))}o<i<i, it must be a center of at least one real local branch.

(2b) From now on, we can assume that wo(t*) is a smooth point of C' = @, (6)

(2ii)) Suppose that wy(t*) consists of n distinct points, C is a smooth elliptic curve, and
3:C —»C= @(5) is birational but is not an immersion. To verify the conditions of item (2ii)
of the lemma, it is enough to consider the case of C' having a singular branch at some point
wy € Wy(t*). Fixing the position of the point wf, we obtain a subfamily pr(S™(w?)) C pr(S)
of dimension at least n — 2 > 2 and then apply [IKSlS, inequality (5) in Lemma 2.1] (cf. (4.1)):

—CKrog(pp) 2 (—CKroy(py)y —n+1) + (n—3) + (mult Q@ — 1)
= —CKror(py) — 2+ (multQ —1) = multQ <3, (5.2)

where @ is the local branch of C' at wy. It remains to show that multQ = 2. Arguing by
contradiction, assume that mult Q = 3, that is, @) is topologically equivalent to a singularity
y® 4+ 2™, where ged(3,m) = 1 and m > 2k? > 4. Without loss of generality, we can assume that
the germ of pr(S) C |Lp,| at C is an equlslngular family. According to items (a) and (b) in
Section 2.3, we obtain the following upper bound completely analogous to (2.5):

dim pr(S™(w?)) < h°(C, Tyjc @0, in* Lpy) = h°(C,05(~d) ®o_, *Lp,),  (5.3)
where

degd=2 > §(C,2)+ (~CKror(py)y —n+1) +2
z€8Sing(C)

= deg(@a(—d) (X)(Q6 (I)*,CpA) :C’Qfdegd:n732 1.
By the Riemann—Roch formula, this yields
dimpr(SﬁX(wf)) <n-3

contradicting the lower bound dim pr (Sﬁx(w;’ )) > n — 2 pointed out above.

(2iii) Suppose that some of the points of the sequence wy(t*) coincide. For dimension reasons,
we immediately get that wgy(t*) consists of n — 1 distinct points, and all these points must be
in general position subject to the unique Menelaus relation (2.1). Hence, C must be irreducible.
Moreover, C cannot be rational, since otherwise, by Lemma 2.4, one would get that the total
dimension of the considered stratum is at most (n —2) +1 =n — 1 < n, and we would have
a contradiction. Thus, C is a smooth elliptic curve. We have wy (t*) = wf(t*) = w for some
o C OP and i # j. If C is unibranch at each point of wy(t*), then, by Lemma 2.4, the curve C
is immersed and smooth along the toric divisors. Otherwise, the curve C' has two local branches
at w. Moreover, it must be unibranch at each point of wy(t*) \ {w}.

Let us analyze possible singularities of C. Fixing the position of w and some other point
w' € wy(t*) \ {w}, we obtain a family pr(SﬁX(w,w’)) C pr(S) of dimension at least n — 3 > 1;
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hence, [IKS18, inequality (5) in Lemma 2.1] applies, and similarly to (4.1) yields

~CKrox(py) = (—CKror(py) — 1+ 3) + )+ Z mult Q — 1)
= —CKro(pyy — 1+ Y (multQ-1) = > (multQ-1)<1, (5.4)
B B

where B is the set of all singular local branches of C' in Tor(Pa)* U {w,w'}. This means that a
singular branch of C' (if any) must be of order 2. We show that C' is immersed outside wy(t*)\{w}
and hence fits the claim of item (2iii).

Let C have a singular local branch @ centered in Tor(Pa)*. Note that dim pr(S™(w)) > n—2.
Similarly to (5.3), we get

dim pr(S™(w)) < h°(C,05(—d1) ®o,, ®*Lpy ), (5.5)
where

degdi =2 > 6(C,2) + (—~CEpopp(py) —n+2) + (mult Q — 1)
z€Sing(C)

= deg(C,05(~d1) ®o, ®*Lp,) = C? — degdy
= C? — (C? + OKrox(py)) — (~CKop(py) — 1+ 2) — (mult @ — 1)
=n-3>1, (5.6)

which yields dim pr(SﬁX(w)) < n — 3, and hence gives a contradiction with the lower bound
dim pr(S™(w)) >n — 2.
Let C have a singular local branch @ centered at w. Then dim pr(SﬁX(w)) > n — 2, whereas

the computation literally coinciding with that in the preceding paragraph yields the inequality
dim pr(S™(w)) <n - 3.

(2iv) We are left with the case of Wy (t*) consisting of n distinct points and C either consisting
of two components or being a rational curve with a node. Observe that the case of two rational
components is not possible, since a generic element of MéRin(A, w(t)) will appear after smoothing
out two intersection points of the given rational curves, and hence the pairs of rational curves
would sweep a locus of codimension 2.

Now suppose that wy(t*) consists of n distinct points, C = C’1 U C’g, where C’1 ~ P! and
52 is a smooth elliptic curve, and the intersection C’1 N CQ consists of one point p. Then, for
dimension reasons, the sequence wy(t*) is in general position subject to exactly two Menelaus-
type relations, while wg(¢*) is in general position in Q. Thus, by Lemma 2.4, we obtain the
immersion and smoothness statements as required. The rest of the argument literally coincides
with the corresponding part of the proof of Lemma 4.2(2iii).

