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A log resolution for the theta divisor
of a hyperelliptic curve

Christian Schnell and Ruijie Yang

ABSTRACT

In this paper, we prove that the theta divisor of a smooth hyperelliptic curve has
a natural and explicit embedded resolution of singularities using iterated blowups of
Brill-Noether subvarieties. We also show that the Brill-Noether stratification of the
hyperelliptic Jacobian is a Whitney stratification.

1. Introduction

Let C' be a smooth projective curve of genus g > 1. Let Jac(C) be the Jacobian of C, and let
O C Jac(C) be the theta divisor. The purpose of this paper is to give a natural and explicit log
resolution of the pair (Jac(C'),©) when C' is a hyperelliptic curve.

Recall that the Brill-Noether variety W;_, (C) parametrizes line bundles L € Pic? ~HO) of de-
gree g—1 with h°(L) > r+1. According to a theorem by Riemann, we can choose an isomorphism
Jac(C) =2 Pic? ! (C) so that the theta divisor © becomes identified with W,_1(C) := WgOfl(C).
The Abel-Jacobi map from the symmetric product Cy_; = Sym?~'(C) gives a resolution of
singularities of ©, which is useful for answering many geometric questions about Jacobian vari-
eties. However, if one wants to investigate the geometry of the embedding © C Jac(C'), one needs
instead a log resolution of the pair (Jac(C'), ©). Inspired by a global study of the vanishing cycle
functor for divisors [SY26], we are lead to the question of finding an explicit log resolution in
the case of hyperelliptic theta divisors. Since the log resolution is of a purely geometric nature,
we leave the actual computation of vanishing cycles to another paper [SY26].

When C is a hyperelliptic curve of genus g > 1, we have a lot of very precise information
about the chain of subvarieties

O =W, 1(C) 2 W, (C) 2+ 2 W, (©), (1.1)

where n = [(g — 1)/2] is the maximal integer such that Wi (C) # @. First, the dimension
of W;_1(C) is equal to g — 1 — 2r, and W;_;(C) is reduced (see Proposition A.3). Second, the
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HYPERELLIPTIC THETA DIVISORS

singular locus of Wy _(C) is exactly W;fll((}') Third, the multiplicity of the theta divisor at
a point L € Picd~1(C) is equal to h°(L) by the Riemann singularity theorem, so Wi_1(C) is
exactly the set of points of multiplicity at least 7 + 1 on © (see [ACGHS85, §1V.4] for details).

These facts immediately suggest that one might be able to get a log resolution of the pair
(Jac(C), ©) by successively blowing up the Brill-Noether subvarieties W7_,(C) in the order from
smallest to largest. This guess turns out to be correct, but it requires quite a bit of work to prove
rigorously that it works.

More precisely, we use the following iterative procedure, consisting of n steps. In the first
step, we blow up Jac(C) along the smallest subvariety W' ,(C) and denote the blowup by
m1: bli(Jac(C)) — Jac(C). In the second step, we blow up bl;(Jac(C)) along the strict trans-
form of Wgnjll(C’) and denote the new blowup by ma: bla(Jac(C)) — Jac(C). In the ith step,
we blow up bl;_;(Jac(C)) along the strict transform of W;fll_i(C) and denote the new blowup
by m;: bl;(Jac(C)) — Jac(C). This process stops after the nth step. The strict transforms of the
exceptional divisor give us a sequence of divisors Zy, Z1, ..., Z,_1, with Z; sitting over the locus
W;:f(C). Let © denote the strict transform of the theta divisor. With this notation, our main
result is the following.

THEOREM A. The morphism 7y, : bl,(Jac(C)) — Jac(C) is a log resolution of (Jac(C'), ©), where
n—1
m(O©) =0+ (n+1-14)Z
i=0

is a divisor with simple normal crossing support. Moreover, the strict transform of W;__f (C) in
bl;(Jac(C)) is smooth. In other words, each blowup in the sequence is a blowup along a smooth
center.

We can also describe the generic structure of the exceptional divisors.

COROLLARY B. Forr =1,...,n, every fiber of the projection
ze\ (60 U ) — W\ wgHo
0<i<n—1
i#n—r

is isomorphic to the complement of a hypersurface of degree r + 1 in P?"; the hypersurface is the
(r — 1)th secant variety of a rational normal curve of degree 2r in P?".

There are a few other examples in the literature where this simple-minded procedure of
successive blowups along singular loci produces a log resolution.

(1) Let X be the affine space of n-by-n matrices, and let D be the hypersurface defined by the
vanishing of the determinant function. Let D; C D be the set of matrices of rank at most
n — i. According to [ACGHS5, §11.2, p. 69, Proposition], one has (D;)sing = Dit1, and D;
is exactly the set of points of multiplicity at least ¢ on D. It is proved in [Joh03, Chapter 4]
and also in [Vai84] that one can construct a log resolution of the pair (X, D) by successively
blowing up Dy, Dyp_1,...,Ds.

(2) Let X = PH?(C, M), and let D = Sec™(C) be the nth secant variety of a smooth projective
curve C, embedded by a line bundle M with h°(M) = 2n-+3 that separates 2n+2 points. Set-
ting D; = Sec""T1(C), Bertram [Ber92, § 1, Corollary, p. 440] proved that (D;)sing = Di+1
and that D; is again the set of points of multiplicity at least i on D. He also showed [Ber92,
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Corollary 2.4] that successively blowing up D,,, Dy_1,..., D2 produces a log resolution of
the pair (X, D).

The subvarieties in (1.1) induce a stratification

Jac(C) = (Jac(C) —©) U | | (Wy_1(C) = W;H(C)),
o<r<n
which is named the Brill-Noether stratification. Inspired by the proof of Theorem A, we also
find the following.

ProrposiTiON 1.1. If C' is a smooth hyperelliptic curve, then the Brill-Noether stratification of
Jac(C) is a Whitney stratification.

Ideas of the proof

The main tool is Bertram’s blowup construction for a chain of maps [Ber92]. One inconvenient
point in the process described above is that the Brill-Noether varieties W;_, (C) are not smooth,
which makes it hard to keep track of conormal bundles and exceptional divisors in the various
blowups. Fortunately, on a hyperelliptic curve, each Wg’;l(C’) has a natural resolution of singu-
larities by C,_1_2;, viewed as the space of effective divisors of degree g —1 —2r on C. Let g3 be
the line bundle corresponding to the hyperelliptic map h: C — P! For 0 <r <n=|(g —1)/2],
the resolution of singularities is given by the Abel-Jacobi mapping

Op—r: Cg7172r — W;—l(c) , Dr— ’I"g% ® OC(D) :

Since it is easier to blow up smooth varieties, instead of W;_, (C'), we work with the chain of maps
{6:}1o- The advantage is that we do not need to analyze the singularities of the proper transforms
of ngl(C) and how they intersect with exceptional divisors; instead, we transform the problem
into checking that certain maps are embeddings (see Proposition 2.18), which eventually reduces
to the calculation of certain conormal bundles. The projectivized conormal bundles that show
up as exceptional divisors are closely related to secant bundles over symmetric products of P!;
for that reason, Bertram’s result about these secant bundles is another crucial input.

Outline of the paper

In Section 2, we recall Bertram’s blowup construction in detail. In Section 3, we set up notation for
the Abel-Jacobi maps and reduce the proof of Theorem A to two propositions (Propositions 3.1
and 3.2), which deal with the properties of two chains of maps between symmetric products and
Jacobians. In Section 4, we review the construction of secant bundles and describe Bertram’s
results. In Section 5, we study some basic properties of Abel-Jacobi maps and the addition maps
among symmetric products. In Sections 7 and 6, we prove Propositions 3.1 and 3.2, and thereby
complete the proof of Theorem A for hyperelliptic curves of odd genus. The proof of Corollary B
can be found at the end of Section 7. In Section 8, we outline a proof for hyperelliptic curves
of even genus, which goes along the same line but requires a few changes in the notation. In
Section 9, we prove Proposition 1.1. In Section 10, we propose some questions in the direction
of this paper.

Notation

e If V is a vector space, P(V) stands for the projective space of 1-dimensional quotients of V.
We use the same notation for vector bundles.
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e Let f: X — Y be a morphism between smooth projective varieties. Let Y7 C Y be a sub-
variety. We use the notation

f1(v) =Y xy X

exclusively for the scheme-theoretic preimage, which is the fiber product of the two mor-
phisms X - Y and Y7 — Y.

e Let f: X — Y be a morphism between smooth varieties. We denote by
df: f*Ty — T
the induced morphism between cotangent bundles, and by
N} = Ker(df: f*Ty — Tx) (1.2)

the conormal bundle of the morphism. In the case of a closed embedding X C Y, we also
use the notation N)*qy.

2. Bertram’s blowup construction

In this section, we review [Ber92, §2] and provide more details for the benefit of readers. The
main result is Proposition 2.18, which is an inductive criterion for constructing a log resolution
out of a sequence of morphisms.

2.1 Chains and maps of chains

Let X be a projective variety, not necessarily smooth.

DEFINITION 2.1. A proper chain is a sequence of morphisms {f;: X; — X}, from projective
varieties X; with the property that for each 0 < 7 < j < n, there exists a commutative diagram

i
Xi,j %]} Xz

\Lhi,j lfi

XjL)X

such that g; ; is surjective and there is a proper inclusion f;(X;) C f;(Xj;).
Remark 2.2. 1t is sufficient to take X; ; to be the fiber product of f; and f;. However, in prac-

tice, X; ; is usually not the fiber product and will become a fiber product after sufficiently many
blowups; see Remark 3.3 for an example.

DEFINITION 2.3. Let {f;: X; — X} be a proper chain. Assume that f is an embedding. We
identify X with its image and define

bl; (X) := the blowup of X along Xy,
bl; (X)) := the blowup of X; along f;l(XO) )
bli(f;) := the unique lift of f; to a map bl;(X;) — bl (X).

Assume that for some i > 1, the objects bl;(X), bl;(X;) and bl;(f;) have already been defined
for all j > 4, and that the map
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is an embedding. Then we can identify bl;(X;) with its image and set
bli+1(X) := the blowup of bl;(X) along bl;(X;),
bli+1(X;) := the blowup of bl;(X;) along bl;(f;) ™ (bli(X;)),
bli+1(f;) := the unique lift of bl;(f;) to a map bl;41(X;) = bli11(X).
NOTATION 2.4. To have a uniform notation, we set
blo(fi) == fi, blo(X;):=X;, Dblp(X):=X.

DEFINITION 2.5. Let {f;: X; — X} be a proper chain. If bl,;1(X) is defined in Definition 2.3,
we say that {f;} is a chain of centers. Concretely, this amounts to the (recursive) condition that
the n + 1 morphisms fy, bli(f1), ..., bl,(f,) are closed embeddings. If X and {bl;(X;)}}, are
all smooth, then we say that {f;} is a chain of smooth centers.

We formulate an additional definition, which is not in [Ber92] and ensures that the exceptional
divisors in the final blowup bl,1(X) form a simple normal crossing divisor.

DEFINITION 2.6. Let {f;: X; — X}, be a chain of smooth centers. We define divisors
Ei,j - blj(X) forj>i+1,

as follows. First, Ej; ;11 C bliy1(X) is the exceptional divisor for the blowing-up of bl;(X) along
bl;(X;). For each j > i+ 1, let E; ; C bl;(X) be the inverse image of E;; 1, with the following
Cartesian diagrams:

E;j —— E;j -1 — bli(X;)
[
bl]%X) — bliJE(X) — bli(X).
Moreover, set
E; :=E;nt1 C bl (X).
We say that {E;}!, is the set of exceptional divisors of the chain {f;}7" .
A chain of smooth centers { f;}7, is called an NCD chain if, for each j < n, the intersection

blj(XJ) N Ei,j - blj(X)
is transverse for all ¢ < j and the divisor Eq j+---+E;_1; C bl;(X) has simple normal crossings.

Remark 2.7. Let {f;: X; — X}, be a chain of smooth centers. Then there is a natural embed-
ding of X — f,(X,,) into bl,41(X) such that

bl (X) = | BEi=X = fu(Xn).

0<is<n
For induction purposes, the following notation becomes convenient.

NOTATION 2.8. Let S be a smooth variety, and let {f;: X; = X}, be a proper chain. It induces
a new proper chain {f; x id: X; x S — X x S}, that is, the collection of maps that are f; on
the first factor and the identity on S.

LEMMA 2.9. Let {f;: X; — X}, be an NCD chain. For each 0 < i < j < n+1, let E; ; C bl;(X)
and F; j C bl;(X x S) be the exceptional divisors of the chains { f;}i—, and {f; x id}}"_,. Then
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there are natural isomorphisms
blz(f] X ld) = bll(f]) X ld, FiJ‘ = Ei,j x S.
Moreover, {f; x id}!'_, is again an NCD chain.

Proof. This follows from the fact that blowup maps commute with taking the Cartesian product
with the smooth variety S, and that transversality is also preserved under product with S. [

To prove that a chain of centers is an NCD chain, it is useful to have the following notion.

