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Quivers, flow trees, and log curves

Hiilya Argiliz and Pierrick Bousseau

ABSTRACT

Donaldson-Thomas (DT) invariants of a quiver with potential can be expressed in
terms of simpler attractor DT invariants by a universal formula. The coefficients in this
formula are calculated combinatorially using attractor flow trees. In this paper, we prove
that these coefficients are genus 0 log Gromov—Witten invariants of d-dimensional toric
varieties, where d is the number of vertices of the quiver. This result follows from a
log-tropical correspondence theorem that relates (d—2)-dimensional families of tropical
curves obtained as universal deformations of attractor flow trees, and rational log curves
in toric varieties.

1. Introduction

This paper relates two seemingly different ways to define enumerative invariants given a quiver
with potential: quiver Donaldson-Thomas (DT) invariants, defined using moduli spaces of quiver
representations, and log Gromov—Witten invariants of toric varieties, defined as counts of rational
log curves satisfying constraints specified by the combinatorics of the quiver.

To relate quiver DT invariants to log Gromov—Witten invariants, we use the combinatorial
calculation of quiver DT invariants in terms of attractor flow trees following our previous work
[AB22]. We explain how to interpret such trees as tropical curves and then prove a new corre-
spondence theorem between counts of tropical curves and log Gromov—Witten invariants of toric
varieties. Crucially, our log-tropical correspondence theorem involves non-rigid tropical curves
moving in non-trivial families, unlike previous correspondence theorems in the literature where
only rigid tropical curves are usually considered.

After a brief description of DT quiver invariants in Section 1.1 and of log Gromov—Witten
invariants in Section 1.2, we provide a more detailed overview of the log-tropical correspondence
in Section 1.3 and of the quiver DT-log Gromov-Witten correspondence in Section 1.4.
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H. ARGUZ AND P. BOUSSEAU

1.1 DT quiver invariants

A quiver with potential (Q, W) is given by a finite oriented graph @ and a finite formal linear
combination W of oriented cycles in ). We denote by Q) the set of vertices of @, and by @ the
set of edges of Q. For every dimension vector v € N := Z%0 and stability parameter

0 € (v')p € Mg = Hom(N,R),

where (VJ')R = {0 € Mg | 6(y) = 0}, the theory of King’s stability for quiver representa-
tions [Kin94] defines a quasiprojective variety Mf: over C parametrizing S-equivalence classes of
f-semistable representations of ) of dimension . Moreover, the trace of the potential naturally
defines a regular function Tr(W)g: Mg — C.

A stability parameter 6 € (’yl)R is called generic if 6 € ('*) g for 7/ € N implies that o' is

collinear with ~. For a generic stability parameter 6, the DT invariant Q;r Y is an integer that is
a virtual count of the critical points of Tr(W)g. We have Q;“g = 0 if the #-stable locus in Mg
is empty, and else, Q?,L Y is the Euler characteristic of M,e valued in the perverse sheaf obtained

by applying the vanishing-cycle functor for Tr(W)g to the intersection cohomology sheaf IC
normalized to be the constant sheaf in degree 0 when Mg is smooth [DM15, DM20, MR19]:

Q30 = (MY, dre(uyo (IC)) € Z. (1.1)
For example, if 7 is primitive and W = 0, then Q%L ¥ g simply the topological Euler characteristic
of Mg. For every v € N, we set
r(7) = (=1)XO7) € {£1},
where x: N X N — Z is the Euler form of (), given by

X0 =Y i D>, e

i€Qo (a:i—j)EQ

It is often convenient to repackage the DT invariants Q;r % into the rational DT invariants
k—1

atl Z H(’Y') +,0
Q,Y -— TQ,}// E Q7 (1-2)
v eEN
y=kv', k€L31

which can also be defined using the motivic Hall algebra [JS12, KS08, Reil0, Reill]. In the
literature on DT invariants, it is more common to work with DT invariants QEOY defined by

im MY
Qg = (—1)4 Mve(M$,¢Tr(W)g (IC)) e Z

when the f-stable locus is non-empty, and the rational DT invariants ﬁ: defined by

9 1 .,
Q= >, %eQ
’}/GNQ
y=kv', k€L,

When the 6-stable locus is non-empty, we have dim Mf: =1—x(v,7), and so we have

S —9
Qj’ez—n(’y)ﬂfoy and Qi = —r(7)8, .

In this paper, we work with the DT invariants Qf{ Y as they are more directly related to log
Gromov—Witten invariants.
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The DT invariants Q;“ Y are locally constant functions of the generic stability parameter
6 € v, and their jumps across the loci of non-generic stability parameters are controlled by the
wall-crossing formula of Joyce-Song and Kontsevich—Soibelman [JS12, KS08]. Using the wall-
crossing formula, the DT invariants can be computed in terms of the simpler attractor DT in-
variants, which are DT invariants at specific values of the stability parameter. Let w: N x N — Z
be the skew-symmetric form on N given by

w(y,7) =Y (aij — ai) v (1.3)
,j€Q0
where a;; is the number of arrows in ) from the vertex ¢ to the vertex j. The specific point
Lyw = w(y,—) € v+ C Mg is called the attractor point for ; see [AP19, MP25]. In general, the
attractor point ¢ w is not generic, and we define the attractor DT invariants Q;r ™ by

* +,0
Qb =037, (1.4)

where 6, is a small generic perturbation of t,w in y1; see [AP19, MP25]. One can check that
Qi " is independent of the choice of the small perturbation [AP19, MP25].

Through an iterative use of the wall-crossing formula, the rational DT invariants ﬁ;r ® for
generic stability parameters § € v are expressed in terms of the rational attractor DT invariants
Qi * by a formula of the form

T
ng => > me(’ha ) HQ;F*, (1.5)
r21 {vihi<i<r Tiyi i=1
iz =Y

where the second sum is over the multisets {7;}1<i<r with 75 € N and >, v = 7; see [AP19,
KS14]. Here, the denominator [Aut({~;};)| is the order of the symmetry group of {v;}: If m. is the
number of times that 7' € N appears in {v;};, then [Aut({~;};)| = [ [,/ y(m+!). The coefficients
Ff (71, - -.,7r) are integers and are universal in the sense that they depend on (Q, W) only through
the skew-symmetric form w on N. The dependence on the potential W is entirely contained in
the attractor DT invariants Q;z* Moreover, see [KS14, §3.2], the coefficients F?(v1,...,7,) have
a natural decomposition

Floy,eom) =Y Flaln, - w) (1.6)
h

indexed by attractor flow trees h: T — Mg, which are rooted balanced trees in My with root
at # and with r leaves decorated by ~1,...,7,; see Definition 5.2 for details. The contribution
Fﬁ n(V15--.,v) of h: T — Mg is obtained by applying the wall-crossing formula at each ver-
tex of T

In our previous paper [AB22], we proved an explicit formula, called the flow tree formula
and conjectured by Alexandrov—Pioline [AP19], which computes the coefficients F?, (v1,...,7)
in (1.6) in terms of a sum over trivalent perturbed attractor flow trees obtained as small pertur-
bations of h: T — Mpg. A different combinatorial formula for F¢(vy,...,7,) was proved by Moz-
govoy in [Moz22]. The main goal of the present paper is to give a geometric interpretation of these
coefficients Ffj n(V1,- .., 7) in terms of genus 0 log Gromov—Witten invariants of toric varieties.

1.2 Log Gromov—Witten invariants

Log Gromov—Witten theory, developed by Abramovich-Chen and Gross—Siebert [AC14, GS13],
provides a framework to enumerate algebraic curves in an algebraic variety X having pre-
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scribed tangency conditions along a divisor D C X that is allowed to have particular types
of singularities—typically, we consider normal crossing divisors. Generalizing the notion of a sta-
ble map f: C'— X to the log setting amounts to endowing all spaces with (fine, saturated) log
structures and lifting all morphisms to morphisms of log spaces; see Section 3.1 for a brief review
of log schemes and stable log maps.

The additional data of a log structure on a variety X encodes combinatorial information
that is used to define a cone complex associated with X, referred to as the tropicalization of X.
This makes it feasible to count log curves in terms of their tropical counterparts. In [NSO06],
Nishinou—Siebert used toric degenerations and log deformation theory to prove a correspondence
theorem between counts of genus 0 complex curves in d-dimensional toric varieties and counts of
tropical curves in R?. More precisely, the main result of [NS06] provides a correspondence between
counts of stable log maps and counts of rigid tropical trees. To obtain such a correspondence,
one considers log curves generically contained in the big torus orbit of the toric variety and with
generically trivial log structure.

In the present paper, given a quiver with d vertices, we prove a correspondence theorem
between counts of log curves in d-dimensional toric varieties and tropical counts associated with
(d — 2)-dimensional families of tropical curves in R? obtained as universal deformations of the
attractor flow trees. A key and major difference with the setup of [NS06] is that for d > 3,
the relevant log curves are entirely contained in the toric boundary divisor, have generically
non-trivial log structures, and correspond to non-rigid tropical curves moving in non-trivial
(d — 2)-dimensional families.

We now describe more precisely our log-tropical correspondence theorem. As in Section 1.1,
we fix a quiver ), with set of vertices (Jy of cardinality d, and let w be the skew-symmetric form
on N as in (1.3). We write

N=7% ~7% and Mg =Hom(N,R)~R?.

We also fix a tuple v = (v1,...,7) of elements v; € N such that ty,w # 0 for all 1 < i < 7
and tyw # 0, where v = >_7_; ;. We count curves in a d-dimensional projective toric variety X
defined by a fan in Mg containing the rays R>¢¢,,w and such that the hyperplanes (’yf)R in Mg
are unions of cones of ¥.. We refer to such a fan as a «y-fan (see Definition 3.5). In particular, for
every 1 <4 < 7, we have a toric divisor D; of Xy corresponding to the ray Rxq¢,,w. The toric
variety Xy has a natural divisorial log structure defined by its toric boundary Dy, and elements
of N naturally define tangency conditions along Ds; at marked point for stable log maps to Xy;
see Section 3.1 for details.

Consider hypersurfaces H; in D; given by an equation of the form 2%/l = ¢; for some
constant ¢;, where |v;| is the divisibility of +; in N, and let H = (Hy, ..., H,). We denote by
1
Mo.cz),g—:y,H(XE)
the moduli space of genus 0 stable log maps f: C — Xy, having r+1 marked points z1, ..., Z, ZTout,

with tangency condition along Ds; given by t,w at x; and —tyw at Tout, and such that f (z;) € H;
for all 1 < 7 < r; see Figure 1. The moduli space M}ji f(Xx) is naturally stratified by the combi-
natorics of the log structure and is log smooth of dimension d— 2 for general H;; see Theorem 3.8.

If f: ¢ — Xy is a general point in a codimension k stratum of MS%,H(XE% then the tropi-
calization of f: C' — Xy is naturally a k-dimensional face of the moduli space M:‘i}) A0(X) of
genus 0 tropical curves h: I' — Mg in Mg with » + 1 legs L1, ..., L, Loy, of weighted direc-

tions ¢y,w and —tyw, and such that h(L;) C AY := (fyf)R; see Figure 2. In particular, given a
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D. 3

FIGURE 1. A stable log map in M}Ei a(Xx) ford =2 and r = 3.

L out

FIGURE 2. A tropical curve in MS?‘?AO (¥) for d =2 and r = 3.

(d—2)-dimensional face p of ij? A0(X), one obtains a log Gromov-Witten invariant NgoriC(Xg)

by counting the O-dimensional strata of /\/li?gfy u(Xx) with tropicalization p.

1.3 Log-tropical correspondence

To compute the log Gromov—Witten invariant N;Oﬂc (Xyx) tropically, one considers general affine
perturbations A; of the linear hyperplanes A? = ('yf-)R and the corresponding moduli space

MS?A of tropical curves in Mr with h(L;) C A; for all 1 < ¢ < r. There is a finite set S, of
trop

(d — 2)-dimensional faces o of M ~.a that in the limit A — AP recovers p. While a general
tropical curve in the face p might have vertices of arbitrary valency, general tropical curves in
the faces o are trivalent; see Lemma 2.12 and Figure 3.

In particular, one can define the tropical multiplicity NEP of o either as a lattice index
(see Definition 2.20) or as a product over the vertices of local multiplicities determined by the
skew-symmetric form w (see Lemma 2.24). Moreover, if dim D’zout =d — 1, where Dzout C Mg is
the union of the loci h(Loyt) for h € p, we define a tropical coeflicient k, € Z>1 as an explicit
lattice index; see (2.10). We also define a similar coefficient &, for o € S,,.
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Lout

/ —lyWw

L,

. . t
FIGURE 3. A tropical curve in MJ:)’AO(E)
for d =2 and r = 3.

We can now state the log-tropical correspondence theorem for the log Gromov—Witten in-
variants Ni°"(Xy).

THEOREM A. Fix a skew-symmetric form w on N and a tupley = (v1,...,7,) of elements y; € N
such that vy,w # 0 and tyw # 0, where v =Y., ;. Also fix a y-fan . Then, for every general
tuple A = (Aq,...,A,) of affine hyperplane in Mg parallel to the linear hyperplanes (’y,f‘)R,
and for every (d — 2)-dimensional face p of MtrOpAO(E) such that dimb’iout = d — 1, the log

Gromov—-Witten invariant N[EOHC(XZ) of the toric variety Xy, satisfies

kNS (Xy) = ) kg NP (1.7)
o€S,

We prove Theorem A using a toric degeneration of Xy and the recent theory of punctured log
maps of Abramovich—Chen—Gross—Siebert [ACGS25] to construct stable log maps to the special
fiber by gluing.

1.4 Quiver DT-log Gromov—Witten correspondence

Combining the flow tree formula of [AB22] with the log-tropical correspondence given by Theo-
rem A, we obtain a geometric interpretation of the coefficients Fg n(71, .., ¥r) in terms of genus 0
log Gromov—Witten invariants of toric varieties.

Let (Q, W) be a quiver with potential with d vertices as in Section 1.1 and w be the corre-
sponding skew-symmetric form on N = Z%?°. We fix a dimension vector v € N such that tyw # 0
and a decomposition v = Y, v; such that t,w # 0 for all 1 < i < r. We set v = (71,...,7)
and fix a «-fan . Then, every attractor flow tree (h: T' — Mpg) naturally defines a (d — 2)-

dimensional face pp of the moduli space of tropical curves /\/lzjr?yp Ao+ One first turns 7 into a

tropical curve h: T — MR by extending its root to infinity in the direction —u w. Then, pj is
the smallest face of M AO containing h, that is, the universal family of deformations of h pre-
serving its comblnatorlal type see Lemma 5.6. In particular, one can consider as in Section 1.2
the genus 0 log Gromov—Witten invariant NgL’riC(Xg) of the d-dimensional toric variety Xy of
fan ¥, and the tropical coefficient k3,

THEOREM B. Let (Q,W) be a quiver with potential. Fix a dimension vector v € N = Z20 such
that tyw # 0, a decomposition v = Yy _;_;v; such that ty,w # 0 for all 1 < i < r, a generic
stability parameter § € v*, and an attractor flow tree h: T — My with root at @ and r leaves
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decorated by 71, . .., 7r. Then, for every v-fan ¥, the coefficient F?(v1,...,~,) in (1.5) and (1.6)
satisfies

.
"y .
Flh(v,-m) = W’fﬁh]\%ﬁm(){z)-

=+,0 . .. . —+,0 =+,x
If tyw = 0, then £, does not experience any non-trivial wall-crossing, so 2,7 =" for

every 0 € v1. Moreover, if r > 2 and ¢,w = 0 for some 4, then th(’yl, ...,7r) = 0. In particular,
Theorem B applies to compute Ff n(715- .-, 7Yr) in every non-trivial situation.
By the flow tree formula of [AB22], one can compute Fg n(715 - -, ) using generic trivalent

perturbations of h. To prove Theorem B, we show that the universal deformations of these per-
turbed attractor trees are exactly the (d — 2)-dimensional families of tropical curves o appearing
in the right-hand side of (1.7), and then we use the log-tropical correspondence of Theorem A
to rewrite the corresponding tropical counts as the log Gromov—Witten invariant N/E)‘;ric(Xg).

1.5 Related works

Another way to construct a geometrical object out of a quiver is based on the theory of cluster
algebras [FZ02] and cluster varieties [FG09]. From a quiver ) with d vertices, one can construct
the corresponding d-dimensional cluster variety using cluster transformations in a way prescribed
by the combinatorics of @. A key result of Gross—Hacking—Keel-Kontsevich [GHKK18| shows
that the algebra of regular functions of a cluster variety admits a canonical basis, which can be
constructed using a combinatorial gadget known as the cluster scattering diagram. A version
of such a cluster scattering diagram is shown to capture quiver DT invariants in the work of
Bridgeland [Bril7]. On the other hand, Gross—Siebert in [GS22] show how to construct a mirror
to a given log Calabi—Yau variety from a canonical scattering diagram, defined using counts of
log curves. In our previous paper [AB23], we showed how the canonical scattering diagram for
cluster varieties relates to the cluster scattering.

