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The blow-up formula for the instanton part
of Vafa—Witten invariants on projective surfaces

Nikolas Kuhn, Oliver Leigh and Yuuji Tanaka

ABSTRACT

We prove a blow-up formula for the generating series of virtual y,-genera for moduli
spaces of sheaves on projective surfaces, which is related to a conjectured formula of
Gottsche for topological x,-genera. Our formula is a refinement of one by Vafa—Witten
relating to S-duality. We prove the formula simultaneously in the setting of Gieseker
stable sheaves on polarised surfaces and also in the setting of framed sheaves on P2.
The proof is based on the blow-up algorithm of Nakajima—Yoshioka for framed sheaves
on P2, which has recently been extended to the setting of Gieseker H-stable sheaves on
H-polarised surfaces by Kuhn—Tanaka.

1. Introduction

Hilbert schemes of points on a projective surface have been extensively studied, and while the
picture is not complete, their geometry is well understood. In particular, there are many deep
results concerning their enumerative invariants (for example [G6t90, Che96, EGL01, MOP19]).
For their higher-rank analogues, the moduli spaces of (semi-)stable sheaves on a surface, the
situation is more complicated. Results for topological invariants for moduli spaces in ranks 2
and 3 on some surfaces have been obtained for example in [LQ99, Yos96, MM18, Kool5], but,
in general, one does not expect any reasonable formulas for the topological invariants.

More recently, there has been an interest in studying wvirtual analogues of the topological in-
variants, which are defined using the perfect obstruction theory coming from the moduli problem.
This interest is partially motivated by the S-duality conjecture [VW94] concerning Vafa—Witten
invariants and by the papers [TT17, TT20], where Tanaka—Thomas proposed a mathematical
definition of these invariants as the sum of two parts — one of which is given by the signed virtual
Euler characteristics of moduli spaces of stable sheaves. The virtual invariants have the benefit
of being invariant under deformations of the surface that preserve the polarisation, and — strik-
ingly — they are in many cases predicted to depend only on finitely many basic invariants of the
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BLOW-UP FORMULA FOR VAFA—WITTEN INVARIANTS

underlying surface. For example, explicit formulas up to rank 5 have been conjectured for the
virtual Euler characteristics in [GKL25] (see also [GK18, GK20, GK19a, GKW21], and [GK19b]
for an excellent survey).

In this paper, we prove the first completely general result for the virtual x,-genus and Euler
characteristic of the higher-rank moduli spaces: Namely, we prove a blow-up formula for the
virtual x,-genera of the moduli spaces, and thereby for virtual Euler characteristics. This is
a first and important step towards establishing the existing conjectures, and provides further
evidence for them. Similar formulas for the topological invariants had been obtained in [LQ99]
for the virtual Hodge polynomial in rank 2, and in [G6t99, Proposition 3.1] for virtual Poincaré
polynomials of arbitrary rank moduli spaces. Our result also confirms part of a conjecture of
Gottsche [G6t99, Remark 3.2] (stated more generally for virtual Hodge polynomials) when the
moduli spaces are unobstructed, so their virtual and topological x,-genera agree.

In the course of our proof, we prove a blow-up formula for an equivariant analogue of the
Xy-genus defined on moduli spaces of framed sheaves on P2 and on its blow-up. These moduli
spaces of framed sheaves and their invariants are of independent interest in physics through in
Nekrasov’s conjecture and related topics (see for example [Nek03, NY05a, NO06, BE06, GNYO08,
GL10, GNY11]).

For the rest of the paper, we fix a positive integer r > 0, which will denote the rank of the
sheaves being considered. As mentioned above, we will prove blow-up formulas for two different
kinds of moduli spaces. These two situations are as follows.

SITUATION A (Gieseker stable sheaves, [Moc09, KT21]). In this situation, X is a smooth pro-
jective (connected) surface with a fixed polarisation H, and p: X — X is the blow-up of X at
a chosen reduced point pt € X with exceptional divisor C. Moreover, Lx is a fixed line bundle
on X with ¢; := ¢1(Lyx) such that the intersection number (Lx, H) is coprime to 7.

We consider classes ¢ := 1+ ¢1 + chy € H*(X, Q) for various chy € H*(X,Q). On the blow-
up X, we will write ¢; := ¢; — k[C] for various k € Z and consider classes ¢ := r + ¢ + chy for
various chy € H*(X, Q). In this situation, we consider the following moduli stacks:

(i) M(c), the moduli stack of oriented Gieseker H-stable sheaves on X with Chern character ¢
(here an oriented sheaf is a pair (E,v: det E — Lyx), where E is a Gieseker H-stable sheaf
and v is an isomorphism),

(ii) M (¢), the moduli stack of oriented p*H slope-stable sheaves on X with Chern character ¢
(in this case, we define an orientation to be an isomorphism det E = p*Lx ® O¢(—kC) if
51 = p*q — k[C])

SITUATION B (Framed sheaves on P2, [NY05a, NYO05b]). In this situation, we let X := P? and
consider the blow-up p: X = P? — X at pt = [1 : 0 : 0] with exceptional divisor C. We set

Lx = Op2 and ¢; = 0. We consider classes on X of the form ¢ := r + 0 4 chs for various
chy € H*(P?,Q). For classes on the blow-up, we consider ¢; := —k[C] for some k € Z and

C:= 1+ ¢ + chy for various chy € H 4(@2, Q). In this situation, we consider the following moduli
spaces:

'Here, slope stability for the nef line bundle p* H is the same as Giescker stability for the polarisation p* H — ¢[C)|
for any small enough £ € Q¢ depending on ¢ (this follows for example from [Kos21, Proposition 4.3]). Since the
choice of € may depend on chs, working with slope stability is slightly more convenient when considering generating
series.
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(i) M(c), the moduli space of framed sheaves on P? with Chern character ¢, that is, pairs
(E,p), where E is a coherent sheaf on X which is locally free in a neighbourhood of the
line loo := {[0: 21 : 22]} and where ¢ is an isomorphism E|, — O;‘Z;

(ii) M (¢), the moduli space of framed sheaves on X with Chern character ¢, where the framing
is with respect to the preimage p~ /s of /s under p, which we denote again by £s

Remark 1.1. In Situation A, we use moduli stacks of oriented sheaves instead of the usual moduli
spaces, since the stacks always have universal sheaves, which simplifies some of the presentation.
The moduli stacks are degree 1/r gerbes over the coarse moduli spaces, and all the invariants
that we consider, differ only by a factor of 1/7.

We will now address how one can define algebraic invariants in Situations A and B. In Sit-
uation A, this uses that the moduli stacks are proper and carry a perfect obstruction theory,
while in Situation B, one uses the fact that the moduli spaces carry a natural torus action with
isolated torus-fixed points.

In what follows, we let M denote either M (c) or M (¢) in either situation, we let £ denote the
universal sheaf on M x X or M x X , and we let m denote the projection morphism 7: M xX — M
or m: M x X — M. For M = M(c), take ¢ := ;.

(a) Situation A: The moduli space M is a proper Deligne-Mumford stack with a canonical
perfect obstruction theory of virtual dimension —2r chy +¢2 — (r2 — 1)x(X,Ox). The K-
theoretic class of the virtual tangent bundle is

= C’)?ZX(X’OX) — Rr,RHom(E,€).

(b) Situation B: The moduli space M is representable by a smooth quasi-projective variety with
dimension given by —2r chy +¢%. There is a canonical action of T := (C*)2*" on M whose
fixed locus is a set of isolated points. This action extends in a canonical way to M x X
(respectively, M x X ), so £ has a canonical structure of equivariant sheaf. The T-equivariant
class of the tangent bundle in K-theory is

1T, = —Rm.RHom(E,E (o)) -
Here are references for these properties. For Situation A, see either [Moc09, §5.6] or [KT21,
Corollary 3.26 and Proposition 5.12], and for Situation B, see [NY05a, §§2-3] and [NY11b, §5].
Using these properties, we now define a notion of “integration” for Chow-cohomology classes

on moduli spaces in each situation. We will let F denote a field of characteristic zero, and we
write A* for Chow-cohomology rings with coefficients in F.

Notation 1.2. Let M be a moduli space from either Situation A or Situation B. Define the
following integral notation:

(a) Situation A: Using the perfect obstruction theory, we get a virtual fundamental class [M]V'T.
Using this, we define, for a € A*(M

/a—/ Vlra—deg(aﬁ[ ]“r),

where for a Chow class v € A.(M), we let deg~y be the number obtained by pushforward
along the structure morphism M — SpecC.

(b) Situation B: In this situation, the moduli space is non-proper but has a proper f—ﬁxed locus.
We define integration via the Atiyah—Bott localisation formula. Hence for a T-equivariant
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class a € A*T(M)’

/ Z ol

e(Th 1)
Moreover, in light of the unified notations of Sltuatlons A and B, we suppress the equivariant
notation when considering Situation B unless it is necessary. Hence, from now on, in Situation B,

we write A*(M) instead of A*T(M ) and T, instead of TT,, and we always consider £ as an
equivariant sheaf.

