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Deforming cyclic covers in towers

Huy Dang

Abstract

Obus, Wewers, and Pop recently resolved a long-standing conjecture of Oort, which
asserts that every cyclic cover of a curve in characteristic p lifts to characteristic zero.
Säıdi subsequently asked whether these covers are also “liftable in towers.” We prove
that the answer to the equal-characteristic version of this question is affirmative. Our
proof uses the Hurwitz tree technique along with tools developed by Obus and Wewers.

1. Introduction

Throughout this paper, we assume that k is an algebraically closed field of characteristic p > 0.
An Artin–Schreier–Witt k-curve is a smooth projective connected k-curve Y that is a Z/pn-cover
of the projective line P1

k. When n = 1, we call Y an Artin–Schreier curve.

Classically, one may study an object in characteristic p by finding a “link” of it with char-
acteristic zero. For instance, Grothendieck showed that every (smooth, projective, connected)
curve Y over k “lifts” to a curve Y over a finite extension of the ring of Witt vectors W (k),
hence in characteristic zero. In addition, the prime-to-p part of the étale fundamental group of Y
is equal to that of the generic fiber of Y, see [Gro63, Corollaire XIII.2.12], which can be easily
calculated from the topological fundamental group of its corresponding one over C due to the
Riemann existence theorem (see, for example, [Ser56]). Note that the p-parts of the fundamental
groups are not the same. For instance, when Y = A1

k
∼= Spec k[x], the geometric fundamental

group of its lift’s generic fiber A1
FracW (k)

∼= SpecFracW (k)[X] is trivial as π1
(
A1
C
)
is. However,

πét1
(
A1
k

)
is non-trivial as there always exists an étale Z/p-cover defined by the equation yp−y = x.

In fact, πét1
(
A1
k

)
is infinitely generated as there exists for each n ∈ Z>0 a Z/pn-cover of A1

k (see
Section 2.2).

It is thus natural to ask whether one can lift a Galois cover of curves to characteristic zero.
Thanks to a local-to-global principle [Gar96, § 3], one may restrict the study of Galois covers
of curves to Galois extensions of power series (see also Section 2.3.2). The answer, in general,
is no [Oor87, § 1.1]. We call a group G such that every local G-cover in characteristic p lifts a
local Oort group for p. In fact, if a group G is a local Oort group for p, then G is either cyclic,
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dihedral of order 2pn, or the alternating group A4 (with p = 2); see [CGH11]. One would naturally
expect that the converse holds. When G is cyclic, it is known as the Oort conjecture, which first
appeared in 1995 in a list of questions and conjecture published in [MR319, Appendix 1] and
was settled recently. The first result is due to Oort, Sekiguchi, and Suwa, who showed that the
conjecture holds for all Z/pm-covers, where (m, p) = 1; see [SOS89]. Green and Matignon then
proved that for the case G ∼= Z/p2m; see [GM98]. Finally, a combined effort of Obus–Wewers
and Pop resolved the conjecture in [OW14] and [Pop14]. Säıdi conjectured a more general version
of this result [Säı12, Conj-0-Rev], which says that a lift of a subcover of a given G-cyclic cover
can be extended to a lift of the cover itself. That conjecture holds given a definite answer to the
following.

Question 1.1 (The refined local lifting problem). Let k[[z]]/k[[x]] be aG-Galois extension, whereG
is cyclic. Suppose that we are given a discrete valuation ring R in characteristic zero and a lift
R[[S]]/R[[X]] of a subextension k[[s]]/k[[x]]. Do there exist a finite extension R′ of R in charac-
teristic zero with residue field k and a G-Galois extension R′[[Z]]/R′[[X]] that lifts k[[z]]/k[[x]]
and contains R′[[S]]/R′[[X]] as a subextension?

As in the standard local lifting problem for cyclic groups, one may also assume that G =
Z/pn; see [Obu12, Proposition 6.3]. We are tackling Question 1.1 by following the approach
from [OW14]. Let us briefly describe how the Oort conjecture was proved. Obus and Wewers
first proved a general result stating that a cyclic cover lifts if it has no essential ramification
([OW14, Theorem 1.4], see also Definition 2.11). Pop completed the proof by showing that every
cover that cannot be lifted by Obus and Wewers admits an equal-characteristic deformation
whose generic fibers have no essential ramification and thus also lift to characteristic zero. The
existence of these non-trivial equal-characteristic deformations, which change the number of
branch points but fix the genus, is also a unique aspect of wildly ramified covers. That gives us
another way to investigate a cover in characteristic p: finding a connection of it with a slightly
different one via equal-characteristic deformation. The main result of this paper is a positive
answer to the global equal-characteristic analog of Question 1.1.

Theorem 1.2. Suppose that ϕ : Z → X is a cyclic G-Galois cover of curves over k and ψ : Y → X
is its H-Galois subcover (where H is a quotient of G). Suppose, moreover, that Ψ: YR → XR
is a deformation of ψ over a complete discrete valuation ring R of characteristic p. Then there
exist a finite extension R′/R and a deformation Φ: ZR′ → XR′ of ϕ over R′ that contains
Ψ ⊗R R

′ : YR′ → XR′ as a subcover. That is, one can always fill in the following commutative
diagram of cyclic Galois covers:

Spec k X Y Z

SpecR X Y Z ,

ψ λ

Ψ Λ

where λ is the factor of ϕ through Y , after maybe a finite extension of R.

To prove the theorem, we adapt the techniques from [OW14]. One may first reduce the
problem to the case where ϕ is a one-point cover. Its deformation Φ can then be regarded as
a cover of a rigid disc over R with good reduction (see Section 3.4.1). To achieve the right
reduction on the disc’s boundary, we continuously control the degeneration of the restriction
of Φ from inside to outside. This information is kept track of in the Hurwitz tree of Φ. It is a
combinatorial-differential object that has the shape of the dual graph of a semi-stable model of the

306



Deforming cyclic covers in towers

cover, together with the degeneration data of some restrictions of that cover at the corresponding
vertices. The degeneration datum of a cover is derived from its refined Swan conductor. The
conductor was defined by Kato [Kat89] in 1989. Since then, it has been studied by many other
authors (Matsuda, Tsuzuki, Saito, Abbes, Kedlaya, Xiao, Chiarelotto, Pulita, Leal, Thatte, . . . )
from various points of view (see [Mat97, Mat95, Tsu98, AS02, Xia12, CP09, Lea18, Tha16]), and
has plenty of applications.