Building on the results in this paper, in a sequel [AB25], we provide a correspondence between
quiver DT invariants, in the situation where attractor DT invariants are trivial, and counts of
log curves in cluster varieties, using the comparison between cluster and canonical scattering
diagrams. This generalizes the Kronecker—-Gromov—Witten correspondence that was shown earlier
in the case where the cluster variety is of dimension 2; see [Bou20, GP10, GPS10, RSW12,
RW13]. For variants of the Kronecker-Gromov—Witten correspondence in dimension 2, see also
[Bou2l, RW21]. Such a correspondence between quiver DT invariants and log curve counts in
cluster varieties is compatible with the results of the present paper, as cluster varieties can be
obtained by non-toric blow-ups of toric varieties, as explained in [GHK15], and therefore admit
degenerations into a toric variety and other simpler varieties, as studied in [AG22, GPS10].
In particular, log curve counts in cluster varieties are naturally related to log curve counts in
toric varieties considered in this paper.

2. The tropical enumerative problem
Throughout this paper, we work over an algebraically closed field k of characteristic 0. We denote

by M ~ Z% a free abelian group of finite rank d, and by My := M ®z R ~ R? the associated
d-dimensional real vector space. We let N := Hom(M, Z) denote the dual abelian group.
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2.1 Tropical curves
We mainly follow the conventions and notation of [NS06]. In this paper, a graph I is finite and
connected, consisting of vertices, edges connecting pairs of vertices, and legs adjacent to single
vertices. Moreover, we assume that legs are marked by distinct labels. We set

V(T') := the set of vertices of T',

E(T) := the set of edges of T',

L(T) == the set of legs of T".

We denote the set of the two vertices adjacent to an edge E by OF, and similarly the vertex
adjacent to a leg L by OL.

DEFINITION 2.1. A weighted graph is a graph I" together with a weight function w: E(I")UL(T") —
Z>1 assigning a weight w(FE) € Z>; to every edge or leg E of T

DEFINITION 2.2. A parametrized tropical curve in My is a weighted graph I' without divalent
vertices, together with a proper continuous map h: I' — Mp satisfying the following conditions:

(i) For every edge or leg E, the restriction h|p is an embedding with image contained in an
affine line with rational slope.

(ii) For every vertex v € V(I'), the following balancing condition holds: Let Ei,...,E, €
E(T") U L(T') be the edges or legs adjacent to v, and let w; € M be the primitive integral
vector emanating from h(v) in the direction of h(E;); then

i=1
An isomorphism of parameterized tropical curves h: I' — Mg and hg: I'g — Mp is a homeo-
morphism ¥: I' — I'g respecting the marking of the legs, the weights of the edges and legs, and
such that h = hgo W. A tropical curve is an isomorphism class of parameterized tropical curves.
The genus of a tropical curve h: I' — Mg is the first Betti number of its domain I". A rational
tropical curve is a tropical curve of genus 0. In what follows, we focus on rational tropical curves.

DEFINITION 2.3. A tropical type for My is the data (I', u) of a weighted graph I" and of a map
u: F(I')— M, (v,E)— g,

where F'(T) is the set of flags of ', that is, of pairs (v, E), where v € V(I') is a vertex and
e€ E(I') ¢ L(T) is an edge or leg adjacent to v.

DEFINITION 2.4. The type of a tropical curve h: I' — My is the tropical type (I',a), where for
every (v, E) € F(I'), the image u, g is the primitive integral in M emanating from h(v) in the
direction of h(FE).

The moduli space of tropical curves of a given type 7 = (I',u) is naturally the interior
of a polyhedral cone. For example, when I' is of genus 0, this moduli space is isomorphic to

Mg x RLEO(F”, where My parametrizes the position of a chosen vertex of I' and REO(F)‘ parametrizes
the affine lengths of the images h(E) of the edges F € E(I).

DEFINITION 2.5. The degree of a tropical type (I',u) is the tuple
A = (w(L)iy,p)rerry € MMT

of weighted directions of the legs, where v is the unique vertex of I' adjacent to the leg L. The
degree of a tropical curve is the degree of its type.
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By [NSO06, Proposition 2.1], there are finitely many tropical types of given genus and degree
that are realized by tropical curves. In particular, the moduli space M®°P(A) of rational tropical
curves of given degree A is naturally a finite cone complex, obtained by gluing together the cones
obtained as the closures of the spaces of tropical curves of given types (when the length of an
edge goes to 0, a vertex of higher valency is produced).

2.2 Marked tropical curves

Let w € /\2 M be a skew-symmetric form on N. For every n € N, we denote by 1w € M the
contraction of w by n, that is, the linear form w(n,—) on N. Let v = (y1,...,7») be an r-tuple
of elements 7; € N such that ty,w # 0 for all 1 <i < r and 1w # 0, where v := Y7, 7.

DEFINITION 2.6. An (w,«)-marked tropical curve in My is a rational tropical curve h: I' — Mpg
of degree

Apry = (bW, ooy by, =y W)
In other words, I'is a genus 0 graph, with r+1legs L1, ..., Ly, Lout, such that w(L;) ., 1, = —ty,w
for all 1 <4 < r and w(Lout)Uygu;, Low, = —tyw, Where v; (respectively, voyt) is the unique vertex
of I' adjacent to L; (respectively, Loyt).

Given an (w,~y)-marked tropical curve h: I' — Mg, we usually view I' as a tree with root leg
Loyt and leaves L; for 1 < i < r. Correspondingly, we say that an edge F is a child (respectively,
a parent) of a vertex v if F is adjacent to v and is not (respectively, is) contained in the unique
path in I' between v and the root. We similarly define descendants and ancestors. For every edge
or leg F of I, we set

up = w(E)u, g, (2.1)
where v is the unique vertex such that E is a parent of v. In other words, ug is the weighted
direction of E following the flow on I' starting at the leaves and ending at the root.

DEFINITION 2.7. Let h: I' — My be an (w, «y)-marked tropical curve in M. Then for every edge
or leg F of I, the class of E is the element v € N defined by

'YE:Z%'a

7

where the sum is over the indices 1 < 4 < r such that the leg L; is a descendant of FE.

LEMMA 2.8. Let h: I' — My be an (w,~)-marked tropical curve in Mr. Then for every edge or
leg E of ', we have up = —ty,w. In particular, the class vg is non-zero.

Proof. The equality ug = —t,w is true for leaves by the definition of a y-marked tropical curve
(Definition 2.6) and then follows for the other edges and the root leg by the balancing condition
in Definition 2.2(ii). This implies that v # 0 because ug # 0 by the definition of a tropical
curve in Mg (see (2.1) and Definition 2.2(i)). O

To simplify the notation, instead of M™°P(A,, ~), in what follows we use ME%’ for the moduli
space of (w,~y)-marked tropical curves in Mg. It follows from the discussion after Definition 2.4
that ./\/l'jfc.’yp is naturally a finite polyhedral cone. For every cone ¢ of MS?}’, the relative interior
Int(o) of o parametrizes tropical curves of a given type (I'y, u,). Moreover, the dimension of o
is given by

dimo =d+ [E(I'y)],
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which can also be written using that I', has genus 0 as
dimo=d—-2+r—ov(l,).
Here, ov(T',) is the overvalence of T',, which is the non-negative integer defined by
ov(Te) = > ov(v), (2.2)
veV(T)

where ov(v) := k — 3 if v is a k-valent vertex. In particular, o is of dimension at most d — 2 +r,
and it is of dimension d — 2 + r if and only if I, is trivalent.

2.3 Tropical constraints

DEFINITION 2.9. A ~-constraint is an r-tuple A = (A44,..., A,) of affine hyperplanes A4; in Mg

whose associated linear hyperplanes are given by (’yzl)R C MR

Choices of ~-constraints A are in one-to-one correspondence with choices of points [A] =
([Ai)i € TTi=) Mz/ (7" ) = R".

DEFINITION 2.10. An (w,~y)-marked tropical curve h: I' — Mg matches a ~y-constraint A if
h(L;) C A; forall 1 <i<r.

We denote by /\/ltrOp 'a the moduli space of (w,~y)-marked tropical curves matching the

trop

~-constraint A. In other words, M = (ev'™P)~1([A]), where ev'™P is the evaluation map

wY,A T
at the legs L;, defined by
evioP: thp — HMR/ V; )R ~R",  hr+— ([h(Ly)])s, (2.3)
=1
which is well defined because w(7v;,7;) = 0 implies that uy, = t,w € 'yJ- As the evaluation

map is affine in restriction to each cone of Mff%", the moduli space M| oo A is naturally a finite

polyhedral complex. For every face o of ./\/lmfyp A, the relative interior Int( ) of o parametrizes
tropical curves of a given type (I'y, ,) and matching A.

For every subset I C {1,...,7}, we set v; := (7i)ier, and we consider the ~;-constraint
Ap = (Aiier-
DEFINITION 2.11. A ~-constraint A = (Aj,...,A;) is general if the following conditions are
satisfied:

(i) We have A; # A;j for i # j.

(ii) For every I C {1,...,r}, we have dim/\/lf;;pI’AI <d-—2.

(iii) For every I C {1,...,r}, if o is a face of Mg(fypl A, then dimo = d — 2 if and only if I'; is
trivalent.

LEMMA 2.12. The general y-constraints form an open dense subset in the space [[;_, M/ (’yf‘)R
~ R" of y-constraints.

Proof. As there are only finitely many subsets I C {1,...,r}, it is enough to prove that the set
of A satisfying Definition 2.11(ii)—(iii) for a given I is open and dense. Let 7 = (I', @) be the
type of an (w,«)-marked tropical curve. As I is of genus 0, the curve h is not superabundant by
[MR20, Proposition 2.5]. In this case, [MR20, Proposition 2.10] implies that, for A in an open
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dense subset of the space of constraints, the space of (w,~y)-marked tropical curves of type 7
matching A is a non-empty open convex polyhedron in a vector space of dimension

d+e— Zcodim(Ai) =d+e—|I|,
il
where by [MR20, § 2, equation (2)], using that I" has |I|+1 legs, we have € = (|I|+1) —3—ov(T),

where the overvalence ov(I") is given by (2.2) and is a non-negative integer. Therefore, the space
of (w,~y;)-marked tropical curves of type 7 matching A is of dimension at most

d+(I|+1)—=3—ov(l') = |I|=d—2—ov(I'),
and it is of dimension d — 2 if and only if ov(I') = 0, that is, if I is trivalent. O

2.4 Properties of marked tropical curves

Let A be a ~y-constraint, and let o be a face of the moduli space /\/lfu“,)i3 A of (w,)-marked tropical

curves in Mpr matching A. For each vertex v of I',, we obtain a polyhedron j§ in Mg defined by

i9 == {h(v) | h € Int(0)}"' € Mg, (2.4)
and for each edge or leg ¥ of I';, we obtain a polyhedron 9% in Mg defined by

= (U wm) s (25)

h€lnt(o)

see Figure 4. For every polyhedron 0 in Mg, we denote by Ay C M the subspace of integral
tangent vectors to 0.

o
0%,

B

Ey

o
0%,

FIGURE 4. Polyhedra jJ and 2% for d = 3.

By Definition 2.9, the affine hyperplanes A; of A have equations of the form ~; = ¢; for
some ¢; € R. For every edge or leg FE of T',, we denote by Ap the affine hyperplane in Mg with
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equation
e =) €, (2.6)
i
where the sum is over the indices 1 < ¢ < r such that the leg L; is a descendant of E. We have
dim Ag = d — 1 because yg # 0 by Lemma 2.8.

LEMMA 2.13. Let A be a y-constraint, and let o be a face of MS?A. Then,

(i) forevery edge or leg E of 'y, we have 03, C A, Ayg, C Y%, and, in particular, dim 0%, < d—1;

(ii) for every vertex v of I',, we have jg C ﬂle Ag, and Aj; C ﬂle ’yfji, where Eq, ..., E, are
the children edges of v.

Proof. We prove the result by induction following the flow on I', starting at the leaves and
ending at the root.

For the initial step of the induction, we consider a leg £ = L; of I',. Every tropical curve
h € Int(o) matches the y-constraint A, so h(L;) C A;. It follows that 97 C A; and therefore
ADL C 'yf because Ay, = %-L.

For the induction step, let v be a vertex of I',, F the parent edge of v, and F1,..., Ey the
children edges of v. We assume that Lemma 2.13 holds for Fj,..., Eg, and we have to show
that Lemma 2.13 holds for v and E. For every tropical curve h € Int(o), we have h(v) C
ﬂf”_lh(Ei), s0 09 C ﬂf 1 0%, By the induction hypothesis, we have 37, C Ap, and Aao = viz
for all 1 < i < k, so we conclude that j9 C ﬂl 1 Ag, and Ay C ﬂl_l ')/E Similarly, we have
hE) C h( ) + R>oug. Using Lemma 2.8, this implies that 3% C jJ — Rxoty,w. As we have
already showed that Aj; C ﬂle 'Y}Jiv we conclude that 9%, C ﬂf 1A, — Regtypw C Ap and
Aye C ﬂle 'Vﬁ — Rxotypw C v5. Indeed, we have ﬂle '7E C vg because vp = Zle VE;, and
we have ¢,,w € ’yﬁ because w(yg,vE) = 0. O

Let (I',u) be a tropical type, and let v € V(I') be a vertex. We denote by T,I" the R-span
in Mpg of all the weighted directions ug of the edges or legs of I' adjacent to v. By the balancing
condition in Definition 2.2(ii), it is also the span of the weighted directions ug, of the children
edges or legs F; of v.

LEMMA 2.14. Let A be a «y-constraint, and let o be a face of/\/ltr(,)yp .Letve V(T ) be a vertex
such that dim 0% = d — 1, where E is the unique parent edge of v. Then, dim 7,1,

Proof. Let Ei,...,E) be the children edges of v. If dimT,I's > 2, then, as ug, = —lyp, W
by Lemma 2.8, the R-span in Nr of the vectors vg, is also of dimension greater than 2, so
dim ﬂle 'yffk < d — 2. By Lemma 2.13, we have jJ C ﬂle 'yfji, so dimjJ < d — 2. Finally, as
0% Cj9 + Ryoup, this implies that dim 0%, < d — 1, so we have a contradiction. O

The following lemma is similar to [KS14, Lemma 3.2.4] and [GHKK18, Lemma C.2].

LEMMA 2.15. Let A be a «y-constraint, and let o be a face of./\/lterp . Let v € V(I'y) be a vertex
such that dimT,,I'; > 1 and dim 0%, = d — 1, where £ is the umque parent edge of v. Then, we
have dim 9%, = d — 1 for any child edge E; of v.

Proof. By Lemma 2.13(i), it is enough to prove that dimd% > d — 1 in order to show that
dimdg, =d—1.
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Assume toward a contradiction that dimd%, < d — 2 for a child edge or leg E; of v. Denote
by Es, ..., E) the other child edges or legs of v. For every tropical curve h € Int(c), we have
h(v) C ﬂle h(E;), so 95 C ﬂle 0%.. By assumption, we have dimd%, < d — 2. On the other
hand, by Lemma 2. 13(') we also have dim 0, < d—1for all 2 <i < k. If Ayg _ is not included
in Aao for some 2 < 7 < k, it follows that dlm]" < d—3, and so, as 0%, C jj +Rxoup, we conclude
that dim 05 <d -2, and we have a contradiction.

Therefore, to end the proof, it is enough to consider the case where Aye . C ﬂsz Ayg, . In this
case, the direction ug, is contained in ﬂ,’sz Aqe, g hence in ﬂf:2 752 by Lemma 2.13(i). By Lem-
ma 2.8, we have up, = —iy, w, S0 ug, € ﬂsz ’yﬁ, implies w(yg,,vE;) = 0 for all 2 < < k.

As we are assuming that dim7,I'; > 1 and dim 3%, = d — 1, we actually have dim T,,I'; = 2
by Lemma 2.14. Hence, there exists an 2 < ¢ < k such that ug, and ug, generate T,I',. Hence,
w(YEy,vE,) = 0 implies that T,,[', C 'y}i:l N ’yﬁ. In particular, we obtain that ug € 'yf;‘l N ’yﬁ_.
On the other hand, by Lemma 2.13(ii), we also have Aj; C 'yﬁ N 'yﬁ,. We conclude that 9%, C
19+ Repup C 7]15'1 N %JE-Z_. On the other hand, as we are assuming that up, and ug, span the
2-dimensional space T, I'5, the directions ug, and ug, are not proportional, so the charges vg, and

vE,; are also not proportional. Hence, the hyperplanes 71%1 and yﬁ, are distinct, so dim 3%, < d—2,
and we have a contradiction. O

LEMMA 2.16. Let A be a «y-constraint, and let o be a face of ./\/ltrOpA such that dimo = d — 2
and dimd¢_ = d—1. Then, we have dim T,,I'; = 2 for all vertices v € V(I'y), and dim g, = d—1
for all edges orlegs E € E(I'y) U L(T',).