Remark 1.3. If we consider the moduli spaces in Situation B as having the trivial perfect ob-
struction theory, then we have TYX = T, and it makes sense to use the word virtual when
discussing the enumerative invariants of both situations.

Using the above notation, in this article, we will consider invariants of the form

J o

where ©: K (M) — A*(M) is some characteristic class. In particular, we are interested in the case
where © = ©, is the multiplicative class defined on line bundles by ©, (L) = (1—ych(L)™!)-td(L),
where y is a formal variable. In this case, we set

X (M) = /M 0,(T*") € QY.

This is the virtual x,-genus of M as defined by Fantechi-Gottsche in [FG10, § 4]. The main result
of the article is the following theorem.

THEOREM 1.4 (Main theorem). Consider Situation A or B with 0 < k < r. Consider the gener-
ating series of virtual x,-genera

= Z XTL(M(T + ¢1 + chy))gvdimMrterteha) g
cho

ZXVII‘ (r+2 + Chg)) vdim M (r+¢;+chs) .

Ch2

Then, we have the identity

where

rny —r - (ki—k;)? (b
Yi=Yilgy) = [[0- (@)™ Y (Py)oET Rtk
n>0 ki4-+kr=k

Remark 1.5. The factor Yj appearing in Theorem 1.4 is independent of all input data except k
and the rank r. This is the same blow-up behaviour observed for the topological invariants studied
in [G6t90, Che96, LQIS, LQI9, G6t99).

Remark 1.6. The result in Theorem 1.4 was originally conjectured in Situation A for the topo-
logical x,-genus by Gottsche in [G6t99, Remark 3.2] (stated more generally for virtual Hodge
polynomials). The factor Yj can be rewritten in Gottsche’s notation as follows. Let A = (aij)i;
be the (r — 1) x (r — 1) matrix with entries a;; = 1 for ¢ < j and a;; = 0 otherwise, and let 1
be the column vector of length r — 1 with all entries equal to 1. Let 1 denote the Dedekind eta
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function. Then we have
2r T)T/24

(q Y 2 vtAv LtAT
Y= —~+— Z (¢"y")" Ty A
17(q2TyT) veZr 14+ (k/r)I

In the cases where the moduli problem is unobstructed (that is, if every stable sheaf E on X
and X has Ext?(E, E) = 0), the topological and virtual y,-genera coincide. Hence, in these cases,
Theorem 1.4 proves Gottsche’s topological conjecture.

One can also consider the virtual Euler characteristic and the virtual holomorphic Euler
characteristic. These are defined, respectively, as

eVt (M) = /Me(T}(}[r) and  xVT(M) := /Mtd(T}G[r);

they are the respective specialisations x"% and g of x

rem 1.4 has the following corollary.

vir
Yy

. Using these characterisations, Theo-
COROLLARY 1.7. In the setting of Theorem 1.4, using appropriately defined generating series,
we have

~

Zevir — Yk7evir . Zevir aﬂd vair — Yk.7xvir . ZXvir ,

where

_ . 1 ifk=0,
Yi,evir = H (1—¢*")" Z gZi<i®ih)®and Y xir = 1
r 0 else.
n>0 A ki=k

Remark 1.8. The case k = 0 of the blow-up formula for virtual holomorphic Euler characteristics
of Corollary 1.7 was previously proved by Nakajima—Yoshioka in [NY1lc, Theorem 2.11(i)] for
Situation B.

1.1 Outline of the article

In order to prove Theorem 1.4, we use the blow-up algorithm of Nakajima—Yoshioka [NY1lc]
(extended to Situation A by [KT21]) to obtain a weak universal blow-up formula for invariants
of the form being studied. A key aspect of this formula is its universality; namely, it shows that
the desired blow-up formula exists and is independent of much of the input data. In particular, the
formula will be the same in Situations A and B. We then analyse the equivariant geometry arising
in Situation B to determine the exact form of the desired formula. This proceeds via a reduction
to rank 1, where we can use the (g,?)-Nekrasov—Okounkov formula [RW18, Theorem 1.3] to
conclude.

The article is structured as follows. In Section 2, we recall the blow-up algorithm of Nakajima—
Yoshioka [NY1lc] and show how it is extended to both situations by [KT21]. In Section 3, we
state and prove a weak universal blow-up formula for invariants defined by classes which are
multiplicative in the tangent bundle. In Section 4, we prove the main theorem, Theorem 1.4, by
determining the coefficients from the weak universal blow-up formula. We do this by examining
the equivariant structure of Situation B.

1.2 Basic notation

We fix a positive integer r > 0 and will always assume the notation described in Situations A
and B. In particular, we consider classes of the form ¢ :=r+¢; +chy € A*(X) and ¢:=r+7¢; +

-~

chy € A*(X) described there. We will also use the integral notation described in Notation 1.2.
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Other basic notation includes the following:

o Cy:=0c(—m—1):=0c®Og((m+1)C) denotes the unique degree —m — 1 line bundle
on the exceptional divisor C'. In Situation B, we endow C}, with the equivariant structure
obtained from the inclusion into O¢ if m > —1 (respectively, the dual one for m < —1).

® e = ch(j.C) = [C]—(m+1/2)[pt] is the Chern character of Cy, taken as a coherent sheaf
on X via the inclusion j: C — X.

e For a moduli space M of sheaves on X (or X), we denote the universal sheaf on M x X (or
M x X) by £ and let 7: M x X — M (respectively, m: M x X — M) be the projection.
We will denote T} simply by TV.

o We set RHom(F,G) := Rr.RHom(F,G).

e For a C*-representation %, we write e’ for the associated equivariant line bundle.

e We let F denote the coefficient field for Chow-cohomology groups.

e In Situation B, we take T := (C*)2*". The T-action on M is explained in Definition 4.2.

e We denote by ti,t2,e1,..., e, the fundamental 1-dimensional T -representations. See Nota-
tion 4.3 for more details.

e For a coherent sheaf F, we define the following notation in Situation A:
T .= 07X — Rr, RHom(F, F)
and the following in Situation B:

TY := —Rm.RHom(F, F(—ls)).

2. Nakajima—Yoshioka blow-up algorithm

In [NYllc], Nakajima and Yoshioka introduced an algorithm to express certain tautological
integrals on M (¢) in terms of similar integrals on M (c + n[pt]) for various n, which applies
to Situation B. The results necessary to apply the algorithm in Situation A were established
in [KT21]. In this section, we will review the Nakajima—Yoshioka blow-up algorithm in both
situations simultaneously and draw some conclusions. First, we recall the concept of m-stable
sheaves.

DEFINITION 2.1 (m-Stable sheaves, [KT21, Lemma 3.29] and [NY1lc, §1.1]). Let m € Z. We
denote by M™(¢) the moduli stack of m-stable sheaves which parametrises

(i) in Situation A: sheaves E on X with Chern character ¢ such that the torsion-free quotient
of the coherent sheaf p,E is H-stable on X, and such that Hom(O¢(—m), E) = 0 and
Hom(E,Oc(—m — 1)) = 0;

(ii) 4n Situation B: framed sheaves (E,®) on P2 such that ch(E) = ¢ and E is torsion-free

away from the exceptional divisor C, and such that Hom(Og(—m),E) = 0 as well as
Hom(E,Oc(—m —1)) =0.

Remark 2.2. The discussion preceding Notation 1.2 also holds for M = M™ (¢). In Situation A,
they are proper Deligne-Mumford stacks with a canonical perfect obstruction theory. In Situa-
tion B, they are smooth, quasi-projective varieties and carry a canonical T-action with isolated
fixed points. In either case, the (virtual) dimension is the same as that of M (¢). Hence, we can
extend the integral notation from Notation 1.2 to M = M™ ().
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In order to simplify the exposition, we will only state the results of this section for spaces of
m-stable sheaves. This is justified by the following result.

PROPOSITION 2.3. Suppose that we are in either Situation A or Situation B.

(i) If ¢ is of the form p*c, then there is a natural isomorphism p,(—): M 0(@) = M(c) whose
inverse is p*(—): M(c) = ]\70(/0\) (see [KT21, Proposition 3.25 and Corollary 3.27] and
[NY11b, Proposition 3.3)).

(ii) For each c¢, there is an m’ > 0 such that ]\/Zm(ﬁ) = ]/\4\(’0\) for all m > m’ (see [NY1lb,
Proposition 3.37] and [NY1la, Proposition 7.1]).

(iii) In Situation A, the isomorphisms in points (i) and (ii) preserve the perfect obstruction
theories. In Situation B, the isomorphisms are compatible with the T-equivariant structure.

