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Hybrid toric varieties and the non-archimedean

SYZ fibration on Calabi–Yau hypersurfaces

Léonard Pille-Schneider

Abstract

Using a construction by Yamamoto of contraction maps from tropical Calabi–Yau vari-
eties to their dual intersection complex, we construct a non-archimedean SYZ fibration
for a class of maximally degenerate hypersurfaces in projective space. We further-
more prove that under a discrete symmetry assumption, the potential for the non-
archimedean Calabi–Yau metric is constant along the fibers of the retraction.

The proof uses the work of Li on the Fermat degeneration of hypersurfaces, and an
explicit description of toric plurisubharmonic metrics on the hybrid space associated
with a complex toric variety.

1. Introduction

Let X → D∗ be a degeneration of n-dimensional Calabi–Yau manifolds, polarized by a relatively
ample line bundle L. We furthermore assume that the degeneration is maximal, which means
that the algebraic geometry of the fibers Xt degenerates in the most severe possible way (see
Definition 4.5 for the precise definition). Motivated by mirror symmetry, the SYZ conjecture
predicts that as t → 0, the fiber (Xt, ωt) endowed with its unique Kähler Ricci-flat metric
ωt ∈ c1(Lt) should look like the total space of a Lagrangian torus fibration ft : Xt → B onto
a certain base B of real dimension n. The base B can be naturally realized within the realm
of non-archimedean geometry: writing Xan for the Berkovich analytification of X with respect
to the t-adic absolute value on K = C((t)), there exists a canonical piecewise-linear subspace
Sk(X) ⊂ Xan called the essential skeleton of X, carrying a Lebesgue measure µ0 which is in
a natural sense the limit of the Calabi–Yau measures µt = ωn

t on theXt. The measure convergence
takes place on the hybrid space Xhyb associated with the degeneration, which can be written as
the disjoint union Xhyb := X ⊔Xan, and whose topology is roughly defined in the following way:
if f is a holomorphic function on X, then the real-valued function log|f |/log|t| on X converges
on Xhyb to the family of non-archimedean valuations vx 7→ vx(f) of f on Xan.

The Kontsevich–Soibelman conjecture [KS06] then predicts the following: after suitably re-
scaling the diameters, the Calabi–Yau manifolds (Xt, ωt) converge in the Gromov–Hausdorff sense

Received 13 October 2022, accepted in final form 18 December 2024.
2020 Mathematics Subject Classification 05E14, 14J32, 14J33, 32P05.
Keywords: Calabi–Yau manifolds, Berkovich spaces, SYZ conjecture.
© The Author(s), 2026. This article is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use,
distribution, and reproduction in any medium, provided that the original work is properly cited. Algebraic Geometry
is © Foundation Compositio Mathematica.

http://algebraicgeometry.nl
http://www.ams.org/msc/
http://creativecommons.org/licenses/by/4.0/


The NA SYZ fibration on CY hypersurfaces

to the essential skeleton Sk(X), containing a dense open subset R which is a smooth Riemannian
manifold, endowed with an integral affine structure, and such that the Riemannian metric is given
locally in affine coordinates by the Hessian of a strictly convex potential ϕ satisfying the real
Monge–Ampère equation

det

(
∂2ϕ

∂yi∂yj

)
= µ0 ,

where (y1, . . . , yn) are integral affine coordinates. Heuristically, the integral affine structure should
be thought of as the limit of the highly degenerating complex structure on Xt, while the local
potential ϕ is the limit of the Calabi–Yau potentials. While it has proven difficult to give a global
definition of the real Monge–Ampère equation on the piecewise-affine space Sk(X), the work of
Boucksom–Favre–Jonsson [BFJ15, BFJ16] implies that it is possible to make sense of the non-
archimedean Monge–Ampère measure MA(ϕ) of a continuous plurisubharmonic (psh for short)
metric ϕ on L on the Berkovich analytification Xan, and that there exists a unique continuous
psh metric on Lan solving the non-archimedean Monge–Ampère equation

MA(ϕ) = µ0 ,

where µ0 is the Lebesgue measure on the essential skeleton of X. This provides a natural strategy
towards the proof of the Kontsevich–Soibelman conjecture: first, prove that the non-archimedean
Calabi–Yau metric ϕ on Lan can be identified in a suitable sense with a convex solution of the
real Monge–Ampère equation on Sk(X), and then show that the latter captures the asymptotic
behaviour of the Calabi–Yau manifolds (Xt, ωt).

The groundbreaking work of Li [Li23] makes substantial progress regarding the second part:
assume that there exist a possibly larger skeleton Sk(X) ⊆ S ⊂ Xan and a retraction ρ : Xan → S
such that the solution of the non-archimedean equation ϕ satisfies the comparison property ϕ =
ϕ ◦ ρ on the union of open maximal faces of Sk(X). Then the solution can be identified with
a solution of the real Monge–Ampère equation on Sk(X) on this union by [Vil21], which provides
an ansatz for the archimedean Calabi–Yau metrics, so that Li is able to show the existence of
a special Lagrangian fibration ft : Ut → Sk(X) on an open subset Ut ⊂ Xt of asymptotically
full Calabi–Yau measure when |t| ≪ 1. Let us point out however that since the ansatz lives
on the disconnected union of open maximal faces of Sk(X), the above-mentioned invariance
property is not strong enough to expect it to imply global Gromov–Hausdorff convergence –
it is therefore desirable to define a stronger comparison property to obtain finer convergence
results.

The goal of this paper is to investigate this invariance property in the particular case of
degenerations of hypersurfaces of the following form:

X = {z0 · · · zn+1 + tF = 0} ⊂ Pn+1 × D∗ ,

where F ∈ H0(Pn+1,O(n + 2)) is a generic section. In that case, writing N for the cocharacter
lattice of the open torus T ⊂ Pn+1 and NR = N ⊗Z R, the essential skeleton Sk(X) can be canon-
ically realized inside the tropical hypersurface Trop(X) ⊂ NR associated with X, that is, the
corner locus of the piecewise-affine function on NR obtained by replacing sums by maxima and
products by sums in the equation of the hypersurface. The tropicalization Trop(X) is also the im-
age of Xan∩Tan under the tropicalization map val : Tan → NR, which is given by the log-modulus
of coordinates on the torus. The tropicalization map extends as a map valΣ : Pn+1,an → NΣ onto
the manifold with corners NΣ associated with the fan Σ of Pn+1, which provides a canonical
compactification Trop(X) := valΣ(Xan) of the tropical hypersurface.
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Such degenerations of hypersurfaces have been extensively studied in the mirror symmetry
literature, in particular in the context of toric degenerations and the Gross–Siebert program
[Gro05, GS06]. The following will be of particular relevance to us: given a certain choice of branch
cuts a = (aτ )τ in Sk(X), that is, an interior point aτ of each face τ , one can define a discriminant
locus Γ ⊂ Sk(X) and an integral affine structure on Sk(X) \ Γ, capturing the toric nature of the
degeneration. The work of Yamamoto [Yam21] shows that this integral affine structure can be
reconstructed via tropical geometry: there exists a tropical contraction δ = δa : Trop(X) → Sk(X)
which preserves the integral affine structures on Trop(X) and Sk(X) \ Γ. It is thus natural to
compose this contraction with the tropicalization map valΣ : Xan → Trop(X). Our first main
result is the following.

Theorem A. Let X be a degeneration of hypersurfaces of the form

X = {z0 · · · zn+1 + tF = 0} ⊂ Pn+1 × D∗ ,

where F ∈ H0(CPn+1,O(n+ 2)) is a generic section. Let a be a choice of branch cuts in Sk(X),
and let δa : Trop(X) → Sk(X) be the associated tropical contraction. Then the composition

ρa := δa ◦ valΣ : Xan −→ Sk(X)

is an affinoid torus fibration over Sk(X) \ Γ. Moreover, the induced integral affine structure on
Sk(X) \ Γ coincides with the one mentioned above.

For the definition of δa, see [Yam21, Theorem 5.1].

We will not define affinoid torus fibrations here, and refer to Definition 4.7. They should be
thought of as the non-archimedean analogue of smooth torus fibrations, and in particular induce
an integral affine structure on their base. In the case of K3 surfaces, the above retraction was
constructed in a different manner in [MP21, Theorem A].

It is expected that the polarization on the hypersurface should dictate a preferred choice of
branch cuts, that is, such that the non-archimedean Calabi–Yau metric ϕ satisfies the comparison
property for the retraction ρa. When the family of hypersurfaces is the Fermat family, given
explicitly by

X =
{
z0 · · · zn+1 + t

(
zn+2
0 + · · · + zn+2

n+1

)
= 0

}
⊂ Pn+1 × D∗ ,

which has the discrete Sn+2-symmetry, there is a canonical choice of branch cuts, namely the
barycenters of the faces of Sk(X). We are then able to show a strong version of the comparison
property for the family X.

Theorem B. Let X be the Fermat family of hypersurfaces, polarized by L = OP(n+2). Then on
Pn+1
K there exists a toric psh metric on Lan whose restriction ϕ to Xan solves the non-archimedean

Monge–Ampère equation MA(ϕ) = µ0, where µ0 is the Lebesgue measure on Sk(X). Moreover,
writing ϕ = ϕFS + ψ, where ϕFS is the Fubini–Study metric on L, the continuous function ψ on
Xan satisfies the comparison property

ψ = ψ ◦ ρa
over Sk(X) \ Γ, where ρa is the retraction from Theorem A, the point aτ is the barycenter of τ
for each face τ ⊂ Sk(X ), and Γ ⊂ Sk(X) is the associated discriminant locus of codimension 2.

The first part of this result was obtained independently in [HJMM24] for a larger class of
hypersurfaces in projective space, via a different argument. We will additionally prove that the
strong comparison property also holds for most hypersurfaces considered in their setting; see
Theorem 6.4.
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Our argument builds on the work from [Li22], together with the hybrid pluripotential theory
developed in [Pil23], where we define a class of plurisubharmonic metrics on the hybrid spaceXhyb

associated with a degeneration X of complex manifolds. We will in particular use a description of
hybrid, fiberwise-toric metrics on a complex toric variety – given a complex projective variety Z,
the associated hybrid space p : Zhyb → [0, 1] is a Berkovich analytic space such that p−1((0, 1]) ≃
Z × (0, 1], and p−1(0) ≃ Zan

0 is homeomorphic to the analytification of Z with respect to the
trivial absolute value on C. Given a semi-ample line bundle L on Z, a continuous fiberwise-
toric metric ϕ on Lhyb is then a continuous metric that restricts to a toric metric on L on each
fiber p−1(λ) for λ ∈ [0, 1]. Such metrics are well known [BPS14] to be equivalent to the data of
a continuous function on a finite-dimensional vector space NR, which has the same growth at
infinity as the support function ΨP of the polytope P encoding the polarization L. The metric
is then psh if and only if the associated function is convex, and the following result states that
this also holds in the hybrid setting.

Theorem C. Let Z be a projective complex toric variety and L a semi-ample line bundle on Z.
There is a one-to-one correspondence between continuous, fiberwise-toric psh metrics on Lhyb

and continuous convex functions

Φ: NR × [0, 1] −→ R
such that (Φ − ΨP ) extends continuously to NΣ × [0, 1].

This is slightly different from the set-up considered above, but this result is equivalent to the
description of S1-invariant, toric psh metrics on the hybrid space associated with the polarized
degeneration (Z × D∗, p∗1L), which will be sufficient for our purposes.

Notation and conventions

All rings are assumed to be unitary and commutative.

Throughout this text, whenever we say that X
π−→ D∗ is a degeneration of complex manifolds,

we mean that X is a smooth complex manifold and π a holomorphic submersion (which will
often be omitted from notation). We will furthermore always assume that the degeneration is
meromorphic at 0, that is, that there exists a normal complex analytic space X

π−→ D such that
X|D∗ = X.

Organization of the paper

In Section 2, we recall various facts on Berkovich spaces and hybrid spaces, and pluripotential
theory thereon. Section 3 is devoted to the study of toric metrics on hybrid spaces and the
proof of Theorem C. In Section 4, we discuss the SYZ heuristic and define a class of non-
archimedean torus fibrations, as well as a strong comparison property for them. In Section 5, we
describe Yamamoto’s tropical contraction in the hypersurface case and study various models of
our degeneration, providing a proof of Theorem A. Finally, in Section 6, we focus on the Fermat
degeneration of hypersurfaces and prove Theorem B, and we prove that the generic SYZ fibrations
on the complex fibers converge in the hybrid topology to the retraction from Theorem A.

2. Non-archimedean geometry

Let K be a complete valued field and X/K a separated scheme of finite type. The Berkovich
analytification Xan can be defined as the set of couples x = (ξ, vx), where ξ = ξx is a scheme-
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theoretic point of X and vx is a real valuation on the function field of ξx, extending the valuation
on K.

The setXan is endowed with the coarsest topology such that the maps f 7→ |f |x are continuous
on Uan whenever f ∈ OX(U), and the map x 7→ ξx from Xan to Xsch is also continuous. The
topological space Xan satisfies nice properties: it is Hausdorff, locally path connected, locally
contractible, and it is compact if and only if X/K is proper.

From here on, the cases relevant to us will be the following: either K is C endowed with the
Euclidean absolute value, of K is a discretely valued (hence non-archimedean) field of equichar-
acteristic zero. In the former case, the Gelfand–Mazur theorem ensures that the Berkovich an-
alytification Xan of X is nothing but the associated complex analytic space, which we denote
by Xhol, so we will now focus on the latter.

2.1 Models and Berkovich skeleta

Let K be a complete, discretely valued field of equicharacteristic zero, with valuation v; by
Cohen’s structure theorem, we may assume that K = k((t)) is the field of Laurent series over its
residue field, endowed with the valuation v = ord0. We denote its valuation ring by R = k[[t]].

Throughout this section, we let X be a separated K-scheme of finite type, and we write n =
dim(X). We will call model of X a flat, separated R-scheme X , together with an isomorphism
of K-schemes X ×RK ≃ X. We will denote by X0 := X ×R k its special fiber and by Div0(X )
the group of Weil divisors on X supported on the special fiber.

Given a model X of X and writing X0 =
∑

i∈I aiDi as the sum of its irreducible components,
we say that Y ⊂ X0 is a stratum if there exists a J ⊂ I such that Y is a (non-empty) connected
component of DJ :=

⋂
j∈J Dj .

If X , X ′ are two models of X, we will say that X ′ dominates X if there exists a (necessarily
unique) R-morphism f : X ′ → X whose base change to K induces the identity on X.

Assume that X/K is proper, and let X /R be a proper model of X. By the valuative criterion
of properness, any point x ∈ Xan admits a center cX (x) on X (see [MN15, § 2.2.2]), which is
furthermore contained in X0 since vx(t) = 1. The map cX : Xan → X0 is anticontinuous, which
means that the preimage of a closed subset of X0 by cX is open in Xan.

In the case where X/K is smooth, we say that a model X /R has simple normal crossing (snc
for short) singularities if X /R is smooth and the special fiber X0 is a simple normal crossing
divisor inside X . Such models always exist when X/K is projective, by Hironaka’s theorem on
resolution of singularities; more precisely, any model X /R can be dominated by an snc model.
For reasons that will appear more clearly later on, we will sometimes need to work with a broader
class of models.

Definition 2.1. Let X /R be a model of X. We say that X is a dlt (divisorially log terminal )
model of X if the following conditions are satisfied:

• The pair (X ,X0,red) is log canonical in the sense of the minimal model program; see [KM98].

• The pair (X ,X0,red) is simple normal crossing at the generic points of log canonical centers
of (X ,X0,red).

Moreover, a dlt model X is good if each irreducible component of X0,red is Q-Cartier.

We will not give a precise definition of log canonical centers here, and refer the reader
to [KM98]. However, if X is a dlt model and X is defined over an algebraic curve – which
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is the most relevant case for applications – then the log canonical centers of (X ,X0,red) are
precisely the strata of X0 by [Kol13, § 4.16], so a dlt model X is simple normal crossing at the
generic points of the strata of X0.

With every dlt model X of X, with special fiber X0 =
∑

i∈I aiDi, we can associate a cell
complex that encodes the combinatorics of the intersections of the irreducible components of X0.

Definition 2.2. Let X be a dlt model of X. With each stratum Y of X0 which is a connected
component of DJ , we associate a simplex

τY =

{
w ∈ R|J |

⩾0

∣∣ ∑
j∈J

ajwj = 1

}
.

The cell complex D(X0) is defined as the union of the above τY , with the following incidence
relations: τY is a face of τY ′ if and only if Y ′ ⊂ Y .

Given any dlt model X of X over R, there exists a natural embedding iX of the dual complex
D(X0) into Xan, given as follows. The vertices vi of D(X0) are in one-to-one correspondence
with irreducible components Di of the special fiber X0 =

∑
i∈I aiDi, so we set

iX (vi) = vDi := a−1
i ordDi ,

where the valuation ordDi associates with a meromorphic function f ∈ K(X) ≃ K(X ) its
vanishing order along Di – the normalisation by a−1

i ensuring that vDi(t) = 1. The higher-
dimensional faces are embedded using the following.

Proposition 2.3 ([MN15, Proposition 2.4.4]). Let Y ⊂ X0 be a stratum which is a connected
component of DJ for a J ⊂ I, with generic point η, and fix a local equation zj ∈ OX ,η for Dj

for every j ∈ J .

For any w ∈ τY =
{
w ∈ R|J |

⩾0 |
∑

j∈J ajwj = 1
}
, there exists a unique valuation vw on K(X)

such that for every f ∈ OX ,η, with expansion f =
∑

β∈N|J| cβz
β (with cβ either zero or a unit),

we have

vw(f) = min
{
⟨w, β⟩

∣∣ β ∈ N|J |, cβ ̸= 0
}
,

where ⟨ , ⟩ is the usual scalar product on R|J |. This valuation is called the quasi-monomial
valuation associated with the data (Y,w).