Remark 1.3. The notion of a Hurwitz tree was initially formulated for covers in mixed charac-
teristic to tackle the lifting problem for Z/p-covers, by Henrio [Hen00]. It was later improved
by Bouw, Brewis, and Wewers [BW06, BW09]. In [Dan20b], we characterize Hurwitz trees for
Z/p-covers of a rigid disc in equal characteristic and use them to classify equal-characteristic
Z/p-deformations [Dan20b, Theorem 1.2].

Remark 1.4. Understanding these deformations also equates to understanding the geometry
of the moduli space of cyclic covers of fixed genus. Capitalizing on this fact, we show that
the moduli space of Artin–Schreier covers of fixed genus g is connected when the integer g
is sufficiently large, by explicitly constructing some local equal-characteristic Z/p-deformations
[Dan20a, Theorem 1.1]. Furthermore, knowing the geometry of a moduli space, in turn, allows the
study of invariants over flat families of objects parameterized by the space. The most well-known
among them are p-rank, a-number, Ekedahl–Oort type, and Newton polygons (see, for example,
[MR319, Chapter 6]). Recently, there has been a consistent stream of papers about how these
invariants behave for Galois covers (see, for example, [Zhu04, DWX16, KLS19, BC20]), especially
cyclic covers. We will briefly discuss some of these applications along the way.

1.1 Outline of the proof of Theorem 1.2

Firstly, thanks to a local-to-global principle, we show that Theorem 1.2 holds if and only if
its local version does (Theorem 2.20 and Proposition 2.21). This means that we can restrict
ourselves to the case where ϕ is a cyclic extension of a power series over k. Furthermore, one may
assume that G ∼= Z/pn for some n ∈ Z⩾1 and H ∼= Z/pn−1 (Theorem 2.34). In that setting, the
G-extensions are described by Artin–Schreier–Witt (ASW) theory, which is briefly discussed in
Section 2. Finally, a construction by Katz and Gabber allows us to go back to the global case,
that is, where ϕ is a one-point cover of the projective line (Section 2.4), which further simplifies
some calculations.

At this point, we can translate our problem to finding conditions for good reduction of a
cover of a t-adic projective line as below.

Proposition 1.5 (Proposition 2.35). Suppose that n ⩾ 2 is an integer, R = k[[t]], ϕn : Y n →
P1
k is a one-point Z/pn-cover, and ϕn−1 : Y n−1 → P1

k is the Z/pn−1-subcover of ϕn. Suppose,
moreover, that Φn−1 : Yn−1 → P1

R is a Z/pn−1-cover whose reduction (modulo t) is isomorphic
to ϕn−1. Then there exist a finite extension R′/R and a Z/pn-cover Φn : Yn ⊗R R

′ → P1
R′ that

extends Φn−1 and has special fiber isomorphic to ϕn.

One may then assume that the generic branch locus of ϕn lies inside a t-adic disc D ⊂(
P1
Frac(R′)

)an
. We prove the above proposition in four steps, as follows.

Step 1. We start by studying the refined Swan conductors of Artin–Schreier–Witt (ASW)
covers of a t-adic disc over K (recall that K = FracR) (Section 3.5), which measure the degen-
eration of these covers. Those invariants usually have the form (δ, ω), where δ is a non-negative
rational number and ω is a differential form over k(x). A key result is Theorem 3.42, which gives
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some rules on the degeneration of Φn when that of Φn−1 is known. That is the equal-characteristic
analog of [Wew14, Theorem 1.2].

Step 2. The information from the previous step then allows us to define the Hurwitz tree
Tn−1 associated with Φn−1 (Section 4). That is a directed tree that encodes in its structure the
geometry of the branch points of Φn−1. Each vertex v of Tn−1 is equipped with a pair (δv, ωv),
which is the refined Swan conductor of the restriction of Φn−1 to some subdisc of D. Each leaf
has a conductor, which is determined by the ramification datum of the generic fiber of Φn−1. This
generalizes the Hurwitz tree construction for an Artin–Schreier cover in [Dan20b]. We further
show how the information from a Hurwitz tree can tell whether the corresponding cover has good
reduction or not (Proposition 4.15 and Remark 4.16).

Step 3. In this step, we show that one can always construct explicitly a Z/pn-tree Tn that
“extends” Tn−1 in the sense of the criteria from Step 1 (Proposition 4.22). Moreover, the structure
of Tn is specially designed to be used in the final step.

Step 4. Finally, using Tn as a frame, we construct a cover Φn that proves Proposition 1.5.
Roughly speaking, we start from a candidate for Φn that has the degeneration data asserted by Tn
on certain subdiscs of D corresponding to the “leaves” of Tn, where it is much easier to achieve
(Section 5.6). We then continuously modify that cover by multiplying it with certain “controlling
characters” (Section 5.5) along Tn (Section 5.7) until we get to its “root” (Section 5.10), which
corresponds to the boundary of the t-adic disc. We then obtain a Z/pn-cover whose degeneration
data coincide with those of Tn. The fact that Φn has a good reduction isomorphic to ϕn is then
immediate from what we learn in Step 2.

Remark 1.6. The modifying process in Step 4 is influenced by Obus and Wewers [OW14], which
in turn is inspired by [GM98]. For those familiar with that work, we will present a comparison
between the two techniques as well as provide more details of this step in Section 1.1.1. An
overview of the construction can also be found in Section 5.4.

Remark 1.7. One major difference between this paper and [OW14], besides the characteristic of
the ring R, is that the tree Tn of the latter has no “branches” that one needs to control (that
follows from the ramification breaks hypothesis of [OW14, Theorem 1.4]). Therefore, the Hurwitz
tree technique is not utilized in the work, even though they used it to acquire the intuition and
the idea for the main strategy. We, however, prove Proposition 5.4, which basically says that one
can “partition” Φn at each vertex of Tn so that it is sufficient to modify the “part” of the cover
corresponding to a subtree of Tn. Hence, we can alter many techniques from Obus and Wewers
to fit our situation.