The Nakajima—Yoshioka blow-up algorithm will be applied to integrals with the type of
integrand classes described in Notation 2.4.

Notation 2.4. Suppose that we are in either Situation A or Situation B, and let M be ]\7’"(5)
with 7: X x M — M as the projection. We use the symbol @ to denote a rule that associates
a class ®(F) € A*(M) with each coherent sheaf F on X x M. More precisely, we require that
®(F) is given as a power series in classes of the form m.(c;, (F)---ciy(F) - ) for some list of
integers (i1, ...,in) and some Chow class a € A*()/f)

We also use this notation in the more general setting where M’ is a smooth projective scheme
over M that either carries an obstruction theory compatible with that on M (in Situation A) or
a T-action for which the map M’ — M is equivariant (in Situation B).

Ezample 2.5. In both Situation A and B, any polynomial in Chern classes of TV, RHom, (&, Cy,)
or RHom(Cy,, E) will satisfy the conditions of Notation 2.4 for ®(&). This follows from the
virtual and equivariant versions of the Grothendieck—Riemann—Roch theorem and the charac-
terisation of the respective tangent bundles given by Remark 2.2 and the discussion preceding
Notation 1.2.

In what follows, it will be useful to better understand the K-theory classes mentioned in
Example 2.5.

LEMMA 2.6. Suppose that we are in Situation A or B, and consider the moduli space M =
M™o(¢) with universal sheaf £ and projection w: X x M — M. Then we have the following:

(i) For any m€Z, the respective K-theoretic ranks of RHom(E, Cy,)[1] and RHomy(Chy, £)[1]
are given by
rm+ (¢1,[C]) and r(m+1)+ (c1,[C]).
(ii) For m = my, we have the vector bundles
RHom(E,Cp)[1] = ExtL(E,C,,) and RHomg(Cp_1,E)[1] = ExtL(Crry, E) .
(iii) Suppose that ¢ satisfies (¢, [C]) = 0, and consider the space MO(2). Then for m € Z, we
have the following identities of K-theory classes:
RHomy(Cp, E) = —t1t2RT(Cpi1)” @ RHom,(Co, E)  and
RHomy(E,Cp) = —RU(Cy) @ RHom,(Co, €)Y .
In Situation B, this uses the equivariant structure defined in Section 1.2, and the RI'(Ciy,)

are T-representations explicitly given by (2.1). In Situation A, the identity holds if one
replaces both t1 and to with the trivial line bundle.
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(iv) Let m1, mgo be integers. The object RHom ¢(Cp,, Cpn,) has K-theoretic rank equal to —1.
In Situation B, the K-theory class of RHom <(Cny, Cmy) equals a sum of terms of the

form +tit,.
Proof. Point (i) follows from a Grothendieck-Riemann-Roch computation. Point (ii) follows

from the definition of m-stability as explained prior to Lemma 3.22 in [NY11b]. For point (iii),
using Bott’s formula for pushforwards in equivariant K-theory, we have, for any E € K a (P2),

_ 1 (E)
M0 =2 e
I

where the sum ranges over the torus-fixed points of P2 Using this, one can compute

-1 -1 -1 + -1 -1 -1
1—t; —t1t2 +t;0 1=ty — oty t]

—t1to ( Z tit, M2 Z) ifm<0, (2.1)
(t1ta)~ (Ztltm @> ifm>0.

By the equivariant localisation formula in K-theory, we also have Rp,(Oc(m))=RI'(Oc(m))Opt.
These facts also hold non-equivariantly on any surface if one imposes t; = tos = C. Now,
point (iii) follows from a calculation using equivariant Serre duality and the observation that,
on M 9(p*c), we have the adjunction formula RHom,(p*F,Cp) = RHom,(F,p«Cp), where F
is the universal sheaf over P2 x Mp2(c). Point (iv) follows similarly, using that K-theoretically,
we have Cp, = O5((m +1)C) — Og(mC). O

RI(O¢(m)) =

The Nakajima—Yoshioka blow-up algorithm allows us to express intersections of the form
fﬁm @ ®(€) in terms of integrals over M (c’) for various ¢/. Indeed, it gives a consistent way to

/Am (C TL>O c n

For special choices of ®, we can say much more about the classes ®,, (see Theorem 3.2). We now
state the key components of the algorithm.

THEOREM 2.7 (Wall-crossing formula, [KT21, Theorem 1.1] and [NY11c, Theorem 1.5]). Suppose
that we are in Situation A or B, and let ®(€) be as in Notation 2.4. Then we have the following

identity:
[oee- [ e
Mm+1(2) m (@)

_ZJ'/M Res Res{.)@(g@@cm@e >\I/fn(5),

oI i e-jen =
where Cy, := Oc(—m — 1), €y, := ch(Cm) and where
ngil;éiggj(hil - hiz)

U (€)= .
m() 1_1e(—RHom(E,Cp)e hi) e(—RHom(Cy,, E)eM)
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Remark 2.8. (i) In Theorem 2.7, the notation for taking the residue at h; = 0 means taking the

coefficient of hi_l after expanding at h; = 0.

(ii) We have written the right-hand side of Theorem 2.7 as an infinite sum. However, from
Remark 2.2 and the discussion preceding Notation 1.2, we know that the (virtual) dimension of
M (¢ — jem) decreases strictly as j > 0 increases. Hence, for any choice of ¢, the right-hand
side is a finite sum.

Remark 2.9. In the version of Theorem 2.7 stated in [NY1lc], only the action of a certain sub-
torus of T' = (C*)"*2 is considered. In correspondence with H. Nakajima, it was explained to us
that this restriction is inessential and that the results still hold when one considers the whole
T-action.

LEMMA 2.10 (Twisting by O(C), [KT21, Remark 3.31] and [NY1lc, §1.5.4]). Suppose that we
are in Situation A or B. For each n € Z, there is a natural isomorphism

M™ (@) = M™ (¢ ch(O¢(nC))
defined by sending a family of m-stable sheaves F to its twist F(nC). In Situation A, this

isomorphism preserves the perfect obstruction theory, and in Situation B, it is compatible with
the T-equivariant structure.

Remark 2.11. Using the notation of Lemma 2.10, suppose ¢ = ¢ ch(Og(nC)). Then we have
(@,[C]) = (e, [C]) —rn.
The final ingredient is the following.

PROPOSITION 2.12 (Grassmann-bundle formula). Suppose that we are in Situation A or B, and
that ¢ satisfies (¢1,[C]) = —k for some 0 < k < r. Let ®(E) be as in Notation 2.4. Then

k
1 S\ Tk
P(E)=— Res--- Res®[ &P C®e_hl>\1! £,

/7\4\1(5) ©) k! /J/\/[\l(Ekeo) he=0 " =0 < ZG? ’ ©
where Cy = Oc(—1) and where

—k

U (€)= Hl@l#izék(hil — hi,)

Hle e(—RHom(Cy, E)ehi) .

Proof. This is a reformulation of the results from [KT21, Theorem 1.2 and Proposition 3.36] and
[NY11lc, Proposition 1.2]. More precisely, by the results in [KT21, NY11c], we have

/A B(E) = /A 4.B(¢E D Co@ V),
M1(e) M (6—keo)

where ¢: Gr(k,ExtL(Co,&)) — M! (¢ — keo) is the relative Grassmannian of k-planes and V is
the associated universal sub-bundle.

Let r denote the rank of Extl(Cp,£). By the formula of [DP20, Example 1], the expression
3P (¢*E & Cp ® V) is equal to the following expression:

k
Coeﬁ'h;q_“h;w [(b (q*g ) @ Co & e_hi) H (h“ — th) H Sl/hi (EXt}r(C(], 5)) .

=1 1<iy <io<k 1<i<k

Here, 515, denotes the Segre polynomial in the variable 1 /h;. We have

s1/n, (ExtL(Co, €)eM) = hl e(ExtL(Co, £)eM) ™,
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and BExt 0,&) = — om,(Cp, &), from which we find that ¢, ®(¢"¢ © Cy ® 18
d Extl(Cy, & RH Co, &), f hich we find that ¢.®(¢*€ ® Co ®@ V) i
®(¢€ © Piy Co® e ") Tlicy, <ipenlhin — hin)

Coeff, 1, - 2.2
hteehg e(—RHom(Co, E)eli) (22)
We claim that averaging the expression in (2.2) over all permutations of 1,. .., k recovers the
iterated residue term in the statement of the proposition. Indeed, in our case the expansion at
hiy = --- = hg = 0 is independent of the ordering of the h;, so the iterated residue is simply the
coefficient of hfl e h;l. Now the claim follows from the Vandermonde identity
Z Sgnffhgl“‘hf—gl = H (hlz _hil)‘ O

0EY, 1<i1 <io<k
ALGORITHM 2.13 (Blow-up algorithm for single terms). Let 0 < ¢ < r and n > 0 be integers,
and set ¢ := p*c — leg + n|pt].
» INPUT: The input for the algorithm is an integral of the form

/M\m(g) o(€).