DEFINITION 2.10. Suppose that {f;: X; = X} and {g;: Y; — Y}, are two chains of centers.
We say that a map ¢: X — Y is a map of chains of centers if it satisfies the following conditions:

e First, p~1(Yy) = Xo, so bl (X) — by (Y) is defined.

o Inductively, assume that, for some 0 < i < n, the map bl;(¢): bl;(Y) — bl;(X) exists; then
one has bl;(¢) "1 (bl;(Y;)) = bl;(X;). Consequently, one can define

bll+1(¢) . bli+1 (X) — blz-i—l(y)
to be the unique lift of bl;(¢).

We say that the map ¢ is an injective map of chains of centers if, in addition, bl,,+1(¢) is injective.

The following lemma gives an inductive criterion for a chain to be NCD.
LEMMA 2.11. Let {¢;: X; — X}?:O be a proper chain, with the following diagrams for 0 < i <
Jj<n:
Xij — X
Iz i@»
X, Y X,

Suppose that X, X;, X;; are all smooth projective varieties, and assume that the following
conditions are satisfied:

(a) For each j < n, the chain {f; ;j: X;; — Xj}g;ol is NCD.
(b) The chain {¢;}]_, is a chain of smooth centers.

(c) Each ¢; is a map of chains of centers.

Then the chain {¢;}]_, is an NCD chain.

Proof. This follows from [Ber92, Lemma 2.1] and its proof. O

In the rest of this section, we discuss how one can replace conditions (b) and (¢) in Lemma 2.11
with certain conditions on exceptional divisors and their complements, in the presence of condi-
tion (a), more precisely, the transversality condition from {f; j} being NCD chains. By extracting
these conditions from the proof of [Ber92, Proposition 2.2], we hope to make our proof of Theo-
rem A more transparent.

467



C. SCHNELL AND R. YANG

2.2 Criteria for maps of chains of centers

Given a map ¢: X — Y between chains {f;: X; — X} and {g;: Y; — Y}, to show that it is a
map of chains of centers, one needs to check bl;(¢)~*(bl;(Y;)) = bl;(X;) for each 4. In the presence
of certain transversality conditions, we can apply the lemma below.

NOTATION 2.12. For a sequence of divisors {E;}}", set
EZQ Z:EZ'—(E()UElU-'-UEZ',l).
Note that we are removing only the intersections with the previous divisors.

LEMMA 2.13. Let ¢: X — Y be a morphism between smooth projective varieties. Let {El}i;é
and {Fl}f;é be two sequences of smooth divisors in X and Y such that

¢ N(F)=E;, YO<i<j—1.
Let X1 C X and Y7 C Y be two smooth subvarieties. Assume that for each 0 <1< j— 1,

(a) the intersections X1 N E; and Y1 N F; are transverse,
(b) o~ ' (VAN FY) = X1 N EY,

() o7' M —U; i) = X1 —U; B
Then ¢~1(Y7) = X;.

Proof. From the assumption, we know that the set-theoretic preimage of Y7 under ¢ is X;. In
order to show the scheme-theoretical statement, we need to know that ¢*Zy, — Zx, is surjective.
Recall that for a closed embedding of smooth varieties i: A — B, the conormal bundle is
denoted by

NE‘B = Ker(di: i*Tg — T}) .
Since Ny v = Ix, /1)2(1 and Ny \y = Iy, /132/1, by Nakayama’s lemma, this is equivalent to the
surjectivity of
This can be checked over X; — |J, E; = X1 — J; B and X; N E} separately. Condition (c)
implies that d¢ is surjective over X; — (J; ;. On the other hand, using condition (a), we have
the following commutative diagram:

d
5N ‘ ¢lx,nEp N |
Yl‘Y YlﬁFio Xl‘X XlﬂEf

2 (91 e) =

* * *
) _— )
NYmF.°|F.° NX10E9|E9
1 1 1 1

The bottom map is induced by ¢| gt EY — F7. The vertical maps are isomorphisms because
of the transversality condition. Therefore, condition (b) implies that d¢ is also surjective over
X1 N EY for each 1. ]

2.3 Criterion for a chain of centers

Let {h;: Z; — Z} be a proper chain where Z; and Z are all smooth. Assume that for some i, the
map
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exists. In this subsection, we explain how to check that it is an embedding under suitable transver-
sality conditions.

LEMMA 2.14. Let f: X — Y be a morphism between two smooth projective varieties. Let F C'Y
be a smooth divisor. If E := f~!(F) is also a smooth divisor, then

f*Nl:k“|Y = NE|X )
where NE‘X is the conormal bundle of F in X.

Proof. Since F' is a smooth divisor, we have Npy = Oy (—F)|r by the conormal sequence; the
same holds for E. Therefore,

f*Niy = Oy (=F)|p = Ox(=E)|p = Np|x - O

LEMMA 2.15. Let f: X — Y be a morphism between two smooth projective varieties. Let
Z C Y be a smooth subvariety such that W := f ~1(Z) is smooth and properly contained in X.
Set Y =blz Y and X = bly X, with the following diagram:

E - y X ! Y < > F
L1
W e y X Y « > 7,

where f : X — Y is the induced morphism and F and E are the exceptional divisors. Then

() =E, f*N;‘Y =Npx- (2.2)

Furthermore, suppose that

(a) the map ﬂE E — F is an embedding,

(b) the map f: X — W — Y — Z is an embedding.
Then f is an embedding.

Proof. 1t is proved in [Ber92, § 1.2, p. 442, Fact A] that ffl(F) = FE. By assumption, Z and W are
smooth. Therefore, E' and F' are smooth divisors, and we can apply Lemma 2.14 to obtain (2.2).
By condition (b), the map f is an embedding away from E. Condition (a) implies that fis
set-theoretically injective over E. Therefore, it suffices to show that
af: f*TE — T3

is surjective over E. Consider the following commutative diagram:

0 —— f*N;IY’ — [TE|y —— [Ty —— 0
F ldf ld(fm)
OHNE\X—>T;€}E y T, > 0.

By (2.2), the left vertical arrow is an isomorphism. Since f ‘  1s an embedding, the right vertical
arrow is surjective. By the snake lemma, we conclude that the middle vertical arrow is also
surjective and conclude that f is an embedding. O

In the situation of (2.1), to prove that bl;(h;) is an embedding, we usually also know that
hi: Z; — Z is a map of chains of centers. We thus give a generalization of Lemma 2.15 in
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such situations. Let {f;: X; — X }g;é and {g;: Yi — Y}g;é be two chains of centers, and let
¢: X — Y be a map of chains of centers. Then the map bl;(¢): bl;(X) — bl;(Y) exists for each
1< j, and

bli(¢) " (bLi(X;)) =Dbli(Y;), VO<i<j—1. (2.3)

For each i, consider the following diagram:

B by(X) 2 vy R
! J
bLi(X;) blz%X) L), blz%Y) e bl(Y;).
Here E; and F; are exceptional divisors. Repeatedly applying (2.2) and (2.3), one has
bli(¢) N(F)=E; Y0<i<j-—1. (2.4)
LEMMA 2.16. Assume that X, Y are smooth projective varieties and that
(a) the two chains {f; z;é, {gi}g;(} are NCD chains;
(b) for every 0 < i < j— 1, the induced map
blj(¢): B — F7
is an embedding, where E} = E; —|J,_; E¢, the same for Fy;
(c) the map ¢: X — fj—1(X;—1) = Y is an embedding.
Then bl;(¢) is an embedding.

Proof. The transversality condition (a) guarantees that F; and E; are smooth divisors in smooth
projective varieties. We combine (2.4) with Lemma 2.14 to obtain

bl (@)" N o1, (v) = N, bl (x) -
Restricting to E; and F} gives

bl;(é)* Npo|py, (v) = NEe by, (x) - (2.5)
Consider the following commutative diagram:

0 —— bli(#)* Nie by vy — PL(8) Ty, )|

lg w10 ld(blj((b)"ff)

0 Ny~ Ty T > 0.

— blj(¢)*Tpe —— 0

E?
Using (2.5), condition (b) and the snake lemma, we see that

is surjective over each E7. By Remark 2.7, the set X — f,(X,) naturally embeds into bl;(X)
with complement | J, E;, and condition (c) says that d bl;(¢) is surjective away from [ J; E;. Since
U; Ei = U, E;, we conclude that bl;(¢) is an embedding. O

Remark 2.17. In condition (b), we can ask bl;j(¢): E; — F; to be an embedding, but in practice
it is much easier to check this condition inductively on open subsets.
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2.4 Criterion for a proper chain to be NCD
Putting everything together, we have the following inductive criterion for an NCD chain.

PROPOSITION 2.18. Let k be an integer. Let {¢;: X; = X };j—o be a proper chain with diagrams

for each j < k. Assume that the following conditions are satisfied:
(I) The chains {¢; ?;5 and { fj r f;é are NCD.
(II) The map ¢p: X — fr—16(Xg—1%) = X Is an embedding, and <Z>,;1(X0) = Xok-

(IIT) Let j < k. Suppose that if the blowup spaces bl;(X}) associated with {fi,k}{;é and {(;Si}g;é
coincide for all i, so the following diagram exists for i < j:

bl; (X;)
bl;(¢;)
blLi(X;x) — bli(X}) ——3 bli(X) +—— bli(X;),

where E;, F; are exceptional divisors, then

b0~ (b1,06) = U ) = b330 - U B )
bli(dr) L (DL (X)) NEY) =bli(X ) NEY, Vi<j. (%)

Moreover, suppose that if the spaces bly(¢y) for the chains {f; ?:—01 and {¢>i}§:_01 coincide,
then
blg(¢r): E; — F; is an embedding for all i < k (k)
where EY = E; — ;. En.
Then ¢y, is a map of chains of centers, and the chain {gbj};?zo is an NCD chain.

Remark 2.19. Condition (I) is inductive. Condition (II) consists of properties of proper chains,
and condition (III) consists of certain compatibility conditions of blowups associated with the

chains { fz‘,k}f;ol and {¢; f;ol.
Proof. 1t suffices to prove the following statements:

(a) We have bl;(¢r)~(bl;(X;)) = bl;(Xjx) for all j < k.
(b) The blowup blg(X}) is smooth.

(¢) The map blg(¢g): blg(Xg) — blg(X) is an embedding.

We prove statement (a) by induction on j. The base case follows from condition (II). Suppose
that it holds for all ¢ < j, that is,

bl;(¢r) ' (bli(X;)) = bli(Xik), Vi<j.
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It follows that bl;(¢x)~ ( ) = E; for all i < j. Furthermore, this says that the spaces bl;(Xk)
associated with {f; x}1_, ! and {0}, ! coincide for all i < j —1, so () and (+*) of condition (III)

hold. On the other hand, condition (I) implies that bl;(X};), {E; }] & and bl (X, k), {Fi}_ 0 are
smooth subvarieties of bl;(X) and bl;(X}), respectively. Using condition (I), and () and ()
from condition (III), we can apply Lemma 2.13 to the map bl;(¢y) to conclude that

blj(¢r) ™ (bl;(X;)) = bl;(Xx) -
This finishes the inductive proof.

Statement (a) implies that the spaces blg(¢y) for the chains {f;x}*=} and {¢;}=4 coincide,
so (*xx%) holds. Since the chain {fj,k};‘?;é is NCD by condition (I), the blowup bl (X)) must be
smooth. Using conditions (I) and (IT), and (x*x*) from condition (IIT), we see that Lemma 2.16
implies that blg(¢y) is an embedding. This concludes the proof. ]

Since the exceptional divisors in smooth blowups are projective bundles, to verify the as-
sumptions for (%) and (%) in Proposition 2.18 in practice, we need relative versions of some
lemmas in previous subsections.

LEMMA 2.20. Let ¢: X — Y be a B-morphism of smooth algebraic varieties over a smooth

variety B, such that f and g in the following diagram are smooth morphisms:

A

Denote the induced map over a closed point t € B by ¢;: Xy — Y;. Then the following hold:

(a) If ¢, is an embedding for each t, then ¢ is an embedding.

(b) Let X1 € X and Y7 CY be smooth subvarieties. If Y; N'Y; and X; N X, are smooth and
¢; (Y NY1) = X; N X, for each t, then ¢~ (Y1) = X;.

(c) Suppose that ¢ is an embedding; then blx(Y') is a B-variety, and the fiber over t € B is
blx, (Y:).