(2v) Suppose that C is a rational curve with a node p. Then, this node cannot be mapped
to Tor(Pa)*, since otherwise one would encounter a real rational curve with two 1-dimensional
branches, one in Torﬁg (Pa) and the other in Q. Hence the node is mapped to w € wa(t*), and
for the above reason, the intersection multiplicities of the two branches of C' = CD(@) at w are
odd. Observe that ®': P! — C' — Tor(Pa) is not a multiple covering of the image. Indeed, in
such a case, one would have that P is a triangle, [y =lo =1, and C' = @(6) is a rational curve
intersecting at least two of the toric divisors with odd multiplicity, while the covering is double
ramified at the two points of wy(t*)\ {w}. With an automorphism of Z?2, we can turn the Newton
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triangle of C' (which is %PA) into the triangle
conv{(0, s), (r,0), (r +2l+1,0)}, gecd(s,7)=1mod 2,

with w € Tor([(r,0), (r + 20 + 1,0)]) and C given by a parametrization (in some affine coordi-
nates x, y)
r=af®, y=0b0"(0—-1)2 abeR*.

Since x(1) > 0, we get @ > 0, and hence x > 0as 0 < § < 1. Theny > 0 for 0 < § < 1, and hence
b < 0. Thus, if r and s are odd, we obtain z > 0,y < 0as § — +o0, and z < 0,y < 0 as § — —co.
If r is even and s is odd, we get x > 0,y < 0 as § — 400, and x < 0, y > 0 as § — —oo. In both
cases, it follows that the intersection point with the toric divisor Tor([(0,s), (r 4+ 20 4+ 1,0)]) is
out of 8Torﬁ£(PA), which goes against the initial assumption. If 7 is odd and s is even, we get
that the segment of RC' in the quadrant {z > 0, y < 0} touches all three toric divisors, which
contradicts the condition (AQC). Thus, a multiple covering is excluded. The rest of the claims
can be derived in the same way as the statement of Lemma 4.2(2ii) with one exception: We can
show that the local branches of C' at w intersect each other with multiplicity min{2l; +1, 2lo+1}.
For 1 # o, this is immediate. Suppose that {; = Iy = [. If n = 3, then P is a triangle and, in the
above setting, we get the parametrization of C' in the form

x=ab*, y=00%"(0 -1 —0)HF, 6y#1, a,beR*.
Since 2(1) = x(6p), we obtain the only real solution 6y = —1, and hence y = b9?" (6% — 1)~ is
a function of A2, as is x, which means that this is a double covering, forbidden above.

(2vi) Now suppose that C is a smooth elliptic curve and ®: C — Tor(Pa) is a multiple
covering of its image. Since the preimages of at least n — 2 points of wy(t*) in C are irreducible,
the map ®: C — C C Tor(Pa) is ramified, and hence C cannot be elliptic by the Riemann—
Hurwitz formula. Thus, C is rational, which for dimension reasons implies that wgy(t*) consists
of n points in general position subject to one Menelaus condition. In particular, C is smooth at
each point of wy(t*), and ® has ramification index s at all points of wy(t*). By the Riemann—
Hurwitz formula,

0<2s—(s—1)n.

Hence, n < 2s/(s — 1), which in view of the assumption n > 4 yields s = 2 and n = 4 as stated
in item (2vi). O

5.3 Wall-crossing
We complete the proof of Theorem 3.6 with the following lemma.

LEMMA 5.3. Let {(wp(t),wo(t)) }o<t<1 be a generic path in Menf, x Q, and let t* € (0,1) be such
that MJEH(A,’I/I)@*)) contains an element ¢ as described in one of the items of Lemma 5.2(2).
Then, for each r € 37 such that |k| < A(A), the numbers W (t) := W(A, @(t)) and W{”(t) =
W (A, w(t)) do not change as t varies in a neighborhood of t*.

Proof. We can always assume that, in a neighborhood of t*, the path {(wg(t),wo(t)) }o<t<i is
defined by fixing the position of wy(t*) and some n — 2 points of wy(t*), while the other two
points remain mobile. Except for the case of Lemma 5.2(2iv) describing reducible degenerations,
we work with families of curves that are trivially covered by families of complex oriented curves
so that the quantum index persists along each component of the family of oriented curves.
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(1) Suppose that ¢ is as in Lemma 5.2(2i). Consider the lifts of wo(¢*) to C that correspond to
real branches of C' centered at wy(t*). Since C' is immersed, we only have to show that each of the
lifts induces a germ of a smooth 1-dimensional subfamily in M ,(Tor(Pa), Lp,). This follows
from the smoothness statements in [DH88, Proposition 4.17(2)] and in [Shul7, Lemma 3(1)] and
[IKS18, Lemma 2.4(2)].

(2) Suppose that ¢ is as in Lemma 5.2(2ii). We follow the argument used in steps (1)
and (2) of the proof of Lemma 4.3. Since the local treatment of the occurring bifurcations is
the same as in the proof of Lemma 4.3, we derive the constancy of W{(t) and Wf(t) along
the interval (t* — &,t* + ¢) from the fact that the image of H°(C,inxLp,) in the product
[1,; Vers(C,w) X I L. csing(c)nmor(pa)x Vers(C; z) transversally intersects with the tangent cone
to the locus (4.6), where w is a center of a local branch of C of type Ay, m > kY. This amounts
to a relation of the form (4.7), which we rewrite as

W (C,0z(dr)) =0, (5.7)
where the divisor d; satisfies
degdy = C? — (C® + CKrop(py)) — (—CEron(py) — n+ 1) — (mult(C,wf) — 1)
=n—-2>0
and mult (C, wy ) stands for the multiplicity of C' at w{. Thus, the required transversality follows.

(3) The treatment of the case where ¢ is as in Lemma 5.2(2iii) is the same as that in step (3)
of the proof of Lemma 4.3. The required transversality condition now reads as (cf. (4.8))

h'(C,04(d)) =0,
where
degd = c? - (02 + CKTor(PA)) — <_CKTor(PA) -2)=2>0,
which immediately yields the above h'-vanishing.