The map

iX : D(X0) −→ Xan ,

τY ∋ w 7−→ vw

is continuous and injective, and its image is called the skeleton of X , written as Sk(X ) ⊂ Xan.
By the compactness of D(X0), the map iX induces a homeomorphism between D(X0) and
Sk(X ), so we will sometimes abusively identify D(X0) with Sk(X ), which is therefore a cell
complex of dimension at most dimX.

Definition 2.4. Let Y be a stratum of X0. We define Star(τY ) as the union of open faces
in Sk(X ) whose closure contains τY .

Let us now assume that X is a good dlt model of X, that is, that the irreducible components
of X0 are Q-Cartier. We can now define a retraction for the inclusion Sk(X ) ⊂ Xan as follows:
for any v ∈ Xan, there exists a minimal stratum Y ⊆

⋂
j∈J Dj of X0 such that the center cX (v)
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of v is contained in Y . Since X is good, for each j ∈ J , there exists an ej > 0 such that ejDj is
Cartier at cX (v). We now associate with v the quasi-monomial valuation ρX (v) corresponding
to the data (Y,w) with wj = e−1

j v(zj), where zj is a local equation of ejDj at the generic point
of cX (v). This should be seen as a monomial approximation of the valuation v at the generic
point of Y , with respect to the model X (which is snc there).

Definition 2.5. The above map ρX : Xan → Sk(X ) is the Berkovich retraction associated with
the model X /R.

The Berkovich retraction is continuous and restricts to the identity on Sk(X ). It furthermore
induces a homotopy equivalence between Xan and Sk(X ) by [Thu07, Ber99].

Remark 2.6. The Berkovich retraction is a local construction on X , in the following sense. Let Y

be a stratum of X0. The formal completion XY := X̂/Y of X along Y is a formal R-scheme and
admits a generic fiber Xη

Y in the sense of Berkovich, which is a Berkovich analytic space and can
be explicitly described as the following open subset of Xan:

Xη
Y =

{
x ∈ Xan | cX (vx) ∈ Y

}
= ρ−1

X (Star(τY )) .

The global construction from above can in fact be made on Xη
Y , see [Ber99], so there exists

a retraction

ρY : Xη
Y −→ Star(τY )

which coincides with the restriction of the retraction ρX . Thus, the restriction of ρX over

Star(τY ) only depends on the formal completion X̂/Y .

2.2 Hybrid spaces

Recall that a Banach ring (A, |·|) is a ring endowed with a submultiplicative norm such that A
is a complete metric space with respect to the induced distance.

Definition 2.7. Let A be a Banach ring. The Berkovich spectrum M (A) is the set whose points
x ∈ M (A) are multiplicative semi-norms |·|x : A → R⩾0 satisfying |·|x ⩽ |·|. It is equipped with
the topology of pointwise convergence on A, which makes it into a non-empty Hausdorff compact
topological space by [Ber90].

For instance, if A = k is a complete valued field, then M (k) is reduced to the point |·|.
Any point x ∈ M (A) admits a residue field H (x), which is a complete valued field defined as
follows. Since the semi-norm |·|x is multiplicative, its kernel px is a prime ideal of A. We write
κ(x) = Frac(A/px) for the algebraic residue field. The semi-norm |·|x descends as an absolute
value to κ(x), and we denote the associated completion by H (x).

If X is a scheme of finite type over A, one can define an analytification functor X 7→ Xan

from the category of A-schemes of finite type to the category of A-analytic spaces, constructed
in [LP24]. Any A-analytic space comes with a sheaf of analytic functions, as defined in [Ber90,
Definition 1.5.3]. As in the case where A is a valued field, the space Xan satisfies nice topological
properties: if X/A is separated, then Xan is Hausdorff, and Xan is compact if and only if X/A
is proper.

Definition 2.8. Let Chyb be the Banach ring obtained by equipping the field C with the
norm | · |hyb defined for non-zero z ∈ C by

|z|hyb = max{1, |z|} .
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One can show [LP24, Example 1.1.15] that the elements of M
(
Chyb

)
are of the form |·|λ for

λ ∈ [0, 1], where |·|0 = |·|0 denotes the trivial absolute value on C. This yields a homeomorphism
λ : M

(
Chyb

) ∼−→ [0, 1].

Thus, if Z is a scheme of finite type over C, then its analytification with respect to |·|hyb,
which we denote by Zhyb, comes with a structure morphism π : Zhyb → [0, 1]. Moreover, for
any λ ∈ [0, 1], the fiber π−1(λ) is canonically homeomorphic to the analytification of Z with
respect to the absolute value |·|λ – notably, if λ > 0, then π−1(λ) is homeomorphic to Zhol by
the Gelfand–Mazur theorem, and the analytic structure is the same up to a scaling factor. There
is even a homeomorphism

p : π−1((0, 1]) ∼−→ (0, 1] × Zhol

compatible with the projections to (0, 1].

On the other hand, the fiber π−1(0) is homeomorphic to the analytification Zan
0 of Z with

respect to the trivial absolute value on C. As a result, the space Zhyb allows us to see the
rescalings of the complex variety Zhol degenerate to its trivially valued counterpart.

We now want to perform a similar construction for degenerations of complex varieties. Let
X

π−→ D∗ be a quasi-projective, holomorphic family of n-dimensional complex manifolds, where
D∗ = {|t| < 1} is the punctured unit disk in C. This allows us to view (the base change of) X as
a quasi-projective scheme over the non-archimedean field K = C((t)) of Laurent series. We will
write Xan for the Berkovich analytification of X with respect to the t-adic valuation on K.

We fix a radius r ∈ (0, 1) and consider the following Banach ring, which we call the hybrid
ring :

Ar =

{
f =

∑
n∈Z

ant
n ∈ K

∣∣∣ ∥f∥hyb :=
∑
n

∥an∥hyb rn <∞
}
.

Lemma 2.9 ([BJ17, Proposition A.4]). The map τ : t 7→ |·|t defined by

|f |t =

{
rord0(f) if t = 0 ,

rlog|f(t)|/ log|t| if t ̸= 0

for f ∈ Ar induces a homeomorphism from D̄r to M (Ar).

The Berkovich spectrum M (Ar) is called the hybrid circle and is denoted by Chyb(r), and
Lemma 2.9 identifies the hybrid circle of radius r with the closed disk of radius r. In particular,
up to scaling factors, the image of 0 ∈ D̄r is the t-adic absolute value on Ar ⊂ C((t)), while
log|·|t is the Euclidean norm of the evaluation of f at t. As a result, the Berkovich analytification
Xhyb := (XAr)an of the base change XAr fibers over D̄r and allows us to see the complex
manifold X degenerate to its non-archimedean analytification, as a consequence of the following.

Proposition 2.10 ([Fav20, Theorem 1.2]). Let X be a degeneration of complex manifolds and

XAr the associated Ar-scheme, and denote the associated hybrid space by πhyb : Xhyb
r → Chyb(r).

Then

• π−1
hyb(0) can be canonically identified with Xan;

• there exists a homeomorphism β : X|D∗
r

∼−→ π−1
hyb(τ(D∗

r)) satisfying πhyb ◦ β = τ ◦ π;

• if ϕ is a rational function on XAr , then |ϕ(β(z))| = |ϕ(z)|log r/log|t| for z not in the indeter-
minacy locus of ϕ.
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2.3 Pluripotential theory

Let K be a complete valued field and X a projective scheme over K, endowed with a semi-
ample line bundle L. By the Gelfand–Mazur theorem, either K is R or C with (a power of) the
Euclidean absolute value, or K is non-archimedean.

One defines a continuous metric ϕ on the Berkovich analytification of (X,L) as an operation
that associates with any local section s ∈ H0(U,L), where U ⊂ X is a Zariski open, a continuous
function ∥s∥ϕ : Uan → R, compatible with restriction of sections and such that ∥fs∥ϕ = |f |∥s∥ϕ
whenever f ∈ OX(U). We then want to define a class of (continuous) plurisubharmonic metrics
on L as in the complex case, where a continuous metric ϕ on L is said to be psh if its curvature
current ddcϕ := (i/2π)∂∂̄ϕ is semi-positive. While the work of Chambert-Loir–Ducros [CD25]
provides a notion of semi-positive currents on Berkovich spaces, and hence a local definition of
psh metrics, we will rather adopt a global point of view here, following [BFJ16, BJ22, Pil23].

Given an integer m ⩾ 1, a family (s0, . . . , sN ) of global sections of mL without common
zeroes, and real constants c0, . . . , cN , the metric

ϕ = m−1 max
i=0,...,N

(log|si| + ci)

is called a tropical Fubini–Study metric on L. The class of continuous psh metrics is then defined
as the closure of the class of Fubini–Study metrics for uniform convergence.

Definition 2.11. A continuous metric ϕ on L is plurisubharmonic (psh for short) if it can be
written as the uniform limit of a net of tropical Fubini–Study metrics on L. We write CPSH(X,L)
for the set of continuous plurisubharmonic metrics on L.

For instance, if K is C endowed with the Euclidean absolute value and X is a normal com-
plex variety, then it follows mostly from Demailly’s regularization theorem [Dem92] that this is
consistent with the usual definition of a psh metric on L; see [Pil23, Theorem 2.11]. Similarly,
if K is a complete non-archimedean field, then the above definition is consistent with the local
Chambert-Loir–Ducros definition of psh metrics on L by [BE21, Theorem 7.14].

Let L1, . . . , Ln be n semi-ample line bundles on X, where n = dimX. One of the central ob-
jects of pluripotential theory is the Monge–Ampère operator, associating with a tuple (ϕ1, . . . , ϕn)
of continuous psh metrics on the Li a measure MA(ϕ1, . . . , ϕn). Assume for a moment that K
is C and that X is smooth. Then by the seminal work of Bedford–Taylor [BT76], the mixed
Monge–Ampère pairing

(ϕ1, . . . , ϕn) 7−→ ddcϕ1 ∧ · · · ∧ ddcϕn ,
a priori defined when each ϕi is a smooth Hermitian metric on Li, extends in a unique way to
psh, locally bounded metrics – hence in particular to continuous psh metrics.

We now assume that K is non-archimedean: the role of smooth metrics is now played by
tropical Fubini–Study metrics. Given a tuple (ϕ1, . . . , ϕn) of tropical Fubini–Study metrics on the
Li, one can define their mixed Monge–Ampère measure MA(ϕ1, . . . , ϕn) with similar properties
as in the complex analytic case – the pairing (ϕ1, . . . , ϕn) 7→ MA(ϕ1, . . . , ϕn) is, for instance,
symmetric and multilinear, and the total mass satisfies∫

Xan

MA(ϕ1, . . . , ϕn) = (L1 · · ·Ln) .

The Monge–Ampère measure can then be extended to more general metrics.
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Theorem 2.12 ([Cha06], [BE21, Theorem 8.4]). Let K be a complete valued field, X/K an
n-dimensional projective scheme, and L1, . . . , Ln line bundles on X. Then the Monge–Ampère
operator

(ϕ1, . . . , ϕn) 7−→ MA(ϕ1, . . . , ϕn)

admits a unique extension to continuous psh metrics on the Li. The extension is furthermore
continuous with respect to the topology of uniform convergence and the weak topology of Radon
measures.

Let X be a smooth n-dimensional complex manifold and L an ample line bundle on X. Then
Yau’s celebrated solution to the Calabi conjecture [Yau78] asserts that for any smooth volume
form µ on X, normalized to have total mass 1, there exists a unique (up to an additive constant)
smooth, positive-definite metric ϕ on L such that

(ddcϕ)n = (Ln)µ .

Throughout the years, various generalizations of Theorem 2.12 in a more singular setting
have appeared in the literature: let us simply mention Ko lodziej’s result [Ko l98], which states
that under the same assumptions on (X,L), the statement of Theorem 2.12 holds for a much
wider range of probability measures on X (for instance, measures µ with Lp-density for some
p > 1) when we do not require the solution to be smooth – here the solution is a continuous psh
metric ϕ ∈ CPSH(X,L), and the equality (ddcϕ)n = µ is understood in the sense of [BT76].

We now let K = k((t)) be a discretely valued field of equicharacteristic zero. The following
result can be understood as an analogue of Ko lodziej’s result over K.

Theorem 2.13 ([BFJ15, Theorem A], [BGJ+20]). Let (X,L) be a smooth polarized variety
over K. Let µ be a probability measure on Xan, supported on the skeleton of some snc R-model
of X. Then there exists a unique (up to an additive constant) continuous, semi-positive metric ϕ
on L satisfying the non-archimedean Monge–Ampère equation MA(ϕ) = µ.

Theorem 2.13 was proved when X is defined over the function field of a curve over k in
[BFJ15], and then extended to varieties over non-archimedean fields of residual characteristic
zero in [BGJ+20].

Now let X → D∗ be a projective degeneration of complex manifolds, which we may view
as a projective scheme over the Banach ring Ar from Section 2.2. We may view the associated
hybrid space Xhyb as the Berkovich analytification of the latter scheme, so that one can define
tropical Fubini–Study metrics on Lhyb in a manner similar to that in the case of a field: they are
continuous metrics of the form

ϕ = m−1 max
i=0,...,N

(log|si| + ci) ,

where m ⩾ 1, the global sections s0, . . . , sN ∈ H0(X,mL) have no common zeroes, and c0, . . . , cN
are real constants. A continuous, plurisubharmonic metric on Lhyb is now by definition a contin-
uous family of metrics on the fibers of πhyb that can be written as the uniform limit of a net of
tropical Fubini–Study metrics; see [Pil23, § 2.4]. In particular, for any t ∈ Chyb(r), the restric-
tion ϕt of ϕ to the analytic space (over a field) π−1

hyb(t) is a continuous plurisubharmonic metric,
in the sense of Definition 2.11.

Theorem 2.14 below asserts than given a continuous, plurisubharmonic metric on (Xhyb,Lhyb),
the associated family of Monge–Ampère measures is weakly continuous on Xhyb:

547



L. Pille-Schneider

Theorem 2.14 ([Fav20, Theorem 4.2], [Pil23, Theorem 4.10]). Let (X,L) → D∗ be a polarized
degeneration of complex manifolds and ϕ a continuous psh metric on Lhyb. Then the convergence
of measures

(ddcϕt)
n −−→

t→0
MA(ϕ0)

holds on Xhyb in the weak sense.

3. Hybrid toric metrics

Let (Z,L) is a polarized toric variety over C. In this section, we investigate toric metrics on
(Zhyb, Lhyb). When working over C equipped with either the archimedean or the trivial absolute
value, semi-positive toric metrics on (Zan, Lan) are well known to correspond to a certain class
of convex functions on the vector space NR where the fan of Z lives. The main result of this
section, Theorem 3.26, states that semi-positive metrics on (Zhyb, Lhyb) that are fiberwise toric
correspond to families, parametrized by M (Chyb) ≃ [0, 1], of convex functions on NR as above,
which vary in a convex way with respect to the coordinate λ on the base.

Throughout this section, N denotes a lattice of rank n, M = Hom(N,Z) its dual, and we
set NR = N ⊗Z R and MR = M ⊗Z R = HomR(NR,R). We denote by ⟨·, ·⟩ the duality pairing
MR ×NR → R.

3.1 Convex geometry

We say that a function ϕ : NR → R is piecewise affine if there exists a rational polytopal sub-
division T of NR such that ϕ is affine on each face of the subdivision; it is said to be rational
piecewise affine if each affine piece of ϕ has rational slopes (note that we allow the constant term
to be any real number). We will sometimes say that ϕ is adapted to the subdivision T .

A (rational) convex polytope P ⊂MR is the convex hull in MR of finitely many points in MQ.
The polytope is furthermore integral if we can choose the points to be in M .

If P ⊂ MR is a convex polytope, a face of P is any intersection of P with a halfspace such
that none of the interior points of the polytope lie on the boundary of the halfspace. The normal
fan Σ = ΣP is the complete fan in NR whose cones are the normal cones to the faces of P . More
explicitly, Σ = {σF }F face of P , where

σF =
{
x ∈ NR | ∀u ∈ F, ⟨u, x⟩ = max

P
u
}
.

Definition 3.1. Let P ⊂MR be a convex polytope. Its support function ΨP : NR → R is defined
by the formula ΨP (x) = supu∈P ⟨u, x⟩. It is a rational piecewise-linear convex function on NR,
linear on each face of the normal fan ΣP .

The fact that ΨP is piecewise linear follows from the fact that for fixed x, the function
u 7→ ⟨u, x⟩ reaches its maximum at a vertex of P , hence the equality

ΨP (x) = max
u∈V

⟨u, x⟩ ,

where V ⊂ P is the set of vertices of P . Note that the data of (ΣP ,ΨP ) recovers the polytope P
uniquely.

Definition 3.2. Let ϕ : NR → R be a convex function. We define the Legendre transform ϕ∗
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of ϕ by the formula

ϕ∗(u) = sup
x∈NR

(⟨u, x⟩ − ϕ(x))

for u ∈MR, and we denote its domain by P (ϕ) := {ϕ∗ < +∞ } ⊂MR.

Definition 3.3. Let P ⊂MR be a convex polytope. We say that the convex function ϕ : NR → R
is P -admissible if and only if the equality P (ϕ) = P holds. This is equivalent to the condition

sup
x∈NR

|ϕ(x) − ΨP (x)| < +∞ .

We will write AdP (NR) or simply AdP for the set of P -admissible convex functions.

Example 3.4. Let J ⊂ P ∩MQ be a finite subset and ϕ : NR → R be the function defined by

ϕ(x) = max
j∈J

(⟨uj , x⟩ + cj) ,

where the cj are real constants. Then ϕ ∈ AdP (NR) if and only if J contains the set of vertices
of P .

Proposition 3.5. Let ϕ ∈ AdP (NR). Then the Legendre transform ϕ∗ : P → R is convex and
continuous. Moreover, the map ϕ 7→ ϕ∗ induces a bijection from AdP (NR) to the set of continuous
convex functions on P , whose inverse map is given by β 7→ β∗, where

β∗(x) = sup
u∈P

(⟨u, x⟩ − β(u))

for β : P → R a continuous convex function.