Proof. For statement (a), it suffices to check that the differential d¢: ¢*Ty — T% is surjective,
which can be checked by restriction to each X;; the proof is similar to that of Lemma 2.15 by
using the isomorphism

* NTk ~ *

For statement (b), it suffices to check the surjectivity of the induced map

The proof is similar to that of Lemma 2.13 and uses the isomorphism

* ~ *
NYI Y ‘Y10Yt - NYlﬁYt|Yt

because Y1 NY; is smooth, and likewise for N)*(1| - Statement (c) follows from local computations.
O

3. Reduction of the proof of Theorem A

In this section, we reduce the proof of Theorem A to two propositions about certain natural proper
chains being NCD chains, using the framework developed in Section 2. Let C' be a hyperelliptic
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curve of odd genus g = 2n + 1. The even-genus case is similar and will be treated separately
in Section 8. Let g% be the line bundle corresponding to the hyperelliptic map h: C — P!, and
denote by C; = Sym?(C) the jth symmetric product of C; we view the closed points of C; as
effective divisors of degree j on the curve C. Let Cy be the scheme parametrizing the trivial
divisor on C. Consider the following sequence of morphisms for all 0 < j < n:

§;: Coj — Jac(C) = Picd (), (3.1)
D+ (n—j)gs ® Oc(D). '

By the Abel-Jacobi theorem, we have §;(Cy;) = W;:f and a natural embedding

j 1, 1
P/ =4; (ng3) < Cy; .
For ¢ < j, we have a commutative diagram

. p1
022' x Pt —» Cgl'

i%‘,j Pi (3‘2)

CQJ' —J> JaC(C ),

where p; denotes the projection to the first factor and

Yij Cy; % Pty Cy % Czjfgl' — Czj , Vo<i<j—1, (3.3)
is the composition of the natural embedding P7=% < C3;—2; and the addition map on symmetric
products. Since

8i(Coi) = Wil C W = 6;(Cyy)
the chain {d;}7_g is proper.
To understand the chain {4; };‘:0, we need several auxiliary chains. The first such chain is

{(Vik: C2 x PP — Oy}t (3.4)

For ¢ < j < k, we have the following commutative diagram:

Cq; x P7 iy Pk !»CQZ‘XP]C v

J/%‘,j xid J:Yi,k (3.5)
ng x Pk=i L) Cor .

Here r is the restriction of the addition map Cy(;j_; X Cyp—jy — Ca—s), which we can see

coincides with the addition map for symmetric products of P! by thinking of P’ as Sym‘P!.
It is easy to see that v; ;(Co; X P*~%) parametrizes effective divisors D of degree 2k such that
h9(Oc(D)) = k — i+ 1. It follows that

Yigo (Coi x PF71) C v 1 (Coy x PRT) | Vi< 5,
and so {7k fz_ol is a proper chain.

The second auxiliary chain lives over Caj x P77 for a fixed tuple (j, k) with j < k. Consider
the chain

. O _ _ '_1
{’Yi,j x id: (CQZ x PJ l) X Pk 7 — ng X Pk J}gzo
that is induced by taking the product of the chain {'yi,j}g;é with P¥7J_ as in Notation 2.8.

Fortunately, because of the product structure of this chain, the inductive process stops here, and
no further auxiliary chains are needed.
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Denote by bl;(Ca; x PF=*) and bl;(Cyy) the spaces associated with the chain {'Vj,k’}?;é- Denote

by bl;(Ca; x PI~% x Pk=J) the spaces associated with the chain {v; ; x id}g;é. In Section 6, the
following will be proved.

PROPOSITION 3.1. Let k be an integer such that 1 < k < n. Then the proper chain {~; ?;é is
an NCD chain, and for each j < k, the map

Vise: Caj x PFT — Oy
is a map of chains of centers from {~; ; x id}g;& to {%7;{}{;3 . Concretely, this means the following:
(a) For 0 < i <k, there is a closed embedding
bli(7ix): bli(Co x PP1) «— bl;(Cay),
whose image intersects the union of all the exceptional divisors in bl;(Cyy) transversely.

(b) There is a natural embedding Cax — Yk—1x(Cok—2 x P) < bly(Cay), whose complement
has k smooth components with normal crossings.

(c) The blowup bl;(Cs; x PI=k) coincides with the space associated with {v; ; x id}g;&. and
one has a natural identification

bl; (Coi x PI™4 x PA77) = bl;(Co) x PI~% x P* |
so for each i < j < k, one has a Cartesian diagram
bll(021) x PI—i x Pk—J ﬁ) blZ(CQZ) x Pk
\[bli (7,5 %id \[bli (Yi,k)
k—i bli(wj,k)
blZ(CQJ) xPrF 7 — =" blZ(CQk),

where r: PI=% x P¥=7 — P*~ js the addition map.

With the help of Proposition 3.1, in Section 7 we will prove the following proposition.

PROPOSITION 3.2. The proper chain {d;: Cy; — Jac(C)}7_ is an NCD chain, and the map
Ok: Cop — Jac(C) is a map of chains of centers between the chains {'Yj,k}?;é and {(5]}?;5.
Concretely, this means the following:

(a) For 0 < j < n, the maps bl;(0x) associated with the chain {0;}7_ exist, and
blj(éj)t blj(CQj) — blj(Jac(C))

is an embedding such that its image intersects the union of all the exceptional divisors in
bl;(Jac(C)) transversely, where bl;(Cyy) coincides with the blowup space associated with
the chain {6 ?;é.

(b) There is a natural embedding Jac(C) — §,,(Ca,) < bl,11(Jac(C)), whose complement has
n + 1 smooth components with normal crossings.

Finally, there is a natural identification

blj (ng X Pk_j) = blj(CQj) X Pk_j,
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which for j < k induces a Cartesian diagram
bl;(Coj) x PF=T 2Ly bl;(Cy;)

\[blj (vik) \[blj(%')

bL(Ca) —2%) 4 b1 (Jac(C)) .

Assuming Proposition 3.2 for now, we can easily deduce the main theorem for hyperelliptic
curves of odd genus g = 2n + 1.

Proof of Theorem A. For the sake of clarity, let us denote by {bl;(Jac(C))}™ ; the sequence of
blowups described in the introduction, where at the ith stage, to get bl;(Jac(C)), we blow up the
strict transform of the Brill-Noether variety Wg"_ﬁl*z(C'). We are going to argue that, in fact,

bl (Jac(C)) = bl;(Jac(C)) .

First, since ¢ = 2n + 1, the image of bl,(Cs,) in bl,(Jac(C)) is a divisor, and so we have
bl,t1(Jac(C)) = bl,(Jac(C)). Therefore, both sequences really have only n steps. Note that
6;(C2;) equals W'~ (C), which is reduced by Proposition A.3. Proposition 3.2 gives an embedding

bli(CQ@') — bl,;(Jac(C’)) .
By induction on i, it follows easily that bl}(Jac(C)) = bl;(Jac(C)) and that the proper transform
of W' (C) in bl;(Jac(C)) is equal to the image of bl;(Cz;) — bl;(Jac(C)), hence is smooth.

The conclusion is that bl (Jac(C)) = bl,(Jac(C)) is smooth and that the strict transform ©
is the image of bl,(Ca,) < bl,(Jac(C')), hence is also smooth. Since {d;}!"  is an NCD chain,
the pullback 70 is a divisor with simple normal crossings. The multiplicity of the exceptional
divisor Z; equals the multiplicity of © at a point in W;__f — W;fll_i, which is n + 1 — ¢ by the
Riemann singularity theorem. O

Remark 3.3. We show that {J; };L:O is a proper chain using the diagram

P
Cai x P70 ———» (Y,

l%’,j J/éi
02]' —J> Jac(C’ ) .
However, it is easy to check that this diagram is not Cartesian, and we will prove later that it is

only Cartesian over suitable open subsets (see Lemma 5.8(a)). On the other hand, Proposition 3.2
shows that it becomes Cartesian after sufficiently many blowups.

4. Secant bundles and maps between them

The proofs of Propositions 3.1 and 3.2 rely on the geometry of secant bundles over symmetric
products of curves. In this section, we review the necessary definitions and results, following the
notation in Bertram’s work [Ber92].

Let C be a smooth projective curve of genus g > 0, let M be a line bundle on C'; and let 5 > 0
be an integer. We denote by C;j = Sym’ C the jth symmetric product of the curve. Consider the
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following diagram:

Djt1 — Cx Cj

N

1-

Here 241 = C x C} is the universal divisor of degree j + 1 over Cj1, embedded via (p, D) —

(p,p+ D). We say that M separates d points if
ro(C, M) = h°(C,M(~D))+d, VD¢eCy.
If M separates j + 1 points, then the sequence of sheaves
0 — piM @ O(=Pj11) — pIM — pIM @ Og,,, — 0
on C' x Cj41 remains exact when pushed down to Cj;.
DEFINITION 4.1. The secant bundle of j-planes over Cj,1, with respect to M, is

BJ(M) = P(p2)*(pTM ® O@jJrl) .

This is a P/-bundle over the symmetric product Cjt1; for j =0, we have BY(
separates j + 1 points, the natural map to PH?(C, M) is

Bj: BY (M) — P(p2).(piM) = PH(C, M) x Cj11 — PH’(C, M),

where the last map is the projection to PH?(C, M).
Assuming that M separates m + 1 points, we get a proper chain

{8;: BI(M) — PHO(C, M)},
using the diagram
BY(M) x Cj_; —2—s BY(M)
lai’j lﬁz
BI(M) & PHO(C,M).
Here p; is again the projection to the first coordinate. For i < j, the map

7N BZ( )XCj_Z'—>Bj<M)

M)=C.If M

(4.1)

(4.2)

(4.3)

is induced by the addition map r: Cj11xCj—; — Cj1 (see [Ber92, § 1, p. 432, second definition]).
This chain is proper because the image (3;(B7(M)) is exactly the usual secant variety Sec’ (C) of

j-planes through j + 1 points of C inside PHY(C, M); see [Ber92, § 1, p. 432].

In order to study this chain, Bertram introduced certain auxiliary chains, just as in the

previous section. Fix k < m; one can show that the chain

{ir: B(M) x Cy_; — B*(M)}

i=0
is a proper chain using the diagram
B{(M) x Cj_i x Ch—j -2 Bi(M) x Cr_
lai'j xid lai,k

B](M) X Ck,j L Bk(M)y
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where r: Cj_; x Cj—; — Cj_; is the addition map on symmetric products. The chain {ai7k}f:_()1
is proper because the image «; ,(B*(M) x Ci_;) can be thought of as the relative secant variety
of i-planes in B¥(M); see [Ber92, Lemma 1.3(d)].

Lastly, using Notation 2.8, for each pair (j, k) with j < k, we have a proper chain
{ai; xid: (BY(M) x Cj_;) x Cy_j — BI(M) x C_;})_, .
In [Ber92, Propositions 2.2 and 2.3], Bertram proved the following result.

PROPOSITION 4.2 (Bertram). Let M be a line bundle on C.

(a) If M separates m + 1 points, then for j < k < m, both {a;x}*=} and {a; ; x id}g;& are

chains of smooth centers, and the map
a;r: BI(M) x Cy_; — BF(M)
is an injective map of chains from {a; ; x id}z;é to {a,k}f;é
(b) If M separates 2k + 2 points, then {f; }_];=O is a chain of smooth centers, and

By: B¥(M) — PH(C, M)

k-1

is an injective map of chains from {aj7k}§;é to {B;};=0

Remark 4.3. Bertram’s proof actually shows that {o; ?;é and {Bj}fzo are NCD chains. But
this fact will not be used later.

Let us spell out in detail what Bertram’s theorem says in the case of P!, where the images
of the secant bundles for Op1(d) are the secant varieties to the rational normal curve of degree d
in P<.

COROLLARY 4.4. Let d > 2k+1, and consider the line bundle M = Op1(d) on P!. Then {Bj};?zo
is a chain of smooth centers. Fix 0 < ¢ < j < k.
(a) The diagram
bl; (B (M) x PI~%) x P*=J —— bl;(BY(M) x P*)
jbli(ai,j)xid jbli(ai,k)
bl BI (M) x Ph—i — )y gk

is Cartesian, and the two vertical arrows are embeddings. In particular, oy is a map of
chains of centers.

(b) The diagram
bl; (B (M) x Pi=") —— bl; B (M)
jbli(ai,j) jbli(ﬁn
bl; BI(M) — ) ) pd

is Cartesian, and the two vertical arrows are embeddings. In particular, 8; is a map of chains
of centers.

(c) There is a natural isomorphism

bl; (B (M) x PI~") 2 bl; B{(M) x P77,

477



C. SCHNELL AND R. YANG

Proof. Since M = Op1(d) separates d + 1 points on P!, we can apply Proposition 4.2 and
use the isomorphisms P* = Sym* P! and P? = PHO(P!, M). The last statement follows from
Lemma 2.9. O

5. Properties of Abel-Jacobi maps and addition maps

In this section, let C' be a hyperelliptic curve of genus g = 2n+ 1. As a preparation for the proofs
of Propositions 3.1 and 3.2, we establish some basic properties of the map ; ;: C; X Pi—i Co;
from (3.3) and of the Abel-Jacobi map d;: Co; — Jac(C). In particular, their conormal bundles
are calculated in terms of the secant bundles over symmetric products of P'. In fact, it is known
that the conormal bundle of the Abel-Jacobi map of any curve can be described in terms of
Steiner bundles (see [Ein91, Theorem 1.1]). For our purpose, it is more natural to use secant
bundles.