(4) Suppose that £ is as in Lemma 5.2(2iv) and ®(p) € Tor(Pa)*. The real part of the
ﬁhptlc curve Cy = (02) has two 1-dimensional components, one in Tor]R (Pa) and the other in
Q. The real part of the rational curve Cy lies in either Torg (Pa) or Q. Again, the treatment of
the wall-crossing is very similar to that in step (4) of the proof of Lemma 4.3. We only comment
on the transversality conditions ensuring the realizability of this scenario of the wall-crossing

in a suitable variation of the constraints. Thus, we have a combination of two h'-vanishing
relations: (i) One is for C4, and it coincides with (4.9); (ii) the other reads (cf. (4.9))

W (Ca, Oc,(d2)) =0
where
degdy = 022 - (022 + CKTor(PA)) - (7CKT0r(PA) - 1) =1>0,
which yields the desired h'-vanishing.

Suppose that £ is as in Lemma 5.2(2iv) and ®(p) = w? € w(t*) (to relax notation, below we
write w instead of w{). Again, the local description of the corresponding wall-crossing event can
be borrowed from part (5) of the proof of Lemma 4.3, and, correspondingly, the signs W7 (w(t))
and Wf(ﬁ:(t)) do not change as t transits through ¢*. Thus, we should confirm the required
transversality conditions.

If &: 01 — Ch and ®: C’g — (9 both are 1mmer51ons then we need relation (4.11), which
reduces to two h!-vanishing conditions (4.12) on Cy ~ Pl and on Cb, a smooth elliptic curve.
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For C;, that h'-vanishing holds due to (4.13). For Cs, it reads
h!(Ca, Ocy(da)) =0, (5.8)
where the divisor ds satisfies
degdy = 022 - (022 + C2KT0r(PA)) ( CQKTor (Pa) ‘02 N TOI“(@PA)’ + )
=|CoNTor(OPA)|—1>2>0,

and hence (5.8) holds too.

In the case where &: C’1 — (1 is a 2l;-multiple ramified covering and ®: 02 — Cy is an
immersion, the required transversality condition takes the form of (4.14). Using the Horace
method in the same manner as in part (5b) of the proof of Lemma 4.3, we come to the system of

h!-vanishing relations (4.15). The top-line relations in (4.15) are the same in the current setting
and hence hold for the same reason, while the second-line relation turns into

' (Ca, O, (d)) =0,
where
degd = C5 — (C5 + CaKror(py)) — (—CoKmor(py) — 1) =1>0,

and hence it holds too.

(5) Suppose that & is as in Lemma 5.2(2v). Since C is rational, both local branches B;, Bo
of C = ®(C) at w = wf(t*) are real, and they intersect Tor(c) with odd multiplicities 2{; + 1
and 2ly + 1, respectively, where 2[y + 2lo + 2 = 2kJ with [; < l3. Choose two mobile points
Wy, w //// € wy(t*) \ {w}, and fix the other points of w(t*). The 1-dimensional stratum
{M (A, w ))}|t—t*|<C’
in £ pA|, we denote by V one of its real irreducible components. Let the tangent line to V at C
be spanned by C and C* € |Lp,|\{C}. Fix conjugation-invariant coordinates x, y in a neighbor-

hood of w so that w = (0,0) and Tor(c) = {y = 0}. Then, in a neighborhood of w, the curve C
is given by an equation

0 < ¢ < 1, projects to the germ at C' of a 1-dimensional variety

(y + n1x211+1) (y + n2x212+1) 4 h.ot. = 0’ M, 172 c RX ,
with Newton diagram (see Figure 6(a,b))
T = [(0,2), (2 +1,1)] U[(20 +1,1), (20 + 2] + 2 + 2,0)]

(cf. Figure 4(a,b)). Exactly as in step (5a) of the proof of Lemma 4.3, an equation of C* has the
monomial z%1y with a non-zero coefficient and no other monomials below the Newton diagram T.

If Iy = ly = I, then as in step (5a) of the proof of Lemma 4.3, we obtain that the equation of
the germ of C® € V at w = (0,0) is as follows:

Y2 + P(x)y + mmpz™? + hot. =0, P(z) = (m + )z + Z a;T2 0T (5.9)
Jj=2l

wherer =t —t* and szlP(l/m) = A1 Chebgi 1 (72 + A2) + A3

with real numbers \;, A2, A3 uniquely determined by 71, 72 and by the coefficient of z?y in
the equation of C*, and where h.o.t. includes higher powers of 7 in the present monomials and
the sum of monomials above I'. If m17m2 > 0, the latter formula yields 2[ elliptic nodes in a
neighborhood of w, all of them lying either in the domain {y > 0}, or in the domain {y < 0}.
Observe that the change of sign of 7 yields the symmetry with respect to the origin for the real
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FIGURE 6. Proof of Lemma 5.3, part (5)

N1
W

part of C(*) (up to h.o.t.), while the orientation of the local branch of C (®) at w persists. Hence the
quantum index and the signs W{(¢) and WT'(t) remain constant along the path {(w0(t))};—¢|<c-
If mima < 0, then equation (5.9) implies

1
y=3 <—P(x) + \/P(x)2 — 4n1772x4l+2> +h.o.t.,

which means that C® has only non-real nodes in a neighborhood of w. Again, the orientation
of the local branch of C®) at w persists (see Figure 6(d)), and we conclude that the signs W (t)
and Wf(t) do not change as t transits through t*.