» OUTPUT: The output is an identity of the form

/z\?m(a o) = /M(c—i—n[pt]) CEDD /Mi 2:8),

i€l

where

(i) @’ is as in Notation 2.4, and is zero if 0 < £ < r;

(ii) I is a finite collection indexing pairs (M;, ®;), where ®; is as in Notation 2.4 and M; is
of the form/\]\?mi(bi) with b; = p*c— lieg + 4 [pt] for integers 0 < ¢; < r and n; € Z such
that vdimM™i(b;) < vdimM™(¢).

» PROCEDURE: The algorithm proceeds as follows:

A Use Theorem 2.7 a total of m — 1 times to obtain the expression

m—1
/A B(E) = /A 26+ /A~ s (E).
Mm™(e) MO(e) =0 7>0 M (c—jeo+jm(pt])
Here, we also used €, = ¢g — m|pt] from Section 1.2.

B If £ = 0, then we apply Proposition 2.3 to the first term on the right-hand side of Step A.
The second term on the right-hand side of Step A becomes the collection indexed by I.
We apply Lemma 2.10 for each term if necessary to obtain moduli spaces of the desired
form. More precisely, for the term in the sum corresponding to indices m and j, we apply
the lemma for the twist by O(|j/r]C). This completes the algorithm in the case ¢ = 0.

C If 0 < £ < r, then we twist the first term on the right-hand side of Step A by O(C') and
apply Lemma 2.10. The resulting term has Chern character ¢+ rep + £[pt] and satisfies
the conditions of Proposition 2.12 with & = r» — £. Applying Proposition 2.12 strictly
decreases the virtual dimension. The term [ 70 @) ®(€) from Step A becomes

/A (&) .
M1 (p*c+(n+0)[pt])

This and the remaining terms from Step A become the collection indexed by I (observing
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that ®' = 0 in this case). As detailed in Step B, we apply Lemma 2.10 for various twists
to bring the remaining terms in I into the desired form. This completes the algorithm.

ALGORITHM 2.14 (Nakajima—Yoshioka blow-up algorithm). Let £ > 0 be an integer and suppose
¢:=p*c— leg.

» INPUT: The input for the algorithm is an integral of the form

/]\A/[m(g) o(€).

» OUTPUT: The output is an identity of the form

[ e = / ¥(E).
/Mm@) 2 M(c+nlpt])

n>0
» PROCEDURE: The algorithm proceeds as follows:

A We can assume 0 < £ < r by applying Lemma 2.10 an appropriate number of times.
Apply Algorithm 2.13 to obtain

/Mm(a e = /M(C) )+ 2 /Mi e

el

B Apply Algorithm 2.13 to those terms indexed by i € I for which M; has maximal virtual
dimension, and remove those terms from I. Collect the resulting output terms of type (i)
to form @/, for the appropriate n (since the virtual dimensions of the spaces appearing
in the algorithm are bounded above by M/(c), one automatically has n > 0). Collect the
resulting output terms of type (ii) of lower virtual dimension, and add those terms to I.
We now use I to denote the indexing set for this new collection.

C Iterate Step B until I indexes the empty set. This will terminate, because after each
step, I is finite, and the maximal virtual dimension of the moduli spaces indexed by [
decreases at each step.

3. Weak structure theorem

Here we explain a refined version of Nakajima—Yoshioka’s blow-up formalism which holds when
integrating a multiplicative class of the tangent bundle.? This gives a unified version of Nakajima—
Yoshioka [NY1lc, Theorem 2.6] and Kuhn-Tanaka [KT21, Theorem 1.5]. In particular, we give
a concise presentation of how the two situations are related, which is only implicit in their work.
We begin this section by defining some useful notation.

Notation 3.1. Denote by S the collection of symbols
{ci(RHom(Cpn, —)), ci(RHom(—,C)) }

1€Z>0, MEL’

and let R := F[S][e1, e2] be the ring of power series in the symbols from S and in variables €1, €.
For an element P € R and for F a sheaf on M x X, we denote by P(F) the Chow class
in A*(M) obtained by evaluating the symbols of S at F and by setting &; = ¢1(t;) in Situation B,
respectively €; = 0 in Situation A.

We now state the main result of this section.

*Recall that a characteristic class ©: K(—) — A*(—) is multiplicative if it satisfies the identity ©(F + E) =
O(F) - ©(FE) for all choices of F and E.
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THEOREM 3.2 (Weak structure theorem). Let k > 0 be an integer, © a multiplicative class
and vy,...,v, formal variables. There exists a unique collection of power series {Qp}n>0 In
Fle1,e9,v1,...,1v,] which satisfies the following condition:

Whenever we are in Situation A or B with ¢ satisfying (¢1, [C]) = k, we have
n Tv1r / Tvir) Qn (5) ,
/M(C 7;) M (c+n[pt])
where Q,,(€) denotes the Chow-cohomology class obtained by replacing the variable v;
by the class ¢;(RHom;(Opy, E)).

In fact, the collection {2y, } >0 is uniquely determined if one only assumes this condition to hold
in Situation B.

Remark 3.3. More generally, the existence in Theorem 3.2 holds (with the same proof) if instead
of just a multiplicative class of the tangent bundle, one considers a product O(TV")®(E), where ©
is multiplicative and ® is as in Notation 2.4 and is also multiplicative in its input, that is,
O(F1 @ Fa) = ©(F1) - ©(F2). Here, & may only be defined for a particular choice of X or for
a particular situation. The uniqueness statement holds (with the same proof) whenever ® is
defined in a way that makes sense in Situation B.

The idea of the proof is to follow a refined version of the Nakajima—Yoshioka blow-up algo-
rithm (Algorithm 2.14) which keeps track of extra structure related to the coefficients ®;. We first
collect some consequences from Theorem 2.7 and Proposition 2.12 when applied to multiplicative
classes.

LEMMA 3.4 (Series version of Nakajima—Yoshioka algorithm components). For P € R, the com-
ponents of Algorithm 2.14 define canonical series in R in the following ways:

(i) Wall-crossing formula (Theorem 2.7): For integers k,m > 0, there exists a canonical collec-
tion of power series {Q);};>1 in R which satisfies the following condition:

Whenever we are in Situation A or B with ¢ satisfying (¢1, [C]) = k, we have
A e(T™)P(E) - /A e(Tv™) P / O(T"™)Q;(€).
/Mm+1(3) Mm™(¢) ; (c—jem)

(ii) Twisting by O(C) (Lemma 2.10): There exists a canonical power series Pt € % satisfying
P1(€) = P(£(C)) whenever we are in Situation A or B with arbitrary ¢.

(iii) Gr-bundle formula (Proposition 2.12): For each integer 0 < k < r, there exists a canonical
power series () in SR which satisfies the following condition:

Whenever we are in Situation A or B with ¢ satisfying (¢, [C]) = —k, we have
/A O(T"™)P(£) = /A O(T"™)Q(E).
M (@) M (6—keo)

Proof. For part (ii), one obtains PT by replacing every occurrence of the functors RHom (C,, —)
and RHom,(—,Cy,) in P by RHomy(Cp,—1,—) and RHom (—, Cp,—1), respectively. For state-
ments (i) and (iii), we apply Theorem 2.7 and Proposition 2.12, respectively, to the class ®(F) :=
O(T¥") P(F) (where T% is defined in Section 1.2). The description of the virtual tangent bundle

from Remark 2.2 and the discussion preceding Notation 1.2 show that <I>(5 ® @ Cne hi) can
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be written as

(TP <5@@C e ) I e(RHomx(Cp,Crm)e=""1)

1<91,i2<y

X H@ (RHom(E,Cr)e ") O (RHom(Crn, £)e™) .
=1

We can make use of Lemma 2.6(iv) and the basic properties of Chern classes to rewrite this
expression canonically as an expression in variables h;, elements of S and in g1, €o. It follows
that the expressions appearing on the right-hand side of the equations in Theorem 2.7 and
Proposition 2.12 are of the desired form. This implies parts (i) and (iii). O

We can now state a refined version of Algorithm 2.13.

ALGORITHM 3.5 (Refined blow-up algorithm for single terms). Let n,¢ > 0 be integers, and set
¢ := p*c — leg + n[pt].
» INPUT: The input for the refined algorithm is an expression of the form

/Am(A) O(TM)P(¢),

where P € fR.
» OUTPUT: The output is an identity of the form

n [e) Tvir P(g) :/ @ TVlr + / TV1r )
/Mm(a ( ) M (c+n[pt]) Z

el

where

(i) Q(€) is a power series in the symbols ¢;(RHomy(Opt, E)), and is zero if 0 < £ < r;

(ii) I is a finite collection indexing tuples (m;,¢;,d;, P;), where m;,d;,¢; > 0, and where
P, € R. Moreover, for M; := M (b;) with b; = p*c — l;e9 + (n + d;)[pt], they satisfy
vdimM™i (b;) < vdimM™(2).