We start by collecting some basic facts about hyperelliptic curves. From [ACGHS85, §1.2,
p. 13], we know that for each divisor D with h%(O¢(D)) = r + 1 and degree d < g(C), there is
a unique decomposition

.
D=E+) (pi+a)
/=1

such that py + g, are hyperelliptic pairs and E is a degree d — 2r divisor with h?(O¢(E)) = 1.
Similarly, for any L € Jac(C) with h°(L) = r + 1, there is a unique decomposition

L=rgyoL (5.1)
such that (L) = 1.

NOTATION 5.1. For each j, we define Uy := Caj — vj—1,;(Caj—2 X P'). In other words, Us; con-

sists of divisors D where none of the degree 2 subdivisors of D form a hyperelliptic pair and
K(Oa(D)) = 1.

NOTATION 5.2. By definition, any D € Us; gives a degree 2 divisor on P! by pushforward along
the hyperelliptic map h: C — P'. We denote this divisor on P! by the symbol h,D and define

Opi(g —1—h.D) = Opi(9 — 1) ® Op1(~h.D),
which is a line bundle of degree g — 1 — 2j.

Since h: C' — P! has g + 1 branch points, one has h,Oc = Op1(—1 — g) ® Op1. As we have
we = h*Opi(g — 1), the projection formula gives
hwwe = wp1 @ Opi(g—1).

Consider the short exact sequence 0 = O¢(—D) = Oc — Op — 0 for D € Us;. Because h is
finite, pushing this forward along h gives

0 — hOc(—D) — h.Oc — h,.Op — 0.

Since h is an isomorphism over D, we have h,.Op = Oy, p. Moreover, as h, D is supported away
from the branch points of h, the map h.Oc — h,Op is the composition

h*OC — OPI — Oh*D = h*OD,

where the first map is the projection induced by h,.Oc = Opi(—1 — g) @ Op:. It follows that
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hiOc(—=D) = Opi1(—1—g)®Op1(—h.D). Consequently, using the projection formula again gives
hswwe(—D) = wp1 @ Opi(g —1 — h, D). (5.2)
In the following statement, see (1.2) for the notation of conormal bundle N7 or N;(\Y'

LEMMA 5.3. For 0 <i < j < n and v;; from (3.3), the following hold:
(a) The map dr; ;: 'ijT(’EQj — Téﬂxpj_i is surjective when restricted to Us; x P37,
(b) For i =0, we have an isomorphism
PN, = B (Opi(g — 1)):
the right-hand side is the secant bundle over Sym’ P! = PJ with respect to Opi(g — 1).

(¢) For i > 1, the space P
isomorphism

* y . .
N%,j’UzixPJ'*i is smooth over Usy;, and over D € Us;, we have an

PN:/:,J‘ {D}xPi—?

where the right-hand side is the secant bundle over P/= with respect to Opi(g—1— h.D).

>~ B~ (Opi(g — 1 — hyD)), (5.3)

Proof. As a warm-up, let us calculate the conormal bundle of P7 inside C5;. Recall that for any
divisor D € Cyj, there is a canonical identification [ACGHS85, §IV.2, p. 160]

T, |y = H°(C,we ® Op).

Under the isomorphism P/ 2 Sym’ P!, the morphism P7 — (y; associates an effective divisor F
of degree j on P! with an effective divisor h*E of degree 2j on C, and we have also

Tpi|p = H (P wp: ® Op) .

can be related in the following way. One has

ile
>~ HY(C,we ® h*OF)

~ HY(P!, howe ® Op)

= H'(P',wp1 ® Op) & H (P!, Opi (g — 1) ® Op)
=Tp; |y @ H' (P!, 0p1(g — 1) ® Op).

* *
Moreover, TCZ]’ and T},

h*E

%
1,

h*E

It follows that the map T, 5% induced by P? < Cs; is surjective with kernel

heE TI*’J"E

*

5510y, | = HO (P!, Opi(g — 1) © Op) .

Varying this isomorphism over E € PJ gives
Npiicy, = (02)«(P1Op1(9 — 1) @ Og)) , (5.4)
where &’ denotes the universal divisor over PJ = Sym’ P!, as follows:

& —— P! x Sym’ P!
P2
p1
Pl

In particular, the right-hand side of (5.4) is the secant bundle B~!(Opi(g — 1)), and we have
proved statement (b).

Sym’ P*.
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For statements (a) and (c), consider D € Us; and E € P7~". The morphism ~; j: Uz x P7™" —
Cy; takes the pair (D, E) to the divisor D + h*E of degree 2j on C. Because D is in Us;, we
have HY(C,O¢(D + h*E)) = H°(C,Oc(h*E)) by (5.1). After a little bit of diagram chasing,
this gives us a diagram involving a short exact sequence

0—— HO(C, wc(—D) & Oh*E) — HO(C, weo & OD—i-h*E) — HO(C, we ® OD) — 0,

N *
TUQi

TéQj ’D+h*E D
where the bottom map is induced by the cotangent map of
UQZ‘ —> Ugi X Pj_i — ng,
Dv+— (D,E)— ~;;(D,E).

Using (5.2), one has

I

HY(C,wc(—D) @ h*Op)

~ (P!, hawe(—D) @ OF)

~ (P, wpr ® Og) & H° (P!, Op1(g — 1 — h,D) ® OF)
=Tpj—i|p ® H(P',0pi(g — 1 — h.D) ® OF),

Ker(TéEj ‘D-&-h*E - T[?Zi }D)

and the morphism to the cotangent space of P/~ is the projection to the first summand. Hence,
we deduce that

dyij: Te,, ’D-{-h*E — Ty, ’D S Tpi-i|p
is surjective, proving statement (a) and that the kernel of dv;,j can be identified with

~ H°(P',0pi(g—1—h.D)® Op) . (5.5)

*
Vi

(D,E)

This isomorphism is natural in £ € P/, and therefore

{D}xPi—i = (p2)*(p>{OP1(g -1- h*D) ® 05}71) :

*

Yi,j
The right-hand side is a vector bundle on P/~% because the line bundle Op1(g—1—h, D) separates
j — i points (on account of the inequality g — 1 — 2i = 2n — 2i > j —i). Varying D € Uy;, we see
that the projectivized conormal bundle N;‘ij|U21_ijfi is a projective bundle over Us;, hence is

smooth over Us;. Moreover, its fiber over D € Us; is the secant bundle B/=*~1(Op1(g—1—h.D)),
which proves statement (c). O

Remark 5.4. Lemma 5.3 is parallel to [Ber92, Lemma 1.3], with the difference that the relevant
divisor is h,D, not 2h,D as in [Ber92].

From the proof of Lemma 5.3, we can deduce one additional useful fact. For 0 <i < j < k < n,
consider the commutative diagram induced by (3.5) via restriction

(UQZ‘ X Pj_i) x Pk—i ﬂ» Us; X Pkt

\['}’i,j xid \[’Yi,k

—q Vik
ng x Pk 2% Coy .
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COROLLARY 5.5. For D € Uy;, the induced map of conormal bundles

G0N it — Ny i

on {D} x Pi=% x Pk=J is surjective, and the diagram

*
PN%‘,j xid | {D}xPi~-ixPk—i

l(5.3)><idpk,j l({)d)
Bi=i=1(M) x Pk Qzizbkoizl | BFi=1(0)

- PN:;i,k}{D}XPk_i

commutes. Here « is induced by € and the projection to PN both vertical arrows

%‘,k‘{D}ka—“
are isomorphisms, and «;_;_1j—;—1 Is the map in (4.3) for the curve P! and the line bundle

M = Opi(g—1— h,D).

Proof. To simplify the notation, fix a point D € Usy;, and set M = Opi(g — 1 — h.D). For
Ey € Pi~% and Fy € P77, according to (5.5), the map

*

(D,E1+E?2) N'Yi,j

*
6‘(D7E17E2) N'Yi,k (D,El)

is identified with the map
H(P',M ® Op,+p,) — H°(P',M ® Og,) ,

which is obviously surjective. The remaining assertion is clear from (4.3). O

LEMMA 5.6. For 0 < j < n, consider the map 0; from (3.1); then the following hold:

(a) The map do;: (5;Tj;c(c) — TéQj is surjective when restricted to Us;.

(b) The fiber of Nj over D € U; is H'(P',Op1(g — 1 = h,.D)).

Proof. We only sketch the proof, as it is similar to that of Lemma 5.3. The cotangent bun-

dle Tfac(c) is a trivial bundle with fibers isomorphic to H(C,w¢), and the map doj over D € Cy;

can be identified with
H°(C,we) — H(C,we @ Op) . (5.6)

The cokernel of this map is the kernel of H'(wc(—D)) — H'(w¢); dually, one has the natural map
HY(O¢) = HY(O¢(D)). If D € Usj, then h%(O¢(D)) = 1 and the last map is an isomorphism.
Therefore, the map (5.6) is surjective, and we deduce

Nj |, = HY(C,we(-D)) = H* (P!, Opi(g — 1 — h.D)) (5.7)
using (5.2). O

Let us record one additional useful fact. Consider the commutative diagram induced by (3.2)
via restriction (i < j):

i—4 p1
Ugi x Pt —» UQZ‘

\[%, j \[61-

ng —]> JaC(C) .

COROLLARY 5.7. Fix 0 < i < j < n. For D € Usy;, the induced map of conormal bundles

LK ATH *
€ plN&i‘D » N3, {D}xPi—i
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over {D} x PJ% is surjective, and the diagram

* B *
PN%‘,]' {D}xPi—? PN&’D
l(s.s) F
B (M) 22 pHO(PY, M)

commutes. Here the first vertical map is an isomorphism by Lemma 5.3(c), the second isomor-
phism comes from Lemma 5.6, the map Bj_;_1 is (4.1) for the curve P! and the line bundle

M = Opi(g — 1 — h.D), and B is induced by € and the projection to PNg‘i‘D.

Proof. Fix a point D € Us;, and set M = Op1(g — 1 — h,D). For E € P’=%, by (5.5) and (5.7),
the map

6‘(D7E): Ngz‘D — N:Ykz]

(D,E)
between the fibers of the two conormal bundles is identified with the map

H°(P', M) — H°(P', M ® Op),
which is surjective by degree reasons (degM = g — 1 —2i > j — i = deg E). The remaining

assertion is clear from (4.1). O

We end this section by some properties of 6; and ~; ;, restricting to suitable open subsets.

LEMMA 5.8. Fix0 <1< j<n.

(a) The maps 6;: Usj — Jac(C) and ;. j: Usz; X Pi—i — Cy; are embeddings, and the following
restriction of the diagram (3.2) is Cartesian:

o
Ui x P70 ———» Uy

\[’Y’Z g \{(51

Czj —J> Jac(C’) .

Equivalently, we have
(5]-_1(U2i) =Uy; % P,
or 0 <1<y <k <n, the following restriction of the diagram (3.5) 1s Cartesian:
b) For0<i< j<k< he followi icti f the di 3.5) is C ]

(Ugi X Pj_i) x Pk—J M) Usy; % Pk

j’n,j xid \[’Yi,k

k—q Yi.k
CQj xPf 7 — s Oy

Equivalently, we have
’)/]_’kl (ng X Pk_l) = UQZ‘ X Pj_i X Pk_j.
(¢) In particular, for j < k < n and i =0, we have 'y;kl (Co X P’“) =Cy x PI x PF=J,

Proof. As §;(D) = (n —i)gs ® Oc(D) by (3.1), it follows immediately from the uniqueness of
the decomposition (5.1) that 6;: Us; — Jac(C) is injective and that the image 6;(Us;) consists
of line bundles L € Jac(C) such that h°(L) = n — i + 1. Similarly, one can show that the map
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Yij: Ui x Cj_; — Cy;j is injective, and any divisor in its image can be written as

j—i
D=E+) (p+a),
/=1

where E is a degree 2i divisor with h°(Oc(F)) = 1 and the py + g, are hyperelliptic pairs.
Therefore, the image ~; j(Us; x Cj_;) consists of divisors D of degree 2j such that h%(Oc(D)) =
j —i+1. To show that the restricted maps ¢; and ~; ; are embeddings, one needs the surjectivity
of do; and dv; j, which follows from Lemmas 5.3(a) and 5.6(a).

Now we want to argue that the diagrams in statements (a) and (b) are Cartesian. We
will identify Us; and Up; x P7™" with their images in Jac(C') and Cy;. We want to show that
(5;1(U2i) = Us; x P77, Let us first prove this set-theoretically. Suppose D € 5;1(U2i); this means
that

hO(8;(D)) = h%((n — j)gs ® Oc(D)) =n —i+1
by the characterization of the image of Uy; in Jac(C'). Using (5.1), we must have
W(Oc(D)) =(n—i+)=(n—j)=j—i+l

and conclude that D € Uy; x P/~%, by the characterization of its image in C5;. The argument for
the set-theoretic part of statements (b) and (c) is similar. To finish the proof of statement (a),
we need to show the surjectivity of

LSk ATH *
d(sj‘ 53' NUzi\ Jac(C) NUQiXPjii‘CQj ’

which follows from Corollary 5.7. Similarly, the fact that the diagram in statement (b) is Cartesian
follows from Corollary 5.5. ]

6. The proof of Proposition 3.1

Let C' be a smooth hyperelliptic curve of genus g = 2n+ 1. Let t < n be an integer, and consider
the proper chain {%,t5 Cop x Pk CQt}Z_zlo from (3.4) with the diagram (3.5) for j < k < t:

—j _ id x g
Oy x PRI x Ptk 120 Chi x Pt

J:Yj,kXid J%‘,t
_ Ykt
Cop x PR 20 Oy

Denote by bl;(Cay, x Ptfk) and bl;(Cy) the spaces associated with the chain {7y }; 1, and
denote by bli(C’gj x PF=7 % Pt_k) the space associated with the chain {v; x id}?;&.
Let k£ be an integer with 0 < k& < t. We break the proof of Proposition 3.1 down into the

following claims. (We apologize to the reader for the fact that this looks so complicated; the
problem is that the threefold induction needs a lot of notation just to state everything correctly.)