Proof. If ϕ is P -admissible, its Legendre transform is upper semi-continuous on P as a supremum
of continuous functions, while it follows from [How88] that the Legendre transform ϕ∗ is convex
on P , hence lower semi-continuous on P . This proves the first item. The second item follows
from [Roc70, Theorem 12.2].

The following proposition states that P -admissible functions can be monotonously approxi-
mated by rational piecewise-affine functions.

Proposition 3.6. Let P be a convex polytope in MR, and let ϕ ∈ AdP (NR) be a P -admissible
convex function. Then there exists a decreasing sequence (ϕj)j∈N of rational piecewise-affine,
P -admissible convex functions converging pointwise to ϕ.

Proof. Let β : P → R be the Legendre transform of ϕ, and let (xj)j∈N be a sequence in NQ that is
dense in NR. For each j ∈ N, let (rl,j)l∈N be a sequence of rational numbers decreasing to ϕ(xj),
uniformly with respect to j (uniformity can be achieved by a diagonal extraction argument).
We set

βj(u) = max
l⩽j

(⟨u, xl⟩ − rl,j)

so that as j → ∞, the function βj is close to the maximum of the affine functions with gradients
in {xl}l⩽j that cut out supporting hyperplanes of the graph of β. It is clear that βj is rational
piecewise linear and increases pointwise to

β∗∗(u) = sup
x∈NR

(⟨u, x⟩ − ϕ(x)) ,

which is none other than β. The continuity of β furthermore implies that the convergence is
uniform, by Dini’s lemma.
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We now set

ϕj(x) = β∗j (x) = sup
u∈P

(⟨u, x⟩ − βj(u)) .

This defines an decreasing sequence of P -admissible rational piecewise-affine convex functions
on NR, by the following lemma. The fact that the ϕj decrease (uniformly) to ϕ is now a conse-
quence of the monotonicity of the Legendre transform.

Lemma 3.7. Let P ⊂MR be a convex polytope and β : P → R a function that is piecewise affine,
adapted to a rational polyhedral subdivision of P . Then the Legendre transform β∗, defined for
x ∈ NR by

β∗(x) = sup
u∈P

(⟨u, x⟩ − β(u)) ,

can be written as

β∗ = max
i∈I

(ui + ci) ,

where I is a finite set, ui ∈ P ∩MQ, and ci ∈ R. Moreover, β∗ ∈ AdP (NR).

Proof. Let T be a rational polytopal decomposition of P such that β is affine on each face of T
(which exists as follows, for instance from [BPS14, Lemma 2.5.3]), and write the set E of vertices
of T as E = {ui, i ∈ I}. Then we have

β∗(x) = max
i∈I

(⟨ui, x⟩ − β(ui)) ,

as for fixed x, the function u 7→ (⟨u, x⟩ − β(u)) is affine on each face of T , hence achieves its
maximum at a vertex of T .

The second item follows from Example 3.4 since E contains the set of vertices of P by
construction.

The following proposition will be used during the proof of Theorem 3.26.

Proposition 3.8. Let P ⊂ MR be a convex polytope with support function ΨP and normal
fan Σ, and let Φ: NR × [0, 1] → R be a continuous convex function such that the function
(Φ − ΨP ) extends continuously to NΣ × [0, 1].

Then there exists a sequence (Φj)j∈N of piecewise-affine convex functions on NR × [0, 1] such
that

• for all j ∈ N, the function (Φj − ΨP ) extends continuously to NΣ × [0, 1];

• the sequence (Φj)j decreases to Φ over NΣ × [0, 1];

• each Φj has rational slopes in the NR-direction; that is, we may write

Φj(x, λ) = max
α∈A

(⟨uα, x⟩ + bαλ+ cα) ,

where uα ∈ P ∩MQ and aα, bα ∈ R for all α ∈ A.

Proof. Let Φ∗ : P × R → R be the Legendre transform of Φ. Then by Lemma 3.9 the function
(Φ∗ − max{0, a}) extends continuously to P × [−∞,+∞], where a is the coordinate on R.

Let ((xj , λj))j∈N be a dense sequence of rational points in NR × [0, 1], and let (rj,l)l∈N be a
sequence of rational numbers decreasing to ϕ(xj , λj), uniformly with respect to j. We furthermore
assume λ0 = 0 and λ1 = 1.

We set

βj(u, a) = max
l⩽j

(⟨u, xl⟩ + aλl − rj,l)
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for (u, a) ∈ P×R. It is a sequence of piecewise-affine convex functions increasing pointwise to Φ∗.
The convergence also holds on P × [−∞,+∞] after subtracting max{0, a}, since for j ⩾ 1 and
|a| ≫ 1 depending on u, the difference (βj(u, a)−max{0, a}) does not depend on a. As a result,
the convergence is in fact uniform, by Dini’s lemma.

We now take Φj to be the Legendre transform of βj , that is,

Φj(x, λ) = sup
(u,a)∈P×R

(⟨u, x⟩ + aλ− βj(u, a)) .

The Φj are of the form described in the statement by the argument from Lemma 3.7, as the
difference (βj(u, a)−max{0, a}) does not depend on a for |a| ≫ 1. Since the βj increase uniformly
to Φ∗, the Φj decrease uniformly to Φ∗∗, which is equal to Φ by [Roc70, Theorem 12.2].

It remains to prove that (Φj − ΨP ) extends continuously to NΣ × [0, 1]. For σ ∈ Σ and
mσ ∈ M such that (ΨP )|σ ≡ mσ, since the convex hull Conv(uα)α equals P , we have that
Φj(x, λ) = ⟨mσ, x⟩ + bj0λ + cj0 for x ∈ σ and |x| ≫ 1 independently of λ, where j0 is such
that uj0 = mσ. This proves that (Φj − ΨP ) extends continuously to NΣ × [0, 1], and decreasing
convergence happens over NΣ × [0, 1] since it is uniform, which concludes the proof.

Lemma 3.9. Let P ⊂ NR be a convex polytope, and let Φ: NR×[0, 1] → R satisfy the assumptions
of Proposition 3.8. Then the Legendre transform Φ∗ : P ×R → R is continuous. Moreover, for a
the coordinate on R, the function (Φ∗ − max{0, a}) extends continuously to P × [−∞,+∞].

Proof. Let (u, a) ∈MR × R. Then

Φ∗(u, a) = sup
NR×[0,1]

(⟨u, x⟩ + aλ− Φ(x, λ))

= sup
NR×[0,1]

(⟨u, x⟩ + aλ− ΨP (x) + (ΨP (x) − Φ(x, λ))) ,

which is finite if and only if u ∈ P since (ΨP − Φ) is continuous, hence bounded on NΣ × [0, 1].
We also infer that

Φ∗(u, a) = sup
NΣ×[0,1]

(⟨u, x⟩ + aλ− Φ(x, λ))

whenever u ∈ P , since Φ(x, λ) = −∞ for x ∈ NΣ \NR. As a result, Φ∗ is continuous on P × R
as a fiberwise supremum of a continuous function over a compact set.

We now prove the second item. We assume a ⩾ 0 as the other case is treated in the same
way. The convex function Ψu : a 7→ (Φ∗(u, a) − a) on R⩾0 can be written as

Ψu = sup
λ∈[0,1]

((λ− 1)a+ ηu(λ)) ,

where η is a continuous function of (u, λ). As a result, Ψu is a bounded convex function, decreasing
on R⩾0 and whose limit at +∞ is sup[0,1] ηu, which is continuous with respect to u. Thus,
the family (Ψ(u, a))a⩾0 of continuous convex functions on P decreases with respect to a to
a continuous function, so its elements converge uniformly by Dini’s lemma, and (Φ∗−a) extends
continuously to P × [0,+∞].

3.2 Toric varieties

Recall that N is a lattice of rank n, with dual lattice M . We write T = SpecZ[M ] for the
associated split algebraic torus over Z. We furthermore have that M = Hom(T,Gm) is the
character lattice of T, so each m ∈M defines a regular invertible function on T, which we denote
by χm.
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Let Σ = {σ}σ∈Σ be a fan inside NR; this is a finite collection of strictly convex rational
polyhedral cones inside NR, stable under intersection and such that each face of a cone in Σ is
itself in Σ. If k is any field, one can associate with the fan Σ a normal k-scheme of finite type
as follows: for σ ∈ Σ, set Mσ = M ∩ σ∨, which is a finitely generated semi-group by Gordan’s
lemma. We then define the affine toric variety associated with σ by

Zσ := Spec k[Mσ] .

One can then see that for σ′ ⊂ σ, the ring k[Mσ′ ] is a localization of k[Mσ], so the collection of
{Zσ}σ∈Σ can be glued to define a variety over k:

ZΣ =
⋃
σ∈Σ

Zσ .

Since the cone {0NR} is in Σ, the variety ZΣ contains the torus T = Spec k[M ] as a dense open
subset. Its complement ∆Z := Z \ T is a reduced, anticanonical Weil divisor which we call the
toric boundary of Z. We write it as the sum of its irreducible components: ∆Z =

∑
l∈L Zl.

Definition 3.10 ([BPS14, Definition 3.3.4]). Let L be a line bundle on Z. A toric structure
on L is the data of an isomorphism L ≃ OZ(D), where D is a toric Cartier divisor, together with
a nowhere-vanishing section sD of L|T, which is a monomial on T under the previous isomorphism
LT ≃ OT.

A toric line bundle on Z is a line L endowed with a toric structure.

We now assume that Z is smooth, so each cone σ ∈ Σ can be written as

σ =
dimσ∑
l=1

R⩾0vl ,

where the vl ∈ N are the (linearly independent) primitive generators of the extremal rays of σ.

Definition 3.11. Let D =
∑

l∈L alZl be a toric divisor on Z. For each maximal cone σ ∈ Σ,
we let ΨD : σ → R be the unique linear map such that ΨD(vl) = al for each primitive generator
ul of an extremal ray of σ. This defines a piecewise-linear function

ΨD : Σ −→ R,

called the support function of D.

Note that our definition differs from the one in [Ful93] by a minus sign – with our convention,
ΨD is a convex function if and only if OZ(D) is globally generated. If D1, D2 are two toric divisors
such that OZ(D1) ≃ OZ(D2), then there exists an m ∈M such that D1 −D2 = div(χm), so the
difference ΨD1 − ΨD2 = ⟨m, ·⟩ is a linear form on NR.

Definition 3.12. Let D be a toric divisor on Z. The associated convex polyhedron is defined by

PD = {u ∈MR | ⟨u, ·⟩ ⩽ ΨD} .

As in the previous remark, shifting D by a principal toric divisor amounts to translating PD

inside MR. The polytope PD computes the space of sections of OZ(D).

Proposition 3.13 ([Ful93, Lemma, p. 66]). If m ∈ M ∩ PD, then the monomial χ−m defines
a regular section sm = χ−msD ∈ H0(Z,OZ(D)). Moreover,

H0(Z,OZ(D)) =
⊕

m∈PD∩M
k · sm .
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In the case where OZ(D) is semi-ample (or, equivalently, globally generated), the convex
function ΨD can be written as a finite maximum of linear functions:

ΨD = max
j∈J

⟨mj , ·⟩ ,

so PD is the convex hull of the {mj , j ∈ J} and is a convex polytope, whose support function
equals the support function ΨD of D. Hence, we will say that a convex function ϕ : NR → R is
D-admissible if (ϕ− ΨD) = O(1), that is, ϕ ∈ AdPD

(NR).

Lemma 3.14. Let J ⊂ (PD ∩M) be a finite set. Then the smj , for j ∈ J , have no common zeroes
if and only if J contains the set of vertices of PD, which holds if and only if maxj∈J⟨mj , ·⟩ is
D-admissible.

Proof. The first equivalence is [Ful93, Example, p. 69], while the second one is Example 3.4.

3.3 Analytification of toric varieties

Let A be a Banach ring, and let T = SpecA[M ] be a split algebraic torus over A. Its Berkovich
analytification Tan comes with a canonical valuation map

val : Tan −→ NR = Hom(M,R) ,

x 7−→
(
m 7→ − log|χm(x)|

)
.

In other words, we have ⟨m, val(x)⟩ = vx(χm), hence the notation. Fixing coordinates T1, . . . , Tn
on the torus, which amounts to fixing a basis of M , the above map is given by

val(x) = (− log|T1(x)|, . . . ,− log|Tn(x)|) ∈ Rn .

Now let Σ be a fan inside NR, and let ZΣ/A be the associated toric A-scheme, defined as in a case
of a field, by patching together the SpecA[Mσ] for σ ∈ Σ. For instance, if there exists a subfield
k ⊂ A, then ZΣ,A = ZΣ,k ×k A is the base change of the k-toric variety to A.

We want to define a partial compactification NΣ of NR so that the map val defined above
extends as a continuous map:

valΣ : Zan
Σ → NΣ .

To that extent, we set R = R ∪ {+∞}; it is a semi-group for the standard addition.

For a cone σ ∈ Σ, the corresponding toric affine chart is given by Zσ = SpecA[Mσ]. It follows
from the universal property of the ring A[Mσ] that the map

Zσ(A) −→ Homsg(Mσ, (A,×)) ,

z 7−→
(
m 7→ χm(z)

)
is a bijection. It is thus natural to set

Nσ := Homsg

(
Mσ,

(
R,+

))
since the semi-group homomorphism vA = − log∥·∥ : A→ R naturally induces a map

val : Zσ(A) −→ Nσ ,

z 7−→
(
m 7→ − log

∣∣χm(z)
∣∣) .

extending the usual logarithm on the torus (the above expression is defined since χm is regular
on Zσ). We define the topology on Nσ as the coarsest making the evaluation maps evm : Nσ → R
for m ∈Mσ continuous.
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Proposition 3.15 ([Ful93, § 1.2, Proposition 2], [BPS14, § 4.1]). If σ′ ⊂ σ are two cones of Σ,
then there is a dense open immersion Nσ′ ↪→ Nσ. Thus, the {Nσ}σ∈Σ glue together to yield
a topological space NΣ containing NR, together with a continuous val map

valΣ : Zan
Σ → NΣ

restricting to the above val on each Zσ.

The topological space NΣ is called the tropical toric variety associated with Σ.

Note that the above definition of NΣ is independent of the base ring A.

Now assume that A = (K, vK) is a non-archimedean field. Then the map val admits a canon-
ical section, defined as follows.

Definition 3.16. Let x ∈ NR. The valuation γ(x) on K(M) defined on elements of K[M ] by
the formula

vγ(x)

( ∑
m∈M

amχ
m

)
= min

m∈M
(vK(am) + ⟨m,x⟩)

is called the Gauss point associated with x. This defines a continuous embedding

γ : NR −→ Tan

satisfying val ◦γ = IdNR .

Moreover, for any fan Σ in NR, the map γ extends as a continuous embedding γ : NΣ → Zan
Σ ,

satisfying the property valΣ ◦γ = IdNΣ
.

Thus, the tropical toric varietyNΣ can be naturally realized as a space of monomial valuations,
inside Zan

Σ . The fact that vγ(x) is indeed a valuation – that is, the associated absolute value is
multiplicative – follows for instance from [BPS14, Proposition 4.2.12].

Definition 3.17. We write

ρΣ : Zan
Σ −→ Zan

Σ

for the composition ρΣ = γ ◦ valΣ and call its image the (toric) skeleton Sk(ZΣ) of ZΣ.

In the case K = C with the Euclidean absolute value, there also exists a canonical section of
val, given as follows: since T(C) = Hom(M,C∗), there is an embedding ι : NR ↪→ Thol given by

x 7−→ ι(x) :=
(
m 7→ e−⟨m,x⟩) .

It is clear that this map extends as an embedding ι : Nσ ↪→ Zhol
σ , using the real exponential as

a section of − log|·|. In terms of coordinates on (C∗)n, the map ι is simply the section of − log|·|
given by the real exponential (up to a sign).

We now move to the case A = Chyb, where we want to patch together the sections from above
to construct a section of the continuous map

Val := (val×π) : Zhyb
Σ −→ NR × M (A) .

To that purpose, we define ιλ : NR ↪→ Thol by the formula

x 7−→ ιλ(x) :=
(
m 7→ e−λ−1⟨m,x⟩)

and extend it to NΣ cone by cone as above; this yields a continuous embedding ιλ : NΣ ↪→ Zhol
Σ .

We then compose these rescaled embeddings with the homeomorphism

p : Zhol × (0, 1] ∼−→ π−1((0, 1])
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to embed Nhyb
Σ := NΣ × [0, 1] naturally inside the hybrid space.

Proposition 3.18. Let ιhyb : NΣ × [0, 1] → Zhyb be defined by the formulas

ιhyb(x, λ) = pλ(ιλ(x)) for λ ̸= 0 ,

ιhyb(x, 0) = γ(x) .

Then ιhyb is a continuous embedding and is a section of Val. We call its image Skhyb(ZΣ) :=
ιhyb(NΣ × [0, 1]) the hybrid toric skeleton of ZΣ.

Proof. By the definition of the topology on Zhyb, in order to prove that ιhyb is continuous, it
is enough to prove that if f ∈ O(U) is an algebraic function on a Zariski open subset U of
Z, then (x, λ) 7→ log|f |ιhyb(x,λ) is continuous on ι−1

hyb(Uhyb). We may assume that f ∈ C[M ] is
a polynomial, which we write as f =

∑
j∈J ajχ

mj , where aj ∈ C∗ and mj ∈M for j ∈ J and the
index set J is finite.

We now have

log|f |ιhyb(x,λ) = λ log

∣∣∣∣∑
j∈J

aje
−λ−1⟨mj ,x⟩

∣∣∣∣
for λ ̸= 0, while

log|f |ιhyb(x,0) = −min
j∈J

⟨mj , x⟩ .

It is straightforward to check that this indeed defines a continuous function on NR × [0, 1],
and similarly on Nσ × [0, 1] for σ ∈ Σ: the function f is defined on Zσ if and only if we have
⟨x,mj⟩ ⩾ 0 for j ∈ J and x ∈ Nσ, so we are merely allowing the exponentials in the above sum
to vanish.