Remark 1.8. There are three main obstacles that prevent us from answering Question 1.1 using
the strategy from this manuscript:

(i) Firstly, it is hard to compute the Swan conductors of a Kummer cover (with given equation)
of a disc in mixed characteristic, unlike in the equal-characteristic case, as discussed in
Section 3.9.

(ii) Adapting Step 3 is also an issue, as finding the differential forms to fit in the tree Tn is no
longer as natural, as shown in Section 6.1. We are able to do so when p = 2 and n = 2,
though.

(iii) Finally, Step 4 also becomes much more complicated because the controlling characters of
Section 5.5 are no longer straightforward to build. Our current method, which is developed
from [OW14], requires showing that certain square matrices, whose sizes can be arbitrarily
large, are invertible to prove the existences of such characters.
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1.1.1 Step 4. As discussed above, we may restrict ourselves to the situation of Proposi-
tion 1.5. By Artin–Schreier–Witt theory (Section 2.2), the cover ϕn (respectively, Φn−1) could
be presented by a length n (respectively, length n − 1) Witt vector g

n
:= (g1, g2, . . . , gn) in

Wn(k(x)) (respectively, Gn−1 = (G1, . . . , Gn−1) ∈ Wn−1(K(X)), where K := FracR). In ad-
dition, one may assume that a cover Φn as in Proposition 1.5 should have the form Gn :=
(G1, G2, . . . , Gn−1, Gn) ∈Wn(K(X)). Therefore, it suffices to show the existence of such a ratio-
nal Gn ∈ K(X). Corollary 3.24 then asserts that it suffices to construct a Gn such that

(C1) the cover Φn has an étale reduction (Definition 3.7),

(C2) its generic fiber’s covering space has the right genus, and

(C3) the Witt vector representing the special fiber is in the same ASW class as g
n
.

The construction of such a Gn can be summarized as follows.

Step 4.1. We first assume that Gn−1 is best (Definition 3.36) and set Gn = 0. That makes
the genus of the generic fiber of Φn “minimal.” This fact allows us to more easily manage the
generic ramification.

Step 4.2. Recall from Step 3 that Tn−1 is a Hurwitz tree arising from Φn−1 and Tn is one that
“extends” Tn−1. Suppose that v is a vertex of Tn. Then, by construction, there is a matching one
in Tn−1, which we also call v. That vertex corresponds to a closed subdisc Dv of the t-adic disc
SpecR[[X]]. Suppose moreover that there are m edges or leaves e1, e2, . . . , em pointing out from
v in Tn−1. Each ei represents an open annulus or an open disc Aei contained in Dv and has the
same outer radius. We then break down

Gn−1 =: Gn−1,v,∞ +

m∑
i=1

Gn−1,v,i , (1.1)

where Gn−1,v,∞ (respectively, Gn−1,v,i) has no poles inside Dv (respectively, outside the disc
formed by the outer radius of Aei). In addition, the datum on each vertex of Tn−1 starting
from ei coincides with that of one formed by Gn−1,v,i (see Proposition 5.4). This fact allows us
to modify Gn, hence Gn, inductively along the tree Tn starting from the leaves and ending at the
root. This process equates to controlling the degeneration of Φn from particular subdiscs to the
whole disc. The four following steps will construct Gn by doing inductions on the vertices and
edges of Tn.

Step 4.3. Consider a “final vertex” v, which is adjacent to the leaves {b1, . . . , bm} with con-
ductors ι1,n, . . . , ιm,n, respectively, of Tn. One can modify the part of Gn at v by adding poly-
nomials with poles corresponding to the bi ∈ Bv and with degree at most ιi,n − 1. The result is
a cover whose degeneration on Dv coincides with that of Tn at v. That is induction step Ind 1.
in Section 5.4. Note that condition (C2) is achieved in this step. The items below correspond to
induction steps Ind 2. through Ind 5..

Step 4.4. Look at an edge e adjacent to the final vertex v. Note that Step 4.3 gives the
existence of a Gn giving rise to the right degeneration at v. Furthermore, Step 4.2 allows us
to assume that Gn has only poles inside Dv. It hence can be represented by a power series
that converges outside Dv. Using an analytical technique and the comparison tool developed in
Section 3.8, we show that one can modify Gn in such a way that the right degeneration occurs
at the starting vertex of e, settling the base case. The method is parallel to one in [OW14, § 6.4].

Step 4.5. Let v be a non-final vertex, which is the target of e and the start of e1, . . . , em.
Recall that we may apply (1.1) to partition Gn−1 into a sum, where each summand Gn−1,v,i
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correspond to a Z/pn−1-cover whose branch points lie inside the disc Dei formed by the outer
radius of Aei . By induction, we obtain, for each i, a Gnv,i ∈ K(X) that extends Gn−1,v,i and
whose sum gives the right degeneration at v.

Step 4.6. This step is just a repetition of Step 4.4 to an edge e that is adjacent to the vertex
v above, completing the inductive step. We hence obtain, by induction, the right degeneration
everywhere but at the root of Tn. Condition (C1) is hence fulfilled.

Step 4.7. Finally, we adapt [OW14, § 6.5] to obtain the right reduction at the root of Tn,
hence on the whole disc. Condition (C3) is thus satisfied.

1.2 Notation and conventions

The letter K will always be a field of characteristic p that is complete with respect to a discrete
valuation ν : K× → Q. The residue field k of K is algebraically closed of characteristic p. One
example to keep in mind is K = k((t)), the field of Laurent series over k, and ν(t) = 1 defines
the discrete valuation. The ring of integers of K will be denoted by R.

We fix an algebraically closure K of K, and whenever necessary, we will replace K with
a suitable finite extension within K, without changing the above notation. The symbol K usually
denotes a function field over K (for example, K = K(X)).

Below is some unusual notation used in this paper, with the corresponding locations.