CrLAIM 6.1. The chain {Vjﬂf}?:O is NCD.

CLAIM 6.2. Let j < k < t; then
bl;(vk) "t (blj(Caj x P7)) = bl;(Ca; x PF7 x PT7F) . (6.1)

In other words, 7 is a map of chains of centers.
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As a consequence, the blowup bl; (Cgk X Pt*k) coincides with the space associated with the

chain {7, x id}*23

=0 and by Lemma 2.9 there are natural isomorphisms

blj(Cax x PF) = bl;(Cax) x P17,
bl; (ng x PF7 x Pt_k) = bll(CQJ) x PFJ x Pt_k, Vi<j.

CLAaM 6.3. Let 0 < ¢ < j < k <t, and consider the following diagram:
blj (CQj X Ptij)
\[blj(%',t)

Gij - bl (G x PF) 22050 o) o By
bli (Cai x P x Pt*k)bli‘(%—kxgd)bli (Cor x PTF) D Bl (Car) ) (Coi x PI1Y |

where G; j, E; j are the exceptional divisors over bl;(Ca; x PFi x Pt_k) and bl;(Cy; x P,
respectively. Then

bl (yt) " (Big) = Gij, (6.2)
blj (CQJ' X Pt_j) — U EiJ' = Ugj X Pt_j, (63)
1<j

where Usj = Coj — ’)/j_1,j(02j—2 X P1)~

CLAmM 6.4. Let 0 <i<j< k<t Set B}, =E;; — Uh<i En,; and similarly for Gy ;. Then the
map

blj(Yke): G j — Ei;
induced from (6.2) is a morphism of Uy;-varieties, whose fiber over D € Uy, is the map
blj_i—1(ag—i—14—i—1): blj_i—1 (B*""HM) x P'"%) — bl;_;_1 B" (M),
associated with the chain
{a“_i_lz BY(M) x Pt=i=1=¢ _, gt=i=1(py) 15;5—1
from (4.3) with respect to the line bundle M = Opi1(g — 1 — h. D) (see Notation 5.2).

CrLAM 6.5. Let 0 < i < j < k <t; then

bl (Y.e) (blj(CQj x P77 — U E]) = bl (Cy; x PF7 x P7F) — U Gij, (%)
i<j 1<j

blj(e) "t (bl (Coy x PY7) N E7;) = blj(Cay X PF I x PR 0 G (s5)

bl (Vi) : G5 — E7) is an embedding . (%)

We prove these claims by induction on the triples (j, k, t), representing the integers referenced
in the statements of the claims. In what follows, when we say something like “Claim 6.5 holds
for a triple (j,k,t),” we mean that the statements in the claim hold for all 0 < i < j < k < t, in
the notation used in Claim 6.3. This principle applies similarly to the other claims.

The base case consists of the following two cases:
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(1) k = 0 and arbitrary ¢. Claim 6.1 follows from the fact that vp¢: Co x P! < Cy is an
embedding of smooth varieties. There is nothing to check for the other claims.

(2) j =0, arbitrary k <t (except Claim 6.1). Lemma 5.8 (c) says that
Yt (Co x PY) = Cp x P¥ x PI7F.
Therefore, Claim 6.2 holds. The statements for Claims 6.3-6.5 are empty.

For the sake of clarity, let us restate the assumptions that we are allowed to use in the induction
in the following form.

ASSUMPTION. Let j, k, t be integers such that j < k <t < n. Suppose the following:

e Claim 6.1 holds for all the tuples (k',t') such that k' <t' <t—1,or k' <k —1,t =t.

e Claims 6.2-6.5 hold for all the triples (j',k',t') such that 7/ <k <t <t—1,0rj <k <
kE—1,¢=t.

e (Claim 6.2 holds for all (j', k,t) such that j' < j — 1.

The goal is to prove that Claim 6.1 holds for the tuple (k,¢) and Claims 6.2— 6.5 hold for the
triple (4, k, t).

Proof of Claim 6.3. Let i be an integer such that ¢ < j. By the inductive Claims 6.1 and 6.2,
the diagram in Claim 6.3 exists and the spaces bl; (CQi X Pt*i) and bl; (Cg,- x Pk—t x Pt*k) are
smooth. The inductive equality (6.1) implies that

bli (k) T (bl (Coi x PETH)) = bl (Co; x PFH x PE7F)

Since G, ; and E; ; are the corresponding exceptional divisors, a repeated application of (2.2)
gives (6.2).

To prove (6.3), consider the diagram

G;’j c > blj (ng X Ptij) ‘M) blj(CQt) Y E@j
bl (Co; x Pt x P} 00y oy s predy PO oy O, )y % P

where G;’j is the exceptional divisor over bl; (Cgi x PI=1 x Pt—i ) This diagram exists because

{%7,5}{;& and {v;; x id}z;l are NCD chains by the inductive Claim 6.1 and Lemma 2.9, respec-
tively, as well as the consequence of the inductive Claim 6.2 thatbl; (ng x Pt=i ) coincides with
the space associated with the chain {~; ; x id}g;& . Because i < j, the inductive Claim 6.2 gives

bli(’yji)_l (blz (CQZ X Pt_i)) = blz (CQZ X Pj_i X Pt_j) .
Then using (2.2), we have
blj (ng X Ptij) N E@j = blj (’in)il(EZ‘,j) = Gg’j .

Since {G ; }g;é is the set of exceptional divisors associated with the NCD chain {~; ; x id}g;& ,
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using Remark 2.7, one has

blj (ng X Pt_j) — U Ei,j = blj (ng X Pt_j) — U(blj (ng X Pt_j) N Ei,j)
i<j 1<j

=bl;(Cy; x P — | )G

1<J
= ng x PtI — (’yj_Lj X id) (CQj_Q x P! x Pt_j) = UQj x Pt=7 . ]

Proof of Claim 6.4. Let i be an integer such that ¢ < j. We prove Claim 6.4 for all quadruples
(i,4,k,t) such that 0 < i < ¢ <k <t and ¢ € [i + 1, 7], by induction on /.

Before the proof, we need some preparation. By the inductive Claim 6.1, the following diagram
associated with the chain {%-Jﬁ}g;é exists:

Efj «—— bl;(Cy)

! |

.. bli(v;
bl; (021 X Pkil) ‘M} bli(CQk)7

where Ef’ ; 1s the exceptional divisor over bl;(Cy; x PF~%). Since i < j—1, we can use the inductive
Claim 6.2 to conclude that bl;(Co; x P*~¥) coincides with the space associated with the chain
{7k % id}k:1 for i < j As the G;; C bl;(Cag x P'™F) are exceptional divisors associated with

the chain {v;x x id}*Z}, using Lemma 2.9 we have

JO’

Gij=Ef; x P7F. (6.4)

Now we start the inductive proof of Claim 6.4. Let D € Us;, and set
M :=0pi(g—1—h.D).

The base case is £ = i+ 1. Let h < i. Because the chain {7h7t}§;(1] is NCD and i < k— 1, we know
that bl; (Cgi X Pt_z) intersects Fj, ; transversally. Hence E;’Z 41 18 the exceptional divisor over

bll(C'Qz X Pt Z U E}” = UQZ X Pt ‘ - bl (Cgt)
h<i

thus we may identify Efz 41 as the exceptional divisor for blowing up Cy; along Us; x P!~ By
Lemma 5.3(c), we know that £, ., is a Ug;-variety with fiber over D equal to B!=i=1(M). On the
other hand, it follows from the inductive Claim 6.4 and (6.4) that G7,,; is a Up;-variety with fiber
over D equal to B¥==1(M) x Pt~*. Moreover, Corollary 5.5 shows that bl; 1 (k) G —
Efl 41 18 a Ug;-morphism and the fiber over D is

Qp—i—tg—i1: BFTTHM) x PTF — BTN

This concludes the base case.
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Assume that Claim 6.4 holds for all ¢ < ¢ — 1. Consider the diagram

ble(vk,t)

Ggy > blg(Co x pPi=F) bly(Cot) ¢——— E7,

| ! | |

blo_
Gfypy > bl1(Cop x P'F) e bly—1(Cot) «—— E7,
ble—l('YZ,kXid)]\ blg,l(w,u)]\
bly_1 (Cap—z x PF=U1 x Pi=F) blp_1(Cap—g x P

Using the inductive Claim 6.1, we know that the chain {%,t}f;é is NCD, so E7, is the blowup of
E2,_y along E,_; Nbly_1(Cy_y x P==1). By the inductive Claim 6.4 and Lemma 2.20(c), we

deduce that E7, is a Uy;-variety and the fiber over D is bly_;_; B'==Y(M). Similarly, using (6.4),
the inductive Claim 6.4 and Lemma 2.9, one can deduce that G7, as a Uy;-variety with fiber

bly—i—1(B*¥ 1 (M) x P*=*). Moreover, by Corollary 4.4(a), the map bly(ves): G2, — EZ, is
a Uy;-morphism with fiber over D equal to

ble_i1(h—i—14—i-1): blg;_1 B¥"H M) x P=F — bl,; ; B 1(M).
This finishes the inductive proof of Claim 6.4. O

Proof of Claim 6.5. For equality (x), using (6.4) and the inductive (6.3), we can show that
blj (ng x PFJ x Pt_k) — U Gi,j = (Ugj X Pk_j) x Ptk
i<j
On the other hand, from the proof of Claim 6.4 we know that Us; x P!'~J is not touched by any
blowup associated with bl;(vx,). Using Lemma 5.8(b), we obtain
b (yk,0) ™" (Uzj < P7) = 50 (U x P'7) = (U x PH7) x PE.
Together with (6.3), this proves equality (x).

As for equality (xx), the fiberwise equality over D € Uy; follows from Claim 6.4 and Corol-
lary 4.4(a). Then we can apply Lemma 2.20(b) to obtain equality ().

Finally, Claim 6.4 together with Corollary 4.4(a) and Lemma 2.20(a) give property (). [
Proof of Claim 6.2. We apply Proposition 2.18 to the chain {’Yj,t};?:() with
X =Cy, Xp=CopxP™F  Xjp=Co x PP xPF 0 fy 0 —yp xid, ¢ = s
The assumptions in Proposition 2.18 can be checked as follows:

e The chain {v; x id}?;& is NCD, by the inductive Claim 6.1 and Lemma 2.9.
e The map

Vet - (Cgk X Pt_k — (’kal,k X ld) (Cgk,Q X ].)1 X Pt_k)) = ng X Pt_k — Cgt
is an embedding, by Lemma 5.8 and Remark 2.7.
e The chain {yj,t};:é is NCD by the inductive Claim 6.1.

e The inductive Claim 6.2 gives
bli (vt) "t (bl (Coi x PT™1)) = bl;(Coy x PP x PI7F) | Vi< j 1.
Moreover, properties () and (xx) hold by Claim 6.5.
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Consequently, Proposition 2.18 gives

bl (k) (bl (Coj x PP7)) = bl;(Co; x PF7 x PI7F)
This proves Claim 6.2. O
Proof of Claim 6.1. Running the arguments above for all j < k and using property (k%) from

Claim 6.5, we see that Proposition 2.18 also implies that {'yj,t};?zo is an NCD chain. This proves
Claim 6.1. O

Therefore, we have finished the inductive proofs of Claims 6.1-6.5. As a consequence, we have
proved Proposition 3.1.

7. The proofs of Proposition 3.2 and Corollary B

In this section, we prove Proposition 3.2 following a similar argument to the one for Proposi-
tion 3.1. As a byproduct of the proof, we deduce Corollary B.

Let C be a smooth hyperelliptic curve of odd genus g = 2n + 1. Consider the proper chain
{0k : Cop, — Jac(C)}}_, from (3.1) with the diagram from (3.2) for j < k:

02]' x Pk=i —»p1 ng

l’Yj,k léj

Copy —2 5 Jac(C).

Let k be an integer such that 0 < k < n. Denote by bl;(Cy) and bl;(Jac(C')) the spaces associated
with the chain {0x}%_,. Denote by bl;(Cs; x P*~7) the space associated with the chain {'Yj,k}?;é-
We break the proof of Proposition 3.2 down into the following statements.