Proof. We first show that dim7;,I'; > 1 for all v € V(I';). Assume toward a contradiction that
there exists a v € V(I',) such that dimT,[', = 1. Then, there exists at least one vertex v’ € T',
such that dim T, T', = 1 and such that dim 7,~T', > 1 for all vertices v" # v’ on the unique path
in ', from v’ to the root.

If v/ is the unique vertex adjacent to Loy, then, as dim Ty, = 1, one can move h(v') is the
direction of h(Lout), 50 j9, = 7., and therefore dimj7, = d — 1. This contradicts the assumption
that dimo = d — 2 because jJ, is the image of o by the evaluation map h — h(v’).

If v" is not adjacent at Loy, then v’ admits a unique parent vertex v. Denote by E; the edge
connecting v and v. As dim T,,»T', > 1 for every vertex v” on the path from v to the root, applying
Lemma 2.15 iteratively from the root down to v shows that the assumption dim?f ~=d—1
implies dim?%, = d — 1, and so dimj7 > d — 2. On the other hand, as dimTyI's = 1
can move h(v') is the direction of h(E;) without moving h(v), so dimo > 1+ dimjg > d —
contradicting the assumption that dimo = d — 2.

Once one knows that dim7,I'; > 1 for all v € V(I',), applying Lemma 2.15 iteratively
starting from the root shows that the assumption dim?§_ = d — 1 implies dim 9% =d — 1 for
all edges or legs E. We conclude that dim T,I', = 2 for all v € V(T';) by Lemma 2.14. ]

THEOREM 2.17. Let A be a ~y-constraint, and let o be a (d — 2)-dimensional face of./\/lg?A such
that dimo§_ = =d — 1. Then,

(i) for every edge or leg E of Ty, we have dim 0%, = d — 1 and Ayg, = Ve

(ii) for every vertex v € V(I'y), we have dimT,I'; = 2, dimj] = d — 2, and Aj; = ﬂle ’yﬁ_,
where E1, ..., E}, are the children edges of v;

(iii) for every edge or leg I of I', with parent vertex v, we have ug ¢ Ajq
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Proof. Item (i) follows from Lemmas 2.16 and 2.13(i). The first part of item (ii) also follows from
Lemma 2.16. Moreover, denoting by E the parent edge of v, we have 0%, = jJ + R>qug, so the
last part of item (ii) follows from item (i) and Lemma 2.13(ii). Finally, for item (iii), if one had
up € Ajg, one would have Ays = Ajg, in contradiction with items (i) and (ii). O

2.5 Tropical multiplicities and coefficients

2.5.1 Tropical multiplicities. Let A be a ~y-constraint, and let o be a face of thp For
every leg L € L(T',), there exists a unique vertex 0~ L adjacent to L. For every edge FE E E (Ty),
we denote by 0T E the parent vertex of E and by 9~ F the child vertex of FE.

trop

DEFINITION 2.18. Let A be a ~-constraint. For every face o of /\/lw,y A

the map

the gluing map gl is

g, [ M— ] M/ZuExHM/%, (2.7)

veV(T'y) e€E(Ty)
(mU)UEV(FU) — ((ma+p — ma—E)EeE(FU)7m8—E) .

By construction, the kernel T, := ker gl is the integral tangent space to o (see [MR20,

Proposition 2.10]): An element (my)vev(r,) € [Tyev(r,) M contained in the kernel of gl, defines

an integral way to move the vertices of I'; in Mg while preserving the directions of the edges
and the matching of the constraint A.

LEMMA 2.19. Let A be a general «y-constraint as in Definition 2.11. For every (d—2)-dimensional
face o of ./\/ltr w.A> the cokernel coker gl of the gluing map gl is finite.

Proof. 1t is enough to show that gl is surjective after tensoring with Q. This follows from
a dimension count: The domain of gl, ® Q is of dimension d|V (I';)|, its codomain is of dimension
(d—1)|E(Ty)| + r, and its kernel is of dimension d — 2. Hence,

dimcokergl, ® Q = (d —1)|E(Ty)| +7 —d|V(Iy)| +d —2
= d(|[E(T,)| = V()| +1) = |[E(Ty)| + 7 —2.
As T, is of genus 0, we have |E(I';)| — |[V(I'y)| +1 =0, so
dimcokergl, ® Q = —|E(T'y)| + 7 —2. (2.8)

Moreover, as A is general and dim o = d—2, the graph I, is trivalent by Definition 2.11(iii), with
r+1 legs, and so we have 3|V (I's)| = 2|E(I's)| +r+ 1. Combining these two relations, we obtain

3(ETo)[ +1) =2|E([To)| +r+1,
so |[E(I'y)| = r — 2, which implies that dim cokergl, ® Q =0 by (2.8). O

DEFINITION 2.20. Let A be a general ~-constraint. For every (d — 2)-dimensional face o of

Mg‘fyp A the tropical multiplicity Ny°P is the cardinality of the cokernel of the gluing map gl,,

which is finite by Lemma 2.19:
NP .= |coker gl | . (2.9)

2.5.2 Tropical coefficients. Let A be a ~-constraint and o be a (d — 2)-dimensional face
of Mg? A such that dimd7 —~ = d —1. Let p: T, — M be the composition of the inclusion
T, = kergl, C Hvev )M with the projection HUEV )M — M on the factor corresponding
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to the vertex voyy € V(I'y) adjacent to Loyt. In other words, p is the integral derivative of the
evaluation map

o— g hr— h(vou)-

This evaluation map is an affine map that is surjective by definition. By Theorem 2.17(ii), we have
dimjj == d—2. Hence, as we also have dim o = d—2, this evaluation map is in fact bijective, and
we have an inclusion p(T,) C Ao of finite index. By Theorem 2.17(iii), we have ur,,, ¢ Ajo
so the lattice

]'Uout

c = p(TU) + Z/u’Lout

is of rank d — 1, and the natural inclusion £ C Aacr is of finite index.
ut

DEFINITION 2.21. Let A be a y-constraint and ¢ be a (d — 2)-dimensional face of M o, P\ such
that dimd7_ = d—1. The tropical coefficient ky is the index of the inclusion £ C Aye ; that is,
ou Lout’

o = Aoz /L] (2.10)

Note that Aye  is also equal to the saturation £52¢ of £ in M, so one also have k, = |£53/L].
Lout

2.6 Product formula for the tropical multiplicities

In this section, we prove, in Lemmas 2.23 and 2.24, two product formulas for the tropical multi-
plicity NoP introduced in Definition 2.20.

Let A be a general ~-constraint and o a (d — 2)-dimensional face of Mtr(,)yp A such that
dimdg_ = d— 1. By the definition of a general y-constraint (Definition 2.11(iii)), the graph T';
is trivalent. In particular, every vertex v € I',; has two children edges or legs, which we denote by
Eq, and E3,, and one parent edge Eoyu,n. We denote by I, (respectively, Iout) the subset of
{1,...,7} consisting of the indices 1 < i < r such that L; is a descendant leg of E}, , (respectively,
Eout,v)-

For k = 1,2, if E}, is an edge, we denote by 73, the type of tropical curves obtained from

tropical curves h € Int(c) by removing the vertex v and extending the connected component

t
containing Fj, to infinity. We denote by oy, the face of er?[ Ar, whose relative interior

parametrizes tropical curves of type 7y, matching Ay, . Slmllarly, we denote by Tout,w the type
of tropical curves obtained from tropical curves h € Int( ) by cutting the edge (or leg) Eout,v
and extending the connected component containing Foy, to infinity. We denote by ooyt the

face of thp

’FYI t,U’AIout,v
ing Ay, By asmall abuse of notation, we still denote by Ej , and Egys,» the new legs of Loy
and I’ obtained by cutting and extending the edges Ej,, and Eyyut,» of I's.

whose relative interior parametrizes tropical curves of type Tout,, match-

Oout,v

LEMMA 2.22. Let A be a general «y-constraint and o a (d — 2)-dimensional face of ME?A such
that dimo7 = d — 1. Then, for every vertex v € V(I'),

(i) for k =1,2, if By, is an edge, then dimoy, = d — 2 and dlmbgk” =d—1;
(ii) we have dim ooyt = d — 2 and dim DE;”; =d-—1.

Proof. As the graph I';,  is cut out from the trivalent graph I';, it is also trivalent, so dim oy, =
d — 2 by the definition of a general «-constraint (Definition 2.11(iii)). In particular, dim Dgi <
d — 1. But we also have D"E - DUE'“ * and dimdf, ~=d—1 by Theorem 2.17(i), so we conclude
that dim DUEk ® —d—1. This proves case (i) of Lemma 2.22. The proof of case (ii) is identical. [J
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If Ejy, is an edge, then by Lemma 2.22(i), the face oy, satisfies the assumptions of Sec-
tion 2.5.2. In particular, following Section 2.5.2, we obtain a map py,: Tt , — M, a rank (d—1)
lattice

Liw = pro(Toy,) + Zup, , € M

of finite index in Aa”’“’” , and a coefficient
Ek,'u

Ko = Nz [Liol = 1C35/ Laol (2.11)
k,v

If By, is a leg L; of I, for some 1 < i < r, then we define
L:kﬂ, = ")/Z-J' c M.
By Theorem 2.17(ii), we have dim T;,I'; = 2. In particular, the lattice £, + L2, is of rank d,
and so of finite index in M.
Similarly, by Lemma 2.22(ii), the face ooy, satisfies the assumptions of Section 2.5.2. In
particular, we obtain a map pout,v: Toeu., — M, a rank (d — 1)-lattice

£0ut,v = pOUtKU (To'out,v) + Zquut,u - M

of finite index in A cou,» , and a coeflicient
Eout,'u

kaout,u = |Aa;’30ut’v /Eout7v| = |£2?1tt,v/£out,v :

out,v
As a tropical curve in oy, is obtained by gluing at v a tropical curve in o1, with a tropical
curve in oy 4, we have pout,o (T )= L1y N Loy, sO

Oout,v

»Cout,v = cl,v N LQ’U -+ Zquut’v Cc M. (2.12)

LEMMA 2.23. Let A be a general «y-constraint and o a (d — 2)-dimensional face of MZ;C—)?A such
that dimo§_ = d — 1. Then, we have

NgP = ] IM/(Lro+ L20)]-
UEV(FO‘)

Proof. We prove by induction, following the flow on I', starting at the leaves and ending at the
root, that, for every vertex v € V(I',), we have

Nier = I IM/(Lrw + L2w)] -
veV (T

O'out,'u)

To shorten the notation, write I's, , Ky, ok, Oout, Pk, L for F%U, Ei v, Ok v, Oout,ws Py Lkovs
respectively. If 7 and Fs are both edges, we have to show that

NP = |M/(Ly 4 L2)|[NJPNEP (2.13)

Oout

Denote the domains of the gluing maps gly, 58l 8y, of Definition 2.18 by M, My, M5 and
the codomains by K, K1, Ky. We have M = M1 & Mo & M, where M, is the factor M in M
corresponding to the vertex v, and K = K1 @ Ko & M /Zug, ® M/Zug,. With respect to these
decompositions, one can write

gonut (mla ma, m’v) = (glal (ml)a glo‘g (m2)7 My — My, My, — m’v) y

where vy (respectively, v2) is the vertex of I',, (respectively, I';, ) adjacent to E (respectively, Es).
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In other words, we have a commutative diagram

0 > M, M >y M1 ® My —— 0
tp lglgout lglgl ®gly,
0*)]\4/ZUE1@]W/Z’UJE2 > IC y K1 Ko —— 0,

where the rows are short exact sequences of abelian groups, and where v is given by ¢ (m) =
(=m, —m). By Theorem 2.17(ii), we have dim7,I', = 2, and so the vectors ug, and ug, are
linearly independent. This implies that the map 1 is injective. Hence, by the snake lemma,
we obtain a long exact sequence

0 — 16, — T, ®Tp, LN coker ¢p — cokergl, =~ — cokergl, @ cokergl,, — 0

and so, using (2.9),
t t t
NP — |coker £| NP NIOP (2.14)

Oout
Moreover, the connecting homomorphism £ is given by &(mq1,m2) = (p1(m1), p2(mse)), where
pr(my) is the image of pg(my) in M/Zug,. As cokeryp = M/(Zug, + Zug,), we deduce that
coker§ = M /(L1 + L2), so (2.14) implies (2.13).
Now consider the case where one of E; and FEjs is an edge and the other is a leg. By symmetry,
one can assume that Fj is an edge, with adjacent vertex vy in I'y,, and E» is a leg L; for some
1 < i < r. In this case, we have to show that

NP = |M/(Ly + La)| NP (2.15)

Oout

We have M = M1 & M, and K =K1 & M/Zug, ® M/'yf-, and so a commutative diagram

0 ——— M, M >y My 0
lw lglg lglal
0 —— M/Zug, ® M/~ y K y K1 0,

where 9 is given by ¢)(m) = (—=m,m). By Theorem 2.17(ii), we have dim T,,I", = 2, and therefore
up, ¢ 7,}. Hence, 1) is injective, so by the snake lemma, we obtain a long exact sequence

0— 1T,

oo — Loy £, coker Y — cokergl, =~ — cokergl, — 0
and so, using (2.9),
NP = |coker {| NP . (2.16)

Moreover, we have coker ¢ = M/ (ZuE1 + ’yf), and the connecting homomorphism ¢ is given by
¢(my) = p1(ma). As L1 = p1(Ty,) + Zup, and Lo = v;-, we deduce that coker £ = M/(L1 + L2),
o (2.16) implies (2.15).

Finally, we consider the case where both Fy and Fj are legs, say L; and Lj, of I' for some
1 <i,7 <r. In this case, we have to show that NP = |M/(L1 + £3)|. This follows because in
this case the gluing map gl is simply given by the projection map

Oout
and £1 = ;- and Lo = 'yj-. O

For every non-zero n € N, we denote by |n| the divisibility of n in N.
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LEMMA 2.24. Let A be a general ~-constraint. Then, for every (d — 2)-dimensional face o of

Mg‘fyp A Such that dimd7_ —=d—1, we have

T Y
NGl N ) - (2.17)
Hi:l |’Yl| veV(Ty)

where for every vertex v, we denote by E; , and Es, the two children edges of v.

Proof. We prove by induction, following the flow on I', starting at the leaves and ending at the
root, that, for every vertex v € V(I',), we have

[V Eout.o
kO'out,v N(E’f,?l}t)v = — H ‘W(F}IEI ! 7E2 ! )| °
s Hie[v ‘,.)/’L’ U/GV(FO . ) ’ s
out,v

Given a vertex v € V(I'y), we use the same simplified notation Eq, Es, Foy and so on as in the
proof of Lemma 2.23. If Fy and E5 are both edges, we have to show that

EOU

Foan N80 = DBl ) PR, NP (2.18)
|’YE1| ’ |’YE2|

By Lemma 2.23, we have NyioP = | M /(L1 + La)|Noi P NoP, so we have to show that

k;U ko' out
ML) + £o)] = ko PBad ) (2.19)
kgout |’7E1‘ : |’7E2|

First of all, we have
|M /(L1 + La2)| = [M/(LF™ + L57)] - [(L3* + L£57) /(L1 + L2)].- (2.20)
Then, the exact sequence

Eslat N E;at £iat + E;at

sat sat
O—>7£1m£2 — LYY/ LD LY Lo — Ll Ly 0
and (2.11) imply that
koo k
L5+ L9 /(L1 + L) = 71792 . 2.21
’( 1 2 )/( 1 2)‘ ’(ﬁiatﬂﬁgat)/(ﬁlﬂﬁg)‘ ( )
On the other hand, we have Loy = £1 N Lo + Zug,,, by (2.12), so
ko’out = “Ci?ltt/ﬁoud = ’(‘C?at N ‘Caat>/(£1 N ‘62)‘ ’ ’ﬂEout‘ ) (222)

where for every u € M, we denote by & the image of u in the rank 2 lattice M := M /(L5 N L5).
Similarly, we have
T AT
|M/(£slat + E%at” _ |’le1 3E2’ )
@k, | - Uk, |
Combining (2.20), (2.21), and (2.22), we obtain

kUl kUQ |ﬂEout ‘

MLy + Lo)] = o ——|Upg, NUE,| -
|M/( )| Koo, ’uE1‘|UE2|‘ 1 2|
Hence, comparing with (2.19), it remains to show that
(7S - |V Eout |
— 0“7 UE A\ UE,| = _ ! !moutl w(VE,, VE ) 223
‘UE1‘|UE2!| 1 2| |7E1‘|7E2‘| ( 19 2)’ ( )

Set N := (Zvyg, + Zvyg,)*™; it is a rank 2 saturated sublattice of N. As £1 = ’Yﬁ and L3 =
7%2, the duality between N and M implies that N and M are naturally dual to each other.
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Let (e1,e2) be a basis of N and (ef,e%) the corresponding dual basis of M. Then, we have

Leyw = w(eg, e2)es and e,w = —w(eq, e)er. In particular, for every n = ae; + Bes € N, we have
W = w(er, ez)(aeh — Be), 5o |mw| = |w(er, e2))ged(a, B) = |w(er, e2))] - |n]. As TUg, = typ, w,
Upy = lyg,w, and U, = Ly, W, we obtain

g | = wle, e2)lve |, [Ue,| =wler,e2)lym,|, and  [ug,,|=w(er, ).l (2.24)
On the other hand, writing vg, = ae; + bes and vg, = ce; + dea, we have [ug, ATug,| =

w(er, e2)?|ad — be|, whereas |w(vg,, Ve, )| = |w(e1,e2)| - |ad — bel, so

[WE, ANp,| = wler, e2)lw(ve, Vel (2.25)
Combining (2.24) and (2.25), we obtain (2.23); this concludes the proof of (2.18).