Notation Description Location

Kn(a) The character defined by the Witt vector a of length n Section 3.4

D[r, z] Closed disc of radius p−r, centered at z Section 3.2

D[r, z] Open disc of radius p−r, centered at z Section 3.2

Wn(K) Witt vector of length n over K Section 2

(−)r − · π−pr, where − ∈ K and π is a uniformizer of a discrete
valuation ring

Section 3.2

[ − ]r,z Reduction of ((−)− z)r Section 3.2

Gv A collection of extensions with right depth at v Definition 5.8

Hv A collection of extensions with right branching datum at v Definition 5.6

Wv A collection of extensions giving rise to right differentials at v Definition 5.14

λe(G) The kink of the character that G gives rise to on an edge e Section 5.7

λm(χ) The largest kink of χ that satisfies the conditions in Section 3.8 Proposition 3.31

µm(χ) A function that detects the kink of χ of Section 3.8 Proposition 3.31

δχ(r, z) The depth conductor of χ|D[pr,z] Section 3.5.2

ωχ(r, z) The differential conductor of χ|D[pr,z] Section 3.5.2

swχ(x) The boundary conductor of χ at the boundary associated with x Section 3.5

Cχ(r, z, w) The sum of the conductors on the w-direction in D[pr, z] Definition 3.19

CT (e) The sum of conductors of the leaves succeeding an edge e of T Definition 4.7

νs,z The Gauss valuation associated with D[s, z] Section 3.2

B(χ) The branch locus of the character χ Section 3.2
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BT (e) The leaves of T succeeding an edge e Definition 3.19

T (e) The subtree of T that contains only the data after e Section 4.4.1

2. Artin–Schreier–Witt covers

Recall that the prime-to-p part of the fundamental group of a curve in characteristic p is equal to
that of its lift to characteristic zero. However, the p-part of πet1

(
A1
k

)
is no longer trivial as there

always exists an étale Z/p-cover defined by the equation yp − y = x. That cover, also known as
an Artin–Schreier cover, is the simplest example of a wildly ramified Galois cover (p divides the
order of an inertia group). Furthermore, Z/pn-covers of a projective line can be described using
Witt vectors [Lan02, Chapter VIII, Exercises, p. 330]; hence it is easy to construct examples
and study them using explicit methods. Therefore, understanding these covers is usually the first
step in developing a theory for all wildly ramified covers.

2.1 Artin–Schreier–Witt theory

In this section, we give a quick overview of Artin–Schreier–Witt theory. For more details, see,
for example, [Lor08, § 26] or [Lan02, Chapter IV]. Suppose that M/K is a Z/pn-extension of
fields in characteristic p > 0. Then M = K(α1, . . . , αn), where αi ∈ Ksep is a solution of an
Artin–Schreier–Witt equation

℘
(
α1, . . . , αn

)
=
(
f1, . . . , fn

)
, (2.1)

where (f1, . . . , fn) lies in the ring Wn(K) of truncated Witt vectors of length n and ℘(α :=
(α1, . . . , αn)) = F (α)−α is the Artin–Schreier–Witt isogeny, where F is the Frobenius morphism
of Wn(K). Moreover, the extension is unique up to adding an element of the form ℘(b1, . . . , bn),
where (b1, . . . , bn) ∈ Wn(K), to (f1, . . . , fn); see [Lor08, § 26, Theorem 5]. In other words, we
have the following bijection, which is an application of Hilbert’s Theorem 90:

H1(K,Z/pn) ≃−→Wn(K)/℘(Wn(K)) .

We call f := (f1, . . . , fn) the defining Witt vector of the extension M/K and the process of
adding ℘(b1, . . . , bn) to the right-hand side of (2.1) an Artin–Schreier–Witt operation. If f and g
differ by an Artin–Schreier–Witt operation, we say that they are in the same Artin–Schreier–Witt
(ASW ) class.

2.2 Cyclic covers of curves

An Artin–Schreier–Witt curve of level n is a smooth, projective, connected curve that is a G ∼=
Z/pn-cover of the projective line over k. Recall that the category of normal projective k-curves
and non-constant morphisms is equivalent to that of finitely generated field extensions K/k of
transcendence degree 1; see [Har77, Corollary I.6.12]. Therefore, it follows from the previous
section that an arbitrary Z/pn-cover ϕn : Yn → P1

k = Proj k[x, v] can be represented by an ASW
equation as follows:

℘
(
y1, . . . , yn

)
=
(
f1(x), . . . , fn(x)

)
, (2.2)

where f := (f1, . . . , fn) lies in the ring Wn(k(x)). For the rest of Section 2.2, we set K := k(x).
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Example 2.1. Suppose p = 5. The cover Y → P1
K defined by

y5 − y =
1

x5
+

1

(x− 1)7
(2.3)

is an Artin–Schreier curve. Note that the term 1/x5 is a 5th power. Hence, by the above discussion,
adding (−1/x)5 − (−1/x) to the right-hand side of (2.3) does not change the cover it defines.
The result is an Artin–Schreier equation of the form

y5 − y = −1

x
+

1

(x− 1)7
. (2.4)

Example 2.2. Suppose p = 2. The following equation defines a Z/4-cover of P1
k:

℘(y1, y2) =

(
1

x2
,
1

x4
+ x2

)
. (2.5)

By adding ℘(1/x, x+ 1/x) to right-hand side of (2.5), one obtains an alternative representation

℘(z1, z2) =

(
1

x
,
1

x
+ x

)
. (2.6)

Remark 2.3. We say that the ASW equations (2.4) and (2.6) have reduced forms, or the defining
Witt vectors are reduced. This means that the partial-fraction decomposition of each entry of
the defining Witt vector only consists of prime-to-p-degree terms. One can show that every ASW
cover can be represented by a unique Witt vector of reduced form.