Basically, the same local bifurcation occurs when I; < lo (cf. step (5a) of the proof of
Lemma 4.3). The family V appears to be smooth, regularly parameterized by t; = t — t* in
the form

y2 + mi(x — notl)%“y + 771772:r2l1+2l2+2 +h.0t. =0, (5.10)

where 7 is determined by C*, and h.o.t. includes higher powers of ¢ in the present monomials
and the sum of monomials above I'. We skip the rest of details.

Remark 5.4. In equations (5.9) and (5.10), the sign of the coefficient of 2217%2%2 remains con-
stant, and the sign of the coefficient of y changes as t; changes its sign. Geometrically, this means
that, for t; < 0, the real branch of C), which is tangent to Tor(c) at w, lies in Tory (Pa), while,
for t; > 0, this real branch lies in Q, or vice versa (see Figure 6(c,d)).

Finally, we establish the transversality condition sufficient for the realizability of the wall-
crossing described above by a variation of constraints. Namely, we prove that representing the
local deformation as above, and crossing the wall transversally, we need the following transver-
sality condition: The Zariski tangent space to the germ at C* of the family constrained by the
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Uk
(a) (b)

FIGURE 7. Proof of Lemma 4.3, part (6)

given tangency conditions at fixed points of wy(t*) and at two mobile points of wy(t*) as well
as by fixing the point wg has dimension 0. The routine computations, performed in preceding
steps, reduce this condition to

ne <P1»N<I>’ <_ > 2kIp7 +pf + 3 — (20 +1)p' — (2 + 1)p” —p0>> =0, (5.11)
g #p

where @’ Pl 5032 Tor(Pp) is ® combined with the normalization, and p’, p” are the preimages
of p € C. This h'-vanishing follows from the fact that the degree of the line bundle is

(=CKror(py) = 2) + (CKror(py) — 2k +2) = (21 + 1) + (2 + 1) + 1) = 1.

(6) Suppose that & is as in Lemma 5.2(2vi). Since the rational curve C' = @(6) has one
global 1-dimensional real branch and contains the point wy € @), it intersects the toric divisor
Tor(o) at two points wy, wy with odd multiplicities k1, k2, respectively, where Torﬁg(a) is the
(unique) common side of Torg (Pa) and Q. Correspondingly, Pa is a lattice triangle, and each
of the two other toric divisors intersects C' with an even multiplicity; see Figure 7(a) (the two
fragments of RC' shown in bold are doubly covered by the two ovals of RC).

We define the path {(ws(t),wo(t))}¢—¢+|<c by fixing the position of wi, we, ws, and wy
and leaving wy mobile. Note that wy can be chosen in general position on C. Suppose that
{wo(t) }}¢—¢+|<= sweeps the germ of a real line L C @ transversally intersecting RC' at wo = wo(t*).
Also note that (C, (wg, w1, we,ws, wy)) has two preimages: marked curves (6, (pf),pl,pg,pg,p4))
and (@ , (p§, P15 D2, P35 p4)). It follows from (2.7) that the quantum index of the two latter curves
equipped with any complex orientation is 0. The signs (3.2) and (3.3) are preserved too when we
reverse the orientation.

The family {M]E’:(A, @(t))}‘ b4 <e naturally projects to a bunch of real 1-dimensional sub-
varieties in the linear system |Lp,|. Denote by V the union of those components of the image
that pass through 2C' and have the same tangent line (V is determined up to a finite choice).
Let this common tangent line A be spanned by 2C" and some C* € |Lp, |\ {2C}. Two cases are
possible: Either C* contains C' as a component, or not.

Let C ¢ C*. Introduce local conjugation-invariant coordinates x, y in a neighborhood of wq
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so that
wo=(0,0), L={y=0}, C={z=0}, C'= {a+ Y ayaly’ =0},
i+5>0
where a # 0. Let us parameterize A as follows:
C(9) = {x2 +9<a+ > aijxiy]) = o}, 0 € (R,0).

i+5>0
Then, for af < 0, the curve C(f) intersects L at two points, z = v/—af + 0(\/@) and z =
—v—al + 0(\/@). The same holds for any curve C’ € V projecting to C'(6); hence, C’ contributes
to the count of W{(¢t) and WP(t) both for ¢+ < t* and for ¢+ > t*. This yields the constancy

of WP(t) and Wf(t) over the segment ¢ € (t* —e,t* + ¢).
Let C* = CUC’, C" # C. In the above coordinates z, y, we have

C*z{x(a—l— Z aijxiyj> :0}, a#0.

1+3>0
Thus,
A= {0(9) = {x<x + 9<a + iﬂz_;oaijxiyj» = 0}}96R,o> :
C(0) N L= {wo,wo(t)}, wo(t) = (~ab +0(¢?),0). (5.12)

Without loss of generality, we can assume that V' consists of one component. If )V homeomorphi-
cally projects onto the germ (A, 2C), and hence onto the segment (t* — e,t* + ¢), we establish
the constancy of WP(t) and Wlo (t) by showing that a curve C'®) makes the same contribution
to WP(t) both for t < t* and for ¢ > t*, and so for W{)(t)

To this end, we analyze the singularities of the curve C®), 0 < |t — t*| < e. The curve C
has (C’2 + CKror(pp) + 2)/2 nodes. In a neighborhood of each of these nodes, the curve C'*) has
four nodes: four hyperbolic nodes in a neighborhood of a hyperbolic node of C, two elliptic and
two complex-conjugate nodes in a neighborhood of an elliptic node of C, four non-real nodes in
a neighborhood of a non-real node of C'. There remain

4C? + 20K, (py) N C? + CKror(py) +2

2 2

nodes of C®). Let us show that they are located in a neighborhood of the points wi, wa, ws, wy.
Consider the tropical limit of the family of the parameterized curves