If Fq is an edge and F5 is a leg L; for some 1 < i < r, then we similarly show that

k, . trop _ ’7Eout|
T g | VB, |

The only difference is that, in this case, we have Lo = i, so | L5/ Ls] = 1.

|w(’7E1 ) 7E2)| kUl Né};op .

Finally, if Fy and E5 are both legs, say L; and Lj, respectively, for some 1 < 4,j < r, then
we similarly show that

k trop __ h/Eout ’

ol o, — w ’}/E]7 VEQ

Remark 2.25. The tropical problem, the coefficient k., and the tropical multiplicity NErop only
depend on the vectors ¢,,w and on the hyperplanes 'yf. In particular, they are invariant under
a common rescaling of v; and w of the form ~; — t7; and w — t~'w. As a consistency check,
one can verify directly that the right-hand side of (2.17) in Lemma 2.24 is invariant under such
rescaling: A trivalent tree with r+1 legs has r — 1 vertices, so the right-hand side of (2.17) scales
as t(t~ 1)/t = 1.

2.7 Polyhedral decompositions and tropical multiplicities
Until now, we considered tropical curves in M. In this subsection, we introduce tropical curves
in Mg endowed with a polyhedral decomposition.

DEFINITION 2.26 ([NS06, Definition 3.1]). A polyhedral decomposition of My is a covering & =
{E} of My by a finite number of strongly convex polyhedra satisfying the following properties:

(i) If 2 € & and Z/ C E is a face, then =/ € £.
(ii) If 2,2 € &, then ENE is a common face of = and Z'.
For the remainder of this section, we fix a polyhedral decomposition & of Mg.
DEFINITION 2.27. A parametrized tropical curve in (Mg, &) is a weighted graph I" together with
a proper continuous map h: I' = Mp satisfying the following conditions:

(i) For every edge or leg E, the restriction h|g is an embedding with image contained in an
affine line with rational slope.

(ii) For every vertex v € V(T'), the following balancing condition holds: Let Ei,...,E, €
E(I') U L(T") be the edges or legs adjacent to v, and let u; € M be the primitive integral
vector emanating from h(v) in the direction of h(E;). Then > ", w(E;)u; = 0.
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(iii) For every edge or leg E, there exists a cell of & containing h(FE).

(iv) For every divalent vertex v € V(I'), denoting by o (v) the smallest cell of & containing
h(v), there exists an open subset U of I' containing v such that h(U) No(v) = {h(v)}.

We define as in Section 1.1 a tropical curve in (Mg, &) as an isomorphism class of parametr-
ized tropical curves in (Mg, &?). Compared with the tropical curves in Mg of Definition 2.2,
tropical curves in (Mg, &) are required to be compatible with the polyhedral decomposition &
in the sense of Definition 2.27(iii) and can have divalent vertices, which are required to satisfy
Definition 2.27(iv).

DEFINITION 2.28. A tropical type for (Mg, ) is the data (I',u,o0) of a weighted graph T,
a map u: F(I') — M as in Definition 2.3, and a map o: V(I') U E(T") U L(I') — & assigning
a cell of & to every vertex, edge, or leg of T

DEFINITION 2.29. The type of a tropical curve h: I' — Mg in (Mg, Z?) is the tropical type
(T, u, o), where for every (v, E) € F(I'), the image @(v, E) = 4, g is the primitive integral in M
emanating from h(v) in the direction of h(E), and for every vertex, edge, or leg x of ', the image
o(x) is the smallest cell of & containing .

One defines as in Sections 2.2 and 2.3 the notion of (w,~y)-tropical curves in (Mg, &), the
notion of (w,~y)-tropical curves in (Mg, #?) matching a v-constraint A, and the moduli space
Mg;p’A(@) of (w,)-tropical curves in (Mg, Z?) matching A. Like the moduli space M, 4 A
of tropical curves in Mg, the moduli space M, 4 a(Z’) is a polyhedral complex: The relative
interior Int(o) of a face 0 € My, 4 A () parametrizes (w,)-tropical curves h: I'; — Mg in
(Mg, &) matching A and of a given type for (Mg, &).

In fact, there is a natural homeomorphism My, 4 A (&) ~ My, ~ A realizing M, 4 A(Z?) as a
polyhedral refinement of M, 4 a: Every face of M,, 4 a is a union of faces M,, 4 A (). Indeed,
given a tropical curve in (Mg, &), we obtain a tropical curve in Mg by “erasing” the divalent
vertices, and, conversely, given a tropical curve in Mg, there is a unique minimal way to add
divalent vertices so that Definition 2.27(iii) is satisfied and we obtain a tropical curve in (Mg, &).

However, the identification M,, -, A(P) ~ M, ~ A does not preserve the integral structures
in general: If & is a face of M,, 4 A(Z?) contained in a face o of M,, 4 A of the same dimension,
then there is a natural lattice embedding of integral tangent spaces Tz C T, that can have a non-
trivial finite cokernel. The issue is that when adding a divalent vertex on a edge in a family of
tropical curves, the lengths of the newly created edges are affine functions on the base of the
family that might not be integral with respect to the original integral structure on the base: One
needs in general to coarsen the integral structure on the base to make all length functions integral
affine. In the general context of tropicalizations of stable log maps, this phenomenon is discussed
in [Joh26, §4]. Let A be a general «y-constraint, o be a (d — 2)-dimensional face of Mgovp A such

that dimdg = d —1, and 7 be a (d — 2)-dimensional face of MffffﬁA(Qz) contained in o. We

give below an explicit description of the difference between 75 and T,.

Recall from (2.4) and (2.5) that we defined, for every vertex v € V(I',), the locus jJ as the
closure in Mg of the locus of h(v) for h € Int(o), and for every edge or leg E of I',, we define the
locus 9%, as the closure in Mg of the locus of h(E) for h € Int(c). We define similarly j§ and 05,
for every vertex v and edge or leg E of I'5. To simplify the notation, we write T, for the integral
tangent space to jJ or j7 depending on whether v € V(T;) or v € V(I's), and T for the integral
tangent space to 3% or 9%, depending on whether E € E(I',) U L(T',) or E € E(Ts) UV (I5).
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To compare T and Ty, we first give an alternative description of T,,. Consider the map
v [ ©wx J[ z— ] Te (2.26)
veV([y) E€E(Ty) E€E(T,)
given by
Vo ((mo)v, (U)E) = (Mo+ g — Mo—p + Lpup)e .
Then T, = ker ¥,. Recall that we also have T, = kergl , with the gluing map gl, defined
by (2.7), and that we defined the tropical multiplicity Ng'®® = |coker gl,| in Definition 2.20.

However, NP is in general distinct from |coker ¥, |. Rather, using the notation introduced in
Section 2.6, we have the following lemma.

LEMMA 2.30. Let A be a general v-constraint and o a (d — 2)-dimensional face of M™ OpA such
that dim0§_ = d — 1. Then, we have

coker Wo| = [ (L5 + £5%)/ (L1 + Low)]-

veV (Ty)

Proof. We prove by induction, following the flow on I', starting at the leaves and ending at the
root, that for every vertex v € V(I',), we have

|coker Wy, | = H \(/Jsat /Jsat )/ (L1 + Loy -
v EV(FaOut,u)

Given a vertex v € V(I',), we use the same simplified notation E;, Ea, Eout, L1, L2, Lout,
and so on as in the proofs of Lemmas 2.23 and 2.24. If F; and Es are both edges, we have to
show that

|coker Wy | = [(L5 + L5Y) /(L1 + L2)| - |coker Wy, | - |coker Wy, | . (2.27)
For k=1 and k = 2, let

Mk: H TUX H Z Kk: H TE,

veV(Loy,) E€E(Ts,;) EcE([Iy,)
and consider the commutative diagram of exact sequences

0— Ty xZ?——— > My X My xTy x 72 —— My x My ——>0

el \Ijoouti ‘II""IX‘II"Q\L

0——1Tg xTg, —— K1 X Ko xTg xTg, K| x Ko ——0,

where the map 6 is given by
O(m,l1,03) = (Lyup, — m,laug, —m).

As ker @ =T

vous aNd ker U, =T, | by the snake lemma, we obtain a long exact sequence

Oout

T

Oout

— Ty, X Ty, £, coker — coker W — coker ¥, x coker¥,, — 0.

Oout

As T, = Tg, N Tg,, the cokernel of the map T, — Tk, X T, given by m — (—m, —m) can be
identified with T, + Tr, C M, so

coker = (Tg, + Tk,)/(Zug, + Zug,) = (L5 4 E;at)/(ZuE1 + Zug,) .
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On the other hand, the connecting map &: T,, X1}, — coker 0 is given by &(t1,t2) = (p1(t1), p2(t2)),
)

coker & = (L3 + L5) /(L1 + L2),
because Ly = pr(1y,) + Zug, by definition. This conclude the proof of (2.27).

Now consider the case where one of Fy and F» is an edge and the other is a leg. By symmetry,
one can assume that Fj is an edge, with adjacent vertex vy in I',,, and E» is a leg L; for some
1 < ¢ < r. We have to show that

|coker U, | = |(L'Slat + ﬁ%at)/(ﬁl + L9)| - |coker Uy, | . (2.28)

In this case, we consider the commutative diagram of exact sequences

0——=Ty, XZ——M xT, XZ M, 0
| ] el
0 Tg, K1 x Tg, K 0,

where the map 6 is given by
O(m,l) = (bug, —m).

As ker VU, . =T, ., and ker ¥, =T, , by the snake lemma, we obtain a long exact sequence

T — T, £, coker — coker W

Oout

— coker ¥, — 0.

Oout
As T, =Tg, N ’yl-L and Lo = L5 = %-L, we have the equality cokerf = Tg, /(T, + Zug,) =
L5 /(L53Y N L5 + Zup, ). On the other hand, the connecting map ¢: T, — coker @ is given by
§(t) = p1, so
coker & = L/(L1 + L3 N LYY,

which is equal to (L5 + L5*') /(L1 + L2) because Lo = L5**. This concludes the proof of (2.28).

Finally, if both E; and Es are legs L; and Lj, then \Ifgout is the zero map 7, — 0, so
coker ¥, = 0. Moreover, L1 = L = - and Ly = L5 = ’y , 80 (LY + L5 /(L1+L2) = 0. In
particular, we have coker W, = (L5 +L5Y) /(L1 +L2). ThlS ends the proof of Lemma 2.30. [

Similarly, the integral tangent space Tz can be viewed as the kernel of the map

II =~ H Z—> I 7= (2.29)

veV(Ts) EcE(T EcE(Ts)

with Us defined analogously to ¥, in (2.26). The comparison we need between T, and Tj is
provided by the following lemma. We denote by B the set of divalent vertices of I's, and for
every v € B, we set w, := [ug|, where E is an edge adjacent to v and ug is the image of ug in
the rank 2 lattice M /T,. The definition of w, is independent of the choice of F by the balancing
condition at v.

LEMMA 2.31. Let A be a general «y-constraint, o a (d — 2)-dimensional face ofthpA such that

dimd7 ~=d -1, and ¢ a (d — 2)-dimensional face of MS?A(@) contained in o. Then, there

is a long exact sequence

0—T; — T, — H Z/wyZ — coker W5z — coker W, — 0. (2.30)
veEB
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Proof. We first introduce some notation. For every divalent vertex v € V(I's), we denote by E(v)
and Es(v) the two edges of I's with vertex v, with Ej(v) oriented toward v and Fa(v) oriented
away from v. We consider the map

s [[rox]]z— I ©mx ]] 2z

veB veB veV (Ts) EcE(Ts)

which is the obvious inclusion on Hve gLy — Hve\/(r&) T, and is such that the component of
§((my), (€y)) indexed by E € E(I's) is given by

Yoobh— D> .

veEB vEB
Eq (U):E FEo (’U):E

We also define a map

H TE1 (v) — H TE

veB EcE(Ts)
by &' ((mw)veB) = (nE)EeE(F;,), where
S - Y e
vEB veEB

Ei(v)=F E>(v)=FE

Finally, we define

TFZHTUXHZ_)HT’UXHZ

veV (D) E€E(Ts) veV (L) E€E(T,)
((nv)veV( 5) (KE)EEE(F )) — ((nv veV(ITs)s < Z gE’) )
E'CE E€E(T,)
E'€E(Ts)

and

' H Ty — H Tk, nEEeE(F)'—>< Z nE’) ;
E€E(s)

EcE(Ts) EcE(Ts) E'CE
E'€E(T;)

where we view I's as a refinement of I', so that each edge of I's is contained in some edge of I',.
These maps fit into a commutative diagram of exact sequences

0—TlyepTv ¥ HUGBZ%HUEV(F yTo x I peprs) Z—> vev,) To % I pepr,) Z —0

o’ \II& ‘/ ‘/\I/o'

0—— HUEB T, (v) HEeE(F&) T o HEEE(FJ) Tg ———0,

where ¥’ is defined by W' ((my), (£y)) = (lytug, (v) —my). The map W' is injective, and the cokernel
of Ty X Z — Tk, (v), (M, £) = —m+Llug, (y), is just Z/w,Z. Therefore, the snake lemma gives the
desired long exact sequence (2.30). O
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3. Counts of marked stable log maps in toric varieties

In this section, after briefly reviewing, in Sections 3.1-3.2, the theory of stable log maps, we
define in Sections 3.3-3.4 a particular class of genus 0 log Gromov—Witten invariants of toric
varieties.

3.1 Log schemes and their tropicalizations

We assume basic familiarity with log geometry throughout this section; see [Kat89, Ogul8]. We
nonetheless roughly review definitions to establish notation.

A log structure on a scheme X is a sheaf of commutative monoids M x together with a ho-
momorphism of sheaves of multiplicative monoids ax: Mx — Ox inducing an isomorphism
a)_(l ((’))X() — O, allowing us to identify O% as a subsheaf of M x. The standard notation we use
for a log scheme is X := (X, My, ax), where by X we denote the underlying scheme. By abuse
of notation, we also denote the underlying scheme just by X when it is clear from the context.
Throughout this paper, we assume that all log schemes are fine and saturated (fs); see [Ogul8,
§1.1.3]. A morphism of log schemes f: X — Y consists of an ordinary morphism f: X — Y of
schemes along with a map f”: f~'My — My that is compatible with f#: f~10y — Ox via
the structure homomorphisms ax and ay.

The ghost sheaf, defined by My = Mx/ 0%, captures the key combinatorial information
about the log structure. In particular, it leads to the description of the tropicalization ¥(X)
of a log scheme X as an abstract polyhedral cone complex; see [ACGS20, §2.1] for details.
Briefly, £(X) is a collection of cones along with face maps between them. There is one cone
0z = Hom(ﬂx,,—c,Rﬂ)) for every geometric point £ — X, and if Z specializes to g, there is
a generization map Mx 3 — Mx z that leads dually to a map oz — 0. The condition of being
fine and saturated implies that this is an inclusion of faces. Note that each cone oz € X(X)
comes with a tangent space of integral tangent vectors

Ay, = HOm(mX’j,Z)
and a set of integral points

Oz7 = Hom(ﬂxi,N) .
Tropicalization is functorial, with f: X — Y inducing firop: 2(X) — X(Y), with a map of
cones 0z — 0y(z) induced by f Myj(i) — Mx . In the cases we consider in this paper, after

identifying oz and oy whenever 0z — o5 is an isomorphism, we obtain an ordinary polyhedral
cone complex.

Example 3.1. Let X be a toric variety associated with a fan ¥ in Mg. There is a canonical
divisorial log structure Mx = Mx p), where D C X is the toric boundary divisor [Groll,
Example 3.8]. Furthermore, the tropicalization ¥(Xy) is naturally identified with Mg endowed
with the fan X.