2.2.1 Branching datum. A reduced defining Witt vector tells us everything about the rami-
fication datum of the cover it defines. Particularly, suppose f ∈Wn(K) (recall that K = k(x)) is
reduced, and let P := {P1, . . . , Pr} be the set of poles of the f i. Then P is also the branch locus
of ϕn. Furthermore, for each ramified point Qj above Pj , the cover ϕn induces an exponent p
cyclic extension of complete local ring ÔYn,Qj/ÔP1,Pj

with perfect residue field. Hence, it makes
sense to talk about the ramification filtration of ϕn at a branch point Pj (see [Ser79, § IV.3]).
Suppose that the inertia group of Qj is Z/pm (where n ⩾ m). We say that the ith ramification
break of ϕn at Pj is −1 for i ⩽ n−m. When i > n−m, the ith ramification break of ϕn at Pj
is the (i − n +m)th one of ÔYn,Qj/ÔP1,Pj

. We denote by uj,i the ith upper ramification break
of ϕn at Pj . We call ej,i = uj,i + 1 the ith conductor of ϕ at Pj . The following formula explicitly
computes the ramification filtration of ϕn in terms of f .

Theorem 2.4 ([Gar02, Theorem 1]). With the assumptions and the notation as above, we have

uj,i = max
{
pi−l deg(x−Pj)−1

(
f l
)
| l = 1, . . . , i

}
(2.7)

for i > n−m.

Remark 2.5. From equation (2.7), one deduces that, if the inertia group of Qj is Z/pi, then
i = min

{
l | deg(x−Pj)−1(f l) ̸= 0

}
. In addition, if p ∤ uj,n−m+1 ̸= 0, then uj,i ⩾ puj,i−1 for

n−m+2 ⩽ i ⩽ n, and if p | uj,i, then uj,i = puj,i−1. In particular, when n = 1, that is, when ϕ1
is an Artin–Schreier cover, the unique ramification break at Pi is equal to the order of the pole
of f1 at Pi.

Example 2.6. The cover from Example 2.2 has breaks (1, 2) at x = 0 and (−1, 1) at x = ∞.

Remark 2.7. One can easily derive from the above discussion that the length n Witt vector
(x, 0, . . . , 0) defines an étale Z/pn-cover of the affine line over k. That proves the infinitely gen-
eratedness of the fundamental group of A1

k discussed in Section 1.
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Furthermore, it follows from [Pop14, Fact 2.3] that the degree of the different at the branch
point Pj is

δPj =
n∑
i=1

(uj,i + 1)
(
pi − pi−1

)
. (2.8)

Set ej,i := uj,i + 1 . We denote by ϕl the Z/pl-subcover of ϕn. Then ϕl : Yl → P1
k corresponds to

the length l Witt vector (f1, . . . , f l) ∈Wl(K). We denote by δlPj
the degree of the different at Pj

of ϕl. The following result gives the genus of Yl in terms of the ramification breaks.

Proposition 2.8. In the above notation, the genus of the Z/pl-covering curve Yl is

gYl =
2(1− pl) +

∑l
i=1

(∑r
j=1 ej,i

)(
pi − pi−1

)
2

. (2.9)

Proof. Applying the Riemann–Hurwitz formula [Har77, Corollary IV.2.4], we obtain

gYl =
2
(
1− pl

)
+
∑r

j=1 δ
l
Pj

2
.

Using (2.8) to calculate the degree of the different at each branch point Pj , we immediately
realize (2.9).

Therefore, Z/pn-covers of the same genus on each of its subcovers have the same ei :=∑r
j=1 ej,i for 1 ⩽ i ⩽ n. We thus use an r×n matrix as follows to record the ramification datum

of the cover:

M =


e1,1 e1,2 . . . e1,n

e2,1 e2,2 . . . en,n
...

...
. . .

...

er,1 er,2 . . . er,n

 .
We call the above matrix M the branching datum of ϕn. We call the divisor

∑r
j=1 ej,lPj the

level l branching divisor or, when l = n, just the branching divisor of ϕn.

The forward direction of the following corollary is immediate from Remark 2.5.

Corollary 2.9. An r× n matrix M = (ej,i) with positive integer entries is a branching datum
of a Z/pn-cover if and only if the following hold:

(i) For J = min{i | ej,i ̸= 0}, we have ej,J ̸≡ 1 (mod p) for j = 1, . . . , r.

(ii) For J < i ⩽ n, we have ej,i ⩾ pej,i−1 − p+1. Equality holds if and only if ej,i ≡ 1 (mod p).
If ej,i > pei,j−1 − p+ 1, then ej,i = pei,j−1 − p+ aj,i + 1 for an integer aj,i prime to p.

Proof. Suppose that M = (ej,i) is an r × n matrix whose entries satisfy conditions (i) and (ii).
Let xi, . . . , xr be distinct points on k. Consider the length n Witt vector

F =
(
f1, . . . , fn

)
∈Wn(k(x)) ,

where f i =
∑r

j=1 aj,i/(x− xj)
ej,i−1 and the aj,i are defined as follows:

aj,i :=

{
0 , ej,i ≡ 1 (mod p) ,

1 , ej,i ̸≡ 1 (mod p) .

It then follows from Theorem 2.4 that the cyclic cover defined by F has branching datum coin-
ciding with M , proving the necessity of the conditions.
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Definition 2.10. Suppose that (e1, . . . , en), as a 1× n matrix, satisfies the conditions of Corol-
lary 2.9. We define Ωe1,...,en to be the collection of r× n matrices that partition (e1, . . . , en) and
are such that each row satisfies the conditions of that same corollary.

Definition 2.11. We use the notation above and set e0,i = 0 for 1 ⩽ j ⩽ r. We say that ϕn has
no essential jump from level i− 1 to i at Pj if ej,i = pej,i−1 − p+1 or ej,i = pej,i−1 − p+ aj,i+1,
where 1 ⩽ aj,i ⩽ p− 1. If this holds for all Pj , we say that ϕn has no essential jumps from level
i− 1 to i. We say that ϕn has no essential jump if this is true for all 1 ⩽ i ⩽ n.

Example 2.12. The cover in Example 2.1 has branching datum [2, 8]⊤, hence has an essential
jump at x = 1. The cover from Example 2.2 has branching datum [ 2 3

0 2 ], so has no essential jump.

Remark 2.13. When n = 1, the genus of an Artin–Schreier cover Y1
ϕ−→ P1

k is

g := gY1 =

(∑r
i=1(ei,1 + 1)− 2

)
(p− 1)

2
.