» PROCEDURE: The algorithm proceeds as follows:

A Follow Algorithm 2.13 with the wall-crossing component (Theorem 2.7), the twisting
component (Lemma 2.10) and the Gr-bundle component (Proposition 2.12) replaced by
their counterparts from Lemma 3.4.

B If 0 < ¢ < r, then the algorithm is complete. If £ = 0, then consider the term

/ (&) = /A 9T P(€)
M (c+n[pt]) MO(e)

arising from integrands of the form described in item (i) of the OUTPUT part Algo-

rithm 2.13. Apply (to this term) the following procedure:

(a) Use the formulas from Lemma 2.6(iii) to rewrite all Chern classes ¢;(RHom(E,Cy,))
and ¢;(RHom;(Cy,,E)) appearing in P in terms of the classes ¢;(—RHom,(Cp,E))
fori > 1 and e, = ¢1(t,) for a = 1,2 (the sign introduced here is important to obtain
a vector bundle for Step (c¢)). Denote the resulting power series by P’.

(b) Use the wall-crossing formula from Lemma 3.4 to get

/ B(E) = /A o (T P(e Z / O(T")Q;(&)
M (c+n[pt]) M1(c) (c—jeo)
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for some @Q); € R.

(c) By Lemma 2.6(ii), we have that —RHom(Cp, E) is the K-theory class of a rank r
vector bundle on M (¢). Therefore, set all Chern classes of degree higher than r
equal to zero in P’ to get a power series ) € Z[e1, 2,11, ..., 1] such that

/A ) O(T™)P'(&) = /A ) O(T™)Q(E).
M1(e) M1(@)

(d) Use the wall-crossing formula from Lemma 3.4 on the term from Step (c) to get the
identity

(&) = /A © T‘”r )+ / T"ir) (Q’-(E) - Qj(é’))

/M(c+n[pt]) Mo @) ; MO (@—jeo) !
for canonical power series Q}.

(e) Apply Proposition 2.3 to the first term on the right-hand side of Step (d). The second
term on the right-hand side of Step (d) is absorbed into the collection indexed by I.
This completes the algorithm in the case ¢ = 0.

Remark 3.6. It follows from the algorithm that the output depends only on ©, P, ¢ and m,
but is independent of ¢ and n, and on whether we are in Situation A or B, in the following
sense: the series € depends only on ©, P, ¢ and m. Moreover, there is an infinite collection I of
tuples (my, 4;, d;, P;) which depends only on ©, P, £ and m, such that I is exactly the subset of T
consisting of those tuples for which vdim/™: (p*c — Lieo + (n + d;)[pt]) is non-negative.

Proof of Theorem 3.2. Existence of {2, }n>0. We have a refined version of Algorithm 2.14 (the
Nakajima—Yoshioka blow-up algorithm), obtained by replacing Algorithm 2.13 by the refined
version, Algorithm 3.5, and by replacing Lemma 2.10 by its counterpart in Lemma 3.4. Then,
this modified algorithm applies to any ®(€) = O(TV")P(£) with P € R whenever we are in
Situation A or B with ¢ such that (¢i,[C]) = k > 0. It shows that there are classes Q, (&) that
are power series in ¢;(RHomy(Opt,E)) and that satisfy the equation

/Jm o(T™) Z/ O(T") 2 () (3.1)

n=0 M (c+n[pt])

We observe that the algorithm creates the same collection of formal power series {§2;, },>0 in
Fle1,e2,v1,...,v] for any choice of data from Situation A or B with ¢ such that (¢1, [C]) = k.
This is due to the independence in the single step asserted in Remark 3.6.

Uniqueness of {Qp}n>0. We prove that any collection of power series {2,,} satisfying the
condition in the statement of Theorem 3.2 must be unique. As mentioned there, the following
stronger statement is true:

The collection {2, } is the unique collection which satisfies the requirement that (3.1)
holds in Situation B for all ¢ = r — keg + no[pt] with ng € Z>¢ .

Hence, for the rest of the proof, we will assume that we are in Situation B and that we have
some collection {2} for which (3.1) holds for all ¢ = r — keg + no[pt] with ng € Z>¢. Now, for
any ng € Z=o, equation (3.1) can be rearranged as

no—1

o) vir Q, (5) _ //\ Tv1r / TVir Qn(g) )
/M(T—O[pt]) ( ) ’ M (r—keg—no[pt]) Z —(no—n)[pt]) ( )
(3.2)
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As shown, for example, by Nakajima—Yoshioka in [NY05a, Proposition 2.9 and Theorem 2.11],

the moduli space M (r + O[pt]) is a point with tangent bundle T‘]’\i}”(r +o[pt]) = 0. Now, letting

t1,t2,e1,..., €, be the characters of the (trivial) T-action on M (r + 0[pt]), the universal sheaf of
M(r + 0[pt]) is & = D!_, Opze;.® In particular, one can compute that RHom,(Op, &) =
D,_, e;, and we have the following equation in AT( pt):

no—1

Qn O 7 :/ TVH‘ / @ TVir Qn g '
’ (@ Pze) M(T—keo—no[pt}) Z ( ) ( )

—(no— npt

We observe that the left-hand side is by definition a power series in the Chern classes
ci(RHomy(Opt, E)) = oi(ci(er),...,ci(ey)) for 1 < i < r, where o; denotes the ith elementary
symmetric polynomial. These are analytically independent (since the terms c;(e;) are), so equal-
ity (3.2) determines 2y, inductively from the Q,, for n =0,...,n9 — 1. (Note that this includes
the base case of the induction.) Thus the collection of all the €2, is uniquely determined. O]

4. Proof of the blow-up formula for the x,-genus

In this section, we prove our main theorem, Theorem 1.4. For this, we apply Theorem 3.2 to the
class ©, giving rise to the x,-genus. Then, it is clearly enough to show that each power series 2,
is constant and equal to the coefficient of ¢" in the power series Yy appearing in Theorem 1.4.
To do this, we use the fact that by (3.2), the Q,, can be uniquely determined from the equivariant
theory of framed moduli spaces in Situation B.

Remark 4.1. An easier version of the proof using the total Chern class ©(—) = ¢(—) in place
of ©, gives a direct proof of the blow-up formula for virtual Euler characteristics.

In the rest of this section, we work in Situation B, and we let {€2,,} denote the collection of
power series obtained from Theorem 3.2 by the choice © = ©,. Note that, by definition, these
are power series with coefficients in F = Q(y). We recall the T-action on the moduli spaces M (c)
and M (¢) from [NYO05al.

DEFINITION 4.2 (T-Action, [NY05a, §§ 2-3]). Let M be one of M (c) or ]\/4\(5), and let (E,p) € M
be a framed sheaf. For (t1,t2,e1,...,¢,) € T = (C*)**" we define the following:

(i) In the case of M = M(c), let Fy, 4, denote the automorphism of P? defined via [2g : 21 : 22]
[20 @ t121 : ta22]. In the case of M = M (c), we denote again by F}, ;, the unique lift of this
automorphism to P2.

(ii) In either case, we let D(t1,t2,e1,....e,) denote the composition

o E Ft_lvltz)*w o O@T ~ OEBT ~ O@r

( t tz) ‘8 ( t1, tz) — —
where the middle arrow comes from the (C*)2-action on P? (respectively, IP’2) and the last
arrow is (x1,...,2z,) — (€121, ..., €:Zp).

The action of T on M is defined by
(t17 t27 617 e 767’) : (E7 SO) = ((Ft:,%fg)*EJ gp(tl,t%el,..-,er)) :

3The T-action on the moduli spaces is described further in Definition 4.2.
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Notation 4.3 (f—Representations). We denote by t; and e,, the 1-dimensional T-modules given,
respectively, by

(tl,tg,el,...,er)l—>ti and (tl,tg,el,...,er)Hea.

We now recall the description of the torus-fixed points of the moduli spaces of framed sheaves
on P? and P? given in [NY05a]. We also recall their description of the equivariant K-theory class
given by the restriction of the tangent bundle to each fixed point. The results are as follows.

THEOREM 4.4 ([NY0ba, Proposition 2.9 and Theorem 2.11]). Let ¢ = r — n[pt] for n > 0 an
integer. Then we have the following:

(i) The fixed points of M(c) are in bijection with the set of r-tuples of Young diagrams'Y =
(Y1,...,Y,) satisfying > ;_,|Yi| = n.