Ezample 3.2. Let X be a log point, that is, a log scheme whose underlying scheme is a point X =
Speck for some field k. Then, there exists a monoid @ with @* = {0} such that My = Q ® k*
and ax is the map

a, q¢=0,

0, ¢g#0.

One recovers ) as the ghost sheaf of X, that is, Mx = Q, and the tropicalization ¥(X) of X is
the cone Qy := Hom(Q, Rxy).

Qaok* —k, (q,a)»—){
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3.2 Stable log maps
Following [AC14, GS13], a prestable log map with target (X, Mx) — (S, Mg) is a commutative
diagram in the category of log schemes

f

C——X
l i (3.1)
W——8,

where W = (W, Myy) is a log point,! 7 is a log smooth family of curves that is required to be
an integral morphism all of whose geometric fibers are reduced curves. In this situation, one can
describe locally the log structure on the log curve C'; see [Kat00]. In particular, C/W comes with
a set of disjoint sections p1,...,pn: W — C, referred to as the marked points, disjoint from the
nodal locus of C, and such that away from the nodal locus,

n
Mo =m* My @ EBpi*N.
i=1
A stable log map is a prestable log map whose underlying prestable marked map is a stable map.
If p € C is a marked point, we have

7 B, = Mx’f(p) — Mc, = ﬂwm(p) oNA N,
which can be viewed as an element u, € PIY := Hom(P,,N) C 0y(,), called the contact order
at p. Similarly, if x = ¢ is a node, there exists a homomorphism
Ugq : Pq = mX,f(q) — 7,

called the contact order at q; see [GS13, equation (1.8)] or [ACGS20, §2.3.4]. In the case where
the target space is (X, D), the contact order records tangency information with the irreducible
components of D.

A key point in log Gromov—Witten theory is the tropical interpretation of stable log maps.
Let f: C — X be a stable log map as in (3.1), where W is the log point (Speck,k* ® @), as in
Example 3.2. Then by the functoriality of tropicalization, we obtain a diagram

h:ftrop

I:=%(0) 2(X)
(W) 2(9).

Here (W) = Hom(Q, R>) = Qy is a rational polyhedral cone, and for ¢ € Int(Qy), the inverse
image Wt_rép (¢) can be identified with the dual graph G of the curve C, which is the graph with
vertices corresponding to irreducible components of C, edges corresponding to nodes of C, and
legs corresponding to marked points.

The map h: X(C) — 3(X) defines a family of tropical maps to 3(X) as defined in [ACGS20,
Definition 2.21]. For s € Int (Qﬂ\é), write

hs: G — X(X)

for the restriction of h to G = ﬂgép(s).

'For families of stable log maps, W can be an arbitrary scheme.
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Associated with any family of tropical maps to X(X) is the type, recording which cones of
(X)) vertices, edges, and legs of G are mapped to, as well as tangent vectors to the images of
the edges and legs.

DEFINITION 3.3. A type of tropical map to X(X) is the data of a triple 7 = (G, o, u), where G
is a graph and o is a map

o: V(G)UE(G) UL(G) — S(X)

with the property that if v is a vertex of an edge or leg E, then o(v) C o(E). Next, u associates
with each oriented edge £ € E(G) a tangent vector u(E) € Ay(p) and with each leg L € L(G)
a tangent vector u(L) € Ay(r).

Associated with a type is a moduli space of tropical maps of the given type, and this dually
defines a monoid called the basic monoid.

DEFINITION 3.4. Given a type 7 = (G, o, u), we define the basic monoid Q, = Hom(QY,N) of 7
by defining its dual

QY = {((Pv)veve), Ur)ser@)) | Pv — o = Lpu(E) for all E € E(G)},

a submonoid of
H o(v)z X H N.
VeV (G) EE€E(G)
Here o(v)z denotes the set of integral points of the cone o (v), and v' and v are taken to be the
endpoints of E consistent with the chosen orientation of the edge.

Given a stable log map f: C/W — X/S, there is a canonical map Q, — My, where Q, is
the basic monoid defined by the combinatorial type of f; see [GS13, AC14]. A stable log map
f: C/W — X/ is said to be basic if the natural map of monoids Q, — Myy is an isomorphism.
When X — S is log smooth and projective, [AC14, GS13] show that the moduli space of basic
stable log maps with given genus, number of marked points, and degree, is a Deligne-Mumford
stack, proper over S, and carrying a natural virtual fundamental class that can be used to define
log Gromov—Witten invariants. From now on, we use stable log maps to mean basic stable log
maps.

3.3 Moduli spaces of marked stable log maps

Let (w,~) be as in Section 2.2: w € A® M is a skew-symmetric form on N, and v = (y1,...,7)
is an 7-tuple of elements v; € NN such that ty,w # 0 for all 1 < ¢ < r and t,w # 0, where

DEFINITION 3.5. A ~-fan is a fan ¥ in Mg of a d-dimensional projective toric variety Xy over C
such that

(i) for every 1 <i < r, the space Rxgty,w is a ray of 3;
i<

(ii) for every 1 < i , the hyperplane (%’J_)R is a union of (d — 1)-dimensional cones of X.

Given a v-fan X, for every 1 < ¢ < r, we denote by D; the toric divisor of Xy corresponding to
the ray R>gt,w.

In what follows, we focus on particular stable log maps, referred to as (w,~y)-marked stable
log maps, defined as follows.
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DEFINITION 3.6. Let X be a 4-fan. An (w,~)-marked stable log map to Xy is a genus 0 stable
log map f: C' = Xy endowed with a bijection between its set of marked points and
{xi | 1 gigT}U{onut},

and such that u,, = ¢,,w for all 1 <7 <r and v, ,, = —t,w.

Let ¥ be a ~-fan. We denote by M}ff%(Xz) the moduli space of (w,~)-marked stable log
maps to Xy. This moduli space is a proper Deligne-Mumford log stack [GS13]. By [Ranl7,
Proposition 3.3.1], the space MES% (Xy) is log smooth of the expected dimension d—3+ (r+1) =
d — 2 4 r. Moreover, MS%(XE) is also irreducible by [Ranl17, Proposition 3.3.5].

It follows from Definition 3.5 that, for every 1 < i < r, the projection

Mg /Rip,w — Mg/ (7" ) = R

is a morphism of fans from the fan X(D;) of D; in Mg/Riy,w to the fan X(P') of P! in
MR/(%L)R ~ R (consisting of the cones Rgg, {0}, R>p). Hence, there exists a correspond-
ing toric morphism m;: D; — P!, which in restriction to the dense torus orbit of D; is simply
the monomial 2%/%il. For every point [H] = ([Hi],..., [H,]) € (P')", we set H := (Hy,..., H,),
where, for every 1 < i < r, the element H; is the hypersurface in D; given by the fiber of m; over
[H;] € P!, that is, H; := Wz_l([HZ]) For [H;] = ¢; € k* C P!, the space H; is the closure in D; of
the hypersurface —c¢; 4+ 2%/l =0 in (k*)?! ¢ D;.
For every 1 < i < r, we have a (scheme) evaluation morphism at the marked point x;:
ev;t MO8 (Xx) — Dy, fr— flas).
Composing with m;: D; — P!, we obtain a (scheme) morphism
v: Mi?,%y(XE) — (Pl)r7 [ (mi(f(:)))i-

For every [H] € (P')", the moduli space Mf%H(XZ) of (w,y)-stable log maps matching H
is defined by the fiber diagram (in the category of schemes)

M (Xs) —— M (Xx)

i i(eli)i (3.2)

ITici H —— [Tizi D

where the bottom horizontal arrow ¢ is defined by the inclusion morphisms H; C D;, or equiva-
lently by the fiber diagram

M (X)) —— M5 (X)

l l (33)

|3 |[——

T

where v is the inclusion of the point [H] in (IP')

LEMMA 3.7. For every 1 < ¢ < r, the evaluation scheme morphism ev, lifts naturally to a log
morphism

ev;: M}j%(Xg) — Dy,

where D; is given its toric log structure (as opposed to the log structure restricted from Xy,).
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Proof. Let (7: C — T,f: C — Xyx) be an (w,~)-marked stable log map. Evaluation at the
marked point z; defines a scheme evaluation morphism ev;: 7' — D;, and we want to show
that ev; naturally lifts to a log morphism ev;: T' — D;, where D; is given its toric log structure.

Let T; be the log scheme with underlying scheme 7' and with log structure x7Mc, where
the marked point z; is viewed as a section T' — C. Then z; lifts as a log morphism T; — C,
and composing with f: C — Xy, we obtain a log lift of ev, as a log morphism ev;: T; — D.,
where D) is the log scheme with underlying scheme D; and log structure restricted from Xi..
We have M7 C Mt and Mp, C Mp, so it is sufficient to show that evf: eviMp — Mrg,
takes ev; Mp, into Mr. To do this, it is sufficient to show this at the level of stalks of ghost
sheaves.

For any p € C in the image of the section x;, we obtain an induced map
oV} Py = My s5) = Moy ) — Moy =Q@N,

where Q = me(p), and where the composition with the second projection is given by the contact
order U, = Ly,w € PI)/ . Necessarily, Speck[Py] is an affine toric chart of Xy, containing f(p), while
Speck[Pp N u;] is the intersection of this toric affine chart with D;. In particular, ﬂDh fp) =
P,N uji, SO Wg induces a homomorphism between submonoids MDZ-, fp) — @, as desired. ]

The toric morphisms m;: D; — P! naturally lifts to log morphisms when D; and P! are
endowed with their toric log structures, so by composition with the log lifts ev; of the evaluation
morphisms ev,; given by Lemma 3.7, we obtain a log lift of the scheme morphism v introduced
in (3.4),

v: MO8 (Xs) — (P, (3.4)
where (P1)" is endowed with its toric log structure. For every point [H] € (P!)", we endow [H] with
the log structure restricted from the toric log structure on (P')". In particular, this log structure
is trivial if [H] € (k*)" C (P!)". Similarly, we endow H; with the log structure restricted from
the toric log structure on D;. Then, the inclusions ¢y and ¢[gy become strict morphisms of log
schemes, so the fiber diagrams of schemes (3.2) and (3.3) lift to fiber diagrams of fs log schemes.

For [H] € (k*)" C (PY)", the tropicalization of [H] is the origin 0 in the tropicalization
Y((P1)") ~ R" of (P!)". Hence, taking the tropicalization of (3.3) viewed as a fiber diagram of fs
log schemes, we obtain the fiber diagram of cone complexes

S(MEE 1 (X)) —— B(M% (X))

w,v,H
| [50 (3.5)
0 , R,

where ¥(M,, 4 u(Xx)) and E(MS%(XE)) are the respective tropicalizations of M, v 1 (Xx)
and Z(M}S%(Xg)).

As discussed in Section 3.2, the tropicalization of an (w,~y)-marked stable log map to Xy is
a family of (w,~)-marked tropical curve in (Mg, ) as in Definition 2.27, where one views the
fan 3 as a particular polyhedral decomposition of Mg. This induces a map of cone complexes

T: S(MBE(Xx)) — MER(S).

Moreover, the map X(v) in (3.5) is the composition of T" with the tropical evaluation map at the
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legs eviP: MUP(%) — i, Mg/ (i) ~ R" given in (2.3):
Y(v) =ev™Po T,

Recall from Definition 2.9 that []i_; Mg/ (yf)R ~ R" is naturally the space of y-constraints. In
particular, the origin 0 € R" corresponds to the ~y-constraint

AV = (AY,... AY), (3.6)

where A? is the linear hyperplane (%J-) in M. Therefore, it follows from Diagram (3.5) that

R
the restriction of 1" to E(/\/li?g,y 1(Xx)) defines a map
Tr: (M 4(Xs)) — MEP (D), (3.7)

where ./\/ltr(fyp 0(2) is the moduli space of (w,~)-marked tropical curves to (Mg, ) matching A°.
In other words, the tropicalization of a stable log map matching H is a tropical curve match-
ing AC.

3.4 Log Gromov—Witten invariants

Let p be a (d — 2)-dimensional face of ./\/ltmp A0(2). The space M:f‘if’ A0(2) is a sub-cone complex
of MUP(X), so p is also a face of Mm’p(E). The relative interior Int(p) parametrizes (w,~)-
marked tropical curves in (Mg, X) of a given type 7,. Let M}DOg(Xg) be the closure in M}ngy (Xy%)
of the locus of (w,~)-marked stable log maps of type 7,.

As reviewed in Section 3.3, the space M}S%,(Xz) is log smooth of dimension d — 2 + r. By
definition, M »2(Xy) is a union of log strata of Mlog 2 (Xx) where the ghost monoid is generically
given by the basic monoid Q,. As rk Q%) = d—2, it follows that Mlog(X 51) is of pure dimension r-.
In particular, the virtual fundamental class on Mp (Xyx) constructed by log Gromov—Witten
theory [GS13] coincides with the usual fundamental class [Mlpog (Xn)].

For every [H] € (P!)", let /\/llog t(Xs) be the closure in ./\/llog u(Xs) of the locus of (w,~)-

marked stable log maps of type 7,. Restricting the morphism v of (3.4) to Mlog (X

a fiber diagram

s1), we obtain

Mbg 8 (Xy) —— ME5(Xyx)

| l“

[H] _m (pl)r ,

and we define a O-dimensional virtual fundamental class on ./\/llog u(Xx) by
lo, vir | o
(M5 (Xe)]™ =t [ME(Xx)] (3.8)

where L![H} is the Gysin pullback [Ful98, Chapter 6] defined by the regular embedding ¢y of

codimension r. As the moduli space Mlog f1(Xx) is proper, one can define a log Gromov-Witten
invariant N, toric a5 the degree of this class

NP (X)) = deg Mg (Xs)]™ (3.9)

By the deformation invariance of the Gysin pullback L'[H}, the log Gromov—Witten invariant Ngoric
is independent of the choice of [H] € (P!)".
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THEOREM 3.8. For general [H] € (P')!, the moduli stack Mifg (Xy) is log smooth of dimension

d — 2, and, for every (d — 2)-dimensional face of ./\/ltmpA0 (E) the moduli stack ./\/llog n(Xs) is
reduced and of pure dimension 0. In particular, the v1rtua] fundamental class is in th1s case given
by the usual fundamental class,

N (X)) = deg[M5(Xx)]

and N;‘)“C(Xg) is an enumerative count with automorphisms.

Proof. As Mlog 2 (Xy) is log smooth of dimension d — 2 + r over the trivial log point, it follows
log
w,y,H

dimension d — 2 over the trivial log point for general [H] € (P!)!. In particular, as M;O%(Xg) is

from the generic log smoothness result in Theorem A.1 that M (Xx) is also log smooth of

log

a union of log strata of M (Xy5) where the ghost monoid is generically given by the basic

w,y,H
monoid Q, with rk Q%) = d — 2, this implies that MPE(Xyx) is a union of 0-dimensional strata
of M}fi 1 (Xx), which are necessarily reduced. O

4. The log-tropical correspondence

In this section, we establish our main correspondence result between the tropical multiplici-
ties NP introduced in Section 2 and the log Gromov-Witten invariants N3"¢(Xy) defined in
Section 3.

4.1 Good polyhedral decompositions and toric degenerations

As in the work of Nishinou-Siebert [NS06], we obtain our log-tropical correspondence theorem by
the study of a toric degeneration defined by an appropriately chosen polyhedral decomposition
of M. In this section, we define the notion of a “good” polyhedral decomposition, and we prove
that good polyhedral decompositions exist. The main difference with the setup of [NS06] is that
we are considering families of tropical curves and not rigid tropical curves in general.

We fix a skew-symmetric form w € A> M on N and an r-tuple 4 = (71, ...,7,) of elements
v € N such that ty,w # 0 for all 1 <4 < r and tyw # 0, where v := Y., 7; as in Section 2.2.
We also fix a general y-constraint A defined as in Definitions 2.9-2.11. In what follows, the tuple

(w,7,A) (4.1)

is referred to as the tropical data. Moreover, we say that A is rational if the affine hyperplanes A;
are defined over Q, that is, [A] € Q" C R". Recall that we reviewed the notion of polyhedral
decomposition in Definition 2.26. Then, a good polyhedral decomposition for a given tropical
data is defined as follows.

DEFINITION 4.1. Let (w,7,A) be a tropical data with rational A. A good polyhedral decompo-
sition & of Mg for (w,~,A) is a rational polyhedral decomposition of My that satisfies the
following conditions:

(i) For each (d—2)-dimensional face o of ./\/ltmp ' €ach j7 defined as in (2.4) is a union of (d—2)-
dimensional faces of &7, and each 0% deﬁned as in (2.5) is a union of (d — 1)-dimensional
faces of .

(ii) For every 1 < ¢ < r, the constraint affine hyperplane A; is a union of (d — 1)-dimensional
faces of &2,
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To show that a good polyhedral decomposition exists, we first need the following lemma.

LEMMA 4.2. Let P be a k-dimensional polyhedron in R™. Then, there exists a polyhedral de-
composition & of R"™ such that P is a union of k-dimensional cell of 2.