The equality Val ◦ιhyb = Id
Nhyb

Σ
follows from the fact that val|Zhyb

λ
equals λ valC under the

homeomorphism Zhyb
λ ≃ Zhol so that ιλ is a section of val|Zhyb

λ
for λ > 0.

This finally implies that ιhyb is an embedding, the inverse map being given by the restriction
of Val to Skhyb(ZΣ).

Remark 3.19. Let Z be a toric variety over C and ZK its base change to K = C((t)). Then we
have a commutative diagram

Zhyb
K Zhyb

0

NΣ × D̄r NΣ × [0, 1] .

Q

ValK Val0

λ

Let t : [0, 1] → D̄r be the map given by t(λ) = r1/λ; then the map

ιhyb,K := ιhyb,0 ◦ (IdNΣ
×t)

defines a continuous section of ValK .

3.4 Fiberwise-toric metrics

Throughout this subsection, we work with a toric scheme Z = ZΣ over a Banach ring A. The
Berkovich analytification Zan comes with two continuous maps: a val map

valΣ : Zan −→ NΣ
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and a structure morphism

π : Zan −→ M (A) .

Writing NΣ(A) = NΣ × M (A), this yields a continuous map

valA : Zan −→ NΣ(A)

defined by the formula valA(x) = (val(x), π(x)). In particular, the torus over A is endowed with
a map

valA : Tan
A −→ NR × M (A) .

Definition 3.20. Let (L, s) be a toric line bundle on Z and ϕ a metric on L. Then we say that ϕ
is a fiberwise-toric metric on L if and only if the function

∥s∥ϕ : Tan
A −→ R

satisfies ∥s(x)∥ϕ = ∥s(y)∥ϕ for any two x, y ∈ Tan with valA(x) = valA(y).

Here, as in the case of a field, a toric line bundle on Z means a line bundle L on Z, together
with an isomorphism L ≃ OZ(D) for a toric Weil divisor D and a global section s that is
a monomial on TA under that isomorphism.

Example 3.21. Assume that A = K is a complete valued field. Then if K = C, a metric is toric
if and only if it is invariant under the action of the maximal compact torus S ⊂ T. If K is a
non-archimedean discretely valued field, then our definition of a toric metric matches the one
from [BPS14, Definition 4.3.2].

The following description is a direct consequence of the definition.

Proposition 3.22. Let ϕ be a continuous metric on the toric line bundle L. Then ϕ is a toric
metric if and only if for any b ∈ M (A), the restriction ϕb of ϕ to Zan

Σ,H (b) is a toric metric in the

sense of [BPS14, Definition 4.3.2].

For continuous toric metrics over a valued field, the semi-positivity of the metric can be read
off in the combinatorial world.

Theorem 3.23 ([BPS14, Theorem 4.8.1]). Let Z be a proper toric variety over a complete valued
fieldK and (OZ(D), s) a semi-ample toric line bundle on Z. We let ι : NΣ ↪→ Zan be the canonical
section of val as given in Section 3.3. Then the mapping

∥·∥ϕ 7−→ (Φ := − log∥s ◦ ι∥ϕ)

sets up a correspondence between continuous, semi-positive toric metrics ϕ on L and continuous,
D-admissible convex functions Φ on NR.

The function Φ will sometimes be called the toric potential for ϕ. Note that it follows from
the proof of Proposition 3.6 that if Φ is convex and D-admissible, then the function (Φ − ΨD)
extends continuously to NΣ. More generally, continuous toric metrics on L are in bijection with
continuous convex functions on NR satisfying the latter condition.

We expect a similar picture to hold over more general Banach rings A: a continuous, fiberwise-
toric metric should induce a family of convex functions on NR, parametrized by the Berkovich
spectrum M (A) and satisfying a suitable growth condition fiberwise over M (A). The semi-
positivity of the metric in the direction of the base should be equivalent to the fact that this
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family of convex functions varies in a psh way on M (A). What this means concretely in general
seems unclear at the moment; however, in the case of the hybrid space attached to a complex
toric variety, Theorem 3.26 shows that the semi-positivity on the base translates into convexity
with respect to the coordinate λ ∈ [0, 1].

Note that when K is non-archimedean, this is proved only in the case where K is discretely
valued field in [BPS14], but the general case follows roughly from the argument of the proof of
Theorem 3.26, together the following generalization of [BPS14, Corollary 4.7.2], so we omit the
details.

Proposition 3.24. Let K be a complete non-archimedean field, and let ϕ ∈ FSτ (ZΣ, L) be
a toric metric. Then there exists a finite set (sj)j∈J of toric sections of mL such that

ϕ = m−1 max
j∈J

(log|sj | + cj) .

In other words, toric Fubini–Study metrics on L are precisely the Fubini–Study metrics associated
with toric sections of powers of L.

Proof. Write ϕ = m−1 maxi∈I(log|si| + ci) for arbitrary sections (si)i∈I of mL without common
zeroes. Each si may be written in a basis of toric sections as a finite sum si =

∑
j λi,jχ

mj with
λi,j ∈ K, so if x ∈ Tan, we have

log|si(ρ(x))| = max
j

(
vK(λi,j) + log|χmj (ρ(x))|

)
by the definition of the monomial valuation ρ(x) (see Definition 3.17). Since ϕ is toric, the equality
ϕ(x) = ϕ(ρ(x)) holds for every x ∈ Tan, and we infer

ϕ = max
i∈I

(
max
j∈Ji

(
vK(λi,j) + log|χmj |

)
+ ci

)
,

hence the result since the (χmj )j∈
⋃

i Ji
have no common zeroes.

Let K be a complete valued field. As a consequence of Theorem 3.23, any semi-ample toric
line bundle L = OZ(D) admits a canonical continuous psh metric ϕcan such that the associated
convex function Φcan equals ΨD. The canonical metric can be described explicitly as follows: let
V ⊂ PD be the set of vertices; then we have

ϕcan = max
m∈PD

log|sm| .

Note that the (sm)m∈V have no common zeroes, as a semi-ample line bundle on a toric variety is
globally generated [Ful93, § 3.4, p. 68]. This definition can thus be generalized to a toric scheme
over any Banach ring.

Definition 3.25. Let A be a Banach ring and (Z,L) a toric scheme together with a semi-ample
line bundle over A. The canonical metric on L is the tropical Fubini–Study metric defined by
the formula

ϕcan = max
m∈PD

log|sm| ,

where the sm are defined as in Proposition 3.13.

The canonical metric is in particular fiberwise toric.
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3.5 Hybrid toric metrics

If ϕ is a toric hybrid metric on Lhyb, it follows from the previous discussions that it is entirely
determined by the function

Φ(w) = − log∥s(ιhyb(w))∥ϕ ,
where w ∈ Nhyb

Σ . Our next result asserts that in the case of continuous metrics, the semi-positivity
of ϕ can also be read off from the hybrid tropical toric variety.

Theorem 3.26. Let Z = ZΣ be a toric variety over C and L = (OZ(D), sD) a semi-ample toric
line bundle on Z. We write ΨD : NR × [0, 1] → R for the associated support function, extended
trivially in the λ-direction.

There is a one-to-one correspondence between continuous, semi-positive, fiberwise-toric met-
rics ϕ on Lhyb and continuous convex functions

Φ: NR × [0, 1] → R

such that the function (Φ − ΨD) extends as a continuous function to NΣ × [0, 1].

The correspondence is given explicitly by

ϕ 7−→
(
(x, λ) 7→ − log∥sD(ιhyb(x, λ))∥ϕ

)
.

Example 3.27. Assume that Φ(x, λ) ≡ Φ(x) is independent of λ. We unravel the definitions and

use the isomorphism Zhyb
λ ≃ Zhol obtained by rescaling the absolute value; then the induced

family of metrics on Zhol is given by

ϕλ(z) = λ−1Φ(−λ log|z|)) ,

while the non-archimedean metric ϕ0 on Zan
0 is described by the convex function Φ, in the setting

of Theorem 3.23.

Similarly, after we pull back on the trivial degeneration X = Z ×D∗, Theorem 3.26 states in
particular that the psh family of metrics on p∗1L

ϕt = (− log|t|) · Φ

(
log|z|
log|t|

)
extends as a continuous psh metric to Xhyb, with ϕ0 = Φ ◦ val. Note that the ϕt are psh with
respect to (z, t) since Φ can be written as the decreasing limit of a sequence of piecewise-affine
functions.

Proof of Theorem 3.26. Let ϕ ∈ CPSH(Zhyb, Lhyb) be a continuous psh, fiberwise-toric metric,
and write

Φ: NR × [0, 1] −→ R ,
(x, λ) 7−→ − log∥sD(ιhyb(x, λ))∥ϕ .

It is a continuous function by Proposition 3.18. Then writing ϕ = limj ϕj as the decreasing
limit of a net in FSτ , we have that Φ equals limj Φj as a decreasing limit, so to prove that Φ is
convex on NR × [0, 1], it is enough to prove that Φj is convex for ϕj ∈ FSτ (Lhyb). Dropping the
subscript j, we write

ϕ = m−1 max
α∈A

(log|sα| + cα) ,

with sα ∈ H0(Z,mL) and cα ∈ R. By the convexity of the maximum of finitely many convex
functions, we are reduced to the case

ϕ = m−1 log|s| ,
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where s ∈ H0(Z,mL) for some m > 0. Using the isomorphism OT(D) = sDOT, we may write
s = f × (sD)m on T for f ∈ K[M ], so

Φ(x, λ) = m−1 log

∣∣∣∣smDs ((ιhyb(x, λ))

∣∣∣∣ = m−1 log|f(ιhyb(x, λ))| .

By the proof of Proposition 3.18 and with the same notation, we have

Φ(x, λ) = λm−1 log

∣∣∣∣∑
j∈J

aje
−λ−1⟨mj ,x⟩

∣∣∣∣
for λ ̸= 0, while

Φ(x, 0) = −m−1 min
j∈J

⟨mj , x⟩ .

The fact that Φ is convex on NR × [0, 1] is now elementary.

We now move back to the case where ϕ ∈ CPSH(Lhyb) is an arbitrary continuous psh,
fiberwise-toric metric on Lhyb. To prove that (Φ − ΨD) extends continuously to NΣ × [0, 1], we
argue as in the proof of [BPS14, Proposition 4.3.10]. Let σ ∈ Σ be a cone; then there exists an
mσ ∈M such that the support function satisfies Ψ|σ ≡ mσ. Moreover, the section sσ := χ−mσsD
is a nowhere-vanishing section of L on Zσ. As a result, the function

(x, λ) 7−→ − log∥sσ(ιhyb(x, λ))∥ϕ
is continuous on Nσ × [0, 1]. However, this expression is easily seen to equal Φ(x, λ) − ⟨mσ, x⟩ =
Φ(x, λ) − ΨD(x), so (Φ − ΨD) extends continuously to NΣ × [0, 1].

Conversely, let Φ: NR×[0, 1] → R be a continuous convex function such that (Φ−ΨD) extends
continuously to NΣ× [0, 1]. We want to produce a continuous, semi-positive hybrid metric ϕ on L
such that Φ = − log∥sD ◦ ιhyb∥. We start by applying Proposition 3.8 to produce a decreasing
sequence (Φj)j∈N of continuous convex functions on NR × [0, 1], converging to Φ pointwise and
such that the function (Φj −ΨD) extends continuously to NΣ × [0, 1] for all j ⩾ 0. Additionally,
we may write Φj as

Φj = d−1
j max

α∈A
(⟨mα, ·⟩ + bαλ+ cα) ,

with mα ∈M∩PD for α ∈ A. Since Φj(·, λ) is D-admissible for any λ, it follows from Lemma 3.14
that (smα , α ∈ A) is a family of toric sections of mL without common zeroes, so

ϕj = m−1 max
α∈A

(log|smα | + bα log|e| + cα)

is a Fubini–Study hybrid metric on L, inducing the convex function Φj on NR × [0, 1] by the
lemma below. Moreover, since the (Φj − ΨD)j decrease to (Φ − ΨD) over NR × [0, 1], the same
holds over NΣ× [0, 1] by uniform convergence, which is easily seen to imply that the ϕj decrease
to a continuous metric ϕ on Lhyb, which concludes the proof.

Lemma 3.28. Let L = (OZ(D), sD) be a toric line bundle on Z and m ∈M ∩PD. We write ϕ =
log|sm| for the singular metric on Lhyb induced by Proposition 3.13. Then for (x, λ) ∈ NR× [0, 1],
the following equality holds:

− log∥sD(ιhyb(x, λ))∥ϕ = ⟨m,x⟩ .
Proof. By definition, we have

− log∥sD(ιhyb(x, λ))∥ϕ = log

(
|sm|
|sD|

)
(ιhyb(x, λ)) ,

but under the isomorphism OT(D) = sD ·OT we have sm/sD = χ−m; this concludes the proof.
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3.6 Hybrid family of Haar measures

We conclude this section with a discussion on Haar measures on hybrid tori, elaborating on the
framework from [BPS14, § 4.2].

Let Z be a complex projective toric variety and π : Zhyb → [0, 1] the associated hybrid space.
For each λ > 0, there exists a canonical homeomorphism pλ : Zhol ∼−→ Zλ = π−1(λ), where Zhol

denotes the complex analytification of Z.

For x ∈ NR, let Sx = val−1(x) ⊂ Thol, and let ιλ : Thol ↪→ Zhyb be the composition of the

embedding Thol ⊂ Zhol with the isomorphism Zhol ≃ Zhyb
λ . The real compact torus Sx carries a

canonical Haar probability measure µS, which we can push forward to the complex torus, and
then to Zhyb via the embedding ιλ. We write the resulting measure as

µx,λ := (ιλ)∗µSx

for λ > 0, and we define

µx,0 = δγ(x) ,

where δγ(x) is the Dirac mass at the Gauss point γ(x).

It is well understood that the natural non-archimedean analogue of the Haar measure on
a real compact torus is the Dirac mass at the Gauss point of the affinoid torus [BPS14, Propo-
sition 4.2.10]. The following theorem shows that the analogy is furthermore continuous on the
hybrid space.

Theorem 3.29. Let Z be a complex projective toric variety and Zhyb the associated hybrid space.
Then the family of measures (µx,λ)(x,λ)∈NR×[0,1] on Z

hyb defined above is weakly continuous.

Proof. We need to prove that if f ∈ C0(Zhyb), then the real-valued function

(x, λ) 7−→
∫
Zhyb

f(z)dµx,λ(z)

is continuous on NR × [0, 1]. If λ > 0, then

(x, λ) 7−→
∫
Zhol

f(z, λ)dµSx(z)

is continuous on NR × (0, 1] by dominated convergence, since f is continuous and bounded on
Zhol × (0, 1].

We now need to examine what happens when λ→ 0. By the density of DFS(Zhyb) ⊂ C0(Zhyb),
it is enough to prove the statement for f ∈ DFS(Zhyb), so we may assume that there exists a
line bundle L on Z such that f = f1− f2 with fi ∈ FS(Zhyb, Lhyb). Since every line bundle on Z
is isomorphic to a toric one, we may and do assume that L is a toric line bundle. We thus write

fi = m−1 max
α∈A

(log|sα| + cα)

for i = 1, 2. Since the measures µx,λ are supported on Thyb, on which each section sα ∈ H0(Z,mL)
can be written as Pα × sD, where Pα ∈ C[M ], we are reduced to the case where L = OZ and
f = g1 − g2, where

gi = m−1 max
α∈A

(log|Pα| + cα) ,

with Pα ∈ C[M ]. The result thus boils down to the lemma below.

Lemma 3.30. Let (Pα)α∈A be a finite family of polynomials in C[z1, . . . , zn]. For x ∈ Rn and
λ ∈ R>0, we define the polydisk Dλ,x := {z ∈ Cn | λ log|zi| < −xi, ∀i ⩽ n} and let Sλ,x be its
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distinguished boundary. Then there exists a locally bounded function B of x such that∣∣∣∣∫
Sλ,x

max
α∈A

(λ log|Pα(θ)| + cα)dµ(θ) − max
α∈A

(−vγ(x)(Pα) + cα)

∣∣∣∣ ⩽ λB(x) ,

where the Haar measure µ on Sλ,x is normalized to have mass 1.

Proof. The left integral can be written as∫
(S1)n

(
max
α∈A

log
∣∣Pα

(
exp

(
−λ−1x+ iθ

))∣∣ + cα

)
dθ ,

where dθ is the Haar probability measure on (S1)n.

However, if P =
∑

m∈M amχ
m and θ ∈ (S1)n, we have

λ log
∣∣P (exp

(
−λ−1x+ iθ

))∣∣ + min
am ̸=0

⟨m,x⟩ = λ log

∣∣∣∣ ∑
m∈M

ame
−(⟨m−m0,x⟩/λ)+iθ

∣∣∣∣ ,
where m0 achieves the minimum of ⟨m,x⟩ for am ̸= 0. We infer that

λ log
∣∣P (exp

(
−λ−1x+ iθ

))∣∣ + min
am ̸=0

⟨m,x⟩ = λ log

∣∣∣∣aeiθ +
∑
m′

am′e−(⟨m′−m0,x⟩/λ)+iθ

∣∣∣∣ ,
where a is a constant and ⟨m′ − m0, x⟩ > 0 for all m′. Taking the maximum and averaging
over (S1)n concludes the proof.

4. The non-archimedean SYZ picture

We will now move on to our main motivation for the content of this paper: maximal degenerations
of Calabi–Yau manifolds – here by Calabi–Yau manifold we mean a projective complex variety
with trivial canonical bundle, which in particular includes hyperkähler and abelian varieties.

4.1 The classical SYZ picture

The SYZ conjecture [SYZ96] arises as an attempt to provide a mathematical explanation for
the following phenomenon, known as mirror symmetry: a Calabi–Yau manifold X should admit
a mirror dual X̌ whose symplectic geometry encodes in a natural way the complex geometry
of X, and vice-versa. We start with a definition.