(ii) Let Y = (Y1,...,Y;) correspond to a fixed point of M(c). The equivariant K-theory class
of the restricted tangent bundle Ty )|y is given by >0, szb(tl, to), where NY, (t1,t2)
is given by

eper! x {Z (tl—le(S)tha(s)+1> N Z(tzlya(t)ﬂt;ayb(t))}

SEYq teyy
Here, ay (i,j) == N\ — j and ly(i,7) = )\z» — ¢ are the arm length and leg length of the
box (i,j) in Y, where X is the partition associated with Y with transpose \!.

THEOREM 4.5 ([NYO05a, Proposition 3.2 and Theorem 3.4]). Let k,n € Z be integers and ¢y =
[C] — L[pt]. If €= r + key — n[pt], then we have the following:

(i) The fixed points of]\?(?:\) are in natural bijection with the set of triples (Y, Z, k), where Y =
(Y1,...,Y,)and Z = (Z1,...,Z,) are r-tuples of Young diagrams and k = (k,...,k,) € Z"
is such that

: 1 k(r —k)
Y ki=k and Y (Yil+|Z)+— > (ki—k)=nt+———.
an jZI(\ | +1Zi) + 5 ( )=t =

1<i<g<sr

(ii) Let F be the fixed point of M(¢) given by (Y, Z, k). The equivariant K-theory class of the
restricted tangent bundle Tﬁ(g)\ F Is given by

.
Z Lap(t1, t2) + t52 5 NY, (b1, ta/t1) + t52FNZ, (t1 /t2, t2)
a,b=1

where the expressions N,y are defined as in Theorem 4.4 and
Stttk >k,

4,520
i+j<ke—kp—1

1 . . )
Lap(t1,t2) = epe,” X S T kgt 1<y,
i.7>0
i+j<ky—ka—2

0 otherwise.

Ezample 4.6. From the dimension formula ¢? — 2r chy, one can see that the spaces M (r + 0)
and M (r + 0) consist of a collection of reduced points, while the spaces M (r — keg) are empty
for £ > 0. From Theorems 4.4 and 4.5, it follows that in fact M (r + 0) and M (r + 0) consist
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2

of a single reduced point. Moreover, the universal sheaf & on P? x M (r) ~ P? is isomorphic to

a direct sum @;_; Opze;. It follows that RHom(Opt, &) ~ B, €.

PROPOSITION 4.7. The collection {2,,} obtained from applying Theorem 3.2 (the weak structure
theorem) to © = ©, is a collection of elements from F|ey,ez], where F = Q(y).

Proof. We prove by induction on n that the (2, are constant in v1,..., .. For this, we use the
inductive formula (3.2). For ng = 0, we get that

QO — /A @(Tvir) .
M (r—keo)

By Example 4.6, the right-hand side is equal to zero if k¥ # 0, and equal to 1 if kK = 0; therefore,
Qo is constant in either case. Now let ng > 0 be fixed, and suppose that we know that €2, lies in
Fle1,e2] for each n < ng. Then (3.2) becomes

r no—1
Qo [ P Opze; | = [ om -y Q. o(T). (4.1)
(©o-) - Sl

M (r—ng[pt]—keo) n=0 M (r+(n—no)[pt])

By Example 4.6, we know that the left-hand side is a power series in the variables

{cr(er), ... ea(er), ea(t), cat2)}
which is symmetric in the variables c;(e;). We may equivalently write it as a power series in
the variables d; := ch(e;) — 1 and s; := ch(t;) — 1 via the substitutions ¢;(e;) = log(1 4 d;) and
c1(t;) = log(1 + s;), where we use the formal power series expansion of log(1 + z).

We more closely examine the right-hand side of (4.1). By the definition of integration as
a sum over fixed points, we can rewrite each integral appearing on the right-hand side as a sum

O(T|g)
2 e(Tla) ’

G

where G ranges over the fixed points of a given moduli space. Note that for a non-trivial
T-equivariant line bundle L with o = ¢;(L), we have

Oy(L) 1—-ye > 1 o
o) ~ T1-c= —atd(a)(l—ye ).

In particular, this fraction is well defined. Write e; := ch(e;) and ¢; := ch(t;). Using Theorems 4.4
and 4.5, and examining the formulas given there, we find that each integral is a sum of products
over terms of the form

1 — y(ea/en)tit)

1— (eq/ep)tits
where a,b € {1,...,r} and where (7,7) # (0,0) if @ = b. We may rewrite each such term as
a fraction of two coprime elements in Fley,..., e, t1,t2] by cancelling the potential negative
powers of e, t1 and to appearing in numerator and denominator. After doing this, for each
fraction with a # b, the denominator is now of one of the forms

)

ep — eatﬁté , ebtfi —eql), epty’ — eqatt or ebtfit;] —€q, (4.2)

depending on which of the indices ¢, j are positive. For a = b, the resulting denominator
is a polynomial in only ¢;, t2. By the Gauss lemma, each polynomial (4.2) is irreducible in
Flei,...,er, t1,ta] if a # b. Moreover, each such polynomial vanishes at ey = -+ = e, = t; =

812



BLOW-UP FORMULA FOR VAFA—WITTEN INVARIANTS

ts = 1. Changing variables to d; := e;—1 and s; := t;—1, we find that each expression in (4.2) with
a # b gives rise to an irreducible polynomial that vanishes at the origin in F[dy,...,d,, s1, sa].

Multiplying both sides of (4.1) with all the denominators of the form (4.2) appearing in the
right-hand side, we obtain an equality of the form

P(d17 cee )dT781782)Qn0(d15 o ,dr,Sl,Sg) - Q(dl) cee 7d7‘551y82)

in the power series ring F[si, s2,d1,...,d,], where P and @ are polynomials, and where the
total degree of () with respect to the d; is at most the total degree of P with respect to the d;.
Moreover, we may clear the common irreducible polynomial factors of P and () and assume that
they are relatively prime. We claim that then, P and ) are constant in the d;. Indeed, P is
a product of terms (4.2) and terms not involving the d;, so each irreducible factor of P that
involves the d; satisfies the assumption of Lemma 4.8 below. Then, by that lemma, each such
factor must also divide () as a polynomial, contradicting our relatively prime assumption. It
follows that 2 = @/ P is also independent of the d;, which is what we wanted to show. O

LEMMA 4.8. Let P,Q € k[x1,...,z,] be elements of a polynomial ring over the field k. Suppose
that P is irreducible and vanishes at the origin. Then if P divides () in the power series ring
klz1,...,x,], it already divides Q in k[z1,...,Zy)].

Proof. Let I = (x1,...,x,) be the ideal of the origin, and consider the localisation k[x1, ..., z,];.
Since the completion k[x1,...,zy]r — k[z1,...,x,] is faithfully flat, it follows that P divides @
in the power series ring if and only if it does so in the localisation. In particular, there is some
equality of the form PR; = QR2 in k[z1,...,x,], where Ry ¢ I. Since P € I by assumption,
it cannot divide Rp; therefore, P divides ) by unique factorisation. O

Using Proposition 4.7, one can already deduce Theorem 1.4 for the Gieseker moduli spaces
by taking appropriate limits in the g;-variables. We want to go further and prove the desired
formula in Situation B. This will use the following result, which is nothing but a restatement of
the rank 1 case of Theorem 1.4 for the framed moduli spaces.

PROPOSITION 4.9. Let W(t1,t2,vy, q) be the rank 1 (that is, r = 1) generating series for equivariant
Xy-genera on the moduli spaces of framed sheaves on IP2. More precisely,

W(ts, t2,y,0) = Y [T (0, (6, Pt e, (67 @ H e, )¢V
Y s€Y

where the sum ranges over all Young diagrams Y. Then

W(t17t2/t17y7Q)W(tl/t27t27y’ q) = —1
= 1— n .
W (t1,t2,y,q) 116~ a")

n=1
Proof. Using the definition of ©,, we find that

ly (s) ,—1—ay(s) —1-ly(s), ay(s)
— L—yty 't -yt by Y|
W(tl’ t2, 9, q> - Z <H ly(s)t—l—ay (s) 1 t_l_ly (S)taY(S) T -
Y 2 - 2

seYy 1- tl

4Note that the divisibility can be restated as the inclusion of ideals (P) C (P, @) being an isomorphism. By flatness
the ideals play well with base change. By faithful flatness isomorphisms are preserved and reflected under base
change.
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We define a function W := W(t, q,u,T) by renaming variables as follows:”

ti—t, tor—qt, yr—u, q—T/u.