{@,: CY — W — %, = Tor(Pa

=ki+kotks+kys—4

)}C<t>ev, 0<|t—t*|<e

as t — t* (see details in [GS22, Section 1], where the setting is most suitable for our argument).
The limit of the maps ®;: ot - X, = Tor(Pa), t — t*, is ®g: cO - Xo, where CO) is the
union of the elliptic curve C with four marked points p1, p2, p3, p4 mapped to wy, wy, ws, Wy,
respectively, and of connected curves 61, 62, 53, 64 of arithmetic genus 0 attached to p1, p2, ps,
pa, respectively. Pick m € {1,2,3,4} and introduce local conjugation-invariant coordinates z,,
Ym in a neighborhood of w, so that w,, = (0,0), the toric divisor passing through wy, is given by
{y = 0}, and the germ of C at wy, is given by {y—x"’m = 0}. In particular, a local equation of 2C
reads (ym—ka)2 = 0. Components of ém are mapped to toric components of X that correspond
to a certain subdivision of the region under the segment [(0,2), (2ky,,0)]. In view of the given
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data, the only possible subdivision contains just one triangle 7, = conv{(0, 1), (0,2), (2kp,,0)}
(see Figure 7(b)). The limit curve C,, C Tor(T,,) is rational, quadratically tangent to the toric
divisor Tor([(0,2), (2km,0)]), and it has ky,, — 1 nodes (cf. [Shu06, Lemma 3.5]). An equation of
C,, reads

km—1
2 .
(g —2hy)” + > a™alym =0, af™ £0.
=0

Correspondingly, in a neighborhood of wy,, the curves C® € V are given by
km—1
(Ym — xfnm)2 + Z T(km_i)rmagm)xinym +h.ot. =0, (5.13)
i=0
where 7 = ¢t — t* and h.o.t. denotes terms with higher powers of 7 in the preceding monomials
as well as monomials above the segment [(0, 2), (2k,y, 0)].

If m = 1 or 2, then k,, is odd. In this case, all exponents of 7 in the second summand of (5.13)
must be even since otherwise the coefficient of y,,, will change sign when 7 does, but geometrically
this would mean that the local real branch of C® at w,, would jump from the quadrant Q to
the positive quadrant when ¢ transits through ¢*, which would contradict the fact that C*) must
have a global real branch in ). This observation yields that the distribution among the quadrants
of the elliptic nodes in a neighborhood of w,, does not change when 7 changes its sign. If m = 3
or 4, then ky, is even. If all exponents of 7 in the second summand of (5.13) are even, we obtain
the preceding conclusion. If there are odd exponents, then the change of sign of 7 geometrically
is equivalent to the reflection of the limit curve C), with respect to the y,,-axis, which again does
not affect the distribution of elliptic nodes among quadrants. In all of the cases, we immediately
derive the constancy of W{(t) and W (t) along the segment ¢ € (t* — &, t* + ¢).

It remains to show that the case of V doubly covering one half of the interval (t* —e,t* +¢)
with ramification at t* is not possible. We argue by contradiction based on the Bézout theorem.
Let ¢, C") ¢ VY be two curves with ¢/ < t* < ¢ that intersect the line L at the same
point wo(t') = wp(t”) given by the second formula in (5.12). In a neighborhood of Sing(C'), the
curves C*) and ") have at least

2 4
O CK;“(PA) T2 4O 4 ACK ) + 8= 4C7 — 3 (4 — 2)

m=1

intersection points. To estimate the intersection multiplicity of C ) and C") in a neighborhood
of wy,, m = 1,2, 3,4, we rescale the formula (5.13), bringing it to the following common form for
t" and ¢” (since |[t' — t*| and [t — t*| are asymptotically equivalent as ¢/, t" — t*):

km—1
(v —aiy)” + 3 (signm) b0 a(™ad y, + O(7) = 0.
=0

In a neighborhood of w,,, m = 1,2, 3,4, the curves C*) and C*") intersect with multiplicity at
least 4k,, — 2. Indeed, if the change of sign of 7 in (5.13) yields the same limit curve C,,, then
C®) and C") intersect with multiplicity at least 2k, at wy, and intersect with multiplicity at
least 2(ky,, — 1) near the nodes of Cy,. If the change of sign of 7 induces the reflection of C,,
against the y,-axis, then C*) and C'*") intersect in the big torus of Tor(T},) with multiplicity
2k, — 2 (here we subtract the intersection multiplicity at the common tangency point on the
toric divisor Tor([(0, 2), (2km,0])) and they intersect at wy, with multiplicity at least 2k,,. Taking
into account the extra intersection point wg(t') = wo(t") € L, we arrive at a contradiction with

858



REAL ENUMERATIVE INVARIANTS AND THEIR REFINEMENT

the Bézout theorem. O

6. Invariance in genus 2: Proof of Theorem 3.8

We closely follow the arguments in the proofs of Theorems 3.2 and 3.6. Take two sequences
w(0) = (wy(0), w1(0), w2(0)) and w(1) = (wp(1),w1(1), wa(t)) satisfying the conditions of The-
orem 3.6. We may assume that wy(0),ws(1) € Menf(A) for some p > 0. Then, we join these
sequences by a generic path {ws(t)}o<i<1 in Menf(A), and we join the points w;(0), w;(1) by
a generic path {w;(t)}o<t<1 in the respective open quadrant, where ¢ = 1,2. Then we verify the
constancy of W§ (A, w(t)) inside the chambers (that is, connected components of Meng(A)) and
in all possible wall-crossing events, for all .