Proof. We first remark that is enough to prove the result for n = k. Indeed, if &’ is a polyhedral
decomposition of the k-dimensional hull of P such that P is a union of k-dimensional cells
of &', then, choosing an (n — k)-dimensional linear subspace V transverse to the affine hull of P,
P = P 4+ Ypnk is a polyhedral decomposition of R™ with the same property, where Ypn & is
the fan of P*~* viewed as a fan in V.

We prove the result for k-dimensional polytopes in R¥ by induction on k. For k = 0, there
is nothing to prove. We now treat the induction step. By the induction hypothesis, for every
codimension 1 face F' of P, there exists a polyhedral decomposition ZF of the (k—1)-dimensional
affine hull of F' such that F' is a union of (k — 1)-dimensional cells of &p. For every such F,
choose an np € ZF not tangent to F, and define the polyhedral decomposition ﬁp of R* with
cells 0 + Roonp and 0 + Regnp for all cells o of #r. Then, P is a union of k-dimensional cells
of the polyhedral decomposition & := é’jp of R¥, where the intersection is taken over the
codimension 1 faces F' of P. O

Remark 4.3. We gave an elementary proof of Lemma 4.2 for completeness. Much stronger results
exist: For example, one could assume that P is actually a k-cell of & by considering the cone
over P x {1} in R™ x R and then using the rather difficult result that a cone can always be
completed in a complete fan; see [Roh11] and references there. We will not use these non-trivial
results.

LEMMA 4.4. For every tropical data (w,~y, A) with rational A, a good polyhedral decomposition
exists.

Proof. By Theorem 2.17, we have dimj] = d — 2 and dim 0% = d — 1 for every jJ and 0% as in
Definition 4.1. Moreover, by Lemma 4.2, for every jJ, 3%, or A; as in Definition 4.1, there exists
polyhedral decompositions of Mg containing, respectively, jJ, 0%, or A; as a face. Taking the
intersection of all these polyhedral decompositions for every jJ, 0%, and A;, we obtain a good
polyhedral decomposition. O

Let (w,~,A) be a tropical data with rational A. Given a good polyhedral decomposition &
for (w,7,A), whose existence is guaranteed by Lemma 4.4, one constructs a toric degeneration
as in [NS06, §3]. Let M := M & Z, and let X5 be the fan in Mg := M ® R whose faces are
the cones over the cells of & viewed in My x {1} C Mg. We denote by X4 the corresponding
(d+ 1)-dimensional toric variety. The projection on the R-factor of M = Mg ® R defines a map
of fans ¥ » — Rxg = E(Al), and so a toric morphism

Tp: Xp —> Al
whose fiber w;zl (2) for z € G, = AT\ {0} is the toric variety Xy, associated with the asymptotic
fan Yo of &, defined by
Yo :={lima=Z C Mr |2 .
» {al_I>I(l) a2 C Mp |E€ 2}
The irreducible components of the central fiber 7T;}1 (0) are in one-to-one correspondence with

the vertices of &. By rescaling Mp if necessary, we can assume that all vertices of & lie in M,
in which case the central fiber W;zl (0) is reduced.
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We also obtain a degeneration of the constraints H = (Hjy, ..., H,) determined by the choice
of the tropical constraints A = (Aj,...,A4,). Up to rescaling & if necessary, one can assume
that M N A; # 0 for every 1 < ¢ < r. Then, one chooses a point P, € M N A; for every
1 <i < 7. The point P; € M determines a point (P;,1) € M and hence a one-parameter subgroup
Gm(P;, 1) C M ® G,,. This can be viewed as a section o; of the projection M ® G,,, = G,,, onto
the last coordinate. For every z € G,,, the image 0;(2) acts on the fiber of X — Al over
2z € Gy, C A'. Recall that the inverse image of G,, in Xz is Xx » X Gp. We then define H; to
be the closure of the subset

U (ei(2)Hi, 2) € X5, % G
2€Gm,
in X5. By construction, H; is a hypersurface in the divisor D; of X5 corresponding to the ray
R>o(ty,w,1) in ¥. We set H:= (Hy, ..., H,).

4.2 Decomposition formula

We fix a good polyhedral decomposition & for a tropical data (w,=, A) with rational A as in
Section 4.1. In this section, we express the log Gromov—Witten invariants NgoriC(Xg ) of the
general fiber of the toric degeneration m5: X% — Al in terms of log Gromov-Witten invariants
of the special fiber.

We define as in Definition 3.6 the notion of (w,~y)-marked stable maps to X%, the only
difference being that the contact orders at the marked points are now (t,w,0) and (4w, 0) in

M = M @ Z. We denote by MS%(X@/AI) the moduli space of (w,~)-marked stable maps to

mp: Xp — Al. We have a natural morphism Mi?%(XL@/Al) — A! whose fiber over z € G, is

lo.
MW%(XZW)‘

LEMMA 4.5. The moduli space Mi?%(%y/Al) is log smooth over A' and is of pure dimension
d—2+r+1

Proof. The relative log tangent bundle to X5 /A is trivial, given by T;’;/Al =M ® Ox,,, s0
we have H'(C, f*T;?;/Al) = 0 for every genus 0 stable log map f: C — Xz /Al. Tt follows

from [GS13] that relative deformations of genus 0 stable log maps to X% /A! with fixed domain
are unobstructed. Hence, it is enough to show that the moduli stack 9'°&(A!) of not necessarily
basic prestable log maps to Al is log smooth over Al. We have I'°8(A!) = Loggyy a1, where M
is the moduli stack of prestable curves and Loggy, a1 is Olsson’s stack [Ols03] of log schemes
over M x Al. As 9 is log smooth over the trivial log point, M x A! is log smooth over A!,
so the result follows because Loggy, 1 — Al factors into Loggy, a1 — 9 x Al — Al and for
any log stack S, the natural morphism Logg — S is log étale by [Ols03, Theorem 4.6(iii)] (the
corresponding morphism of stacks Logg — Logg is the identity and so is in particular étale). O

We also define as in (3.2) the moduli space Mriﬁ(ng/Al) of (w,~)-marked stable maps

to X» — A! matching the constraint H by the fiber diagram (both in the schemes and fs log
schemes categories)

M (X /Al) —— M5 (X /AY)

! l

[Ti H; — [Tim D;.
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We have a natural morphism /\/l o8 »/A') — Al whose fiber over z € G,, is the space

? ’H(
log
worrdo() Hiys (X2 )-

For every 1 < ¢ < r, denote by A, the half-hyperplane in Mg obtained as the closure in Mg of
R>0(A;, 1). By construction, one has a natural projection A; — R>y whose fiber over 1 is A;, and

whose fiber over 0 is AY = ( ) As in Section 2.3, we define the moduli space thp (3@)

of (w,~)-marked tropical curves in (M R, X f) matching the constraint
A= (4y,...,4,).

There is a natural map thp (Z 2) — Rxq whose fiber over 1 is szr?f A () and whose fiber

over 0 is M:? A0(Z2). Usmg this, we obtain a natural map

®: {faces of MS?;)’A(@)} — {faces of MS’?AO(EW)}, (4.2)

defined as follows. Given a face & of Mg(ff A(2), its image ®(5) is the intersection of the fiber

MS?AO(Z,}) over 0 with the face R>( (7, 1) of /\/lm’p 5 (X2) obtained as the closure of the cone

over o.

DEFINITION 4.6. A good polyhedral decomposition & of Mg is very good if

(i) every vertex of & lies in M,

(ii) for every (d — 2)-dimensional face & of Mtrowp A(Z2), the natural projection Tﬁ — Zis

surjective, where Tﬁ is the integral tangent space to the face R>o(7,1) of thp (i@)

LEMMA 4.7. For every tropical data (w,~y, A) with rational A, there exists a very good polyhedral
decomposition for (w,~, A).

Proof. By Lemma 4.4, good polyhedral decompositions exist. The result follows because a good
polyhedral decomposition can always be rescaled into a very good one. O

From now on, we assume that & is a very good polyhedral decomposition. Let 6 be a (d — 2)-
dimensional face of Mf? A (). The relative interior of the face Rxo(é,1) of thp (E )
parametrizes (w,-y)-marked tropical curves in (M R, 25 j) of a given type 75. We deﬁne the space
MEB(X 5 /AY) (respectively, the space Mlog (XJ/AI)) as the closure in M2 (X5 /A1) (respec-
tively, Mloi (X5 /A1) of the locus of stable log maps of type 75. These moduli spaces fit in a

fiber diagram (both in the schemes and fs log schemes categories)
lo lo
M (X0 A1) ——s MEE(0 /A1)

! J

— s I
[Ti-) H: — [lizy D

Similarly, given a (d — 2)-dimensional face p of Mff?yp A0(X2), we denote by MIOg(X »/A)
(respectively, M;Og (X»/AY)) the closure in M % (X /A) (respectively, M oy H (X@/Al))
the locus of stable log maps of type determined by the interior of the face p. There is a natural
map

MPE (X [A") — A
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whose fiber over 1 is the moduli space MLO%_I(XE ) defined in Section 3.4. Moreover, the
fiber over 0 is the union of the moduli spaces M?gﬁ(é’(g /A), where the & are the faces of

MS?A( ) such that ®(5) = p.

LEMMA 4.8. The moduli spaces M Og(XJ;/Al) and Mlog(Xg/Al) are log smooth over A'. More-
over, /\/l5 $(X%/A') is of pure dimension r, and /\/lp $(X%/A') is of pure dimension r + 1.

Proof. By Lemma 4.5, the moduli space /\/llog % (X5 /AY) is log smooth over Al, of dimension
d — 2+ r + 1. The result follows from the fact that Mlog(X@/Al) and /\/llog( Xz /AY) are log
strata of M8 (X /AL). O

By Lemma 4.8, one can consider the r- dlmenswnal fundamental class [M?g(él’ »/AY)]. We
define a 0-dimensional virtual fundamental class on /\/l (X »/A') by

A8 (o AV = iy MBS (2011 3

and the corresponding log Gromov—-Witten invariant by

Ntoie(x, [AY) = deg[MOg (X /AN (4.4)

In the following theorem, we express the invariants IV toric(XE ) defined in (3.9) in terms of
the invariants N°"¢(X 5 /Al) defined in (4.4). For every (d—2)-dimensional face p of ./\/lt]r7 A0(2),

denote by S, the set of (d — 2)-dimensional faces & of Mgﬁf’A(@) such that ®(5) = p.

THEOREM 4.9. Let & be a very good polyhedral decomposition for (w,~,A), and let p be
a (d — 2)-dimensional face of ./\/ltmpAo (X). Then, we have

N;tJoriC(XEQ) _ Z Ngoric (X@/Al) ) (4.5)
€S,

Proof. By Lemma 4.8, the moduli space Mi)og (X» /A1) is log smooth over Al and of dimension
7+1. The general fiber of M%(X/A') is the r-dimensional moduli space My%( Xy, ), whereas
the irreducible components of the central fiber over 0 € A! are exactly the r-dimensional moduli
spaces Mlﬁog(z\,’ »/AY) for & € S,. Hence, it follows from the decomposition result of [ACGS20,
Corollary 3.2] for the fibers of log smooth morphisms that

(MPE(X5,)] = > [MEB(Xp/AL)]. (4.6)
5€8,
The multiplicities present in the general formula of [ACGS20, Corollary 3.2] are all equal to 1 in
our situation because we are assuming that &2 is a very good polyhedral decomposition and so
Definition 4. 6(ii) is satisfied (geometrically, the central fiber of /\/l}fg (X /AY) — Al is reduced).
Now, applying L to both sides of (4.6), we obtain by (3.8) and (4.3) that

[Mlog (XE@)]VH _ Z [Mlog (Xj/Al)]VH (4.7)
5es,
Taking the degree on both sides gives (4.5) by (3.9) and (4.4). O
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4.3 The log-tropical correspondence for a fixed tropical type
In this subsection, we relate the log Gromov—Witten invariants N°"¢(X /A1) defined in (4.4)
with the tropical multiplicities Ny'°P defined in (2.9).

Let & be a (d—2)-dimensional face of M, () such that dim D%Gut = d—1and dim ®(5) =

w,Y,A
d — 2. Tropical curves in the relative interior of & are of type 75, and we defined in Section 4.2

the moduli spaces M?g (X5 /A') and M?%(X(@/Al) as closures of the loci of stable log maps of
type 75. Lemma 4.10 shows that stable log maps in M?gﬁ(/'\’ » /A1) are automatically of type 75,
so taking the closure was actually unnecessary in this case. Denote by M?g’O(ng /A1) the open

dense locus in M?g()( »/Al) consisting of the stable log maps of type 75.

log
&H

M5 (X /AY) € MPED (X5 /AY).

LEMMA 4.10. Stable log maps in M2%_ (X4 /AY) are of type 75; that is, we have

Proof. If there were a stable log map in M?gﬁ(ﬂ,’y JAY) of type T # 75, then the closure

of the tropical curves of type 7 would be a face of ./\/lz)r(:f A(Z?) containing strictly 75, and

so in particular of dimension greater than d — 2. But as the ~-constraint A is general, every
face of Mg‘f\? A is of dimension at most d — 2 by Definition 2.11(ii), and the same is true for

Mg? A(2) because Mg‘fyp A(Z) is a polyhedral refinement of MS? A by Section 2.7. Hence,

we have obtained a contradiction. O

By Lemma 4.10, it will be enough to study stable log maps of type 75. We give below an
explicit description of stable log maps of type 75.

By the definition of a good polyhedral decomposition (Definition 4.1), for each vertex v of I's,
the polyhedron jJ lies in the interior of an (n — 2)-dimensional cell P, of &, and for each edge
or leg E, the polyhedron 0% lies in the interior of an (n — 1)-dimensional cell Pg of . Let
Zy, Zg C X% be the closed toric strata corresponding to P,, Pg, respectively. The strata Z,
and Zg are toric subvarieties of X5 with dim Z, = 2 and dim Zg = 1. Denote by T, and T the
integral tangent spaces to P, and Pg, respectively. Then, Z, is a toric surface given by a fan in
the lattice

M, := M]T,,
and we have Zg ~ P! with fan naturally in Mg := M/Tg.

If f: C/W — X5/A! is a stable log map of type 75, then the dual graph of C' is given by
the graph I';. We denote by C, ~ P! the irreducible component corresponding to v € V(I's).
Moreover, for every edge or leg E of I's, we denote by zg the corresponding special point (node
or marked point) on C. For every v € V(I's), we have f(C,) C Z,, and the only points of C,
mapped by f in the toric boundary of Z, are the points g for £ an edge or leg adjacent to v.
In addition, the point f(zg) is contained in the interior of the big torus orbit G,, of Zg ~ P!,
and the contact order of f(C,) to Zg at f(xg) is specified by the image @, g in M, = M /T, of
the weighted direction u, g € M. In particular, the morphism of schemes L}: C,, — Z, obtained
by restricting f to C,, is torically transverse as in [NS06, Definition 4.1]. In fact, as the vertices
of I's are either divalent or trivalent, L}: C, — Z, is a line in the sense of [NS06, Definition 5.1].
Moreover, if E is the leg L; of I's for some 1 < 7 < r, then the intersection Zr, N H; consists
of a single point, because the defining equation of H; is 2%/Iil = ¢; and ~; /|7vil is primitive.
The stable log map f: C/W — X5/A! matches H if and only if {f(x,)} = Zr, N H; for all
1<e<r.
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LEMMA 4.11. The moduli stack ./\/l log (X@/Al) is reduced and 0-dimensional.

Proof. The deformation theory of stable log maps to X»/A! is controlled by the log tangent

bundle TXg a1 = M @ Ox,,. Let f: C/W — X%»/A! be a stable log map in M;%(?C,@/Al).

The map f is of type 7 by Lemma 4.10. We have H*(C, f*Tlog /Al) =0 as C is of genus 0, so

the tangent space to f in M}Sg,yH(Xy/Al) is Ty := H°(C, Ny), where Ny := f*T/l‘?;/Al/Tg)/gW
As f is a union of lines f : C, — Z,, one checks as in the proof of [NS06, Theorem 7.3] that

Ty = ker gl; ® k, where gl is the gluing map

I »— ]I M/ZuExHM/%

veV(Ts) E€E(Ts)

1

gls:

as in (2.7). On the other hand, the tangent space Tf to f in M?gﬁ(Xg/Al) is obtained by
restricting the infinitesimal deformations to those tangent to the strata Z, and Zp, and so is the
kernel of the restricted map gl; ® k, where

g I M— ] MEXHM/%.

veV (Ts) EcE(Ts)

As dim 6 = d—2, the map gl; ®k is surjective by Lemma 2.19. The natural projections M — M,
and M — Mp induce a commutative diagram

gls
HUGV( )M *> HEGE MX Hz 1M/72

[ !

gls r
[loev,) Mo —"= penr,) Me x [Ti—s M/

As the right vertical arrow of this diagram is surjective, the surjectivity of gl; ® k implies the
surjectivity of gl ® k. Finally, because the trivalent graph obtained from T's by erasing the
divalent vertices has r 4+ 1 legs, r — 1 vertices, and r — 2 edges, the difference between the
dimensions of the domain and the codomain of gl; ® k is 2(r — 1) — (r —2+7) = 0, so gl; ® k is
actually an isomorphism. In particular, Tf =0, so M?%(X /A1) is reduced of dimension 0 at
the point f. 7 O

LEMMA 4.12. The log Gromov—Witten invariant N goric is equal to the count with automorphisms
of the (w,~)-marked stable log maps to X% /A of type 75 and matching H.