CrAam 7.1. The chain {(5]-};?:0 is NCD.
CLAIM 7.2. Let j < k; then bl;(8;)~1(bl;(Ca;)) = blj(Ca; x P¥=J). In other words, 0y is a map
of chains of centers.

k—1

Consequently, bl;(Cyy,) coincides with the blowup space associated with the chain {~; =0

and there is a natural isomorphism bl;(Cy; x P¥=7) = bl;(Cy;) x P*.
CrLamM 7.3. Let 0 < ¢ < j < k, and consider the diagram
bl;(Ca;)

e

E;j —————— bl;(Cy) bl;(Jac(C)) «——— Fj;

! J ! |

b (Coi x PR 00 oy PO ) (ac()) <2 bl (G,

bl; (3k)

where Fj ;, E; j are the exceptional divisors over bl;(Cy;) and bl;(Ca; x P*=%), respectively. Then

bl;(6x) " (F;) = Eij, (7.1)
bli(Coy) — | J Fij = Usy (7.2)
1<J
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where UQj = 02]' — '}/j’jfl(czij X Pl).

CrAamm 7.4. For 0 < i < j <k, set E}; = Ej; — U, En; and similarly for F;;. Then (7.1)
induces a morphism of Usy;-varieties

Moreover, over D € Us; the morphism is
bl i 1(Bk—i—1): blj_i1 B¥"""YM) — bl;_;_ PH (M),

which is associated with the chain {Bg}f;é_l in (4.2) with respect to the line bundle M =
Op1(9 — 1 — h.D) (see Notation 5.2).

CrLAaM 7.5. Let 0 < ¢ < j < k; then

blj(&k)_l (blj(CQj) — U Fm’) = blj (02]‘ X Pk_j) — U Em’ s (*)
i<j 1<j

bLi(6%) " (bL;(Caj) N FYj) = bl (Coj x PFI) N B, ()

bly(6): E; ) — F) is an embedding . (k)

As in the proof of Proposition 3.1, we prove these claims by induction on the tuples (j, k).
The base case contains the following cases:

e k& = 0. All the claims are clear.

e j = 0and arbitrary k£ > 0 (except Claim 7.1). For Claim 7.2, this is clear, as the Abel-Jacobi
theorem gives

blo (6, )(Co) = 6, *(Co) = Co x P*.
The statements for the other claims are empty.

As in the previous section, we summarize the assumptions that we are allowed to use during the
inductive step in the following way.

ASSUMPTION. Let j, k be integers such that j < k. Suppose the following:

e Claim 7.1 holds for all k' such that k' <k — 1.
e Claims 7.2-7.5 hold for all the tuples (j',k’) such that j' < k' < k — 1.
e Claim 7.2 holds for all (j', k) with j' < j — 1.

We will prove that Claim 7.1 holds for k& and Claims 7.2-7.5 hold for the tuple (j, k).

Proof of Claim 7.3. By the inductive hypothesis, all maps in the diagram are well defined. Let ¢
be an integer such that ¢ < j. The inductive Claim 7.2 gives

bli(dk)_l(bli(Cgi)) = bl; (CQZ X Pk_i) .

Using the inductive Claims 7.1 and 6.1 that state that {J;} and {; 1} are chains of smooth cen-
ters, we know that bl;(Cy;) and bl;(Cy; x PF~%) are smooth varieties. Then a repeated application
of (2.2) yields (7.1).
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Regarding (7.2), to understand the intersection bl;(Ca;) N Fj j, let us consider the following
diagram:

Bl e bly(Cyy) 2 bli(Jac(0) «——

! J | |

b, (Co x Pi—#) L0 gy oy PO (Jac(c)) <220 b0y,

where Ej ; is the exceptional divisor over bl;(Cy; x P/=%). This diagram exists because {(51-}3;3
and {’ym}g;ol are NCD chains by the inductive Claim 7.1 and Proposition 3.1, respectively. As
1 < j, the inductive Claim 7.2 gives

bli(0;) " (bli(Ca;)) = bli(Cos x PI77).
As a consequence, using (2.2) again, we have

bl'(ng) N Fij = bl'((Sj)_l(Fi ) = E{ :

By construction, {E] }J o is the set of exceptional divisors associated with the NCD chain
{i,j }g;&; thus it follovvs from Remark 2.7 that

1;(Cj) = J Fig = bs(Coy) — | Ei, — %=1 (Caj2 x P1) = Uy; . O

1<j 1<j

Proof of Claim 7.4. Let i be an integer with i < j. We prove Claim 7.4 for all triples (,4, k)
such that 0 < i < ¢ < kand ¢ € [i + 1, 4], by an additional induction on £.

The base case is £ = ¢ + 1. Let h < 4. By construction, Fj ;11 and Fj, ;1 are the exceptional
divisors over bl;(Cs;) and Fj,;, respectively. To understand

(o]
Pzi;[+1 z a+1 — U Fh a+1

h<i

we need to know how Fj, ; intersects bl;(Cs;). By the inductive Claim 7.1, the chain {%}Z;(l) is
NCD, and hence we have transverse intersections

bll(021) N Fh,i - blZ(JaC(C)) .

It follows that I}, is the exceptional divisor for the blowup of bl;(Jac(C)) along

b CQ@ Uth—U227
h<i

which follows from the inductive (7.2). Since Uy; is away from all the exceptional divisors Fj, ;,
the divisor F}; ;| can also be identified with the exceptional divisor for the blowup of Jac(C)
along Us;, so we can use Bertram’s results as follows.

Let D € Usy;, and write M = Op1(g — 1 — h.D). It follows from Lemma 5.6(b) that F; 4
is a Ug;-variety with fiber over D equal to PH?(M). On the other hand, Claim 6.4 says that
E?; .1 is a Uy-variety with fiber over D equal to B¥==1(M). Moreover, by Corollary 5.7, the

2y
map bl;+1(dx): E?; 1 — F{i4q is a Ug-morphism, whose fiber over D is

Br—i—1: B¥ N (M) — PHO(M).
We conclude the base case £ =i + 1.
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Assume that Claim 7.4 holds for all ¢ < £ — 1. Let us look at the diagram

E’L‘O,f N, bl[(CQk) blz((;k) bl@(J&C(C)) A— on,f

| ! ! |

Epy > bli1(Co) RO bl (Jac(C)) e
blg_1(Cop_g x PF=(E-1) ble_1(Ca—s).

Moreover, (7.1) gives the diagram

o bl () o
il i
l l (7.3)
o bly_1(d) °
EYo 4 : FPypy.

Let D € Uy;. We would like to understand the fiber of the top horizontal map over D. To do
this, let us compute the other parts of the diagram over D.

Part 1: 7). As £ —1 < k—1, the inductive Claim 7.1 implies that there is an embedding
bly—1(0¢—1): ble—1(Cor—2) — bly_1(Jac(C)), and the intersection

bl 1(Cor2) N E,—4

is transverse. Consequently, Fi(?l is the blowup of F‘ic,)l—l along bly_1(Cap—2) N Fz'oj_l' Note that
M = Opi(g — 1 — hyD) has degree

g—1-2i=2n—2i>20k—i—1)+1,
as g(C) =2n+ 1 and k < n. By the inductive hypothesis,
F{poy and  ble1(Coro) N Fyy = ble-1(de-1) " (Fiy_q)
are Us;-varieties whose fibers over D are

bly_i_o PHO(M) and bl,_;_o B“"2(M).

We can use Lemma 2.20(c) to obtain that F?, is a Uy;-variety with fiber over D equal to the
blowup of bly_;_s PH(M) along bl,_;_, B~"=2(M), which is by definition bl,_;_; PHO(M).

Part 2: E7, ;. A similar argument using Claim 6.4 says that E7, is a Up-variety with
fiber over D equal to bl,_;_; B¥=i=1(M), the blowup of bl,_; o B*¥~"=1(M) along the product
blg_i_Q(BK_i_z(M) % Pk—ﬁ—i—l)'

Part 3: maps in (7.3). By the inductive hypothesis, over D, the map bly_1(dx): By —

(2
FZFI is bly_;_2(Br—i—1)- The vertical maps over D are the blowups described above.
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Consequently, we can draw the corresponding diagram of (7.3) over D

blg_;—y B¥""Y(M) ————— bly_;_1 PHO(M)
blp; o BF-i-1(ary D2 gy PO .
Since Sj_;—1 is a map of chains (Proposition 4.2), the top horizontal map must be bly_; 1 (Sx—i—1),

which is the fiber of bly(dy ) : E? ) — F7, over D. This finishes the inductive proof of Claim 7.4. [

Proof of Claim 7.5. For property (*), we know from the discussion in the proof of Claim 7.4 that
Us; is not touched by all the blowups associated with bl;(dj); thus

bli(0) " (Uzj) = 61 (Uzg) = Unj x P¥7,
where the last equality comes from Lemma 5.8(a). Using (6.3) in Claim 6.3, we have

bl; (Cyj x P¥7) — | J Eij = Uy x PF7.

1<j
Putting these two equations together with (7.2), we obtain property (x).
Let us turn to property (xx). Let D € Us;. By Claims 7.4 and 6.4, the diagram

bl;(Caj x PE=I) N Ep; — blj(Cyy) N FY;

[ [ (7.4)

bl; (6x)
¢} J o
E’i,j Fm‘

is a diagram of Uy;-varieties, whose fiber over D is
blj_i—1 (BT~ (M) x P*J) ——— bl;_;_y BI~71(M)
iblj—i—l(aj—i—l,kfi—l) \[blj,i,l(ﬁj,i,l) (7.5)
k—i—1 blj_i—1(Bk—i—1) 0
bl i1 B (M) 2= bl PHO(M)

where M denotes the line bundle Opi(g — 1 — h,D) and the top horizontal map is induced by
the natural projection

BI7 (M) x PP — BITY(M).
By Corollary 4.4(b), the diagram (7.5) is Cartesian, that is,
blj—i—1(Br—i—1) " (blj—i—1 BTN (M) = bl (BTN (M) x PFT).
As (bl;(Cy;) x PF=I)n E7; and bl;(Cy;) N F; are both smooth, we can apply Lemma 2.20(b) to

the Ug;-morphism bl;(0x): E7; — F}; to conclude that the diagram (7.4) is also Cartesian. This
proves that property (sx) holds.

Last, we prove that property (x#x) holds. Claim 7.4 implies that the fiber of the map
bl (%) : Ep) — Fpover D € Uy is bly_i—1(Bk—i—1), which is an embedding by Corollary 4.4(b).
As E?, and F?). are both smooth, we conclude from Lemma 2.20(a) that property (+*x) holds. [

Proof of Claim 7.2. We apply Proposition 2.18 to the chain {53‘}?:0 with
X =Jac(C), Xp=Co, Xjp=0C9%xPF I fir=nir, =0,

The assumptions in Proposition 2.18 can be checked as follows:
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The chain {'yj,k}?;é is NCD, by Proposition 3.1.

The map 6y : Co, —Ye—1.%(Cok—2 x P) — Jac(C) is an embedding: By Notation 5.1, we have
Cok — Ve—1k(Co—a x P1) = Usg, and Uy — Jac(C) is an embedding by Lemma 5.8(a).
The chain {d;}¥~§ is NCD, by the inductive Claim 7.1.

We have bl;(6) 71 (bl;(Ca;)) = bl;(Ca; x P¥~%) for all i < j — 1, by the inductive Claim 7.2.
e Properties (x) and (x%) hold thanks to Claim 7.5.

Hence Proposition 2.18 shows that
bLi(6x) " (bLj(Cay)) = bl (Coj x P) 5
that is, Claim 7.2 holds. O

Proof of Claim 7.1. Running the arguments above for all j < k and using property (k%) from
Claim 7.5, Proposition 2.18 implies that {J; }]:0 is a NCD chain. This proves Claim 7.1. O

Therefore, we have finished the inductive proof of all the claims above. Proposition 3.2 im-
mediately follows.

Proof of Corollary B. For 0 < i < n — 1, the exceptional divisor Z; C bl,11(Jac(C)) is the
exceptional divisor Fj 41 C bl,11(Jac(C)), defined as the preimage of F;,, C bl,(Jac(C)) (see
the notation in Claim 7.3). The proper transform O is FEy n+1, the exceptional divisor for the
blowup of bl,(Jac(C')) along bl,(Cap). Since §;(Ca;) equals W ~/ and §; is an isomorphism over
Us; C C9y; by Lemma 5.8, this induces a natural identiﬁcatlon

U—22 ~ Wn z(C) o W;l_—lz—i-l(c) )
Let D € Uy; and set M = Opi(g—1—h,D). Claim 7.4 implies that the fiber of the projection
= Fin— |J Fan — W)HH(C) =W TH(C) 2 Uy
h<i

over D is bl,_; 1 PH°(P!, M), the blowup space associated with the chain

{Br—i—1: BN (M) = PHO (M)}, .-

Blowing up one more time, we can argue as in the proof of Claim 7.4 that the fiber of F? | =

Finy1 —Upei Fnnsr over D is bl,_; PHY(P', M). Let k be an integer such that i +1 < k < n;
Claim 7.4 implies that

Fl-cjk N blk(CQk;) = Zk - blk(Jac(C))
is a Uy;-variety whose fiber over D is bl,_;_y B¥~*~1(M). Then in the final blowup space,

FY i1 N Fing1 © blpyi (Jac(C))

i
is a Ug;-variety whose fiber over D is the exceptional divisor
Hy_;_1 Cbl,_; PH°(P', M)
over bly_;_; B¥="=1(M), associated with the chain {Br—i-1}i—iir-
As {Br—i—1}}_;;, is a smooth chain by Corollary 4.4(b), Remark 2.7 implies that the fiber of

a o
Zi — U Zj -0 = Fi,n—i—l - U Fk,n+1
0gjsn—1 i+1<k<n
JF#i
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over D is
bl,i PHO(P', M) — | ] Hpisg @PHO(P', M) B, 1 (B (M)).
i+1<k<n
By definition, the image 8,_;_1(B" *"1(M)) is the (n — i — 1)th secant variety
Sec" "1 (PY) C PH°(P', M) = P*"77)
where P! is the rational normal curve By(B°(M)). Note that the secant variety Sec™ " (P!)

has degree (n — i) + 1 and the rational curve has degree 2(n — ). Taking i = n — r, we obtain
Corollary B. O

The following result is an (almost immediate) consequence of the proof above.