6.1 Invariance inside chambers

Let us verify the constancy of W4 (A, w(t)) along intervals t' < ¢ < t” such that w(t) € Mena(A)
for all ' <t < t”. To this end, it is enough to show that the projection an(A, W(t))p <t —
(#,¢") has no critical points (cf. the proofs of Theorems 3.2 and 3.6). This requirement is a con-
sequence of the following statement similar to Lemmas 4.1 and 5.1 (cf. [Shul5, Lemma 2.3]).

LEMMA 6.1. Let £ = [®: (C,p) — Tor(Pa)] € M (A, @), where @ € Meny(A). Then,

2

h? (6,/\/@ <—p1 —p2 — Z Z 2k§s)pgs) +p$2)))> =0, (6.1)

s=0 i=1

where [®: (C,p) — P?] € M]%n(IP’Q,A,'LAv(t)).

Proof. Non-vanishing in (6.1) would mean the existence of a real plane curve C' # C' = <I>(6) of
degree 2d passing through w; and ws, intersecting Dy, s = 0, 1,2, at each point ngs), 1 <7 < ng,
where (s,17) # (0,n9), with multiplicity 2]{:55), intersecting Dy at wé%) with multiplicity QkEL%) -1,
and intersecting C' at each point z € Sing(C') with multiplicity at least 6(C, z). Note that C’ must

(_7+)

additionally intersect C' in an extra point on the real branch in (IP’]%) and in an extra point

on the real branch in (IP’%&) (+-), However, this leads to a contradiction with the Bézout theorem:

2 ng
4 >4+ 3" N 2k 14 3T 26(C,2)

s=0 i=1 z€Sing(C)
=44 (6d—1)+ ((2d —1)(2d — 2) —4) = 4d* + 1. O

6.2 Walls in the space of constraints
Let [®: (a,p) —P? € ﬂ]in(A, @(t))o<i<1. In this section, we assume that C' does not contain

contractible components, that is, we just contract them (if any), and we call the singularities of Q
“nodes.” Note that such a contraction does not affect the arithmetic genus, since a generic curve C'
has three real ovals. We also allow the points of p to collate. We use the notation of Section 5.2;

: : Jr»* 7a+
namely, S denotes a locus in the space of constraints Menf (A) X (IP’%&)( ) % (]P’%&)( ), and

pr(S) denotes the image of ﬂsn(A, w) in the linear system |Lp, | when w ranges over S.

In view of the results of Section 6.1, we can ignore the walls along which MEH(A,’[I)) =
MER(A, w). The following lemma classifies other walls.
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LEMMA 6.2. (1) The following elements { = [‘I>: (a,p) — IP’Q] cannot occur in the space
7R ~
Mo, (A, w(t))ose<t:

(1)

(1ii)
(1iii)

C is a reducible connected curve of arithmetic genus 2 with a component mapped onto
a toric divisor;

Q is a connected curve of arithmetic genus 2 with at least two nodes;

C has a component that multiply covers its image.

(2) If¢ = [@: (a,ﬁ) — P?] € Maon(A, w(t*)) when w(t*) does not satisfy the conclusions of
Lemma 2.4, then £ is of one of the following types:

(2a) either exactly one of the points w;(t*), wa(t*) is a singular point of the curve C = @(5’),
and the following holds:

(2i)

Wy(t*) consists of n distinct points, the curve C is smooth of genus 2, ¢ is an immersion
onto a curve C' that is smooth along the toric divisors, while w;(t*) is a center of at least
one real local branch, i = 1,2;

(2b) or wy(t*) and wa(t*) are smooth points of the curve C' = @(6), and one of the following
holds:

(2ii)

(2iii)

(2iv)

C is a smooth curve of genus 2, wy(t*) consists of n — 1 distinct points, ® is birational
onto its image, but not an immersion; it may have singular local branches centered
in Tor(Pa)* as well as singularities of type Asy, at some points wi € wy(t*), where
m > kY ;

C is a smooth curve of genus 2, wy contains n — 2 distinct points so that wis) (t*) =
w§s) (t*) =: w for some s € {0,1,2} and i # j; the map ® is birational onto its image C,
where the curve C' is immersed outside wy(t*) \ {w} and may have singularities of type
Aoy, at some points of wy(t*) \ {w}, while at w, the curve C either is smooth or has
two smooth branches;

C=0CuU 62, where g(él) + g(@) = 2, wy(t*) consists of n — 1 distinct points, and
the maps ®: @ — P2, i = 1,2, are immersions; furthermore, the only node p joining 5’1
and Cs either is mapped to (RX)2 C P%, or is mapped to some point wz(s)(t*) € w(t*);
the germ CI)(é’j,p) intersects Dy with multiplicity 2l;, j = 1,2, where l1 + 1y = kES), and
these two germs intersect each other with multiplicity min{2ly, 2ls};

Wy(t*) consists of n—1 distinct points, C is an irreducible elliptic curve with one node p,
(s)
i

branches intersecting Dg with odd multiplicities 211 + 1, 2o+ 1, where |1 + 12 +1 = kgs),
and intersecting each other with multiplicity min{2l; + 1,2ls + 1}; furthermore, each of

the other points of wy(t*) is a center of one smooth branch.

the map ® is an immersion that sends p to some point w;”’ (t*), center of two smooth

Proof. (1i) We can assume that the sequences {w(t)}o<t<1 avoid po-neighborhoods of the in-
tersection points of the coordinate axes, for some pg > 0. Suppose that CI’(C) contains some

coordinate axis. In this case, @(6) contains all of them. Indeed, otherwise, we would have w(t)
arbitrarily close to the intersection points of the coordinate axes, contrary to the above assump-
tion. Furthermore, the intersection points of the coordinate axes must lift to nodes of (7, and
they smooth out along the path {w(t)}o<i<1. In particular, the union Cy of the components of C
mapped onto the coordinate axes is a curve of arithmetic genus at least 1.