Hence, all Artin–Schreier k-curves with the same genus g have the same sum of conductors d+2,
where d := 2g/(p− 1). Thus, it is natural to classify Artin–Schreier covers of the same genus by
their branching data. This idea is utilized by Pries and Zhu to partition the moduli space ASg
of Artin–Schreier curves of genus g into irreducible strata [PZ12, Theorem 1.1]. By explicitly
constructing some local deformations, we show that ASg is connected when g is sufficiently large
[Dan20a, Theorem 1.1]. In [DH24], we carry the idea from [PZ12] and [Dan20a] further to all
cyclic covers. In particular, we show that the moduli space ASWcov(g1,...,gn) of Z/pn-covers whose
Z/pi-subcovers have genus gi can be partitioned into irreducible strata, where each stratum is
represented by a suitable branching datum matrix.

2.3 Deformations of cyclic covers

2.3.1 Deformation of Galois covers. Suppose that Y
ϕ−→ C is a G-Galois cover over k, where

C and Y are smooth, projective, connected k-curves. Suppose, moreover, that A is a local,
Noetherian, complete k-algebra with residue field k, which is also a domain. Let

Defϕ : Alg /k −→ Set

be the functor which, with any A ∈ Alg /k, associates classes of G-Galois covers YA
Φ−→ CA of

smooth proper curves that make the Cartesian diagram

Y YA

C CA

Spec k SpecA

ϕ Φ

f

(2.10)

commute and are so that the G-action on YA induces the original action on Y . More precisely,

– the special fiber of Φ is isomorphic to ϕ, and

– the isomorphism Y ∼= YA ⊗A k is G-equivariant.

We call Φ a deformation of ϕ over A. For more details, see [BM00, § 2]. In this paper, we focus on
the case where G is cyclic and A is a finite extension of a power series k[[t]], which is a complete
discrete valuation ring of characteristic p with residue k.
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Remark 2.14. One application of deformation is reducing hard, general problems to ones that
are easier to study. For instance, Norman and Oort showed that every abelian variety in char-
acteristic p > 0 can deform to an ordinary one [NO80], hence lifts to characteristic zero by
Serre–Tate [Kat81, Del81]. A similar strategy was applied to prove that every cyclic cover in
characteristic p lifts to characteristic zero. Namely, Pop showed that every cyclic cover equal-
characteristically deforms to one with no essential ramification jumps. This cover always lifts
by Obus and Wewers [OW14], hence so does the original one. This approach was first discussed
in [OM68].

2.3.2 A local-to-global principle. Let R be a complete discrete valuation ring as before. The
local-to-global principle below allows us to study the deformation problem by way of the local
deformation problem.

Theorem 2.15. Let Y be a smooth projective curve over k, with a faithful action of G by
k-automorphisms. Let y1, . . . , yr ∈ Y be the points where G acts with non-trivial inertia. For
each 1 ⩽ j ⩽ r, let Gj be the inertia group of yj in G, and let ιj : Gj → Autk k[[uj ]] be the
induced local action on the complete local ring of yj . Then the deformation of Y with G-action
over R is determined by the deformation over R of each of the local Gj-actions.

Proof. See [Säı12, § 1.2] or [Gar96, § 3].

We thus can reduce the study of deformation to the case where ϕ is local, namely, where ϕ
is a G-Galois extension of power series k[[x]] → k[[z]]. In that case, Bertin and Mézard showed
that the functor Defϕ is represented by (the spectrum of) a versal deformation ring [BM00,
Theorem 2.1], which we denote by Rϕ or RG. The tangent space of Defϕ is H1(G,Derk k[[z]]). Its
obstruction space is H2(G,Derk k[[z]]). Note that, when G is cyclic, the dimension of the tangent
space H2(G,Derk k[[z]]) is usually positive [BM00, Théorème 4.1.1]. The deformation problem is
hence non-trivial.

Little is known about RG when ϕ is wildly ramified, that is, when p | |G|. When G ∼=
Z/p and ϕ has “conductor” 1 (that is, when the corresponding HKG cover [Har80] (see also
Section 2.4) of the projective line over k has genus 0), the ring RG is completely described
by [BM00, Théorème 4.2.8]. It is also known for all conductors when G = Z/2; see [BM00,
Théorème 4.3.7]. To generalize these results, one would naturally ask the following Galois theory-
type question.

Question 2.16. Suppose n ⩾ m ∈ Z⩾0 and that we are given a tower of Galois extensions

k[[x]] k[[ym]] k[[yn]] .
ϕm ϕn/m

ϕn

How do the rings Rϕm , Rϕn/m
, and Rϕn relate?

There is a natural map ind: SpecRϕn → SpecRϕm ; see [Bys11]. In particular, when ϕn is a
Z/pn-cover defined by a length nWitt vector f

n
:= (f1, . . . , fn) and ϕm is its Z/pm-subcover, the

morphism ind maps f
n
to f

m
:= (f1, . . . , fm). Let ϕm denote the mth level of ϕn. We conjecture

the following.

Conjecture 2.17. In the notation of Question 2.16, if G := Gal(k[[yn]]/k[[x]]) is cyclic, then
ind: SpecRϕn → SpecRϕm is surjective. That is, given an arbitrary complete discrete valuation
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ring R with residue field k, one can always fill in the commutative diagram

Spec k Spec k[[x]] Spec k[[ym]] Spec k[[yn]]

SpecR′ SpecR′[[X]] SpecR′[[Ym]] SpecR′[[Yn]]

ϕm ϕn/m

Φm Φn/m

after a finite extension R′ of R. If this holds, we say that ϕn is deformable in towers.

Remark 2.18. When R has characteristic zero, the conjecture is precisely the refined local lifting
problem (Question 1.1).

Remark 2.19. One may want to approach Question 2.16 on the level of tangent spaces, in
other words, investigate the relations between the groups H1(Gal(k[[yn]]/k[[x]]),Derk k[[yn]]) and
H1(Gal(k[[ym]]/k[[x]]),Derk k[[ym]]). So far, by generalizing some results from [BM00], we have
computed the dimensions of RZ/pn , generalizing [BM00, Theorem 5.3.3].