COROLLARY 7.6. Let L € W;_(C) — W;fll(C’) for some 0 < r < n so that L = 6,_,(D) for
a unique D € Uyy—py. Set M = Opi(g — 1 — h.D); then the fiber of the map

bl,+1(Jac(C)) — Jac(C)

over L is bl, PH?(P', M). In particular, the fiber of the map m,: bl,(Jac(C)) — Jac(C) in
Theorem A over L is bl, PH?(P!, M), using Bertram’s notation from Section 2.

Proof. Set i = n — r. The fiber we are interested in is the fiber of Fj, 1 over D, using the
notation above. From the proof of Corollary B, we know that the fiber of

Fri1 = Fint1 — U Fhnit
h<i

over D is bl,_; PH?(P!, M). We claim that the fiber of F;, 1 over D is the same as the fiber
of Fy, 1 over D. The reason is as follows. Let h < i; then (7.2) gives bl;(C2;) — Uj,<; Fhi = Uz
Hence the image of U; < bl;(Cy;) — bl;(Jac(C)) is away from F}, ;. As F}, 5,41 is the exceptional
divisor over F}, ;, we conclude that the fiber of Fj,,, 1 over D is empty. This proves the desired
result.

The last statement follows from the fact that the image of bl,, (Csy,) in bl, (Jac(C)) is a divisor,
0 bl,41(Jac(C)) = bl,(Jac(C)). O

8. Even-genus case

In this section, let C' be a smooth hyperelliptic curve of even genus g = 2n + 2. We sketch
a proof of Theorem A for C. The ideas are essentially the same, by reducing to the calculation
of conormal bundles, but for parity reasons, the corresponding maps need some modification.
First, we have a chain of maps {d;}"_, to Jac(C), where for 0 < j < n,
(5]': CQj+1 — Pngil(C) = Jac(C’) ,
D (n—j)gs ® Oc(D).

The image 6;(Ca2j4+1) is W;:lj; hence this is a proper chain. By the Abel-Jacobi theorem, for
each £ > 1, we have P¢ C Cy. Then for each j > 1, there is a proper chain of maps {fyi,j}g;é
induced by the addition maps:

Vit CQZ'_H X PI7te—s 022'4_1 X ng_gi — 02j+1 , YV0<i<y.

The even-genus case of Theorem A is reduced to the following analog of Propositions 3.1 and 3.2.
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PROPOSITION 8.1. (a) For each 1 < j < n, the chain
- 4
{nij: Coit1 x PI7" = Coja )i,
is an NCD chain, and for each 1 < i < j, the map v; j is a map of chains of centers.

(b) The chain {d;: C2j41 — Jac(C)}]_, is an NCD chain, and for each 1 < j < n, the map

d;j: Cojp1 — Jac(C) is a map of chains of centers.

Like the proofs of Propositions 3.1 and 3.2, the proof of Proposition 8.1 relies on a parallel
statement for Abel-Jacobi maps and conormal bundles as in Lemmas 5.8 and 5.3. We will only
give the statements and leave the proofs to the interested reader.

For each j > 0, set
Usjt1 i= Cojy1 — 7j-1,(Caj1 x P').

Note that for j = 0, we have Uy = C. Any divisor D € Uj41 gives a degree 2j + 1 divisor on P!
via the hyperelliptic map C' — P!, which is denoted by h,D, and the associated line bundle is
Opi(g—1—hD):=0pi(9g—1)® Opi(—h.D).

LEMMA 8.2. Let C be a hyperelliptic curve of genus g = 2n + 2. Then
(a) for any 0 < < j, the map ;j: Coiy1 X P/~ C2;j41 is an embedding when restricting to
Uzit1 X P/~ and for 0 < ¢ < i < j, we have
’Yijjl(U2Z+1 X Pj_e) = U1 x P x PI5
(b) for 0 < j < n, the map 6;: Cyj11 — Jac(C) is an embedding when restricting to Usj11, and
for 0 < ¢ < j, we have
5;1(U2i+1) = Upip1 x P77,
In particular, since Uy = C, we have

5]_1(0) =(C x Pj - C2j+1 .

LEMMA 8.3. For 0 < i < j, consider the map ~; j: Coj41 X Pi—i Coj41, and let D € Ugiqq.
Then

(a) dvi;: 'Y;k,jT(t‘ng — T82i+1xpj,i is surjective when restricted to Us; 1 x P77,

b) PNX .. j—i IS a smooth variety over Us;+1 such that over D € Us;11 we have an

Yi,j U21+1 xP + +
isomorphism
) ._‘_1
PN |(pyxpi-i =B 1(Opi(g — 1 - h.D)).

Furthermore, for ¢ < i, consider the commutative diagram

(Copp1 x P18 x PI=0 250 COgpyq x PI74

iw,i xid J’Yl,j

Cojpg x PI70 —————1 (949

Here r is the addition map. For any D € Usyy1, there is an induced map of conormal bundles on
{D} x Pi=¢ x PI—:

€: (id XT)*N,;}A{D}XPJ;@ — Niw’ixid)‘{D}Xpi—éxpjﬂ .
Then
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(c) € is surjective;

(d) the following diagram commutes:

PN(*W,Mid)‘{D}XP"_ZXPJ'_" = PN;g’i‘{D}XPj_E

: !

Bi—t=Y(M) x Pi—i S, Bl

Here « is the map induced by € composed with a projection to PNE;M(D X PJ*Z), and
Qi—¢—1,j—¢—1 is the map (4.3) for the curve P! and the line bundle M = Op1(g — 1 — h.D).

LEMMA 8.4. Keep the notation of Lemma 8.3. For 0 < j < n, consider the map 0;: Cojqy1 —
Jac(C'). Then

(a) dbj: 05 T}ec

(b) the fiber of N over D € Uy Is H°(P!,Opi(g — 1 — h.D)).

— TéQj-‘rl is surjective when restricted to Usjy1;

Furthermore, for i < j, consider the diagram
Chipr x PI70 Py Oy
l’Yi,j l&i
5.
02j+1 — Jac(C) i
Then for D € Us;,1, we get the induced map of conormal bundles over {D} x PJ~*
€: pTN(;;‘D — ]\[:)’;ZJ|{D}><]?J7Z 9
and
(c) € is surjective;

(d) the following diagram commutes:

5 .
PNZ |(pyxpi-i —— PNj|p

|= F

Bi-i-1(M) 2221 pHO(PY, M) |

The first vertical isomorphism comes from Lemma 8.3(b) and f;_;_1 is the map (4.1) for
the curve P! and the line bundle M = Op1(g — 1 — h.D). The map f3 is the map induced
from € composed with a projection to PN§ [p.

9. Brill-Noether stratifications are Whitney

In this section, let C' be a smooth projective hyperelliptic curve of genus g. We show that the
Brill-Noether stratification of Jac(C') determined by

Jac(C) 20 =W, 1(C) D W,_1(C) 2 --- 2 W, (C)

is a Whitney stratification, where n = |[(¢g — 1)/2|. We will assume g = 2n + 1; the even-genus
case is similar.
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9.1 Whitney stratifications

Let Z be a smooth real manifold, and let X,Y C Z be two embedded smooth real submanifolds
such that X and Y are from a stratification of Z. Suppose Y C X, where the closure is taken
inside Z with respect to the Euclidean topology.

DEFINITION 9.1. We say that the pair (X,Y") satisfies the Whitney conditions if for any point
y € Y, the following two conditions hold:

(A) If {z;} C X is a sequence of points converging to y, and if the sequence of tangent spaces
T,,X converges to a linear space 1" of the same dimension, then T,,Y C T.

(B) If {z;} € X and {y;} C Y are two sequences of points that both converge to y, if the
sequence of real secant lines between x; and y; converges to a real line L, and if the sequence
of tangent spaces T}, X converges to a linear subspace 1" of the same dimension, then L C T'.

The Whitney condition (B) involves real secant lines (in local coordinates) and is therefore
not so easy to verify in practice. Instead, in the case of complex algebraic varieties, there is
a condition (W) introduced by Kuo [Kuo71] and Verdier [Ver76], which implies the Whitney
conditions and is easier to work with in our situation. It is proved by Teissier that, for complex
analytic stratifications, the Whitney conditions are equivalent to condition (W), but we will not
need this fact.

DEFINITION 9.2 (Distance). Let V' be a complex vector space, and let A, B C V be two linear
subspaces. Fix an inner product (—,—) on V. The distance from A to B is defined to be

d(A, B) := sup inf sinf(a,b).
acA, beB,
a#0 b#0
Here 6(a,b) is the angle between two vectors a, b determined by the inner product (—, —).

Here are some basic properties of d(A, B). Note that it is not symmetric in A and B (which
is why we do not call it the distance “between” A and B).

Fact 9.3. (a) We have d(A, B) =0 if and only if A C B.
(b) Let A C A’ be two subspaces; then d(A, B) < d(A’, B).

(c) Identify V with the conjugate dual space V* via the inner product (—, —) so that the kernel
Ker(V* — B*) is identified with the orthogonal complement B+. Then

d(Ker(V* — B*),Ker(V* — A*)) = d(B*+,A') = d(A, B).

After choosing an orthonormal basis, this comes down to the fact that a linear operator and its
adjoint (between two finite-dimensional Hilbert spaces) have the same operator norm.

From now on, let Z be a complex manifold. Let X, Y be two embedded smooth complex
submanifolds of Z such that Y C X.

DEFINITION 9.4. We say that the pair (X,Y") satisfies condition (W) if for any point y € Y, and
for any sequence of points {z;} C X converging to y, there exists a constant C' > 0 such that

dT,Y, T, X) < C-d(y,z;), Vi,

where we view T}, X as a subspace of T),Z using a local trivialization of the tangent bundle T,
and d(y, z;) is the Euclidean distance between y and x; in a local coordinate chart.
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Kuo [Kuo71] (see also Verdier [Ver76, Théoreme 1.5]) proved the following.

THEOREM 9.5. Let Z be a complex manifold. Let X, Y be two embedded smooth complex
submanifolds of Z such that Y C X and X, Y are from a stratification of Z. If the pair (X,Y)
satisfies condition (W), then the pair (X,Y') satisfies the Whitney conditions (A) and (B).

We are going to use this result in the following form.

LEMMA 9.6. Keep the same assumptions as above. Assume that the pair (X,Y) satisfies the
Whitney condition (A). Let y € Y be an arbitrary point, and let {z;} C X be a sequence of
points converging to y such that T' = lim;_,o, T3, X exists. Suppose that there is a constant C' > 0
(which is allowed to depend on y and x;) such that

an equivalent formulation is that there is a constant C' > 0 such that
d((NX|z)a;; Im (N 2)2;) < C - d(y,zi), Vi,
71— 00
where N;q , denotes the conormal bundle of X inside Z. Then the pair (X,Y) satisfies the
Whitney condition (B).
Proof. By the Whitney condition (A), we know that T,,Y C T'. By property (b) of the distance

function in Fact 9.3, we conclude that
d(T,)Y, T, X) <d(T,T,,X) < C-d(y,z;) .

This verifies condition (1) and thus gives the Whitney condition (B) by Theorem 9.5. The last
statement uses the property (c) of the distance function in Fact 9.3. O

DEFINITION 9.7. Let X be a complex algebraic variety, and suppose that there is a finite algebraic

stratification
X=|]s

by connected algebraic varieties whose irreducible components are smooth. We say that this is
a Whitney stratification if for any S; C S;, the pair (S;, S;) satisfies the Whitney conditions (A)
and (B).