Proof. By Lemma 4.11, the moduli space /\/l (X /A1) is a O-dimensional scheme, so (4.3)
implies that [M{Oé(Xo /Al)]Vlr = [./\/llog (X /Al)] and therefore NP = deg [./\/llog (Xp/AL)]
by (4.4). By the same lemma, the space /\/llog H( X2/ A') is also reduced, so N¥P is equal to the
count with automorphisms of points in M?gﬁ(/l’ »/AL). O

Recall from Section 2.7 that & is contained in a (d — 2)-dimensional face o of M,, 4 A, that
we denote by T, and T; the integral tangent spaces to ¢ and &, respectively, and that the
natural inclusion T3 C T, is of finite index by Lemma 2.31. We can now state the log-tropical
correspondence theorem for a fixed face &.
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THEOREM 4.13. Fix a tropical data (w,~y, A) with rational A as in (4.1), and let & be a very
good po]yhedral~ decomposition for (wN, ~,A). Let & be a (d — 2)-dimensional face of Mg?’A(C@)
such that dimd7 = d— 1 and dim ®(6) = d — 2, and let o be the (d — 2)-dimensional face of

M, ~,A containing ¢. Then, we have

ey N
N&orlc(‘)cz@/A ) = ‘T /T~’ ,

where N°(X5/AY) is the log Gromov-Witten invariant defined in (4.4) and N3P is the
tropical multiplicity defined in (2.9).

Proof. By Lemma 4.12, the invariant Ngoric is equal to the count with automorphisms of the
(w,v)-marked stable log maps to Xz /Al of type 75 and matching H. Let C be the scheme-
theoretic domain curve of stable log maps of type 75, with irreducible components C,, ~ P! for
v € V(I'5) and special points (nodes and marked points) zg for £ € E(I's) U L(I's). Imitating
the terminology of [NS06, Definition 4.3], we will first count the number of pre-log curves to
X /Al of type 75 and matching H, that is, the number of scheme morphisms f:C — Xp such
that

(i) f(¢,) C Z, for every v € V(I'5),

(ii) the only points of C', mapped by f in the toric boundary of Z, are the points zx for £ an
edge or leg adjacent to v,

(iii) the contact order of f(C,) to Zg at f(xg) is specified by the image @, g in M, = M/T, of
the weighted direction u, g € M,

(iv) the point f(zg) is contained in the interior of the big torus orbit G,, of Zg ~ P! for every
E e E(l's)NL(Ls),

(v) {f(zr,)} = Zr, N H; for every 1 <i < 7.

We will then count the number of ways to lift a pre-log curve f: C — X% to a stable log
curve f: C/W — Xy /A'. To count the number of pre-log curves of type 7 and matching H,
we proceed by induction following the flow on I's starting at the leaves and ending at the root.
We use the notation introduced in the proofs of Lemmas 2.23, 2.24, and 2.30 but also applied
to I's, so that a vertex v may also be divalent. In particular, there may be only a I's, and not
both a I's, and a I's, attached to a vertex v.

Let v be a vertex of I's. If v is divalent, we are in a situation similar to [NS06, Proposition 5.5]:
We have a P!'-fibration structure Z, — P! induced by the map of fans given by

M)T, — M/L ~ 7.

v —

Recall from Section 2.7 that we set w, := |[ug|, where E is an edge adjacent to v and ug is
the image of ug in the rank 2 lattice M/T,. Then the vertex v corresponds to a component
C,, of the pre-log curve that maps w, : 1 to a fiber of Z, — P!, totally ramified over the two
1-dimensional toric strata of Z, this fiber intersects. Because this stable map has automorphism
group Z/w,Z, its count with automorphisms is w, . If the child edge of v is not a leg, we deduce
that N3, = w, ' Nz,. If the child edge of v is a leg L;, then f(xy,) is constrained to equal the
point Z;. N H;, so Nz, = w, .

Next consider the case with v trivalent. First assume that F; and E5 are not legs. Then Z, is
a toric surface, and the edges or legs F, Fa, and Eyy determine three divisors Z; = Zg,, Z2 =

Zg,, and Zow, = Zg,,, of Z,. We then need to count lines, in the sense of [NS06, Definition 5.1],
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that intersect the boundary of Z, in three points, with maximal tangency order, and meeting
Z; at one of the N5, points where the pre-log curves of type 75, meet Z,. Given fixed input
locations, the number of such curves is

UE, UE,
’uE1’ ’uE2’

by [NS06, Proposition 5.7]. This can be rewritten as
Ny = ML+ 23] (48)

v .

Then we obtain Nz, , = NyN5 Ns,. If E; is an edge and Ey is a leg, we similarly obtain
Ns... = NyNz,, and if both E; and E5 are legs, we have Nj, , = N,. Putting this all together,
the count with automorphisms of pre-log curves of type 73 and matching H is

L))

v divalent v trivalent

out

We may now calculate the number of logarithmic enhancements of each pre-log curve, that is,
the number of lifts of each pre-log curve to a stable log curve. We use the theory of punctured log
curves, introduced in [ACGS25]. Examples of punctured log curves are obtained by restricting
the log structure of a log curve to one of its irreducible components. Conversely, punctured log
curves can be glued together to produce log curves. First note that the cones corresponding
to Z, and Zg in the fan of X5 are the cones C42, and CHg over &, and P, respectively.
We will denote by P, and Pgr the monoids of integral points in the cones Hom(C%,,Z) and
Hom(CZg,Z), dual to CZ, and C P, respectively. Then, the monoids P, and Py are stalks
of the ghost sheaf My, at generic points of Z, and Zp, respectively.

Now, consider one of the pre-log curves f: C — X% constructed above. For every vertex
v € V(I's), we write f : C,, = X for the restriction of / to the irreducible component C,, ~ P*
of C corresponding to v.

Note that we can enhance the stable map L} to a basic punctured log map f,: Cy /W, — X
in a unique way so that the punctured points have contact orders given by the weighted tangent
vectors to the edges adjacent to v (and pointing away from v). The base W, needs to be the log
point W, := Spec(Q, — k) with ghost sheaf @, given by the basic monoid. By definition, the
basic monoid is the dual of the moduli space of tropical maps with domain the dual graph of C':
Here the only modulus is the location of the vertex, which is constrained to lie in CP, and trace
out a ((d — 2) 4 1)-dimensional subcone C, of that cone. The basic monoid @), is the monoid of
integral points of this cone C,. Note that the inclusion C, C CP, induces a projection

Gu: Py — Q. (410)

Consider the curve (', and recall that we denote by g the marked point corresponding to an
edge or leg F adjacent to v. As in [Kat00], the curve C, lifts uniquely to a log curve, which is log
smooth over W, with marked points . We use the notation (C,, M¢,) to denote this log curve.

On the complements of the marked points on C, the map Lj admits a unique lift to a log
map f,. Indeed, for a p in €, that is not a marked point, L} (p) lies in the interior of Z,, so we

have ﬂX{@ S, = P,. Then, locally f, is given by the map

MX@’iu(p) = O*X@,f@) D Pv — MCU,p = O*Qv’p D Qv
(8:7) > (f7(8), du(r)) -
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For a marked point xr, we will show in a moment that locally near x g, there exists a unique
puncturing C; of C,,, and the map L} admits a unique lift to a punctured log map f,: C; = X ».
First note that the inclusion CP, C CPg induces a projection P — P, whose composition
with ¢, in (4.10) gives a map

Gv,p: P — Qy. (4.11)
Moreover, the weighted direction ug of the edge F is an integral tangent vector to CPg, hence
can be viewed as an element in P, :== Hom(Pg, Z). Denote by M ¢ . the divisorial log struc-
ture on (', defined by the marked point zp viewed as a divisor. Then, for the stalk of the ghost
sheaf, we have M(¢ 5.)2, = N. So, from [Kat00] we have

Mcyap = (00, 5 ® Q) op, |, M0y p)0p -

Let z = 0 be a local equation of g in C',. One can naturally view x as an element of M ¢, 2,).425-

Denote by Mce ., the submonoid of ((’)C . EBQU)QBO . M%gu,m%m generated by (’)*QMEEBQQJ

and elements of the form (s,%,E( ), xe(r )) for s € OQ 2 and 7 € Pp. Then, Mcs 5, is the

unique puncturing of C, at xg such that locally L} lifts to a punctured log map f,: CY — X 5.
This map is given by

Mxo g wr) = OX op (op) @ P2 — Megap C(Og, 0, ®Qu) Doy, |, M

(Cv,xp)rE
(5,7) — (£2(5), o, (r), z"E0)) .

Here we use that f(rg) is contained in the interior of Zg, so ./\;lx%f (@r) = Pr.

This shows that the restriction of f: C — X 45 to any irreducible component C, lifts uniquely
to a punctured log map. In the reglaining part of the proof, we will count the number of
ways to glue these punctured maps to a stable log map f: C — X4. For this we will fol-
low [Gro23].

We consider punctured log maps f,: C; /W, — X % over the log points W,, = Spec(Q, — k),
which we want to glue at marked points xg such that MX@JU(J;E) = Pg. Let Q) = Hom(Q,,Z)

and Pj, = Hom(Pg,Z). As in [Gro23, Definition 4.2], there is a gluing map

@;HQXHZ—)HPE,

veV(Ts) EcE( Ee€E(T5)
given by

v ((Qv)v (EE)) = (¢ZE,E(qu) + EEUE - ¢Z;3,E(Qv’E))EeE(f) )
where for every vertex v adjacent to an edge E, the map ¢ ,: Qy — Py, is the dual of the map
¢, in (4.11), where each edge E is oriented from endpoini:s vg to vl and ug is the weighted
tangent vector to the edge E pointing from vg to v'.
We now explain how to compare the map ¥ with the map ¥z in (2.29), following [Gro23,
§5.1]. The morphism X5 — Al induces maps Q} — Z and Py, — Z with kernels isomorphic
to T, and T, respectively. We then obtain a diagram

0——I[[,Tv x[[pZ——][,Q; x[1pZ II,Z 0
‘I’al \II\L 8l
0 [I£Te [1£ PE [zZ 0.

Here the maps to [ [ Z are induced by the above maps @}, P, — Z, the map U5 is the restriction
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of ¥ to the kernels, hence the previously defined Vs, and O can be viewed as the coboundary
map for calculating simplicial cohomology of 'z, so kerd = Z and cokerd = 0. Thus by the
snake lemma, we obtain a long exact sequence

0 — ker W5 — ker W — Z — coker W5 — coker U — 0.

Note that kerd is generated by (1,---,1). As the kernel ker U is precisely the integral tan-
gent space Tg—=7y 0G0 to R>(G,1), the map ker U — kerd is actually surjective by Defini-
tion 4.6(ii) because we are assuming that & is a very good polyhedral decomposition. Thus
coker Uz ~ coker U.

By Lemmas 2.30 and 2.31, the cokernel coker W5 ~ coker ¥ is finite, so we are in a trop-
ically transverse gluing situation in the sense of [Gro23, Definition 4.8]. Hence, by [Gro23,
Theorem 4.9], the moduli space W of glued stable log maps is non-empty. Therefore, one
can apply [Gro23, Theorem 4.4] and obtain that W has |coker ¥5| connected components.
Lemma 4.11 implies that W is reduced of dimension 0, and hence there are |coker W5 | choices of
log gluings.

Now by Lemmas 2.31 and 2.30, we have

IL, wo _ [Loer ’(ﬁsat ‘Csat)/(ﬁl,v + Low)| - 1, wo
T/ T5| T/ T5|

|coker W5 | = |coker W, |

Combining this with (4.9) and (4.8) and Lemma 2.23, the total count with automorphisms of
the (w,~)-marked stable log maps to X»/A! of type 75 and matching H is

Moer IM/(EE5 + C59)| 1(CF8 + L5/ (Cro+ £20)] _ Toer 1M/ (£ + £20)| _ N
75/ T5| 75/ T5| |75/ T5|
This concludes the proof of Theorem 4.13. O

In the purely toric setup, a general gluing formula for log Gromov—Witten invariants is also
proven in [Wu24]. However, in the proof Theorem 4.13, we used rather an explicit toric de-
generation and then the gluing formula of [Gro23]. The main motivation for this choice is that
we expect the explicit description of the log curves in the special fiber of the toric degener-
ation to be useful to define and study the higher-dimensional version of the higher-genus log
Gromov-Witten invariants considered in [Boul9], which should be related to refined DT invari-
ants.

4.4 The proof of the log-tropical correspondence

In this subsection, we prove our main log-tropical correspondence result comparing the log
Gromov-Witten invariants N tOI”C(XE) with the tropical multiplicities N&°P.

Recall that choosing a «-constraint A as in Definition 2.9 amounts to choosing a point in
[A] = ([Ad])i € TIi—y Mr/(7;")g ~ R". The constraint A® defined in (3.6) corresponds to the
origin 0 € R". We have a natural map

®: {faces of thp A} — {faces of MS?SAO} (4.12)

defined as follows. Given a face o of Mg?f A the relative interior Int(o) of o parametrizes (w,7y)-

tropical curves in Mg of a given type 7, matching the constraint A. Let o’ be the face of Mﬁf‘l}’

such that Int(c”) parametrizes (w, v)-tropical curves of type 7. As in (2.3), we have an evaluation
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map at the legs

T
ev: o — HMR/('yiL)R ~ R"
i=1
such that o = ev™!([A]), and we set ®(0) := ev 1(0), which is naturally a face of thrtAO.
Intuitively, ®(o) is obtained from o by rescaling the point [A] € R" in the space of «y-constraints
by a parameter ¢ and then taking the limit ¢ — 0. As a face of ./\/lt op ~ A0 is necessarily a cone, we
say that o is asymptotically equivalent to the cone ® (o).

If ¥ is a y-fan and p is a (d — 2)-dimensional face of ./\/lt]fOp - a0(2), we denote by S, the set

of faces o of ./\/ltmp ‘a such that p C ®(0). As dimp = d — 2 and A is a general «-constraint
as in Definition 2 11 the condition o € S; automatically implies dimo = d — 2. If in addition
dimd} =~ =d—1, then dimdf_ = d— 1, so one can consider the tropical multiplicity N oP a9

in (2. 9) and the tropical coefficient k, as in (2.10).

THEOREM 4.14 (Theorem A). Fix a tropical data (w,¥v,A) as in (4.1) and a v-fan ¥ as in
Deiinjtion 3.5. For every (d — 2)-dimensional face p of Mf;ffﬁAo (¥) such that dimd} —=d—1
we have

kNPT (Xy) = > kg NP, (4.13)
oS,

where N;joric(Xg) is the log Gromov—Witten invariant of the toric variety X, as in (3.9), the
N3P are the tropical multiplicities as in (2.9), and the tropical coefficients k, and k, are defined
as in (2.10).
Proof. If ¥/ is a refinement of ¥, then, as in Section 2.7, the space Mf;‘ff A0(X') is a polyhe-
dral refinement of /\/lfur?yp A0(X). If o/ is a (d — 2)-dimensional face of M, (¥') contained in p,
then, by [Joh26, Theorem 1.4] on the behavior of log Gromov-Witten invariants under log-
étale transformations, we have N;?riC(XE/) = (1/|T,/Ty|)N"¢(Xx), so, using (2.10), we have
k‘p/N;?riC(Xg/) = k:pN;OﬂC(XE). Hence, it is enough to prove (4.13) for a particular vy-fan to have
the result for all ~-fans.