Definition 4.1. Let (X,ω,Ω) be a Calabi–Yau manifold of dimension n and B an n-dimensional
(real) topological manifold.

A special Lagrangian fibration f : X → B is a continuous map which is a smooth torus
fibration outside a closed, codimension 2 subset Γ ⊂ B, and is such that for all b ∈ B \ Γ, we
have ω|f−1(b) ≡ 0 and ℑ(Ω)|f−1(b) ≡ 0.

If f : X → B is a special Lagrangian torus fibration, we write Bsm := B \ Γ for its smooth
locus. Each smooth fiber Xb = f−1(b) for b ∈ Bsm is a smooth, special Lagrangian torus inside X.

Loosely speaking, the SYZ conjecture predicts that if X, X̌ are two mirror dual Calabi–Yau
manifolds, each of them should admit a special Lagrangian torus fibration onto the same half-
dimensional base B, and those two fibrations should be dual to each other, in the sense that for
b ∈ Bsm, the fibers Xb and X̌b are dual tori, that is, X̌b = H1(Xb,R/Z). Hence, given a Calabi–
Yau manifold X and a special Lagrangian fibration f : X → B, the SYZ heuristic provides a
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program to reconstruct the mirror X̌, by dualizing the fibration f over Bsm and then extending
this fibration over B. The problem of compactifying a smooth Lagrangian torus fibration into a
singular one has, however, proven to be difficult and has led to many developments over the past
years; we refer the reader to the series of recent papers [RZ21a, RZ21b], as well as an upcoming
paper by the same authors, for some progress on these questions.

The fibration induces the following two structures on Bsm: an integral affine structure ∇Z

and a Riemannian metric gB called the McLean metric. We start with a definition.

Definition 4.2. An integral affine structure ∇Z on a topological manifold is an atlas of charts
(called Z-affine charts) with transition functions in GLn(Z) ⋉Rn.

If B is a manifold endowed with an integral affine structure, it makes sense to speak about
integral affine functions on B – those are continuous functions on B that are, locally in Z-affine
coordinates, of the form f(x1, . . . , xn) = a1x1 + · · ·+anxn + b, with ai ∈ Z and b ∈ R. We denote
by AffB the sheaf of integral affine functions on Bsm, which recovers the integral affine structure
by [KS06, § 2.1].

We do not give the precise definitions as we will not need them. The integral affine structure
on Bsm is induced by action-angle coordinates, while the McLean metric g is such that locally
there exists a convex function K : Bsm → R such that in Z-affine coordinates, g can be written as

gij =
∂2K

∂yi∂yj
.

We refer the reader to the survey [Gro13] for a more thorough discussion. Conversely, starting
from the data (B,∇Z,K) of a smooth Z-affine manifold together with a (multi-valued) strictly
convex function, one can construct a toy model of Lagrangian fibration with base B as follows:
set X = X(B) to be the tangent torus bundle, that is, X(B) = TB/Λ, where Λ is the local
system of lattices associated with ∇Z.

In terms of local Z-affine coordinates yj on B, we can pick fiber coordinates xj = dyj , and
the complex structure on X is defined by requiring the functions:

zj = e2iπ(xj+iyj)

to be holomorphic. In particular, the map f is now given by

f(z1, . . . , zn) = 1
2(− log|z1|, . . . ,− log|zn|) .

The Kähler form on X is defined in terms of its local potential

ω = i∂∂̄(K ◦ f) ,

which restricts to zero on any torus fiber – we even have a stronger statement, that the Kähler
metric gω restricts to a flat metric on each of the torus fibers, hence the name semi-flat metric.
Moreover, the complex Monge–Ampère measure

ωn = (ddc(K ◦ f))n

is directly related to the real Monge–Ampère measure of K in affine coordinates, as we have

(ddc(K ◦ f))n = in
2

det

(
∂2K

∂yi∂yj

)
dz ∧ dz̄ ,

where dz = dz1 ∧ · · · ∧ dzn.
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Later on, it was realized that the SYZ picture should rather occur as an asymptotic phe-
nomenon on the moduli space of Calabi–Yau manifolds, near the locus of the boundary where
the manifolds degenerate in the worst possible way – in the terminology of mirror symmetry,
this means that the manifolds approach the “large complex structure limit”. Thus, we now let
X → D∗ be a maximal degeneration of Calabi–Yau manifolds (see Definition 4.5), polarized by
a relatively ample line bundle L. We fix a relative trivialization Ω ∈ H0(X,KX/D∗) and write
ω = (ωt)t∈D∗ for the family of Kähler Ricci-flat metrics on L.

In this setting, a strong version of the SYZ conjecture would predict the following: for any
|t| ≪ 1, the fiber Xt admits a special Lagrangian fibration

ft : Xt −→ B

onto a compact base B of real dimension n, whose fibers are of size (log|t|−1)−1/2 with respect to
the rescaled Calabi–Yau metric ω̃t ∈ c1(Lt)/|log|t||. These rescaled Calabi–Yau metrics indeed
have bounded diameters by [LT24].

In particular, the rescaled Ricci-flat Kähler manifolds (Xt, ω̃t) should collapse in the Gromov–
Hausdorff sense to the base B, endowed with an asymptotic version of the McLean metric alluded
to above. This is known in the case of abelian varieties by the work of [Oda19] (see also [GO24]),
and a slightly weaker statement is known for Fermat hypersurfaces in Pn+1

C by [Li22].

4.2 The essential skeleton

In this subsection, we will explain how the base B of the SYZ fibration can be realized in the non-
archimedean world. As before we let X → D∗ be a projective degeneration of smooth Calabi–Yau
manifolds. We use the same notation X for the base change to K = C((t)).

Definition 4.3. Let X/K be a Calabi–Yau variety. A minimal model of X is a dlt model X /R
such that the logarithmic relative canonical divisor is trivial; that is,

K log
X /R := KX /R + X0,red − X0 ∼ OX .

We say that X is a good minimal model of X if the components of X0 are Q-Cartier.

Building on the general minimal model program machinery, the existence of such models is
known when X is defined over an algebraic curve (and is expected to hold in the general case).

Theorem 4.4 ([NXY19, Theorem 1.13]). Let X/K be a projective Calabi–Yau variety, and
assume that X is defined over an algebraic curve. Then there exists a minimal model X /R
of X. Furthermore, there exists a finite extension K ′/K such that the base change XK′ admits
a minimal model with reduced special fiber.

Such models are however not unique, but they turn out to have the same skeleton inside Xan,
by [NX16] (even though the triangulations may differ).

Definition 4.5. Let X/K be an n-dimensional Calabi–Yau variety. The essential skeleton
Sk(X) ⊂ Xan is the Berkovich skeleton Sk(X ) of any minimal model X /R of X. We will
say that X/K is maximally degenerate if dim Sk(X) = n.

Fix a meromorphic at zero, nowhere-vanishing section Ω ∈ H0(X,KX/D∗). The essential
skeleton can alternatively be defined as the locus where the weight function wtΩ : Xan → R
from [NX16, Theorem 3.3.3] reaches its minimum. The weight function can be expressed as
wtΩ = log|Ω|AX

, where AX is the canonical metric on KX , as defined in [Tem16].
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The nowhere-vanishing n-form Ω ∈ H0(X,KX/D∗) induces a continuous family of volume

forms νt := in
2
Ωt ∧ Ω̄t on the Xt, and thus a continuous family of probability measures

µt :=
νt

νt(Xt)
.

We now have the following result, which computes the weak limit on the Calabi–Yau measures
inside the hybrid space Xhyb. The support of the limiting measure is precisely the essential
skeleton.

Theorem 4.6 ([BJ17, Theorem B]). Let X → D∗ be a degeneration of Calabi–Yau manifolds
and Ω ∈ H0(X,KX/D∗) a relative trivialization of the canonical bundle. Writing νt = in

2
Ωt ∧ Ω̄t,

we have

νt(Xt) ∼ C|t|κ(log|t|−1)d

as t→ 0, where κ ∈ Q and d = dim Sk(X) ⩽ n. Moreover, the family of rescaled measures

µt =
νt

νt(Xt)

converge weakly on Xhyb to a Lebesgue-type measure supported on Sk(X) ⊂ Xan.

This result provides a heuristic explanation as to why the base B of the SYZ fibration
should be the essential skeleton Sk(X): since the Calabi–Yau metric is obtained by solving the
complex Monge–Ampère equation (ωt)

n = Ctµt, one would expect the solution to the non-
archimedean Monge–Ampère equation MA(ϕ) = µ0 provided by Theorem 2.13 to provide a
non-archimedean incarnation of the family of Calabi–Yau metrics, and since µ0 is supported on
Sk(X), one would hope to translate this equation into a real Monge–Ampère equation on Sk(X)
via a non-archimedean avatar ρ : Xan → Sk(X) of the SYZ fibration. We will come back to this
in Section 4.4.

4.3 Affinoid torus fibrations

Let (X,L) → D∗ be a polarized maximal degeneration of Calabi–Yau manifolds. Since the metric
spaces (Xt, ω̃t) are conjectured to look like the total space of a special Lagrangian torus fibration
over Sk(X), submersive away from a singular locus Γt of real codimension 2, it is reasonable
to expect that the essential skeleton Sk(X) should be equipped with an integral affine structure
away from a discriminant locus of real codimension 2. We will now explain how to try to construct
such an affine structure in a purely non-archimedean setting. We write Xan for the Berkovich
analytification of X viewed as a variety over K = C((t)).

As we saw in Section 4.1, our local semi-flat model for the SYZ fibration is given by a map
f : (C∗)n → Rn, which is simply f(z1, . . . , zn) = (− log|z1|, . . . ,− log|zn|).

The non-archimedean counterpart of this map is the tropicalization map

val : Tan −→ NR

from Section 3.3, where T is an n-dimensional torus over K. This leads to the following definition.

Definition 4.7. Let ρ : Xan → B be a continuous map to a topological space B. For any point
b ∈ B, we say that ρ is an affinoid torus fibration at b if there exists an open neighbourhood U
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of b in B such that the restriction to ρ−1(U) fits into a commutative diagram

ρ−1(U) val−1(V )

U V ,

≃

ρ val

∼

where V is an open subset of Rn, the upper horizontal map is an isomorphism of analytic spaces,
the lower horizontal map is a homeomorphism, and the map val is defined as in Section 3.3.

Note that Definition 4.7 implies that B is a topological manifold at b. In the case where X
is a good dlt model of X and where the base B is Sk(X ) and ρ is the Berkovich retraction ρX ,
this does not necessarily hold at every point of Sk(X ).

Given a continuous map ρ : Xan → B, we denote by Bsm the (possibly empty) open locus
of points in B where ρ is an affinoid torus fibration, and we call B \ Bsm the discriminant or
singular locus of ρ. As in the archimedean case, the (possibly disconnected) topological man-
ifold Bsm is endowed with an integral affine structure, whose charts are the continuous maps
from Definition 4.7. An alternative, more intrinsic description of this structure is given in [KS06,
§ 4.1, Theorem 1]: let U ⊂ Bsm be a connected open subset. Then if h is an invertible analytic
function on ρ−1(U), its modulus |h| is constant on the fibers of ρ by the maximum principle, so
it defines a continuous function on the base. We now have

AffBsm(U) =
{

log|h| | h ∈ O×
Xan

(
ρ−1(U)

)}
.

Example 4.8. If X /R is a good dlt model of X with reduced special fiber, then the Berkovich
retraction ρX : Xan → Sk(X ) is an affinoid torus fibration over the interior of the maximal
faces τ of Sk(X ). Indeed, the retraction over τ̊ only depends on the formal completion of X
along the corresponding 0-dimensional stratum p, and ρ−1

X (̊τ) is the generic fiber of Spf ÔX ,p.
By the dlt condition, the pair (X ,X0) is snc at p, so

ÔX ,p ≃ R[[z0, . . . , zn]]/(t− z0 · · · zn) .

The generic fiber Xη
p embeds in the torus

Tan =
(
SpecK[z0, . . . , zn]/{t = z0 · · · zn}

)an
,

and the Berkovich retraction is the restriction of the val map over the open simplex

Int(τ) = {x0 + · · · + xn = 1} ⊂ (R>0)
n+1 .

Definition 4.9. Let X/K be a smooth projective variety and B = Sk(X ) the skeleton of a dlt
R-model of X. We say that a map

ρ : Xan −→ B

is an admissible retraction if the following hold:

• There exists a piecewise-affine locus Γ ⊂ B of codimension at least 2 such that ρ is an
affinoid torus fibration over Sk(X) \ Γ.

• The retraction ρ is piecewise-affine: for any piecewise-affine function ψ : B → R, the pull-
back ψ ◦ ρ : Xan → R is a piecewise-affine function on Xan (or model function [BE21,
Definition 5.11]).
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One way to produce a map satisfying the second item of the definition is to choose an
snc model X ′ → X dominating X and a piecewise-affine map π : Sk(X ′) → Sk(X ). Then
the retraction ρ = π ◦ ρX ′ is piecewise-affine. Examples of such retractions were constructed
in [MP21]. It would be interesting to know whether or not all piecewise-affine maps ρ : Xan →
Sk(X ) arise this way.

As suggested by the definition, affinoid torus fibrations are related to the local toric geometry
of X and its models. We now describe a more global class of examples, which we will be using
as building blocks later on. Following [NXY19], we will say that an R-scheme Z of finite type is
toric if there exists a complex toric variety Z, together with a toric morphism t : Z → A1, such
that Z ≃ Z ×A1 R.

Let X /R be a regular toric model of T, that is, a regular toric R-scheme such that we have
X ×R SpecK = T, which we assume to have reduced special fiber. Such a model is described
by a regular fan Σ̂ ⊂ N̂R := NR × R⩾0 whose cones intersect NR × {0} only at the origin.

We consider the following open subset of Tan:

X̂η := {vx ∈ Tan | vx has a center on X } ,

which admits a Berkovich retraction

ρX : X̂η −→ Sk(X )

defined as in Remark 2.6. In this case, the map ρX can be described explicitly as follows: let Σ1

be the polyhedral complex in NR obtained by intersecting the fan Σ̂ with NR × {1}. There is
a natural identification between Σ1 and D(X0), sending a vertex of D(X0) to the primitive
generator of the corresponding ray of Σ̂, and then extending on each face by linearity. Moreover,
it follows from [GJKM19, Theorem A.4] that γ(|Σ1|) = Sk(X ) ⊂ Tan, where γ : NR → Tan is
the Gauss embedding from Definition 3.16.

Proposition 4.10 ([NXY19, Example 3.5], [MP21, Proposition 1.5.2]). The equality

X̂η = val−1(|Σ1|)

holds, and ρX is equal to val|X̂η
, which is thus an affinoid torus fibration over the relative interior

of Sk(X ).

This also holds when X is a regular proper toric variety over K and X /R a regular proper
toric model of X, by [GJKM19, Theorem A.4].

As our main interest lies in degenerations of Calabi–Yau manifolds, the above class of exam-
ples is too restrictive for us. We are thus naturally lead to consider degenerations which are only
locally formally toric, so that we may apply Remark 2.6 to produce Berkovich retractions which
are locally affinoid torus fibrations. Let us make this more precise.

Definition 4.11. Let X be a normal R-scheme of finite type such that (X ,X0) is a good
dlt pair, and let Y be a stratum of X0. We say that X is toric along Y if there exist a toric
R-scheme Z , a stratum W of Z0, and a formal isomorphism over R

X̂/Y ≃ Ẑ/W .

The upshot is now that if X is toric along Y , then the Berkovich retraction ρX : Xan →
Sk(X ) is an affinoid torus fibration over Star(τY ), as follows from [NXY19, Theorem 6.1] (end
of the proof) and [NXY19, § 3.4].
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An obvious necessary condition for X to be toric along Y is for Y to be a toric variety itself;
the following result states that under a certain positivity assumption on the conormal bundle of
Y ⊂ X , the converse holds.

Theorem 4.12 ([MP21, Theorem B]). Let X/K be a smooth projective variety of dimension n
and X /R be a dlt model of X with reduced special fiber X0 =

∑
αDα such that every Dα is a

Cartier divisor. Let Z = D0 ∩D1 ∩ · · · ∩Dn−r be an r-dimensional stratum of X0 such that

• Z̊ ⊂ Z is a torus embedding, where Z̊ = Z \
⋃

α ̸=0,1,...,n−rDα;

• the conormal bundle ν∗Z/X is a nef vector bundle on Z;

• for each α /∈ {0, . . . , n− r}, the intersection Dα ∩ Z is either empty or connected.

Then the formal completion X̂/Z is isomorphic to the formal completion of the normal bundle
N = νZ/X along the zero section. In particular, X is toric along Z (in the sense of Defini-
tion 4.11).

Under the same assumptions, we have the following.

Corollary 4.13. The Berkovich retraction ρX : Xan → Sk(X ) is an n-dimensional affinoid
torus fibration over Star(τZ). In particular, the integral affine structure induced by ρX over the
interior of the maximal faces of Sk(X ) extends to Star(τZ) with no singularities.

4.4 The Monge–Ampère comparison property

In this subsection, we explain the expected connection between the non-archimedean Monge–
Ampère operator and the real Monge–Ampère operator on skeleta.

Let N be a lattice, ϕ : U → R a convex function defined on a convex open subset U ⊂ NR,
and dλ the Lebesgue measure on the dual MR := Hom(N,R). For x0 ∈ U , we define the gradient
image of ϕ at x0:

∇ϕ(x0) = {l ∈MR | ϕ(x0) + l(x− x0) ⩽ ϕ(x) , ∀x ∈ U}.

Geometrically, this is the set of covectors cutting out affine hyperplanes in NR that meet the
graph Γ of ϕ at x0 and are below Γ on all of U . For instance, if ϕ has C1-regularity, it follows im-
mediately from the convexity of ϕ that the gradient image of ϕ at x0 only contains the differential
dϕx0 of ϕ in the usual sense.

More generally, if E ⊂ U is a Borel set, we set ∇ϕ(E) =
⋃

x0∈E ∇ϕ(x0).