9.2 Brill-Noether stratifications are Whitney
Recall that C' is a genus 2n + 1 smooth hyperelliptic curve. For each 0 < r < n, set
) 1 )
4-1(C)7 =W (C) = Wy (C);5
this is a connected smooth algebraic variety and parametrizes degree g — 1 line bundles with
exactly 7 + 1 independent sections. The subvariety Jac(C) — © is also smooth and parametrizes

degree g — 1 lined bundles with no sections. The Brill-Noether stratification of Jac(C) is defined
to be

Jac(C) = (Jac(C) —©) U | | Wy 1(C)°.

o<r<n

PROPOSITION 9.8. The Brill-Noether stratification of Jac(C) is a Whitney stratification.
Proof. Note that W} _;(C)° = +_1(C) and for i < j, we have
W)_[(C)° CWI_(C) S W, _,(C).
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We also have Jac(C) — © = Jac(C). By Definition 9.7, it suffices to show that for each i < j,
the pair (ngfl ()°, ng_l (C)°) satisfies the Whitney conditions, and the same holds for the pair
(Jac(C) — 0\, ngfl(C)o). To apply Lemma 9.6, we need to understand the conormal bundles of
the Brill-Noether strata. Recall that for each 0 < r < n, the Abel-Jacobi map d(y_1_2,)/2 = dn—r
induces an isomorphism

8tg—1-20)/2: Ug—1-20 == Wy_1(C)°, D+ Oc(D) @143, (9.1)

where U,_1_2, is defined in Notation 5.1 and is the open subset of Cy_1_2, consisting of divisors D

such that h%(C, Oc(D)) = 1. By Lemma 5.6, for any D € Uy_1_2, and L := O¢(D) @ rg3, we
have

(Vi

* 0 ~ 0 1
g_l(C)°|.]ac(C))L = (N§(g_1_gr)/2)D =H (Cv wC(_D>) =H (P , Op1 (g —1- h*D)) )
where the last isomorphism is induced by h: C — P!, the hyperelliptic map determined by the

unique g3 and h,D is the degree g — 1 — 2r divisor defined in Notation 5.2.
For 4each i<j,let {Lp} C I/V;;l(C')o be a sequence of line bundles converging to an element
L €W, _(C)°. Using the isomorphism (9.1), we can write

Ly = O¢(Dy) ®igy and L= Oc(D)® jgs
with Dy, € Ug—1—9; and D € Uy_1_2;. From the discussion above, we know that
(Nivi_ 0y sac(e)) , = H'(Cowe(=Di)) = H (P, Opi(g = 1 = huDy))

(ng_l(o)ouac(C))L = HY(C,wc(—D)) = H’(P',0p1(9g — 1 — hyD)) .
If we let D := limy_,oo Di € Cg,lﬁi be the limit divisor, then since limg_.o, Ly = L, we see
that D is an effective subdivisor of D. Therefore,

. E . 0 1 )

lim (I, =H’(P',0pi(9— 1~ h.D))

b0 ng_l(C)°|Jac(C))L

0 1 . *
CH (P ,Op1(g—1— h*D)) = (Nng_l(C)o\Jac(C))L’
where the first equality uses the fact that H'(P!, Op1(k)) = 0 for any k > 0 and hence we can
take limits. This verifies the Whitney condition (A) for the pair ( gi_l(C')o, Wngl(C)o), by going
to the dual spaces. Now by Lemma 9.6, in order to prove the Whitney condition (B), we just
need to show that there exists a constant A such that

d(H°(C,wc(-D)),H*(C,wec(—Dy))) < A-d(L,Ly) = A-d(D, D),

where the distance function on the left is induced by an inner product on the vector space
H°(C,w¢) and the distance functions on the right are induced by the Euclidean norm on a neigh-
borhood of D in Cy_1_2; and a neighborhood of L in Jac(C), respectively. The last equality comes
from the fact that Dy € Ug—1-2, and d(g_1_9,/2 is an isomorphism over Uy—1_2;,. Since the hy-
perelliptic map h: C — P! is either a local isomorphism (off the branch locus) or locally of the
form ¢ + t2 (on the branch locus), we can push everything down to P'; there, it suffices to prove
that there exists a constant A such that

d(H°(P',0p1(9—1—hD)),H*(P*,0pi(g — 1 — h.Dy))) < A-d(hD,h.Dy,),

which follows from the interpretation of the space H°(P!, Op1(g—1—h,D)) as the space of degree
g — 1 homogeneous polynomials vanishing along the divisor h,D and explicit computations.’

'Botong Wang pointed out that one can view this as a Lipschitz property of the map between compact manifolds
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For the pair (Jac(C) — 0, ng_l(C)o), Condition (V) is vacuous because Jac(C') is a complex
manifold (using the property (a) of the distance function in Fact 9.3). O

10. Questions and open problems

The log resolution of the hyperelliptic theta divisor is rather intricate. To have a better under-
standing of it, we ask the following.

Question 10.1. Is there a modular interpretation of the log resolution in Theorem A?

Remark 10.2. Let C be a Brill-Noether general curve. The Brill-Noether varieties W;_;(C)
behave like generic determinantal varieties. It is natural to ask whether an extension of our

results Theorem A and Proposition 1.1 hold for such a curve C. This problem has been solved
by Budur in [Bud25].

Appendix. Reducedness of Wj(C)

In this appendix, we provide the proof of Proposition A.3. This result is not needed for the paper
because in Theorem A we can always take W (C) with its induced reduced structures. While
this result is not essential, we include it here in response to a question posed by Budur [BD23].

Let C be a smooth projective curve. Let r, d be nonnegative integers. Set-theoretically, Wj(C')
is the space of line bundles L € Pic?(C) such that h%(L) > r + 1. Its scheme structure can be
defined as follows, which is a variant of the method in [ACGHS5, §IV.3]. Let L € Pic?(C) be
a closed point. As in the proof of Lemma A.5 below, one can produce a vector bundle map
A: E° — E' over Pic?(C), where E°, E' are vector bundles of rank h°(L) and h'(L) (see (A.1)).
Then W7 (C) is defined, in a neighborhood of L, as the (h°(L) — r)th determinantal variety
associated with A; equivalently, it is cut out by all (h°(L) —r +1) x (h%(L) —r + 1) minors of A.

ProposITION A.3. Let C be a smooth hyperelliptic curve of genus g. Let d,r € N be integers
such that 0 < r < d < g. Then the Brill-Noether variety W} (C) is reduced.

We recall the following result saying that reducedness can be checked on the level of tangent
cones.

LEMMA A4. Let Z C X be a closed subscheme of a smooth variety X and x € Z be a closed
point. If the tangent cone TC,Z C T, X is reduced, then Z is reduced in an open neighborhood
of x.

Proof. Equip the tangent cone T'C,Z with its natural scheme structure; then there is a flat
specialization of (a neighborhood of x in) Z to T'C,Z. The desired result follows from the fact
that reducedness is an open condition in flat families; cf. [GD66, Theorem 12.1.1(vii)]. O

By Lemma A.4, Proposition A.3 is reduced to the following.
LEMMA A.5. The tangent cone TC,W}(C') is reduced for any L € Wj(C).

Proof. To simplify the notation, we set Wj = Wj(C). Fix £ a Poincaré line bundle on the
product C x Pic?(C), and let pry: C x Pic?(C)) — Pic?(C) be the second projection. Let L € W}
be a line bundle of degree d, and assume h%(L) = s + 1 with s > r. In a neighborhood of L

Sym?~1=2 P! 5 Grass(H°(P',Op1(g — 1)), 2i) which sends E to H*(P!,0p1(g — 1 — E)).
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in Picd(C’), we can produce a minimal complex computing W, by a variant of the method in
[ACGHS5, § IV.3]. Note that we can always pick a point p € C such that h'(L(p)) = h'(L)—1 and
HO(L) = H°(L(p)). Iterating this, we can pick an effective divisor D of degree h'(L) = g—d+ s
with the property that H'(L(D)) = 0 and that in the short exact sequence

0—L— L(D)— L(D)®Op — 0,

the induced connecting map H°(D, L(D) ® Op) — H(C, L) is an isomorphism (equivalently,
HY(C,L) — HY(C,L(D)) is an isomorphism). Denote by D = priD the effective divisor on
C x Picd(C’). Then on some neighborhood of the point L, we have a short exact sequence
0— pI“Q’*L(D) — pr27*(£(D) ® OD) — Rlpr2,*£ - 07
where R'pry ,L£(D) vanishes on the neighborhood in question. Here pry £ = 0 because it is
torsion-free and vanishes at a general point in the neighborhood of L. This gives us a presentation
0— E° 4 E' — Rlpry L — 0, (A.1)

where EY and E' are vector bundles of rank h°(L) = s + 1, respectively h'(L) = g — d + s.
Moreover, the differential, viewed as a matrix A, vanishes at the point L. Let Ay be the linear
part of A; it has entries in m/m?, where m is the maximal ideal at L.

Now the Brill-Noether variety W} is defined, in a neighborhood of the point L, by the
vanishing of all the (s — 7+ 1) X (s — r + 1) minors of A because for L' € W}, the condition is

ROL)y>r+1<=h(L)>g—d+r
< rank(A)p < (g—d+s)—(g—d+r)=(s—1).

It follows from the tangent cone theorem in generic vanishing theory (cf. [GL87, Theorem 4])
that one has the following containments:

Ty € Ireywy €/ Iregwr

where the first ideal is generated by all the (s —r+1) x (s —7+1) minors of A;. If one knows that
the first ideal Z; is a radical ideal, and that both Z; and 4 /ITCLW§ define the same conical subset
in Ty, Pic?(C) (forgetting about the scheme structure), then the tangent cone TCL WY is reduced.
Since we have W,fl = Wy_o, as sets, one has
dmTC Wy =dimW; =d —2r.

By the discussion above, it suffices to show that the (s —r + 1) x (s — r + 1) minors of the
matrix A; define a reduced, irreducible subscheme of 77, Pic?(C) of dimension d — 2. This boils
down to the following two claims.

CLAIM A.6. The matrix A; is a Hankel/Catalecticant matrix, that is,

Z L2 LTg—d+s
X xr cee Tg—
A = 2 3 g—dts+1
LTsy1 - = Tg—d+2s

up to a change of local coordinates.

Proof. We learned this argument from Nero Budur; see [BD23, Proposition 8.17]. By [ACGHS85],
the matrix A; is the one given by the map H°(L) — H'(L) ® H°(wc¢), which is equivalent to
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the Petri map
. 170 0 -1 0
7 HY(L) @ H(we ® L) — H'(we) .
Since C' is hyperelliptic and h°(L) = s + 1, we can write
L=sg3+p1+-+pias,
we@ Lt =(g—1—5—(d—25)gs + a1+ +daas,

where p; + ¢; is a hyperelliptic pair for each 1 < ¢ < d — 2s and no two p; lie in the same fiber
of the hyperelliptic involution C — P'. Then the Petri map corresponds to

HY(P',0(s)) @ H*(P',0(g—1—d+3s)) — H°(P',0(g—1—d+2s)) — H°(P',0(g—1)).

The last map is the tensor product with the section n € H°(P!, O(d—2s)), where 7 is the product
of all linear forms defining the image of p; in P! for 1 < i < d — 2s. Write V = H(P!,0(1)),
then the Petri map is the natural multiplication map

Sym®V ® Symg_l_d+8 V — Symg_l_d+2s Vv,
which clearly gives a Catalecticant matrix since dim V' = 2. O

CrLAam A.7. Let Cy 4 be av x w Catalecticant matrix with v > w, that is,

a’:l xZ PR "L"LU

Ty T3 - Tw+1
Cv7w: .. “ .. .« .. RIS

x'U DR ... x?}+w—1

Then for k < w, the ideals of (k4 1) x (k + 1) minors of C,,, define a reduced irreducible
subscheme Z of dimension 2k in Cv*%~1,

Proof. We use notation from [Eis88]. Let M = Cat(v,w) C PC"" be the Catalecticant space,
which is of dimension v + w — 2 (cf. [Eis88, §4, p. 561]). Let M}, be the subscheme of matrices
of rank at most k in M this linear space corresponds to all the minors of C, ,, of size k + 1. By
[Eis88, Proposition 4.3], one has

codimpy My =v+w—1-2k,
and My, is the k-secant variety of a rational normal curve. Thus
dim My =dimM —(v+w—-1-2k)=(v+w—-2)— (v+w—-1-2k)=2k—-1,

and Mj, is irreducible. Moreover, Eisenbud [Eis88, Proposition 4.3 and after] observes that My
is reduced. Therefore, the corresponding space Z C CUt*~! is reduced, irreducible and has
dimension 2k. O

Now we can finish the proof of this lemma. If d > g — 1, then s —r < s+ 1< g—d+s;if
d = g, then we can assume r > 1 (note that I/VgO (C) is reduced by a theorem of Kempf) and still
get s—r <s=g—d+ s < s+ 1. Therefore, we can apply Claims A.6 and A.7 to obtain that
the (s =7+ 1) x (s —r + 1) minors of the matrix A; define a reduced, irreducible subscheme
in Ty, Pic?(C)) = C9 of dimension 2(s — r) + (d — 2s) (because only the variables z1, ..., 2,425
show up in the matrix A, and the other variables provide an additional d —2s dimensions). This
gives what we want, and therefore we have finished the proof that T'C, W} is reduced.

As a consequence, Wj(C) is reduced for any 0 <r < d < g. O
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