Note that a cyclic extension in characteristic zero is described by Kummer theory, which is
“multiplicative” compared with the “additive” nature of ASW theory. It is hence natural to first
study the case where R has equal characteristic, as both the generic and the special fiber are
additive in that situation. That is exactly the local version of Theorem 1.2.

Theorem 2.20 (Local deformation of Artin–Schreier–Witt covers). Suppose that H is a (non-
trivial) quotient of a finite cyclic group G and ϕn is a G-extension k[[yn]]/k[[x]], hence branches at
exactly one point. Suppose, moreover, that Φm is an H-extension R[[Ym]]/R[[X]] that deforms
the unique H-subcover ϕm : k[[x]] → k[[ym]] of ϕn over R := k[[t]]. Then there exist a finite
extension R′/R and a deformation R′[[Yn]]/R

′[[X]] of ϕn over R′ that contains R′[[Yn−1]]/R
′[[X]]

as a subcover.

In the following proposition, we show that the local result implies the global one. The proof
of the “⇒” direction is postponed to Section 2.4.

Proposition 2.21. Theorem 1.2 holds if and only if Theorem 2.20 does.

Sketch of the proof of the “⇐” direction. This proof is developed from that of [Obu12, Theo-
rem 3.1]. Let us assume that each of the local covers deforms in towers. With the assumptions
of Theorem 1.2, let X (respectively, Y) be the formal completion of XR (respectively, YR) at X
(respectively, at Y ). Let B ⊊ X be the branch locus of ψ, and set U := X \B, V := ψ−1(U), and
W := ϕ−1(U) = Y \{y1, . . . , ys}. Let U ⊆ X be the formal subscheme associated with U ⊆ X. By
Grothendieck’s theory of étale lifting [Gro63, § IX.1.10], the G-cover ϕ|W : W → U deforms over
R to an étale G-cover of formal schemes W → U with the deformation V → U of ψ|V : V → U as
the H-subcover. The boundary of W is isomorphic to a disjoint union

⊔s
j=1 Bj , where each Bj ,

which corresponds to the point yj , is isomorphic to the boundary of a disc (see Section 3.2). For
each j, there exists a canonical action of the inertia group Gj ⩽ G of yj on Bj .

By assumption, each local Gj-extension ÔZ,yj/ÔX,ϕ(yj) deforms over R in towers to a Gj-
cover of an open disc Dj

∼= SpecR[[Wj ]] → SpecR[[Vj ]] → SpecR[[Uj ]]. The action of Gj on Dj

induces an action on its boundary ∂Dj . In addition, the theory of étale lifting asserts that the
Gj-action on ∂Dj is isomorphic to the action on Bj . Thus, by identifying Bj and ∂Dj , we can
use formal patching to “glue” each of these discs Dj to W in a Gj-equivariant way. This yields
a formal curve with G-action and projective special fiber. By Grothendieck’s existence theorem
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[GD61, § 5], this formal curve is the projective completion of a smooth projective curve ZR with
G-action such that ZR/G ∼= XR and ZR/H ∼= YR. See [Hen00] or [Dan20b] for concrete examples
of formal patching. This is the cover we are looking for.

On the level of tangent spaces, the following result follows immediately from Theorem 2.20.

Corollary 2.22. In the notation of Question 2.16, when ϕn is cyclic, the following group
homomorphism is surjective:

ind: H1(Gal k[[yn]]/k[[x]],Derk k[[yn]]) −→ H1(Gal k[[ym]]/k[[x]],Derk k[[ym]]).

We first explore the case where G is a cyclic p-group, that is, G ∼= Z/pn for some n > 1.

2.3.3 Deformation of Artin–Schreier–Witt covers. In the notation of Theorem 2.20, suppose
G = Z/pn. We assume that R is a complete discrete valuation ring of equal characteristic. Thanks
to the local-to-global principle (Theorem 2.15), one might assume that ϕn branches at exactly
one point while studying its deformations. Thus, a deformation Φn of ϕn over R can be described
by the following expression (see Section 2.2.1):

[e1, e2, . . . , en] −→


e1,1 e1,2 . . . e1,n

e2,1 e2,2 . . . e2,n
...

...
. . .

...

er,1 er,2 . . . er,n

 . (2.11)

We call the expression in (2.11) the type of the deformation Φn. The second matrix indicates
that the generic fiber of Φn branches at r points Q1, . . . , Qr, which correspond to rows 1, . . . , r,
with upper ramification jumps (ei,1 − 1, ei,2 − 1, . . . , ei,n − 1) at Qi.

Proposition 2.23. Suppose that we are given a deformation of a Z/pn-cover over R of type
(2.11). Then

∑r
j=1 ej,i = ei for i = 1, 2, . . . , n.

Proof. A deformation of a Z/pn-cover induces for each 1 ⩽ i < n a Z/pi-deformation whose
fibers have the same genus. The rest follows immediately from Proposition 2.8.

In the following section, we present a well-known tool to realize a deformation and some
explicit examples.

2.3.4 Birational deformations. When dealing with k[[x]], we will often want to think of its
Galois extension in terms of the associated extension of fraction fields.

Definition 2.24. Suppose that A/k[[x]] is a G-extension. Suppose, moreover, that the quotient
M/Frac(R[[X]]), where R/k[[t]] finite, is a G-extension, and AR is the integral closure of R[[X]]
in M . We say that M/Frac(R[[X]]) is a birational deformation of A/k[[x]] if

(i) the integral closure of AR ⊗R k is isomorphic to A, and

(ii) the G-action on Frac(A) = Frac(AR ⊗R k) induced from that on AR restricts to the given
G-action on A.

Adapting the strategy from [Gar96], which proves that any local G-extension lifts, one can
show that any local G-extension can also be birationally deformed in towers! The following
criterion is extremely useful for seeing when a birational deformation is actually a deformation
(that is, when AR ⊗R k is already integrally closed, thus isomorphic to A).
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Proposition 2.25 (The different criterion [GM98, § I.3.4]). Suppose that AR/R[[X]] is a bira-
tional deformation of the G-Galois extension A/k[[x]]. Let K := FracR, let δη be the degree of
the different of (AR ⊗R K)/(R[[X]]⊗R K), and let δs be the degree of the different of A/k[[x]].
Then δs ⩽ δη, and equality holds if and only if AR/R[[X]] is a deformation of A/k[[x]].