Definition 4.14. Let ϕ : U → R be a convex function defined on an open subset U ⊂ NR. The
real Monge–Ampère measure of ϕ is defined as

M (ϕ)(E) = dλ(∇ϕ(E))

for any Borel set E ⊂ U .

If ϕ has C2-regularity, then this is nothing but the density measure det(∇2ϕ)dλ∨. Recall that
in the semi-flat setting of Section 4.1, the Kähler Ricci-flat metric ω is given by

ω = ddc(K ◦ f)

for a locally defined convex function K : Bsm → R and the special Lagrangian fibration f :X→B.
The Calabi–Yau condition was then translated into the real Monge–Ampère equation for K:

det

(
∂2K

∂yi∂yj

)
= C ,
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with C > 0 a real constant. As a result, the semi-flatness condition can be expressed as the fact
that the local potential for the Calabi–Yau metric is constant along the fibers of the SYZ map,
which reduces the complex Monge–Ampère equation to a real Monge–Ampère equation on the
base of the fibration.

We now move back to the non-archimedean picture. In this setting, the analogue of the
Calabi–Yau metric is the unique psh metric ϕ on Lan solving the non-archimedean Monge–
Ampère equation MA(ϕ) = µ0, where µ0 is the limit measure from Theorem 4.6 – when X has
semi-stable reduction, this is simply the Lebesgue measure on the essential skeleton Sk(X).

Definition 4.15. Let X/K be a smooth projective variety over K, X /R a dlt model of X, and
ρ : Xan → Sk(X ) an admissible retraction (Definition 4.9), with discriminant locus Γ. We say
that a continuous, psh metric ϕ on Lan is a semi-flat metric with respect to ρ if there exists an
open cover Sk(X) \ Γ =

⋃
U∈U U by charts as in Definition 4.7 such that ϕ restricts to a toric

metric over any U ∈ U .

More precisely, this means that after we pull back Lan to the open val−1(V ) as in Definition 4.7
and choose a trivialization, the metric ϕ extends to Tan as a toric metric on a toric line bundle
extending Lan.

When ϕ is a toric metric, it turns out that the non-archimedean Monge–Ampère equation
can be reduced to a real Monge–Ampère equation.

Theorem 4.16 ([BPS14, Theorem 4.4.4]). Let (Z,L) be a polarized toric variety over K. Let ϕ
be a semi-positive toric metric on L, given by a convex function which we denote by Φ: NR → R.

Then the non-archimedean Monge–Ampère measure of the metric ϕ can be computed as
follows:

MA(ϕ) = n!γ∗(M (Φ)) ,

where γ : NR ↪→ Zan is the embedding given by the Gauss section.

As a result, by the localness of the non-archimedean Monge–Ampère operator (see [CD25],
[BFJ15, Corollary 5.2]), if ϕ is a semi-flat metric with respect to an admissible retraction ρ,
this implies that away from the discriminant locus of ρ, the non-archimedean Monge–Ampère
measure MA(ϕ) is supported on Sk(X ) and can be expressed locally as the real Monge–Ampère
measure on Sk(X ) of locally defined convex functions, which may however be fairly hard to
compute explicitly in terms of the metric ϕ.

In general, one would hope to write ϕ = ϕL + ψ for a certain model metric ϕL on L
and continuous function ψ : Xan → R and be able to rephrase the semi-flat condition into the
invariance property

ψ = ψ ◦ ρ
over Sk(X ) \ Γ. We would then obtain, locally in toric charts, an equality of measures of the
form

MA(ϕ) = n!ι∗(M (ΦL + ψ)) ,

where ΦL is a local toric potential for the model metric ϕL . While it is unclear how to do this
in general because it depends on the explicit description of the toric charts for the retraction, we
are able to work this out in the case of degenerations of hypersurfaces; see Remark 6.6.

If ρ = ρX is the Berkovich retraction associated with an snc model X /R and we restrict our
attention to the interior of the maximal faces of Sk(X ), then things get simpler and we have
the following result.
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Theorem 4.17 ([Vil21]). Let (X,L) be a smooth projective variety over K and (X ,L ) be
a semi-stable R-model of (X,L). Let ϕ ∈ CPSH(X,L) be such that

ϕ = ϕL + ψ ,

where ψ ∈ C0(Xan). Let τ be a maximal face of Sk(X ), and assume that the invariance property
ψ = ψ ◦ ρX holds over Int(τ). Then we have the equality of measures

1Int(τ) MA(ϕ) = n!M (ψ| Int(τ)) .

We now let X/K be a maximal degeneration of Calabi–Yau manifolds, polarized by the
ample line bundle L. We write ϕ ∈ PSH(Xan, Lan) for the unique solution to the non-archimdean
Monge–Ampère equation

MA(ϕ) = µ0 .

Definition 4.18 (Weak comparison property, [Li23, Definition 3.11]). We say that ϕ has the
weak NAMA/real MA comparison property if there exists an snc model X /R of X, together
with a model L of L on X , such that the function ψ : Xan → R defined by the formula

ϕ = ϕL + ψ

satisfies ψ = ψ ◦ ρX over the interior of the maximal faces of Sk(X ).

The motivation for this definition resides in the following theorem, which proves that the
above condition is sufficient for the weak SYZ conjecture to hold.

Theorem 4.19 ([Li23, Theorem 1.3]). Let X → D∗ be maximal degeneration of Calabi–Yau
manifolds, polarized by an ample line bundle L. Assume that the NAMA/real MA comparison
property holds. Then for any δ > 0, there exists an εδ such that for all |t| ⩽ εδ, there exists a
special Lagrangian torus fibration on an open subset of Xt of (normalized ) Calabi–Yau measure
greater than 1 − δ.

Very loosely, the idea of the proof of Theorem 4.19 is that the solution to the non-archimedean
Monge–Ampère equation ϕ provides a solution to the real Monge–Ampère equation on an open
region of Sk(X) that has full measure, and pulling back this solution by the map LogX from
[BJ17, Proposition 2.1] provides an ansatz for the Calabi–Yau potentials on a region of the Xt

with asymptotically full measure. Namely, if K ⊂ Int(τ) is a compact subset, then Li obtains
bounds for |ϕCY,t − ϕ ◦ LogX | over K using uniform Skoda estimates on the highly degenerate
Calabi–Yau manifolds Xt; see [Li24]. The estimates on the potential are then enough to prove
the existence of a special Lagrangian fibration over Log−1

X (K) which is a perturbation of LogX ,
by the results of Zhang [Zha17].

While Theorem 4.19 provides us with an asymptotic SYZ fibration, it does not describe
completely the Gromov–Hausdorff limit of the family: we only obtain that the disjoint union of
maximal faces of Sk(X) endowed with a real Monge–Ampère metric embeds into the Gromov–
Hausdorff limit. We expect that in order to obtain Gromov–Hausdorff convergence to the metric
completion of Sk(X)\Γ for a piecewise-affine locus Γ of codimension 2, we need a stronger version
of the comparison property in order to obtain a solution to the real Monge–Ampère equation in
codimension 1.

Definition 4.20 (Strong comparison property). Let X/K be a smooth projective, maximally
degenerate Calabi–Yau variety, polarized by an ample line bundle L. Let ϕ be the unique positive
metric on L satisfying the non-archimedean Monge–Ampère equation MA(ϕ) = µ0. We say that ϕ
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has the strong comparison property if there exists an admissible retraction ρ : Xan → Sk(X) such
that ϕ is a semi-flat metric with respect to ρ.

Assume that the above statement holds, and write Γ ⊂ Sk(X) for the discriminant locus of ρ.
Then (Sk(X) \ Γ) equals a union

⋃
α∈A Uα such that ρ is an affinoid torus fibration over Uα. We

write ϕα : Uα → R for the convex, toric potential (in the sense of Theorem 3.23) for ϕ on Uα.
Then by the previous discussion, there is an equality of measures on Uα

1Uαµ0 = n!M (ϕα) ,

where the real Monge–Ampère measure on the right-hand side is computed with respect to the
integral affine structure induced by ρ. Moreover, for α ̸= β, the difference ϕα−ϕβ must be affine
on Uα ∩ Uβ, so locally in affine coordinates, we may define g = ∇2ϕ :=

∑
i,j ∂

2ϕα/∂yi∂yjdyidyj
whenever ϕα is smooth.

Conjecture 4.21 (Kontsevich–Soibelman conjecture). Let (X,L) be a polarized, maximal de-
generation of Calabi–Yau manifolds. Then there exists an admissible retraction

ρ : Xan −→ Sk(X) ,

with discriminant locus Γ ⊂ Sk(X), such that the solution ϕ to the non-archimedean Monge–
Ampère equation MA(ϕ) = µ0 is a semi-flat metric with respect to ρ. Additionally, the collection
of local potentials ϕ = (ϕα)α is a smooth, strictly convex solution of the real Monge–Ampère
equation on Sk(X) \ Γ.

Moreover, the rescaled Calabi–Yau metrics (Xt, ω̃t) converge in the Gromov–Hausdorff sense
as t→ 0 to a compact n-dimensional base (B, gB) such that

• (B, gB) contains the smooth Riemannian manifold
(
Sk(X) \ Γ,∇2ϕ

)
, whose complement is

of Hausdorff codimension at least 2;

• B is homeomorphic to Sk(X).

Building on the results from [Li22], we are able to prove the strong comparison property for
degenerations of Fermat hypersurfaces; see Section 6.

Let us point out that under the assumption of the strong comparison property, the strict
convexity of the local potential ϕ cannot be deduced from a local partial differential equation
argument: there are non-smooth, non-strictly convex solutions to real Monge–Ampère equations
of the form M (ϕ) = dλ [Moo15], so higher regularity of the solution would have to be obtained
through a “global” argument.

5. The non-archimedean SYZ fibration for hypersurfaces

5.1 Degenerations of Calabi–Yau hypersurfaces

We are interested in degenerations of Calabi–Yau manifolds obtained in the following way:

X = {z0 · · · zn+1 + tF = 0} ⊂ Pn+1 × D∗ ,

where F ∈ H0(Pn+1,OP(n + 2)) is a general section (in a sense that will be specified later); we
also denote by X the base change to K = C((t)). We will see that in this case, the essential
skeleton Sk(X) can be realized explicitly using tropical geometry, and there is a natural way of
endowing it with an integral affine structure, which is singular in codimension 2. The construction
we outline here is a special case of [Gro05], but since the hypersurface case is far less technical,
we will outline the details.
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We start by identifying the essential skeleton Sk(X) with the Berkovich skeleton of the
model X .

Proposition 5.1. Let F ∈ H0(Pn+1,OP(n+ 2)) be a general section. Then the hypersurface

X = {z0 · · · zn+1 + tF = 0} ⊂ Pn+1
R

is a minimal dlt model of the smooth, maximally degenerate Calabi–Yau manifold X = XK ; in
particular, Sk(X) = Sk(X ).

More precisely, the statement of Proposition 5.1 holds whenever F is not identically zero on
each toric stratum Z of Pn+1 and the intersection Z ∩ {F = 0} is smooth; such F are called
admissible in [HJMM24].

Remark 5.2. As shown by the proof, the model X will not be good even for a general choice
of F – the irreducible components of X0 are not Q-Cartier at the singular points of X as soon as
n ⩾ 2. Thus, there does not exist a Berkovich retraction ρX : Xan → Sk(X ), which is consistent
with the statement of Theorem 4.12. If such a retraction existed, it would be an affinoid torus
fibration over the whole Sk(X) ≃ Sn, yielding an integral affine structure with no singularities
on an n-sphere, which is impossible.

Proof. It follows from an elementary computation that for general F , the singular locus of the
total space X is given by

Sing(X ) =
⋃
i ̸=j

{zi = zj = t = F = 0} ⊂ X0 ,

which is of codimension 3 in the total space X . The points where the singularity is the most
severe are the intersections of the strata curves of X0 with the locus {F = 0}; since F is general,
this locus does not meet the zero-dimensional strata of X0. Thus, we may focus on the curve
{z1 = · · · = zn = 0} ⊂ X0, where the singularity is étale-locally of the form

U = {z1 · · · zn + tw = 0} ⊂ An+1
R

so that by [CLS11, Proposition 11.4.24], the pair (U ,U0) is log canonical. We also infer that at
the generic point of a stratum, X is smooth, while the components of X0 meet transversally,
which proves that X is a dlt model of X. Moreover, X0 is reduced and KX /R = OX by
adjunction, which concludes the proof.

From now on, we will assume that F is such that the statement of Proposition 5.1 holds. We
view ZΣ = Pn+1 as a smooth toric Fano variety of dimension n+ 1, with simple normal crossing
boundary D =

∑n+1
l=0 Dl the sum of coordinate hyperplanes. We additionally let L = OP(n+ 2)

be the anticanonical polarization on Pn+1, and we write P ⊂MR for the associated polytope. If
(v1, . . . , vn+1) is a basis of N , we set v0 := −(v1 + · · · + vn+1), and the vl for l = 0, . . . , (n + 1)
are the primitive generators of the rays of Σ.

Writing P ∗ ⊂ NR for the polar dual of P , that is,

P ∗ = {x ∈ NR | ⟨u, x⟩ ⩽ 1 , ∀u ∈ P} ,

we see that here P ∗ = Conv(v0, . . . , vn).

One of the reasons such degenerations provide an interesting class of examples is that their
essential skeleton can be realized in the toric world, as we will now explain. The dual complex of
the toric boundaryD ⊂ Pn+1 can naturally be realized insideNR: ifDl is a coordinate hyperplane,
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it corresponds to el ∈ N , the primitive integral generator of the corresponding ray of Σ. Since
X0 = D, we see that we have a canonical isomorphism of simplicial complexes between the dual
complex D(X0) and the boundary ∂P ∗, sending a vertex vDl

∈ D(X0) to vl ∈ N . Realizing
D(X0) ≃ Sk(X ) ⊂ Xan inside the Berkovich analytification, we have the following more precise
statement.

Proposition 5.3. Let X ⊂ Pn+1
K be as above. Then the composition

Xan ⊂ Pn+1,an valΣ−−→ NΣ

induces by restriction an isomorphism of simplicial complexes from Sk(X ) to ∂P ∗.

Proof. It is enough to prove that if Dl1 , . . . , Dln+1 are n+ 1 components of D = X0 meeting at
a point p, then val maps the corresponding maximal face τp of Sk(X ) homeomorphically to

τσ = Conv(vl1 , . . . , vln+1) ⊂ NR ,

where σ =
∑n+1

i=1 R⩾0vli . Thus, we let v ∈ τp be a quasi-monomial valuation, which we see
as a semi-valuation on Pn+1. Using Proposition 2.3, we identify v with the monomial weight
w = (w1, . . . , wn+1), where wi = v(fi) for any local equation fi of Dli at p. We let l0 be the index
such that p /∈ Dl0 , and we take as a local equation

fi =
zli
zl0

,

where [z0 : · · · : zn+1] are standard homogeneous coordinates on Pn+1
K . Then by the definition of

the val map, we have

⟨val(v),m⟩ = v(χm)

for any m ∈M . We let (m1, . . . ,mn+1) be the basis of M dual to (vl1 , . . . , vln) so that χmi is an
equation for Dli on the toric affine chart Pσ. We now have χmi = fi, so writing m =

∑n+1
i=1 λimi,

we infer from Proposition 2.3 that

v(χm) =

n+1∑
i=1

wiλi ,

or equivalently val(v) =
∑n+1

i=1 wivli , which concludes the proof.

We are thus naturally led to study the image inside NΣ of Xan by the valuation map valΣ.
This is well known to be the (extended) tropicalization Trop(X) of the hypersurface, defined as
follows. Write the generic section F as a sum of monomials

F (z) =
∑
m∈PZ

cmz
m ,

and let L : NR → R be the piecewise-affine function obtained by replacing, in the equation
(tF + z0 · · · zn+1) for X, the products by sums and the sums by minima. More explicitly, L is
defined by the formula

L(x) = min
{

0, min
cm ̸=0

(1 − ⟨m,x⟩)
}
,

and Trop(X) ⊂ NR is the locus where the minimum is achieved by at least two different terms.
The following result is standard.
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Proposition 5.4. The closure Trop(X) ⊂ NΣ is the image of Xan via the map valΣ : Zan
Σ → NΣ.

Moreover, the complement of Trop(X) in NR admits one bounded connected component, which
is the interior of P ∗.

Proof. The first item follows from the fundamental theorem of tropical geometry [MS15, Theo-
rem 3.1.1], while the second one follows from the fact that the polytope P ∗ is the locus where
L = 0.

We will now construct a piecewise-affine subset Γ ⊂ Sk(X) of codimension 2 and an integral
affine structure on Sk(X) \ Γ, compatible with the integral affine structure on the interior of
the maximal faces of Sk(X ), and compatible with the fan structure in the neighbourhood of
each vertex. The construction is non-canonical, as it depends on the following choice: for each
face τ of Sk(X ) of positive dimension, we choose a point aτ ∈ Int(τ). We will call the collection
a = (aτ )τ a choice of branch cuts.

We let P̃ be the subdivision of Sk(X ) whose faces are of the form τ ′ = Conv(aτ0 , . . . , aτl)
for an ascending chain τ0 ⊂ · · · ⊂ τl of faces of Sk(X ). The discriminant locus in now given as
Γ :=

⋃
Conv(aτ0 , . . . , aτl), where the union is taken over ascending chains of faces τ0 ⊂ · · · ⊂ τl

of Sk(X ) with dim τ0 ⩾ 1 and dim τl ⩽ (n − 1). It is clear from the definition that this defines
a codimension 2 piecewise-affine subset of Sk(X), which we will write as Γ = Γa whenever we
wish to emphasize the dependency on the choice of branch cuts a.

Example 5.5. Assume n = 2; then we are choosing a point ae ∈ Int(e) in each edge of Sk(X ),
in addition to a point aτ ∈ Int(τ) in each maximal face τ of Sk(X ). The discriminant locus Γ
consists of the set {ae}e, which is finite.