Then

_ - (1 — uth (C)gtar()) (1 — =1 Ogar ()
W(t,q,u,T) = ; <1€_!/ (1 _ tlY(S)q1+CLY(S)) (1 _ t1+lY(S)qay(8)) )T '

The desired formula now becomes

W(t T)W(t tq,u,T) 1
(tq,q,u, T)W(t, tq, u, ):H(l_Tn)fl'
n=1

(4.3)

W(t,q,u,T)
By the (g, t)-Nekrasov—Okounkov formula [RW18, Theorem 1.3], we have the product expansion
(1 —ugtV1T%) (1 — u™ g 19 T")
(1 _ qi—ltj—lTk) (1 _ qz‘thk;)

W(t, q,u,T) = H

1,5,k>1

Expanding each occurrence of W according to this formula and keeping track of all the factors
proves (4.3). O

Proof of Theorem 1.4. Proposition 4.7 states that each element of the collection {2, } is a power
series only in ¢1(t1) and ¢;(t2) over F. In particular, each ©,(&) is pulled back from A*(pt) and
does not involve any of the equivariant parameters e;. Consequently, the main equation from
Theorem 3.2 (the weak structure theorem) implies that we have a relation of generating series

A @(T)q2rn—k(r+k) _ ( an2rn> . / @(T)QQTTL ] (44)
; /M(r—keo—n[pt]) ; ; M (r—n[pt])

We wish to show that ) €,¢" is equal to Y}, as defined in the statement of the main theorem,
Theorem 1.4. To do this, we will evaluate the equivariant integrals on both sides of equation (4.4)
and specialise the equivariant parameters corresponding to the e;.

The integrals arising in equation (4.4) are computed by summing over the fixed points of the
associated moduli spaces. By Theorems 4.4 and 4.5, the contribution from each fixed point is
a product of terms of the form 6((ey/eq) tilt?), where

-1
o) = -2

with e; = ch(e;) and t; = ch(t;). Now, taking limits in a fixed order, we observe that

1 ifa<b,
. . s\ )Y ifa>b,
elrlr—>n0. . 61113100((61,/6(1) tigiz) = - o (4.5)
—=L 2 —g(¢]t?) ifa=b.
1ty

We now consider the generating series associated with the moduli spaces M (c). By the defi-
nition of the integral notation from Notation 1.2 combined with Theorem 4.4(i), we have

@(T)q2m _ O(T|y q2rZ§:1|Y¢\ 7
Zn:/f\/f(7"7“b[101:]) ; ( )

5Warning: the symbol ¢ plays different roles before and after the change of variables. The usage after the change
of variables is in accordance with that from [RW18].
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where the sum ranges over r-tuples of Young diagrams Y =(Y7,...,Y;). Now, by Theorem 4.4(ii),
we can compute ©(T|y) to be

H <H 9 eb/eat1 () ay“ +1 X H €] eb/eatlY” aYb(t))).

a,b=1 “s€Y, teyy

Using equation (4.5) gives that lime, - - lime, 0 O(T]y) is equal to

H y\YaHIYbI % H H 9 lYa aYa( )+1)0(tiya(5)+1t;aya(5))

1<b<a<sr a=1s€Y,
— f[( (r— 1)|Ya| H 9 lYa aYa( )+1)0(tiya(5)+1t;aya (5)))
a=1 s€Yy,

We conclude that
1 P N 2n
o ath En: / I
= (S(IT o s o) ) (™)

Y ‘tseYy
= (W(ts, ta, 99" 1¢%"))" (4.6)
where W is as in Proposition 4.9.

We now consider the generating series associated with the moduli spaces M (¢). By the
definition of the integral notation from Notation 1.2 combined with Theorem 4.5(i), we have

Z / @(T)q2rn7k(r+k)
n M\(rfn[pt}fkeo)

r>T ; ; o k)2
Z 9(T|(Y,Z,k))q2 21:1(|Yll+‘ZzD+Z1<1<Jgr(kz k;) . (47)
(Y,Z,k)

Consider a fixed triple (Y, Z, k). In the notation of Theorem 4.5(ii), we have

y(ka_§b+1) if a >band k, > kyp,
eligo-- 611131 O(Lap(ti,t2)) = y(kb;ka) ifa>band k, +1 < ky,
1 else
_ yka=ke)? /2 (ka=ko)/2if g >
1 else.

In particular, we have the identity

r

lim --- lim O(Lop(ty,t2)) = gy asp(ka=ke)?/2) 505y (ka—ks)/2
er—0 61—>0a =1 ’
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Proceeding as before for sz(—, —) gives that lim,, o - - - lime, 0 O(T|(y 2z x)) is equal to
H( Yl T 002/ )“Ya“)*1)9(ti‘“a“)“uz/tl)—%(s’))
a=1 SEY,

% H( | Zal(r—1) H 9 (t1/t2) —lz, s)taZa(3)+1) ((tl/tQ)lZa(5)+1t2_az“(s))>

SELg
X y2a>b(ka_kb) /2y2a<b(ka—kb)/2 .

Now, considering the generating series on the left-hand side of (4.7), we see that we can separate
the sums over pairs of r-tuples of Young diagrams into 2r sums over Young diagrams after taking
limits in the e;. In conclusion, we find that the limiting series is equal to

i - - - lim / (T q2rnfk(r+k)
er—0 61—>Ozn: ]/\Z(r—n[pt]fkeo) ( )

= (W(t1/to to, v, 4" 1) - W(t1, ta/t1,y, 9" ¢*))"

y Z (qzy)zm( kj)?/2 yi<i(ki=hi)/2
ki+-+kr=k

Comparing this to equation (4.6) and using Proposition 4.9 gives the desired result. O

ACKNOWLEDGEMENTS

The authors would like to thank Hiraku Nakajima and Martin Raum for useful conversations
which contributed to this article. This project was started while the first- and second-named
authors were Junior Fellows in the program Moduli and Algebraic Cycles taking place at Institut
Mittag-Leffler between the 30th of August 2021 and the 10th of December 2021. They would
like to thank the organizers John Christian Ottem, Dan Petersen, David Rydh for creating
a wonderful environment during the workshop and for helpful mathematical conversations. The
third-named author is grateful to Hiraku Nakajima for inviting him to Kavli IPMU in Autumn
2020 and invaluable discussions during the visit.

REFERENCES

BE06 A. Braverman and P. Etingof, Instanton counting via affine Lie algebras. II. From Whittaker vec-
tors to the Seiberg—Witten prepotential, Studies in Lie theory, Progr. Math., vol. 243 (Birkh&user,
Boston, MA, 2006), 61-78; doi:10.1007/0-8176-4478-4_5.

Che96  J. Cheah, On the cohomology of Hilbert schemes of points, J. Algebraic Geom. 5 (1996), no. 3,
479-511.

DP20 L. Darondeau and P. Pragacz, Flag bundles, Segre polynomials, and push-forwards, in Schubert
calculus and its applications in combinatorics and representation theory, Springer Proc. Math.
Stat., vol. 332 (Springer, Singapore, 2020), 17-25; doi:10.1007/978-981-15-7451-1_2.

EGL01 G. Ellingsrud, L. Gottsche and M. Lehn, On the cobordism class of the Hilbert scheme of a sur-
face, J. Algebraic Geom. 10 (2001), no. 1, 81-100.

FG10 B. Fantechi and L. Gottsche, Riemann—Roch theorems and elliptic genus for virtually smooth
schemes, Geom. Topol. 14 (2010), no. 1, 83-115; doi:10.2140/gt.2010.14.83.

816


https://doi.org/10.1007/0-8176-4478-4_5
https://doi.org/10.1007/978-981-15-7451-1_2
https://doi.org/10.2140/gt.2010.14.83

GL10
G6t90
Go6t99
GK18
GK19a

GK19b

GK20

GKL25

GKW21
GNYO08
GNY11
Koolb
Kos21
KT21

LQI8

LQ99
MM18
MOP19

Moc09

NYO05a
NYO05b

NYlla

BLOW-UP FORMULA FOR VAFA—WITTEN INVARIANTS

E. Gasparim and C.-C. M. Liu, The Nekrasov conjecture for toric surfaces, Comm. Math. Phys.
293 (2010), no. 3, 661-700; doi :10.1007/s00220~009-0948-4.

L. Gottsche, The Betti numbers of the Hilbert scheme of points on a smooth projective surface,
Math. Ann. 286 (1990), no. 1-3, 193-207; doi:10.1007/BF01453572.

, Theta functions and Hodge numbers of moduli spaces of sheaves on rational surfaces,
Comm. Math. Phys. 206 (1999), no. 1, 105-136; doi:10.1007/s002200050699.

L. Géttsche and M. Kool, Refined SU(3) Vafa—Witten invariants and modularity, Pure Appl.
Math. Q. 14 (2018), no. 3-4, 467-513; doi:10.4310/PAMQ.2018.v14.n3.a3.

, A rank 2 Dijkgraaf-Moore—Verlinde—Verlinde formula, Commun. Number Theory Phys.
13 (2019), no. 1, 165—201; doi:10.4310/CNTP.2019.v13.n1.a6.

, Sheaves on surfaces and virtual invariants, in Surveys in differential geometry 2019.
Differential geometry, Calabi-Yau theory, and general relativity. Part 2, Surv. Differ. Geom.,
vol. 24 (Int. Press, Boston, MA, 2019), 67-116; doi:10.4310/sdg.2019.v24.n1.a3.