As Q is dense in R, we can assume without loss of generality that A is rational. Let & be
a very good polyhedral decomposition of My for (w,=,A). Such a & exists by Lemma 4.7. We
will prove (4.13) for the vy-fan ¥ 5 asymptotic to &2. By Theorem 4.9, we have

N;oriC(ng) — Z N(_t;oric (Xg)/Al) ,
Ges,

where S, is the set of (d — 2)-dimensional faces & of MS?A(@) such that ®(5) = p, where ®

trop

is given by (4.2). Every (d — 2)-dimensional face & of M, 7"y

(&) is contained in a unique

(d — 2)-dimensional face o of /\/lwr?f) A»> and we have

Ntrop
T/ T5
by Theorem 4.13. The maps ® in (4.2) and ® in (4.12) are compatible with the polyhedral

refinements of the moduli spaces induced by & and X 5, so the conditions (I>( )=pand 6 Co

imply p C ®(o). Conversely, if o is a (d — 2)-dimensional face of Mg(fyp A(Z) such that p C ®(0),

Ntorlc (.)( /Al)

there exists a unique (d — 2)-dimensional face & of MS? A(Z) such that ®(5) = p. Hence, we
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obtain
) Ntrop
toric x — g )
P ( Ef}’) Z ‘To’/T&’
oES,
Finally, we have |T,/T5| = ks/ko by (2.10), and k, = ks by the definition of a very good
polyhedral decomposition (Definition 4.6(ii)). O

5. Quiver DT invariants, flow trees, and log curves

In this section, after briefly reviewing in Sections 5.1 and 5.2 how to calculate quiver DT invariants
tropically using attractor flow trees as in [AB22], we prove our quiver DT-log Gromov—Witten
correspondence in Section 5.3.

5.1 Attractor flow trees and tropical curves

Let w be a skew-symmetric form on N. We fix an r-tuple v = (71,...,7,) of elements v; € N
such that ¢,,w # 0 for every 1 < i < r and v w # 0, where v := >\, v.

DEFINITION 5.1. A rooted tree is a genus 0 graph without divalent vertices and with a single
univalent vertex, referred to as the root and denoted by Rrp.

Given a rooted tree T with r legs L1, ..., L, decorated by ~1,...,7,, for every edge or leg
of T', we define the class yg of E by vg = ), i, where the sum is over the indices 1 < i < r
such that the leg L; is a descendant of F, that is, such that F is contained in the path from the
root to L;.

DEFINITION 5.2. Fix a point # € 4 and a v-constraint A. A parametrized (w,~)-marked
attractor flow tree with root # and matching A is a pair (7', h), where

(i) T is a rooted tree with r legs decorated by ~1,...,7, such that, for every edge of leg F, we
have ¢,,w # 0, and for every vertex v € V(F) distinct from the root Rr, there exist edges
or legs Fq and E3 adjacent to v such that w(vg,,vg,) # 0;

(ii) h: T — Mg is a proper continuous map such that h(Ry) = 6, h(L;) C A; forevery 1 <i <r,
and for every edge or leg E, the restriction h|g is an embedding with image contained in
an affine line of oriented direction ¢ ,w, where the orientation is defined following the flow
starting at the root of T" and ending at the leaves.

An isomorphism of parameterized attractor flow tree h: T — My and hg: Ty — My is
a homeomorphism ¥: T" — Tjy respecting the marking of the legs, the weights of the edges and
legs, and such that h = hg o W. An attractor flow tree is an isomorphism class of parameterized
attractor flow trees. We denote by 7;‘9’% A the set of (w,)-marked attractor flow trees with root ¢
and matching A.

Let (h: T'— Mpg) be an (w,~y)-marked attractor flow tree with root # and matching A. We
denote by T the graph obtained from 7 by removing the root and viewing the edge Egu of T
adjacent to the root as a leg Loy of T. We extend the map h: T — Mg to a map h: T —
Mg by extending the segment h(FEoy) to a half-line in the direction of —t,w. By construction,
h: T — Mg is an (w,~)-marked tropical curve in Mk matching A and such that 6 € Int (E(Lout)).

DEFINITION 5.3. Fix a point § € 7 and a 4-constraint A. Let (h: T — Mg) € 73%A

be an (w,7y)-marked attractor flow tree with root 6 and matching A. The family of tropical
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trop
w,Y,A

cal curves with the same type as the tropical curve h: T — Mg.

curves corresponding to h is the face pp of M whose relative interior parametrizes tropi-

LEMMA 5.4. Fix a y-constraint A and a general point 0 € (WL)R Then, for every (w,~)-marked

attractor flow tree (h: T — Mg) € 7;9’% A, the family py, of tropical curves corresponding to h
satisfies the following conditions:

(i) For every edge or leg E of T'), , we have dimd7! = d — 1.

(ii) For every vertex v of T'),, we have dimT,,[',, = 2 and dimj}" = d — 2.

Proof. We prove the result by induction following the flow on I',, starting at the root leg and
ending at the leaves.

For the initial step of the induction, note that dim Og’lut = d—1. Indeed, we have the inequality
dimd}" < d—1by Lemma 2.13(i), and if we had dimd}" < d—2, then  would be constrained

to lie in a strict hyperplane of (VL) in contradiction with the assumption that 6 is a general

R’
point of (’yL)R.

For the induction step, let E be a leg or vertex of I', such that dim9%* = d — 1. Denote by v
the child vertex of E and by Ef1,..., E} the children edges of v. By Lemma 2.14, the assumption
that dimd}? = d — 1 implies that dimT,I',, < 2. On the other hand, by the definition of an
attractor flow tree (Definition 5.2(i)), there exist edges or legs E’ and E” adjacent to v such that
w(ver,ver) # 0, and so in particular dim7,I',, > 2. We conclude that dimT,I',, = 2 and so
dimj3"* = d — 2. Finally, dim T, = 2 and dimd%' = d — 1 imply that dimd% = d — 1 for every
child edge F; of v by Lemma 2.15. O

LEMMA 5.5. Fix a y-constraint A and a general point 6 € (’yJ-)]R Let (h: T — Mpg) € ’7;9’77A be
an (w,~y)-marked attractor flow tree with root 6 and matching A. Then for every edge E of T,
with parent vertex v and child vertex v', the point h(v') in My is the unique intersection point
of the half-line h(v) + Rxoty,w with the affine codimension 2 plane ﬂle Ag;, where Ey, ..., Ej
are the children edges of v' and the affine hyperplanes Ag; are defined as in (2.6).

Proof. By Definition 5.2(ii), we have h(v') € h(v) + Rygtyyw. On the other hand, we have
h(v') € NF_, Ag, by Lemma 2.13(ii). We have t,,w # 0, 50 h(v) + Rsgt,w is a half-line in Ag.
AsdimT,I',, = 2 by Lemma 5.4, the intersection ﬂle Ag, is an affine hyperplane in Ag. Finally,
as dimd7" = d — 1 by Lemma 5.4, the half-line h(v) + Rxot,w is not contained in ﬂle Ag,,
so the intersection (h(v) + Rxgty,w) N (ﬂle Ag,) consists of at most one point. One concludes
that (h(v) + Rsotypw) N (N, Ar,) = {h()}. O

LEMMA 5.6. Fix a «y-constraint A and a general point 6 € (”YJ‘)R- Let (h: T — Mg) € 7;9’%A be
an (w,~y)-marked attractor flow tree with root § and matching A. Let voy be the unique vertex
of Iy, adjacent to the root leg Loyt. Then, the evaluation map

ph — jon h+— h(vout)

Vout ’

is a bijection. In particular, the dimension of the family p;, of tropical curves corresponding to h
isd— 2.

Proof. Following the flow on I',, starting at the root leg and ending at the leaves, h is induc-
tively uniquely determined by h(voyt) as in Lemma 5.5. Moreover, we have dimjy", = d — 2 by

Lemma 5.4(ii). O
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5.2 The flow tree formula

Let (Q,W) be a quiver with potential as in Section 1.1. Let w be the corresponding skew-
symmetric form on N = Z%0 as in (1.3). We fix a dimension vector 7 € N and a general stability
parameter 6 € (VL)R. As reviewed in (1.5), the DT invariant Qg can be expressed in terms of

the simpler attractor DT invariants in terms of universal coefficients F?(71,...,7,) indexed by
decompositions v = Y, v;. These coefficients further decompose as
Ff(’Yh'"a’W) = Z th(717'-'777")1 (51)
heT, w,,A0

where v = (v1,...,%), A? is the ~-constraint defined by the linear hyperplanes (% ) and
the sum is over the (w,~)-marked attractor flow trees with root § and matching A as in Def-
inition 5.2. The decomposition (5.1) is obtained by iterative use of the wall-crossing formula.
In general, the attractor flow trees h € 7, 4 oo may contain vertices of arbitrary high valency, as
in [KS14, §3]. In this section, following [AB22], we reformulate the flow tree formula of [AB22]
expressing the coefficients Fg n(71,- .., ) in terms of simpler trivalent tropical curves matching
constraints A that are generic small perturbations of A°.

For a ~-constraint A, recall from (4.12) that we have a map

®: {faces of thpA} — {faces of Mtr7A0} (5.2)

trop
w,Y,A?

to AY in the space [Ti_ Mr/ (%L) ~ R" of «v-constraints. Finally, recall that for every attractor

For every face o of M the image ® (o) is the face of Mg(_)yp Ao Obtained from o by rescaling A

tree h € Te,y A» we defined in Definition 5.3 the corresponding family of tropical curves pj,

which is a face of thp v A

“-constraint as in Deﬁnltlon 2.11 and o is a face of M, brop ~.a such that ®(0) = pp, then dimo =
d — 2 and T', is trivalent.

. By Lemma 5.6, we have dim pp, = d — 2. Hence, if A is a general

THEOREM b.7. Fix a general point 6 € (VL)R and an attractor flow tree (h: T — Mpg) € 7;9,7 A0
Then, for every general ~v-constraint A, we have

Froih(lyla"'a’ﬁ): Z H 7E1u77E2v)| (5'3)
c€d—1(py) vEV (I'y)
where E, ,, and E3, are the two children edges of v for every vertex v € V(I',).
Proof. We explain below how Theorem 5.7 follows from the flow tree formula given in [AB22,
Theorem 5.6]. In [AB22], we introduce a bigger lattice N := @._, Ze;, and we consider the map

p: N = N defined by e; +— 7;. We also define the pullback skew-symmetric form 7 on N by
n(ei, ej) := w(vi,y;j). By duality, we have a map ¢: Mg — Mg = Hom(N,R). Let 6 be a small

generic perturbation of ¢(6) in (Z:Zl ei)l. Then, [AB22, Theorem 5.6] states that

Fon, - m) =30 [T —epnlewenn), (5.4)

T’r ’UEVOT
where the sum is over rooted binary trees T, with r leaves decorated by {e1,..., e, }; V7. denotes
the set of vertices of T, distinct from the root' for any v € Vf‘) , €y € N is the sum of the e;

attached to leaves descendant from v; and e , € {—1,0,1} is defined in [AB22, equation (1.11)]
in terms of the discrete attractor flow [AB22 equation (1.10)] embedding the trees T, in Mg.
Note that [AB22, Theorem 5.6] is actually stated for the refined DT invariants, in which case
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F?(y1,...,7) is a function of an additional variable y, and we obtained (5.4) by taking the limit
y — —1 to recover the case of numerical DT invariants Q7 ¥ defined in (1.1) (the limit y — 1
corresponds to the signed DT invariants Q,ay)

As explained in [AB22, Remark 4.25], the trees embedded in My by the discrete attractor
flow are contained in a copy of Mg in Mg. Moreover, it follows from the proof of [AB22,
equation (4.57)] and from Lemma 5.5 that these embedded trees are exactly attractor flow trees
as in Definition 5.2, with root at a general point 6 of Ay, close enough to § and matching

a small generic perturbation A of the constraint A if and only if e%wv = 0, and that in this case,
—e%ﬁ’jﬂ has the same sign as 7(e,, e,~) (see the paragraph above [AB22, equation (4.52)]). In
particular, a tree 7, with a non-zero contribution to (5.4) contributes HveVTO [n(eyr, epr)|, so

(5.3) follows from (5.4). O

Remark 5.8. Theorem 5.7 could also be deduced from [CM20, Theorem 4.4], which expresses
the functions attached to the walls of a scattering diagram in terms of tropical disks. The proof
of [AB22, Theorem 5.6] is also based on the study of a scattering diagram in Mg that can be
viewed as a universal family for the perturbed scattering diagrams in Mg considered in [CM20,
Theorem 4.4] (see [AB22, Remark 4.25]).

5.3 The quiver DT-log Gromov—Witten correspondence

Let (Q,W) be a quiver with potential as in Section 1.1. Let w be the corresponding skew-
symmetric form on N = Z% . We fix a dimension vector v € N such that tyw # 0 and a decom-
position v = "7, 7; such that ¢,w # 0 for all 1 <@ <r. We set v = (y1,...,7%). We also fix
a general stability parameter 0 € (’yJ-) g+ In this section, we prove our main result relating the
coefficients F?(71,...,7.) in (1.5) and (1.6), expressing DT invariants in terms of attractor DT
invariants and log Gromov-—Witten invariants of toric varieties.

Recall that given an attractor flow tree (h: T'— Mpg) € Tf,m A0, we defined in Definition 5.3
the corresponding family of tropical curves pp: It is a face of ./\/lg’?f’ Ao such that dimp = d — 2
by Lemma 5.6 and dim Dﬁ’;ut = d—1 by Lemma 5.4. Given a ~-fan 3] as in Definition 3.5, we denote
by pn the (d—2)-dimensional face of Mgf’ A0(X) contained in p;, and containing 6. In particular,
one can consider as in (3.9) the genus 0 log Gromov-Witten invariant N%:riC(Xg) of the toric
variety Xx of fan ¥ and the tropical coefficient k;, defined as in (2.10). By Theorem 3.8, the
invariant N%‘;“C(XE) is actually an enumerative count of log curves.

THEOREM 5.9 (Theorem B). Fix a general stability parameter 6 € (WJ')R and an attractor flow
tree (h: T — Mpg) € 7;07 ao- Then, for every v-fan ¥, the coefficient F{(v1,...,7) in (1.5)
and (1.6) satisfies

r ) )

Flun,..om) = Hzﬁ,"”' k7, NS (X)) (5.5)
Proof. Fix a general «y-constraint A, which exists by Lemma 2.12. Then, Theorem 5.7 expresses
the coefficient Fg n(71,-..,7r) in terms of the (d — 2)-dimensional faces o of the moduli space

MU of (w,~)-marked tropical curves matching A as

w,Y,A
0
Fr,h(’)/l? e a%‘) = Z H ‘w(’yEl,v77E2,u)| .
ced—1(pp) veEV(ly)

Using the product formula for tropical multiplicities in Lemma 2.24, we can rewrite this in terms
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of the tropical multiplicities Ng'P defined in (2.9) and of the tropical coefficients k, defined in
(2.10), as

r .
th(71v s ,’77') = w Z k?ath,mp . (56)
T e (o)
On the other hand, by the log-tropical correspondence of Theorem 4.14, we have
kg NSMC(Xs) = ) kg NJP, (5.7)
UGSﬁh

where S, is the set of faces o of MS?A such that pp, C ®(0). As pp, is the (d — 2)-dimensional

face of M, 4 a0 containing pp, the set ®~1(pp) of faces o such that ®(c) = pj, coincides with
the set S, of faces o such that pp, C ®(0), so (5.5) follows by combining (5.6) and (5.7). O

Appendix. Generic log smoothness

The classical generic smoothness (or Bertini-Sard) theorem states that given two varieties X
and Y over a field k of characteristic 0 and a morphism f: X — Y, if X is smooth over k, then
there exists an open dense subset U of Y such that for every u € U, the fiber f~!(u) is smooth
over k (see for example [Har77, Corollary 10.7]). In the following theorem, we give a logarithmic
version of this result.

THEOREM A.l. Let k be a field of characteristic 0. Let f: X — Y be a morphism between
fine and saturated log schemes over k. Assume that X is log smooth over the trivial log point
(Speck, k*), that the scheme underlying Y is integral, and that the log structure on Y is gener-
ically trivial. Then, there exists an open dense subset U of Y such that for every u € U, the
fiber f~'(u), endowed with the log structure restricted from X, is log smooth over the trivial log
point (Speck(u),k(u)*), where k(u) is the residue field of u.

Proof. As it is log smooth over the trivial log point (Speck,k*), the variety X is log regular in
the sense of [Kat94, equation (2.1)] by [Kat94, Proposition 8.3(1)]. By [Kat94, Proposition 7.2],
the localization of a log regular log scheme is log regular. So, the generic fiber X, of X over the
generic point 1 of Y is also log regular. As k is of characteristic 0, the function field k(7) of Y is
also of characteristic 0, so X, being log regular implies that X, is log smooth over the trivial log
point (Speck(n),k(n)*) by [Kat94, Proposition 8.3(2)]. As the log structure on Y is assumed to
be generically trivial, (Speck(n),k(n)*) is the generic point of Y endowed with the log structure
restricted from Y, so there exists an open dense subset V of Y such that f| 7-1(v) is log smooth
by the generic smoothness result of [Lod13, §1.8]. On the other hand, applying [Lod13, §1.8] to
Y over (Speck,k*), one deduces that there exists an open dense subset W of Y such that the
log structure of Y is trivial in restriction to W. The intersection U := V N W is an open dense
subset of Y with trivial log structure such that f|;-1(yy is log smooth. Hence, for every u € U,
the fiber f~1(u) is log smooth over the trivial log point (Speck(u), k(u)*). O
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