Now assume n = 3; then we are choosing an interior point in each d-cell of Sk(X ) for
d = 1, 2, 3. The discriminant locus Γ is a trivalent graph, contained in the union of the 2-cells of
Sk(X ), and its intersection with the 2-face τ = Conv(v1, v2, v3) is depicted below:

v1 v2

v3

a12

a23

a13

aτ

Let v ∈ Sk(X ) be a vertex and Σv be the fan of Dv in Rn. We let

ϕv : Star(v) −→ Rn

be the unique piecewise-affine homeomorphism sending v to 0 ∈ Rn and each vertex vl ∈ Star(v)
to the primitive generator of the corresponding ray in Σv. Moreover, if τ ⊂ Sk(X ) is a maximal
face, we let ϕτ : τ → Rn be an integral affine homeomorphism onto a standard simplex.

As mentioned above, the affine charts ϕv do not glue to define an integral affine structure
on Sk(X ); that is, the transition functions between them are not integral affine. To remedy

this, we simply shrink the stars of the vertices using the subdivision P̃ so that they do not
intersect anymore. More precisely, for a vertex v of the skeleton, let S̃tar(v) be the star of v in
the polyhedral complex P̃. Then the singular affine structure on Sk(X ) is defined as follows.

Definition 5.6. The collection of charts
((

Int
(
S̃tar(v)

)
, ϕv

)
v
∪ (Int(τ), ϕτ )τ

)
is our induced

integral affine structure on Sk(X) \ Γ.

573



L. Pille-Schneider

From now on, we will make the following assumption.

Condition 5.7. The section F =
∑

m∈PZ
cmz

m is such that Proposition 5.1 holds, and whenever
m ∈ PZ is a vertex, we have cm ̸= 0; equivalently, the Newton polytope of the section F is equal
to the whole P .

This immediately implies the equality

L(x) = min
{

0, min
m∈V (P )

(1 − ⟨m,x⟩)
}
.

Note that this is true for a generic choice of F , and this ensures notably that the tropicalization
Trop(X) is invariant under the action of the symmetric group Sn+2 on NΣ. The main theorem
of this section is the following.

Theorem 5.8. Assume that Condition 5.7 holds. Let a = (aτ )τ be a choice of branch cuts in
Sk(X ) and δa : Trop(X) → Sk(X) the associated tropical contraction. Then the composition

ρa := δa ◦ valΣ : Xan −→ Sk(X)

is an affinoid torus fibration over Sk(X) \ Γ. Moreover, the induced integral affine structure on
Sk(X) \ Γ coincides with the one from Definition 5.6.

For the definition of the tropical contraction δa, see [Yam21, Theorem 5.1].

Let v = vi ∈ Sk(X ) be a vertex, and let Ui ⊂ Sk(X ) be the open star of vi with respect to

the simplicial decomposition P̃. Then we need to prove that the map ρ = ρa is an affinoid torus
fibration over each Ui, as well as over the interior of each maximal face τ ⊂ Sk(X ). The proof
will proceed in two steps:

• Step 1 (Section 5.2): we mainly review the construction of the tropical contraction, fol-
lowing [Yam21]. The contraction is in fact constructed face by face, and we will describe
it in particular near a vertex and over a maximal face. The latter, in combination with
Proposition 5.3, will readily imply that ρ is an affinoid torus fibration over a maximal face
of Sk(X ).

• Step 2 (Section 5.3): we then focus on a vertex vi ∈ Sk(X ) and construct a small log
resolution Xi → X , which is an isomorphism over the corresponding component Di. In
particular, we may apply Theorem 4.12 to conclude that the associated retraction ρXi

is an
affinoid torus fibration over Star(vi), and we conclude by proving that the equality ρ = ρXi

holds over Ui.

5.2 The tropical contraction

We let X ⊂ Pn+1
K be a maximal degeneration of Calabi–Yau hypersurfaces as above, satisfying

Condition 5.7. The goal of this section is to describe in a fairly simple way the construction of
a certain tropical contraction δ : Trop(X) → Sk(X), due to Yamamoto [Yam21]. Here tropical
contraction means that the map δ is locally modelled on projections of the form NΣ → NΣ′ ,
where Σ′ is the fan of a (closed) orbit in ZΣ.

Theorem 5.9 ([Yam21, Theorem 1.2]). For any choice of branch cuts a = (aτ )τ , there exists
a tropical contraction

δa : Trop(X) −→ Sk(X) ,
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where we view Sk(X) ⊂ Trop(X) via the embedding of Proposition 5.3. The tropical contraction
preserves the integral affine structures, in the sense that

δ∗ AffTrop(X) = j∗(AffSk(X)\Γ) ,

where Aff denotes the sheaf of integral affine functions on Trop(X) and Sk(X) \ Γ, respectively,
and j : Sk(X) \ Γ ↪→ Sk(X) the inclusion.

For the definition of the sheaf Aff, see [Yam21, Definition 2.10].

Let us point out that the original construction is far more general, as it applies to a wide
range of Calabi–Yau complete intersections inside toric varieties. However, the codimension 1
case is substantially simpler, so we will outline the details of the construction in this case.

We fix once and for all a choice a of branch cuts and consider the associated subdivision P̃
of Sk(X ). Our first step will be to describe Trop(X) more explicitly. Recall that the open subset
Trop(X) ⊂ Trop(X) is given as the corner locus of the function

L(x) = min
{

0, min
m∈V (P )

(1 − ⟨m,x⟩)
}

;

hence we have the following natural stratification. If x ∈ Trop(X), we let J(x) ⊂ I := {0}∪V (P )
be the subset of indices that realize the minimum; note that |J(x)| ⩾ 2 since x ∈ Trop(X).
Given a subset J ⊂ I, the associated stratum TJ ⊂ Trop(X) is the set of x ∈ Trop(X) such that
J(x) ⊇ J . We furthermore write T J ⊂ NΣ for its closure, which is contained in Trop(X).

Definition 5.10. Let τ ⊂ ∂P ∗ be a face, and write τ = Conv(ei1 , . . . , eir). The associated cone
σ(τ) ∈ Σ is given by σ(τ) = Cone(ei1 , . . . , eir), and its closure is denoted by σ̄(τ) ⊂ NΣ. We
additionally set τ̃ := τ + σ̄(τ) ⊂ NΣ.

Let J ′ ⊂ V (P ) be a non-empty subset of vertices of P ; this defines a face τJ ′ of ∂P ∗ in the
following way:

τJ ′ = {x ∈ P ∗ | ⟨mj , x⟩ = 1 , ∀j ∈ J ′} .
This is a face of dimension (n + 1) − |J ′|. It is straightforward to check that for |J ′| ⩾ 2, the
region τ̃J ′ is contained in the stratum T J ′ .

The following proposition asserts that the bounded strata of the tropicalization are the faces
of ∂P ∗, while the unbounded ones are obtained from non-maximal faces of ∂P ∗ and their asso-
ciated cones.

Proposition 5.11. Let I = {0} ∪ V (P ), and let J ⊂ I be a subset with at least two elements.
We let J ′ = J ∩ V (P ).

• If 0 ∈ J , then T J = τJ ′ ⊂ ∂P ∗.

• If 0 /∈ J , then T J = τ̃J ′ .

Note that in the latter case, since |J | ⩾ 2, the face τJ ′ is not a maximal face of ∂P ∗. Figure 1
depicts the tropicalization when n = 2: Trop(X) is the union of the boundary of the polytope P ∗

with the portions of the linear planes passing through pairs of vertices of P ∗; here we have
highlighted τ̃J for J ⊂ {1, 2, 3}.

We now move to the description of the tropical contraction. If τ is a face of ∂P ∗, we set
Uτ := Int

(
S̃tar(aτ )

)
; this is the open star of the point aτ ∈ Int(τ) with respect to P̃. For any
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v2

v1

v3

v0

Figure 1. The tropicalization of a maximally degenerate K3 surface

smaller face τ ′ ⊂ τ of ∂P ∗, we set Wτ,τ ′ := Uτ ∩ Uτ ′ and Yτ,τ ′ := Wτ,τ ′ + σ(τ ′). Then

Yτ :=

( ⋃
τ ′⊂τ

Yτ,τ ′

)
∩ Trop(X) ,

where the union ranges over the subfaces of τ . For instance, if τ ⊂ ∂P ∗ is a maximal face, we
simply have Yτ = Uτ = Int(τ).

Then by [Yam21, Lemma 5.15], the union of the Yτ covers Trop(X) when τ ranges over the
faces of ∂P ∗, so it is enough to define local tropical contractions

δτ : Yτ −→ Uτ ,

which glue over the intersections Uτ1 ∩ Uτ2 by [Yam21, Lemma 5.14]. Then if x ∈ Yτ,τ ′ , that is,
x = w + x′ with w ∈ Wτ,τ ′ and x′ ∈ σ(τ ′), we set δτ (x) = w. In other words, the local tropical
contraction contracts the cone direction and is locally isomorphic over Wτ,τ ′ to the canonical
projection p : NΣ → NΣ′ , where Σ′ is the fan in NR/ Span(σ(τ ′)) induced by Σ.

In the 2-dimensional case, the restriction of the tropical contraction to the standard orthant
is depicted as follows (we have picked the barycenters of the edges as choice of branch cuts):

If τ = e12 is an edge, then Wτ,vi = Conv(a12, vi) for i = 1, 2, and the contractions over Wτ,vi

are the projection NR → NR/Rvi (the dashed regions), while Wτ,τ = a12 and Yτ,τ is the lower
dotted region, contracted to the point a12.

Proposition 5.12. Let τ be a maximal face of Sk(X ). Then the retraction ρa : Xan → Sk(X )
is an affinoid torus fibration over Int(τ).

Proof. Let τ be a maximal face of Sk(X ) ≃ ∂P ∗, and let p ∈ X0 be the corresponding
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v2

v1

v3

a12

a23
a13

Figure 2. The tropical contraction in dimension 2

zero-dimensional stratum. Then from the construction of δ, we have Yτ = Uτ = Int(τ), so
δ−1(Int(τ)) = Int(τ) and ρ−1(Int(τ)) = val−1

Σ (Int(τ)). Moreover, by the proof of Proposi-

tion 5.3, if τ = Conv(vl1 , . . . , vln) and valΣ(v) =
∑n+1

i=1 λivli , then λi = v(zi/z0). In particular, if
valΣ(v) ∈ Int(τ), then v(zi/z0) > 0 for i = 1, . . . , (n+ 1), or in other words zi = 0 at the center
cX (v). This implies that valΣ(v) ∈ Int(τ) if and only if cX (v) = p.

We infer that ρ−1(Int(τ)) = Xη
p :=

(
X̂/p

)η
and that under the identification Sk(X ) = ∂P ∗,

we have ρ|Xη
p

= ρXp , which is indeed an affinoid torus fibration by Example 4.8.

In what follows, we will be mostly interested in what happens near a vertex vi ∈ Sk(X ), in
which case the following holds.

Proposition 5.13 ([Yam21, Lemma 5.12]). Let τ = vi be a vertex of Sk(X ). Then Yτ =
Uτ + R⩾0vi, and the local tropical contraction satisfies

δτ (w + αvi) = w

for w ∈ Uτ and α ∈ [0,+∞]. In other words, writing pi : NΣ → NΣi for the canonical projection,
the following diagram commutes:

Yei Ui ⊂ NR

Vi ⊂ NR/Rei ,

δi

pi qi

where qi = (pi)|Ui
is the homeomorphism from Ui onto its image Vi by the projection pi.
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5.3 Small resolution at a vertex

We consider a point in X sing ∩D1 ∩ · · · ∩Dn. The singular points in the other strata curves can
be treated analogously. Étale locally around such a point, X is isomorphic to the toric variety
U := V (z1 · · · zn−wt) ⊂ An+1

R , where the Di|U = {zi = t = 0} are the components of the special
fiber U0. We still denote these by Di; they form the toric boundary of U together with the

D′
i|U = {zi = w = 0} .

If J ⊂ {1, . . . , n}, we let DJ =
⋂

j∈J Dj . The singular locus U sing is of codimension 3 and consists
of the union over pairs i ̸= j of indices of the

Vij |U = {zi = zj = w = t = 0} = Di ∩Dj ∩D′
i ∩D′

j ,

which all intersect at the torus-invariant point p := {z1 = · · · = zn = w = t = 0}.

Proposition 5.14. The composition of successive toric blow-ups

U (n− 1) = BlDn−1 U (n− 2) −→ U (n− 2) = · · · −→ · · · −→ U (1) = BlD1 U −→ U ,

where we inductively abusively denote by Dj+1 ⊂ U (j+1) the strict transform of Dj+1 ⊂ U (j),
is a small log resolution of (U ,U0) such that the strict transform of Dn in U (n−1) is isomorphic
to Dn.

When n = 3, this was done in [MP21, § 4.2], which provides a picture of the slice of the fan
of U and the performed subdivisions.

Proof. Let N = Zn+2, with the standard basis written as (e1, . . . , en, et, ew), and let N ′ ⊂ N the
codimension 1 sublattice

N ′ = {u1 + · · · + un = ut + uw} ⊂ N ,

where (u1, . . . , un, ut, uw) is the dual basis in M . Then the primitive generators of the rays of the
fan Σ of U in N ′

R are the vi = ei + et (corresponding to the boundary components Di = {xi =
t = 0}) and the v′i = ei + ew (corresponding to the boundary component D′

i = {xi = w = 0}),
for i = 1, . . . , n. The fan Σ has a unique maximal cone σ =

∑n
i=1R⩾0vi +

∑n
i=1R⩾0v

′
i; it is the

cone over the product of an (n− 1)-simplex and a segment.

We set Ii := IU (i−1)(Di), which is the ideal of the strict transform of Di inside U (i − 1),
so that U (i) is the blow-up of U (i − 1) along the toric ideal Ii. We claim that the blow-up
U (i) → U (i−1) has no exceptional divisors and that Ii+1 = (xi, t). We prove this by induction
on i ∈ {1, . . . , n− 1}.

For i = 1, we are blowing up the toric ideal I = (x1, t) inside U . This amounts to subdividing
the maximal cone σ of Σ into the two subcones σ∩{u1 ⩾ ut} and σ∩{u1 ⩽ ut} – the piecewise-
linear function attached to I is ϕI = min{u1, ut}. It is straightforward to check that this does
not subdivide any 2-dimensional cone of Σ, so the subdivision does not induce any new ray, and
U (1) has no exceptional divisors. This also implies that the zero locus of I2 = (x2, t) is the
strict transform D2 ⊂ U (1).

Now assume that the claim holds for i ⩾ 1. We want to prove that U (i+ 1) → U (i) has no
exceptional divisors and that Ii+2 = (xi+1, t). Since we are blowing up the ideal Ii+1 = (xi, t)
inside U (i), this means that we are subdividing the fan of U (i) along the hyperplane {ui = ut},
which is once again easily seen not to subdivide the 2-dimensional cones, so no rays are added.
By the same argument as above, this implies that inside U (i+1), the zero locus V (xi+1, t) is the
strict transform of Di+1. We now prove that U (n− 1) is regular. The maximal cones of the fan
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U (n− 1) are given by the intersection of σ with n− 1 halfspaces of the form {±(ui − ut) ⩾ 0};
by direct computation, there are n maximal cones σ1, . . . , σn, where

σi = σ ∩ {ui ⩾ ut} ∩ {ui−1 ⩽ ut}

with σ1 = σ ∩ {ui ⩾ ut}. This yields

σi = R⩾0v1 + · · · + R⩾0vi + R⩾0v
′
i + · · · + R⩾0v

′
n ,

which is a regular cone as (v1, . . . , vi, v
′
i, . . . , v

′
n) is a basis of N , so the pair (U (n−1),U0(n− 1))

is snc.

Finally, we prove that the strict transform of Dn in U (n− 1) is isomorphic to Dn. The ray
ρn = R⩾0vn, viewed in the fan of U (n− 1), is contained in only one maximal cone, namely σn.
As a result, the fan of the strict transform of Dn is given by the maximal cone σn/Rvn and its
faces, so the strict transform D̃n of Dn is isomorphic to An ≃ Dn. Since the restriction of the
composition of blow-ups D̃n → Dn induces the identity on the tori, it is an isomorphism, and
this concludes the proof.

Back to the global setting, we obtain the following.

Corollary 5.15. Let X ⊂ Pn+1
R be as above and i ∈ {0, . . . , n+ 1 }, and label the elements of

{0, . . . , n+ 1 } \ i as {l1, . . . , ln}. The sequence of successive blow-ups

X (n) = BlDln
X (n− 1) −→ X (n− 1) = · · · −→ · · · −→ X (1) = BlDl1

X −→ X

yields an snc model X ′/R such that Sk(X ′) = Sk(X ) and the strict transform satisfies D′
i ≃ Di.

The upshot of this is that we obtain a Berkovich retraction ρXi
: Xan → Sk(Xi) = Sk(X ),

which is an affinoid torus fibration over Star(vi) by Theorem 4.12. Moreover, the integral affine
structure induced on Star(vi) matches the one induced by the chart ϕvi from Definition 5.6.

Let us denote by Xi = X̂i,/Di
the formal completion. By Theorem 4.12, writing N → A1

k

for the total space of normal bundle of Di inside Xi and N = N ×A1 R, we have a formal
isomorphism

f : Xi
∼−→ N̂/Di

,

where Di ⊂ N denotes the zero section.

Thus, as we pass to the generic fiber, Xη
i embeds analytically as a open subset of a torus:

Xη
i ↪−→ Tan

N ,

where TN = N ×R K is the generic fiber of N .

Lemma 5.16. There is a canonical isomorphism of K-tori

TN ≃ TDi ×k K .

Proof. Since N is trivial over TDi , we have a natural morphism TDi ×Gm,k → N , whose image
is precisely the k-torus of N . Moreover, from the description of the fan of N (see for instance
[MP21, § 2.1]), the morphism N → A1

k restricts to the projection onto the second factor, and we
have the result.