—, Virtual refinements of the Vafa—Witten formula, Comm. Math. Phys. 376 (2020), no. 1,
1-49; doi:10.1007/s00220-020-03748-7.

L. Gottsche, M. Kool and T. Laarakker, SU(r) Vafa—Witten invariants, Ramanujan’s continued
fractions, and cosmic strings, Michigan Math. J. 75 (2025), no. 1, 3-63; doi:10.1307/mmj/
20226202.

L. Gottsche, M. Kool and R. A. Williams, Verlinde formulae on complex surfaces: K -theoretic
invariants, Forum Math. Sigma 9 (2021), Paper No. e5; doi:10.1017/fms.2020.50.

L. Gottsche, H. Nakajima and K. Yoshioka, Instanton counting and Donaldson invariants, J. Dif-
ferential Geom. 80 (2008), no. 3, 343-390; doi:10.4310/jdg/1226090481.

, Donaldson = Seiberg- Witten from Mochizuki’s formula and instanton counting, Publ.
Res. Inst. Math. Sci. 47 (2011), no. 1, 307-359; doi:10.2977/PRIMS/37.

M. Kool, Euler characteristics of moduli spaces of torsion free sheaves on toric surfaces, Geom.
Dedicata 176 (2015), 241-269; doi:10.1007/s10711-014-9966-2.

N. Koseki, Perverse coherent sheaves on blow-ups at codimension 2 loci, Int. Math. Res. Not.
IMRN 2021 (2021), no. 15, 11452-11492; doi:10.1093/imrn/rnz175.

N. Kuhn and Y. Tanaka, A blowup formula for virtual enumerative invariants on projective
surfaces, 2021, arXiv:2107.08155.

W.-P. Li and Z. Qin, On blowup formulae for the S-duality conjecture of Vafa and Wit-
ten. II. The universal functions, Math. Res. Lett. 5 (1998), no. 4, 439-453; doi:10.4310/
MRL.1998.v5.n4.a2.

, On blowup formulae for the S-duality conjecture of Vafa and Witten, Invent. Math.
136 (1999), no. 2, 451-482; doi:10.1007/s002220050316.

J. Manschot and S. Mozgovoy, Intersection cohomology of moduli spaces of sheaves on surfaces,
Selecta Math. (N.S.) 24 (2018), no. 5, 3889-3926; doi:10.1007/s00029-018-0431~1.

A. Marian, D. Oprea and R. Pandharipande, The combinatorics of Lehn’s conjecture, J. Math.
Soc. Japan 71 (2019), no. 1, 299-308; doi:10.2969/jmsj/78747874.

T. Mochizuki, Donaldson type invariants for algebraic surfaces. Transition of moduli stacks,
Lecture Notes in Math., vol. 1972 (Springer-Verlag, Berlin, 2009); doi:10.1007/978-3-540-
93913-9.

H. Nakajima and K. Yoshioka, Instanton counting on blowup. I. 4-dimensional pure gauge theory,
Invent. Math. 162 (2005), no. 2, 313-355; doi:10.1007/s00222-005-0444~1.

, Instanton counting on blowup. II. K -theoretic partition function, Transform. Groups
10 (2005), no. 34, 489-519; doi:10.1007/s00031-005-0406-0.

, Perverse coherent sheaves on blow-up. I. A quiver description, in Ezploring new struc-

tures and natural constructions in mathematical physics, Adv. Stud. Pure Math., vol. 61 (Math.
Soc. Japan, Tokyo, 2011), 349-386; doi:10.2969/aspm/06110349.

817


https://doi.org/10.1007/s00220-009-0948-4
https://doi.org/10.1007/BF01453572
https://doi.org/10.1007/s002200050699
https://doi.org/10.4310/PAMQ.2018.v14.n3.a3
https://doi.org/10.4310/CNTP.2019.v13.n1.a6
https://doi.org/10.4310/sdg.2019.v24.n1.a3
https://doi.org/10.1007/s00220-020-03748-7
https://doi.org/10.1307/mmj/20226202
https://doi.org/10.1307/mmj/20226202
https://doi.org/10.1017/fms.2020.50
https://doi.org/10.4310/jdg/1226090481
https://doi.org/10.2977/PRIMS/37
https://doi.org/10.1007/s10711-014-9966-2
https://doi.org/10.1093/imrn/rnz175
https://arxiv.org/abs/2107.08155
https://doi.org/10.4310/MRL.1998.v5.n4.a2
https://doi.org/10.4310/MRL.1998.v5.n4.a2
https://doi.org/10.1007/s002220050316
https://doi.org/10.1007/s00029-018-0431-1
https://doi.org/10.2969/jmsj/78747874
https://doi.org/10.1007/978-3-540-93913-9
https://doi.org/10.1007/978-3-540-93913-9
https://doi.org/10.1007/s00222-005-0444-1
https://doi.org/10.1007/s00031-005-0406-0
https://doi.org/10.2969/aspm/06110349

NY11b

NYllc

Nek03

NOO06

RW18

TT17

TT20

VW94

Yos96

N. KunN, O. LEIGH AND Y. TANAKA

, Perverse coherent sheaves on blow-up. II. Wall-crossing and Betti numbers formula,
J. Algebraic Geom. 20 (2011), no. 1, 47-100; doi:10.1090/31056-3911-10-00534-5.

, Perverse coherent sheaves on blowup, I1I: Blow-up formula from wall-crossing, Kyoto J.
Math. 51 (2011), no. 2, 263-335; doi:10.1215/21562261-1214366.

N. A. Nekrasov, Seiberg—Witten prepotential from instanton counting, Adv. Theor. Math. Phys.
7 (2003), no. 5, 831-864; doi:10.4310/atmp.2003.v7.n5.a4.

N. A. Nekrasov and A. Okounkov, Seiberg—Witten theory and random partitions, in The unity of
mathematics, Progr. Math., vol. 244 (Birkh&user, Boston, MA, 2006), 525-596; doi:10.1007/
0-8176-4467-9_15.

E.M. Rains and S.0O. Warnaar, A Nekrasov—-Okounkov formula for Macdonald polynomials,
J. Algebraic Combin. 48 (2018), no. 1, 1-30; doi:10.1007/s10801-017-0790-2.

Y. Tanaka and R.P. Thomas, Vafa—Witten invariants for projective surfaces II: semistable case,
Pure Appl. Math. Q. 13 (2017), no. 3, 517-562; doi:10.4310/pamq.2017.v13.n3.26.

, Vafa—Witten invariants for projective surfaces I: stable case, J. Algebraic Geom. 29
(2020), no. 4, 603-668; doi:10.1090/jag/738.

C. Vafa and E. Witten, A strong coupling test of S-duality, Nuclear Phys. B 431 (1994), no. 1-2,
3-77; d0i:10.1016/0550-3213(94)90097-3.

K. Yoshioka, Betti numbers of moduli of stable sheaves on some surfaces, S-duality and mirror
symmetry (Trieste, 1995), Nuclear Phys. B Proc. Suppl. 46 (1996), 263-268; doi:10.1016/
0920-5632(96)00027-8.

Nikolas Kuhn kuhnn@maths.ox.ac.uk
Max Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany

Mathematical Institute, University of Oxford, Andrew Wiles Building, Radcliffe Observatory
Quarter, Woodstock Road, Oxford, OX2 6GG, UK

Oliver Leigh oliverle@math.uio.no
Department of Mathematics, Uppsala University, Box 480, 751 06 Uppsala, Sweden

Department of Mathematics, University of Oslo, Niels Henrik Abels hus, Moltke Moes vei 35,
0851 Oslo, Norway

Yuuji Tanaka ytanaka@bimsa.cn
Beijing Institute of Mathematical Sciences and Applications (BIMSA), No. 544, Hefangkou Vil-
lage, Huaibei Town, Huairou District, Beijing 101408, China

818


https://doi.org/10.1090/S1056-3911-10-00534-5
https://doi.org/10.1215/21562261-1214366
https://doi.org/10.4310/atmp.2003.v7.n5.a4
https://doi.org/10.1007/0-8176-4467-9_15
https://doi.org/10.1007/0-8176-4467-9_15
https://doi.org/10.1007/s10801-017-0790-2
https://doi.org/10.4310/pamq.2017.v13.n3.a6
https://doi.org/10.1090/jag/738
https://doi.org/10.1016/0550-3213(94)90097-3
https://doi.org/10.1016/0920-5632(96)00027-8
https://doi.org/10.1016/0920-5632(96)00027-8
mailto:kuhnn@maths.ox.ac.uk
mailto:oliverle@math.uio.no
mailto:ytanaka@bimsa.cn

	Introduction
	Outline of the article
	Basic notation

	Nakajima–Yoshioka blow-up algorithm
	Weak structure theorem
	Proof of the blow-up formula for the chi_y-genus
	References