The union 62 of the other components of C cannot be mapped onto a plane curve of odd
degree. Indeed, otherwise, one would get an odd number of real branches of ® (02) intersecting Dy
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with odd multiplicity yielding a 1-dimensional real arc in the quadrant {z1/xo <0, x2/z¢ < 0},
which is not possible. Thus, ., (02) has even degree. If CQ has arithmetic genus 0, then the real

part of @(6’2) contains a connected graph passing through w; and ws, and then there should be

four real local branches of @(@2) centered on D" U DJ (see Section 3.4 for the notation) that
intersect D U Dy with odd multiplicity. Hence, the centers of these branches must lift to the
nodes of C which would yield that the arithmetic genus of C is at least 4, giving a contradiction.
Thus, C’l and Cg both have arithmetic genus 1 and are joined by one node. It is easy to see
that this node must be mapped by ® to the center of the unique local branch of @(52) on Dar .

This local branch must lie in the closure of (IP]%)JF. Hence the image of one connected component
of the real part of 52 must pass through, say, w1 and contain the real local branch centered
on Dar . It follows that @(Cg) has two real local branches centered on Df and intersecting D
with odd multiplicity. Thus, their centers must lift to two nodes of C joining 61 and 62, making
the arithmetic genus of C at least 3, which gives a contradiction.

(1lii)) We argue by contradiction, assuming that C has k > 2 nodes and no component of C
is mapped onto a coordinate axis.

First, C cannot have three or more components, since this would impose two extra Menelaus
conditions on the disposition of wy defining a stratum of codimension 2 in W that must be
avoided by the path {w(t)}o<i<1.

Second, C cannot be an irreducible rational curve. Indeed, if wg € Wy is a general position,
then 'w(a) belongs to a finite set; see Lemma 2.4. Hence, if wg € Wy varies in a stratum of
codimension 1, then we obtain a 1-dimensional family of rational curves, and this imposes an
extra condition on the position of the points wy, we, altogether defining a stratum of codimension
at least 2 in W.

Third, C cannot be the union of a rational and an elliptic component. Then, we obtain an
extra Menelaus condition on wy, while the parts of wy lying on the image of the rational and the
elliptic components are in general position. Thus, wy and one of the points wi, we determine a
finite set of pairs of a rational and an elliptic component of c (see Lemma 2.4), which imposes a
condition on the location of the second point in {w;, ws}, hence defining a stratum of codimension
at least 2 in W.

(liii) Suppose that C is irreducible and ®: C —» C < P2 is a multiple covering. By the
Riemann—-Hurwitz formula, the curve C' cannot be of geometric genus 2. Also, C' cannot be
rational since otherwise, the fixed position of wy determines a finite set of rational curves, and
hence two conditions are imposed on the position of wq, we. This defines a stratum of codimension
at least 2 in W avoided by the path {w(t) }o<t<1. The only remaining option is an elliptic curve C'.
As in the case of the rational curve C, we derive that wy varies in an open dense subset of Wy,
while the position of wy, we is constrained by one condition. It follows that all the points of
the sequence wy are distinct, and hence they all must be ramification points of the covering.
However, we have #wy > 3, which yields a contradiction with the Riemann—Hurwitz formula.

In view of part (1ii), it remains to study the case of two-component C = 61 U 62 such that
either g(al) = 2 and g(@g) =0, or g(al) = g(@) = 1. It follows that wy is constrained by
an extra Menelaus condition, and this is the only condition imposed. Hence, all of the points of
wy differ from each other, and the genus of the image of any component must be equal to the
genus of that component. The argument of the preceding paragraph leaves the only option of a
multiple covering %)) C’g — (4 — P? with rational C’g and Cy. If m is the degree of the covering,

then each point w;”’ € (5 is a ramification point of the covering of index m — 1, and hence we

861



I. ITENBERG AND E. SHUSTIN

get a contradiction with the Riemann—Hurwitz formula:
2m— (m—1)-#(woNCs) 22, #(wspNCs) >3.

(2) We mainly follow the arguments in parts (2ii)—(2v) of the proof of Lemma 5.2. Items (2i),
(2iv), (2v) of the present lemma can be treated in the same manner as items (2i), (2iv), (2v) in
Lemma 5.2. Item (2v) appears to be even much simpler, since multiple coverings are not possible
as we established in the preceding part of the proof. Items (2ii) and (2iii) require additional
arguments.

(2ii) Suppose that Wy (t*) consists of n distinct points, C is a smooth curve of genus 2, and
:C —C= @(6) is birational but is not an immersion. To verify the conditions of item (2ii)
of the lemma, it is enough to consider the case where C' has a singular branch at some point
w¢ € Wy(t*). Fixing the position of the point w¢, we obtain a subfamily pr(S™(w?)) C pr(S)

7

of dimension at least n — 2 > 3 and then apply [IKS18, inequality (5) in Lemma 2.1] (cf. (5.2)):
—CKro(py) 2= =2+ (—CKroe(py) =1 +2) + (0 —3) + (mult Q — 1)
= —CKror(py) =3+ (multQ —1) = multQ <4,
where @ is the local branch of C at w{. It remains to show that mult@ = 2. Arguing by
contradiction, assume that mult Q) = 3 or 4. Without loss of generality, we can assume that
the germ of pr(S) C |Lp,| at C is an equisingular family. According to items (a) and (b) in
Section 2.3, we obtain the following upper bound completely analogous to (2.5):
dim pr($™(wf)) < h°(C, Tzc ®o. in* Lp,) = h*(C,05(—d) @0, ®*Lpy) .
where
degd=2 > 6(C,2)+ (~CEyopy) —n+2)+r, 2<r<3,
z€8Sing(C)
3, r=2,