We write Σi for the fan of Di inside NR/Rvi and let pi : NΣ → NΣi be the canonical projec-
tion – on NR, this is simply the quotient map NR → NR/Rvi.
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Lemma 5.16 provides us with a map valDi : Xη
i → NR/Rvi. Note that up to identification,

the map valDi is none other than the Berkovich retraction ρXi – more precisely, if we view
Sk(X ) ⊂ NR via Proposition 5.3, the relation valDi = pi ◦ ρXi holds.

Proposition 5.17. Consider the map valP : Pn+1,an → NΣ. We have

valDi = pi ◦ valP .

Proof. We assume i = n+ 1 for convenience and pick standard coordinates (z1/z0, . . . , zn+1/z0)
on the torus of Pn+1; then the projection pi : Rn+1 → Rn is given by omitting the last coordinate.
Recall that the formal isomorphism

f : X̂i,/Di

∼−→ N̂/Di

was constructed cone by cone, in the following way. We let σ ∈ Σi be a maximal cone in the fan
of Di, and we assume that σ = Cone(e1, . . . , en) is the standard orthant. Then the restriction fσ
of f to Xσ was defined by the following property: if sl is a trivializing section of OX (D0 −Dl)
on Xσ, restricting to the meromorphic function zl/z0 onDi, then sl = f∗σ(zl/z0) (with the notation
of [MP21, § 2.2], this is W σ

l = (D0−Dl)). Thus, if x ∈ Xη
i , which means that cXi

(vx) ⊂ Di, then
vx(sl) = vx(zl/z0), hence this is

valTN
(x) =

(
vx

(
z1
z0

)
, . . . , vx

(
zn
z0

))
∈ NR/Ren+1 ,

while

valTP(x) =

(
vx

(
z1
z0

)
, . . . , vx

(
zn
z0

)
, vx

(
zn+1

z0

))
∈ NR ,

and we have the result.

Corollary 5.18. For any choice of branch cuts a, the equality δa ◦ valP = ρXi holds on

ρ−1
Xi

(
S̃tar(vi)

)
⊂ Xη

i .

Proof. Under the identification Sk(X ) ⊂ NΣ, we have the equality qi ◦ ρXi = valDi , where valDi

is the composition Xη
i ↪→ Tan

Di
→ NR(Di). By the above proposition, we have qi ◦ ρXi = pi ◦ valP,

and by Proposition 5.13, the equality δa = (qi)
−1 ◦ pi holds over S̃tar(vi), hence the result.

Since ρXi is an affinoid torus fibration over Star(vi) and in particular over S̃tar(vi), this implies
that ρa = δa ◦ valP is an affinoid torus fibration away from Γa, and this concludes the proof of
Theorem 5.8.

6. The Fermat case

6.1 The non-archimedean Monge–Ampère equation

Let X ⊂ Pn+1 × D∗ be the Fermat family of Calabi–Yau hypersurfaces

X =
{
z0 · · · zn+1 + t

(
zn+2
0 + · · · + zn+2

n+1

)}
= 0

and X ⊂ Pn+1 × D its closure. We use the same notation for the respective base changes
to K and R. We are in the setting of the previous section, as the Fermat polynomial F =
zn+2
0 + · · ·+zn+2

n+1 is such that Condition 5.7 holds. The family X is endowed with the polarization
L = OX(n+ 2) and with the family of Calabi–Yau measures

νt := in
2
Ωt ∧ Ω̄t ,
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where (Ωt)t∈D∗ is a holomorphic trivialization of the relative canonical bundle KX/D∗ . We set

µt := Ctνt ,

where Ct > 0 is the unique constant ensuring that
∫
Xt
µt = Ln

t . By Theorem 4.6, the family

(µt)t∈D∗ converges weakly on Xhyb to the Lebesgue measure µ0 on Sk(X). Each fiber Xt is
endowed with the unique Kähler Ricci-flat metric ωt ∈ c1(L) satisfying the complex Monge–
Ampère equation

ωn
CY,t = µt .

Since for all t, the Kähler form ωt is in c1(Lt), there exists a family of Hermitian metrics ϕCY,t

on Lt such that ωCY,t = ddcϕCY,t; note, however, that this family need not vary in a subharmonic
way with respect to the direction of the base.

Recall that P ⊂ MR is the convex polytope associated with the toric boundary D of Pn+1,
so L = OP(D) is a toric line bundle and psh toric metrics on (Pn+1,an, Lan) are in one-to-one
correspondence with convex P -admissible functions on NR, by Theorem 3.23. We now have the
following.

Theorem 6.1. There exist a convex P -admissible function u : NR → R and an induced contin-
uous psh toric metric ϕu ∈ CPSH(Pn+1,an

K , Lan) such that the restriction ψu = (ϕu)|Xan solves
the non-archimedean Monge–Ampère equation MA(ψu) = µ0 on Xan.

A similar, more general, statement was recently obtained independently in [HJMM24] for
hypersurfaces of the form considered in Section 5.1, building on the construction of a solution to
the tropical Monge–Ampère equation on Sk(X).

The fact that the function u solves the real Monge–Ampère equation M (u) = µ0 on Sk(X)\Γ
was established in [Li22]; however, since the solution to this equation may not be unique, the
convex function u was only obtained along a subsequence and could depend on the choice thereof.
However, the solution to the non-archimedean Monge–Ampère equation is unique, so as observed
in [Li22, Remark 5.7], we get the following strengthening of [Li22, Theorem 5.1].

Corollary 6.2. The locally convex function u∞ obtained in [Li22, Theorem 5.1], as well as the
generic SYZ fibration from [Li22, Theorem 5.14], do not depend on the choice of a subsequence.

We now move on to the proof of Theorem 6.1 and start by explaining how the function u is
obtained. Since it will be more convenient to work with potentials instead of metrics, we fix once
and for all the reference hybrid metric ϕFS on Pn+1,hyb such that

ϕFS,t =
(n+ 2)

2
log

(
|z0|2 + · · · + |zn+1|2

)
and

ϕFS,0 = (n+ 2) max(log|z0|, . . . , log|zn+1|) ;

it is a continuous plurisubharmonic metric on Pn+1,hyb by [Pil23, Example 3.7]. We use the same
notation for its restriction to Xan. This allows us to identify the Calabi–Yau metric with its
relative potential

φCY,t = ϕCY,t − ϕFS,t ,

normalized by the convention supXt
φCY,t = 0 for all t ∈ D̄r. Then Li produces, via a double

Legendre transform, P -admissible convex functions uCY,t on NR which approximate the Calabi–
Yau potential and which satisfy suitable Lipschitz bounds. This implies that for any sequence
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(tk)k∈N going to zero inside D∗, there exists a subsequence (which we will omit from notation)
such that the admissible convex functions uCY,tk converge locally uniformly to a continuous,
convex admissible function u ∈ AdP (NR) – which a priori depends on a choice of subsequence.
By Theorem 3.26 and in particular Example 3.27, this induces a continuous hybrid metric Φu in
CPSH(Pn+1,hyb, Lhyb) and, by restriction to Xhyb, a continuous psh hybrid metric Ψu on (X,L).
Following the notation of [Li22] (with a different sign convention), we write s(t) = −1/log|t|
and Logs(z) := Log(sz) on the torus of Pn+1; in this notation, the restriction of Ψu to Xt is
equal to s−1(u ◦ Logs).

Proposition 6.3. As k → ∞ (up to extracting further), the sequence of complex Monge–Ampère
measures (s−n

k ddc(u ◦Logsk)n)k∈N on Xhyb converges weakly to the Lebesgue measure µ0 on the
essential skeleton.

Before moving to the proof of the proposition, we explain how this implies Theorem 6.1.
Writing ψu = ΨNA

u for the restriction of Ψu to Xan, it follows from Theorem 2.14 that the
sequence of measures (s−n

k ddc(u ◦ Logsk)n)k∈N on Xhyb converges weakly to MA(ψu), hence
the equality. The uniqueness of u now follows from the uniqueness of the solution to the non-
archimedean Monge–Ampère equation.

Proof of Proposition 6.3. By the compactness of Xhyb and after further extraction, we may as-
sume that the sequence of measures θk := s−n

k ddc(u◦Logtk)n on Xhyb converges weakly to a limit
measure θ∞ supported on Xan, of total mass Ln. Let f ∈ C0(Xhyb); then by [Li22, Lemma 5.3,
proof of Theorem 5.1], as k → ∞ (up to extracting further), we have∣∣∣∣ ∫

Usk

fµsk −
∫
Usk

fθk

∣∣∣∣ −−−→k→∞
0 ,

where Usk denotes the union of the “toric regions” U sk,∗
w from [Li22, § 4.5]. Moreover, we have

µsk(Xsk \ Usk) → 0 when k → ∞, by [Li22, Proposition 3.14]. Thus, if f ⩾ 0, we infer that∫
Xan fθ∞ ⩾

∫
Xan fµ0, hence θ∞ ⩾ µ0 as measures on Xan. However, both measures have the

same mass Ln, so they are equal, which concludes the proof.

6.2 The comparison property

In this subsection, we prove the following.

Theorem 6.4. Let X ⊂ Pn+1 × D∗ be a degeneration of Calabi–Yau hypersurfaces such that
Condition 5.7 holds, and set L = OP(n+ 2). We write (X ,L ) for the dlt model of X obtained
by taking the closure of X inside Pn+1 × D∗.

Writing the solution ϕ to the non-archimedean Monge–Ampère equation as

ϕ = ϕL + ψ ,

we have that ψ = ψ ◦ ρ over Sk(X) \ Γ, where ρ : Xan → Sk(X) is the admissible retraction
constructed in Theorem 5.8, and with choice of branch cuts such that aτ is the barycenter of τ ,
for each face τ ⊂ Sk(X ).

Recall that the solution of the non-archimedean Monge–Ampère equation is explicitly given
as the restriction to Xan of the toric metric ϕu ∈ CPSH(Pn+1,an

K , Lan) – in the Fermat case, this
follows from Theorem 6.1, while in general it follows from [HJMM24, Theorem 8.1]. The model
metric ϕL is also toric, and we have ϕL = ϕuFS , where

uFS(x) = max
m∈V (P )

⟨m,x⟩
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is the support function of the boundary of Pn+1. We infer that the relative toric potential satisfies
ψ = (u − uFS) ◦ valΣ on Pn+1, hence also on X. We set u′ = (u − uFS), which is a continuous
function on NR, extending continuously to NΣ.

We need to prove that if ρ(x) ∈ Sk(X) \ Γ, then ψ(x) = ψ(ρ(x)). It is enough to treat the

following two cases: ρ(x) ∈ Int(τ) for a maximal face τ of Sk(X ), or ρ(x) ∈ Ui = Int
(
S̃tar(vi)

)
for a vertex vi of the skeleton.

We start with the former. If ρ(x) ∈ Int(τ), then ρ(x) = valΣ(x) under the identification
Sk(X) = ∂P ∗, hence ψ(ρ(x)) = u′(valΣ(x)) = ψ(x) as ϕ is a toric metric on Pn+1.

The second case relies on the following observation.

Lemma 6.5 ([Li22, Corollary 3.28]). Let u : NR → R be the convex admissible function from
the statement of Theorem 6.1, and let vi ∈ Sk(X ) be a vertex. Then on the region Yvi =
(Ui + R⩾0vi) ∩ Trop(X), the equality

u(w + αvi) = u(x) + α

holds for any w ∈ Ui and α ∈ R⩾0.

This is proved only in the case of the Fermat family in [Li22], but in the general case,
by [HJMM24, Theorem 8.1], the function u : NR → R is the canonical extension v∗∗ of its
restriction v := u| Sk(X). Hence the proof of [Li22, Corollary 3.28] applies without changes to any
degeneration of hypersurfaces such that Condition 5.7 holds, as the proof only uses Trop(X) and
not the hypersurface itself.

This implies that if ρ(x) ∈ Ui – which means valΣ(x) ∈ Xvi – then u′(x) = u′(δ(x)). Indeed,
writing x = w + αvi with x ∈ Ui, we have

uFS(x) = max
m∈V (P )

⟨m,x⟩ = uFS(w) + max
m∈V (P )

⟨m,αvi⟩ = uFS(w) + α ,

since vi is a vertex of P ∗ = {⟨P, ·⟩ ⩽ 1}. This yields u′(x) = u′(w) = u′(δ(x)) by Proposition 5.13,
and since ψ = u′ ◦ valΣ, we get that ψ(ρ(x)) = ψ(x) whenever ρ(x) ∈ Ui. This concludes the
proof of Theorem 6.4.

Remark 6.6. Let X ⊂ Pn+1 × D∗ be a maximally degenerate hypersurface as considered in
Theorem 5.8, and assume that for a certain choice a of branch cuts, the solution ψ ∈ C0(Xan) of
the non-archimedean Monge–Ampère equation

MA(ϕL + ψ) = µ0

satisfies the comparison property ψ = ψ ◦ρa over Sk(X)\Γ. We write ψFS : NR → R for the toric
potential for the Fubini–Study metric on the ambient Pn+1 with the anticanonical polarization,
and use the same notation for its restriction to Sk(X).

Then the collection of local functions

ψτ := ψ on Int(τ) and ψi := ψ + ψFS −mi on Ui ,

where mi ∈ M satisfies ⟨mi, w⟩ = 1, are convex in affine coordinates on Sk(X) \ Γ and satisfy
the real Monge–Ampère equation

n!M (ψ) = µ0

away from Γ. Note that the local potential ψi equates the um from [Li22, Definition 3.22].
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This holds over the maximal faces of Sk(X ) by Theorem 4.17, so we focus on an open subset
Ui. It is enough to prove that under the formal isomorphism

X̂i/Di
≃ N̂/Di

provided by Theorem 4.12, the metric ϕ = ϕL +ψ is toric and has toric potential ψi on Ui. The
first part follows from the assumption ψ = ψ ◦ ρ, while the second one follows from the fact that
the toric potential for (ϕL )|TDi

is (ψFS −mi) – recall that the torus TDi,K of N is the quotient
of TP by the mi-direction.

6.3 The hybrid SYZ fibration

While the results from [Li22] do not yield a global SYZ fibration on the Fermat hypersurfaces Xt

for |t| ≪ 1, there does exist a special Lagrangian fibration on a region of Xt whose Calabi–Yau
measure is arbitrarily close to 1 as t → 0. We will show that this fibration converges to the
retraction ρ from Theorem 6.1 in the hybrid topology; this is similar to the results from [GO24]
for finite quotients of abelian varieties.

We start by recalling the precise statement on the existence of an SYZ fibration in the generic
region. By the local theory for the real Monge–Ampère equation, the locally convex function u on
Sk(X) \ Γ is smooth and strictly convex on an open subset R ⊂ (Sk(X) \ Γ) whose complement
has (n − 1)-Hausdorff measure zero; in particular, R is connected. The estimates from [Li22]
imply that the Calabi–Yau potential converges in a natural, C∞-sense to u locally over R, so the
results from [Zha17] can be used to obtain the following.

Theorem 6.7 ([Li22, Theorem 5.13]). Let K ⊂ R be a compact subset. There exist an open
neighbourhood VK ⊂ R of K and, writing Ut,K = Log−1

t (VK), a special Lagrangian fibration

ft : Ut,K −→ Sk(X)

that is a C∞-perturbation of the map Logt as t→ 0. Moreover, if (Kn)n∈N is a compact exhaustion
of R, then the Ut,Kn have Calabi–Yau measure arbitrarily close to 1 as t→ 0, for n≫ 1.

Here by C∞-perturbation we mean that the C∞-norm of (Logt−ft) is arbitrary small as
t → 0, in the scale where the torus fibers have bounded diameter. We claim that these generic
SYZ fibrations converge to ρ in the hybrid topology.

Proposition 6.8. Let U0,K = ρ−1(VK) and

Uhyb
K = val−1

hyb(VK) =
⊔
t∈D̄r

Ut,K ⊂ Xhyb

for r ≪ 1 depending on K. Then the hybrid SYZ fibration

f : Uhyb
K −→ K ⊂ Sk(X)

defined by ft on Ut,K for t ̸= 0 and ρ on U0,K is continuous.

Proof. By [Li22, § 2.7, Theorem 5.13], for |t| ≪ 1, the SYZ fibration ft over K is C∞-close to the
map Logt in the scale where the torus fibers have diameters of size O(1), which easily implies
our statement, as Logt converges to ρ over K in the hybrid topology.
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GJKM19 W. Gubler, P. Jell, K. Künnemann, and F. Martin, Continuity of plurisubharmonic en-
velopes in non-archimedean geometry and test ideals (with an appendix by J. I. Burgos
Gil and M. Sombra), Ann. Inst. Fourier (Grenoble) 69 (2019), no. 5, 2331–2376; doi:

10.5802/aif.3296.

How88 R. Howe, Automatic continuity of concave functions, Proc. Amer. Math. Soc. 103 (1988),
no. 4, 1196–1200; doi:10.2307/2047111.

HJMM24 J. Hultgren, M. Jonsson, E. Mazzon, and N. McCleerey, Tropical and non-Archimedean
Monge–Ampère equations for a class of Calabi–Yau hypersurfaces, Adv. Math. 439 (2024),
article no. 109494; doi:10.1016/j.aim.2024.109494.

Kol13 J. Kollár, Singularities of the minimal model program, Cambridge Tracts in Math., vol. 200
(Cambridge Univ. Press, Cambridge, 2013); doi:10.1017/CBO9781139547895.

KM98 J. Kollár and S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math.,
vol. 134 (Cambridge Univ. Press, Cambridge, 1998); doi:10.1017/CBO9780511662560.

Ko l98 S. Ko lodziej, The complex Monge–Ampère equation, Acta Math. 180 (1998), no. 1, 69–117;
doi:10.1007/BF02392879.

KS06 M. Kontsevich and Y. Soibelman, Affine Structures and Non-Archimedean Analytic Spaces, in
The unity of mathematics, Progr. Math., vol. 244 (Birkhäuser, Boston, MA, 2006), 321–385;
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