= deg((’)a(—d) ®0s ®*Lp,) =C?—degd=n—r> {2 3

In the case 7 = 2, we have h!'(Oz(—d) ®o, ®*Lp,) = 0 since 2g(6) — 2 = 2. Thus, by the
Riemann—Roch formula, we have

dim pr(S™(w)) < h°(Oa(—d) @0, ®*Lp,) =n -3,
contradicting the lower bound dim pr (Sﬁx(wf)) > n—2 pointed above. In the case r = 3, we have
W(0p(—d) ®o, ®*Lp,) < W (Oa(—d) o, ®*Lpy),
where d’ = d — w with w being one of the points of d. Thus,
degd =degd—1 — deg(Og(—d) ®o, P Lpy)=n—r+123,
and we derive the same contradiction.

(2iii) Proceeding along the lines of the proof of part (2iii) of Lemma 5.2, we need to verify
suitable analogs of the estimates (5.4), (5.5), and (5.6) in the genus 2 case.

An analog of (5.4) reads
_CKTor(PA) Z -2+ (_CKTOI‘(PA) —n+ 4) + (n - 4) + Z(mult Q - 1)
B

= —CKror(py) — 2+ Z(muth -1 = Z(muth -1)<2,
B B
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where B is the set of all singular local branches of C' in Tor(Pa)* U{w,w'} (recall that w' is any
point in wy(t*) \ {w}). We have analogs of (5.5) and (5.6):

dimpr(SﬁX(w)) < ho(é, Oa(—dy) Rog <I>*,CPA) ,
where

degd; =2 Z 6(C,2) + (~CKroe(py)y —n+3)+7r, r=1or2,

z€Sing(C)

and hence
deg(C,05(—d1) ®o_, ®*Lp,) = C* — degdy
= 02 - (02 + C1I(Tor(PA) - 2) - <_CKTor(PA) —n+ 3) -r

3, r=1,
=n—-1—r2=
2, r=2.

Then, we literally follow the last paragraph of the proof of part (2ii) of the lemma and derive
that dim pr(SﬁX(w)) < n — 3, contrary to the initial lower bound dim pr(SﬁX(w)) > n — 2. This
contradiction completes the study of case (2iii) of the lemma. O

6.3 Wall-crossing

In the analysis of wall-crossings, we use arguments similar to the ones presented in Sections 4
and 5. The following lemma completes the proof of Theorem 3.8.

LEMMA 6.3. The numbers W§ (A, w(t)) and WQ"(A, w(t)) remain constant in each of the wall-
crossing events described in Lemma 6.2(2).

Proof. All local considerations in the proofs of Theorems 3.2 and 3.6 can literally be transferred
to our situation. Thus, we only confirm the global transversality relations, which all take the
form of certain cohomology-vanishing conditions.

(1) The wall-crossing described in Lemma 6.2(2ii) coincides with that in Lemma 5.2(2ii).
The transversality condition in the treatment of this wall-crossing reads (cf. formula (5.7))
H°(C,05(d—p1 —p2)) =0, deDiv(C), (6.2)
where in the notation of the proof of Lemma 5.3(2),
degd = C? — Z 26(C, z) — Z dim Oc¢ /1
z€8ing(C) wEWy(t*)
=4d* — (4d* —6d — 2) — (6d — 1) =3 > (29 — 2)[g=0 = 2.

Thus, the Riemann-Roch formula yields h° (6, Oz(d)) = 2, and hence (6.2) holds due to the
general position of wy, wy on C' = @(é)

(2) The wall-crossing described in Lemma 6.2(2iii) coincides with that in the proof of Lem-
ma 5.2(2iii). The required transversality condition coincides with relation (6.2) confirmed in the
preceding paragraph.

(3) The wall-crossing described in Lemma 6.2(2iv) coincides with that in Lemma 5.2(2iv),
the subcase where the ®: C; — Tor(A), i = 1,2, are birational immersions. The local study is a
word-for-word copy of part (5a) of the proof of Lemma 4.3 (restricted to the case of birational
immersions). Similarly to part (5b) of the proof of Lemma 4.3 and part (4) of the proof of
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Lemma 5.3, the global transversality condition amounts to
ho(al, Op, (di — {p1,p2} N 51)) = ho(az,Oaz (dy — {p1,p2} N 62)) =0,
where
degd; = 2g(6’1) —1, degds = 2g(@2) —1.
Thus, the required h'-vanishing holds.
(4) The last wall-crossing to consider is associated with the wall described in Lemma 6.2(2v).
That wall is very similar to the wall appearing in Lemma 5.2(2v). The local study of the wall-

crossing is a word-for-word copy of the study performed in part (5) of the proof of Lemma 5.3.
Thus, we only address the global transversality condition analogous to that in formula (5.11):

W(C Ny (d) =0, d=— > 2k 8 45" — 20+ 1)p' — (22 + 1)p" —p1 —p2,
»#p
where @: C — 0 3 P2 is a composition of ® with the normalization, Mg/ is the normal bundle,
pg,s ,), pgﬁ,,) are mobile points in Wy (while the other points are fixed), and p/, p” are the preimages
of the node p in C. It is easy to see that deg Ng/(d) = 0. However, the points wy, w are in general
position on C = ® (C’), and hence p1, ps are in general position on C, which by the Riemann—Roch
formula implies the desired h?-vanishing. O
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