Example 2.26. One may use the above criterion to check that the Z/5-extension Φ given by

Y 5 − Y =
X + 2t10

X5
(
X − t10

)2(
X − t5

)5
is a deformation of y5 − y = 1/x11 over k[[t]]. An easy computation shows that the generic
branch points of Φ are 0, t10, and t5, which have conductors 4, 3, and 5, respectively. Hence, it
is a deformation of type [12] → [4, 3, 5]⊤. See [Dan20b] and [Dan20a] for more explicit examples
of Z/p-deformations.

Example 2.27. Let us consider the Z/4-extension χ2 of k[[t,X]] (where char k = 2) defined by

℘(Y1, Y2) =

(
1

X2
(
X − t8

) , 1

X3
(
X − t8

)2(
X − t2

)4). (2.12)

Its fiber χ2 at t = 0 is birationally equivalent to the following Z/4-extension of k[[x]]:

℘(y1, y2) =

(
1

x3
,
1

x9

)
.

By converting the Witt vector in (2.12) to a reduced form as in Example 2.2, one sees that
the generic fiber has upper jumps (1, 2) at 0, (1, 2) at t8, and (−1, 3) at t2. Therefore, the
deformation χ2 has type [

4 10
]
−→

[
2 2 0

3 3 4

]⊤
.

Note that the Z/2-subextension of χ2 is a deformation of type [4] → [2, 2]⊤ with generic branch
points 0 and t8.

2.3.5 A family of non-trivial deformations. Suppose that ϕn is a Z/pn-extension k[[zn]]/k[[x]]
with upper ramification jumps ι1 < ι2 < · · · < ιn. Set ι0 = 0. Then, for each 1 ⩽ j ⩽ n, we
may write

ιj − pιj−1 = pqj + ϵj ,

with 0 ⩽ qj , 0 ⩽ ϵj < p, and qj = 0 if ϵj = 0, as asserted by Corollary 2.9. Thus 0 < ϵj if and
only if (p, ιj) = 1, which holds if and only if pιj−1 < ιj . We call qj the essential part of the upper
jump at level j, and if 0 < qj , we say that ιj is an essential upper jump. These terminologies
were introduced in [Pop14]. Let r := 1 +

∑
j essential qj . According to Pop, one may partition

(ι1 + 1, . . . , ιn + 1) into an r × n matrix M := (ej,i) as follows:

(i) Set e1,i = pe1,i−1 + ϵi for 1 ⩽ i ⩽ n and e1,0 = 0.

(ii) Add qj rows of the following form to M for each essential place j:(
0, . . . , 0, p− 1, p2 − 1, . . . , pn−j+1 − 1

)
.

Furthermore, Pop shows that there always exists a deformation of type M as above. We restate
his result using the conventions in this paper as follows.
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Lemma 2.28 ([Pop14, Key Lemma 3.2]). Let A = k[[x]] ↪−→ k[[z]] := B be a cyclic Z/pn-extension
with upper ramification jumps ι1, . . . , ιn. In the above notation, let x1, . . . , xr ∈ tk[[t]] be distinct
elements. Then there exists a Z/pn-deformation of A ↪−→ B over k[[t]] of typeM that has x1, . . . , xr
as branch points.

Example 2.29. Suppose that χ is a Z/52-extension of k[[x]] that is defined by

℘(y1, y2) =

(
1

x8
,

1

x52
+

1

x46

)
=

(
1

x8
,
1 + x6

x52

)
.

It branches at x = 0 with jumps (ι1, ι2) = (8, 52), hence branching datum [9, 53]. Observe that{
ι1 − 5ι0 = 5 · 1 + 3 ,

ι2 − 5ι1 = 5 · 2 + 2 .
(2.13)

Based on the above data, one can “split” [9, 53] into the following 4× 2 matrix:

[
9 53

]
−→


3 + 1 3 · 5 + 2 + 1

5 25

0 5

0 5

 =


4 18

5 25

0 5

0 5

 . (2.14)

One can show, using the strategy from Example 2.27, that the extension χ defined by

℘(Y1, Y2) =

(
1

x3(x− t1)5
,

1 + x6

x17(x− t1)25(x− t2)5(x− t3)5

)
, (2.15)

where t1, t2, t3 ∈ tk[[t]] are distinct, is a deformation of χ over k[[t]] with type (2.14). Equa-
tion (2.15) is derived from [Pop14, proof of Key Lemma 3.2].

Remark 2.30. The splitting in (2.14) and the explicit equation (2.15) easily generalize to arbitrary
Z/pn-covers of P1

k. We call these types of deformations Oort–Sekiguchi–Suwa (OSS) deformations.
They are generalizations of (the p-fiber of) ones for Artin–Schreier covers introduced in [BM00,
§ 4.3]. See [Dan20a, § 3.1.1] for a detailed discussion regarding how the p-fibers of the deformations
in [BM00, § 4.3] are OSS deformations of Artin–Schreier covers. In addition, when the cover is
of order p, Bertin and Mézard show that these deformations form a dominant component of
the local deformation ring’s spectrum. One thus would expect that this also holds for the versal
deformation rings of Z/pn-covers when n > 1.

In the next section, we show that it suffices to answer Theorem 2.20 for the case G ∼= Z/pn.

2.3.6 Reduction to the case of cyclic p-groups. We first state a well-known result, which
suggests that the deformations of local cyclic tamely ramified extensions are not very interesting.

Proposition 2.31. Tamely ramified cyclic covers are deformable over k[[t]] in towers.

Proof. Suppose that ϕ is a tamely ramified cyclic cover of k[[x]] with Galois group Z/m, where m
is prime to p. It follows from Kummer theory that, after a change of variables, ϕ is given by
zm = x. Suppose m = nr, where n, r ̸= 1. Then the unique Z/n-subcover τ of ϕ is defined by
yn = x. Furthermore, a deformation T of τ over k[[t]], after a change of variables, can be defined
generically by Y n = X − h(t), where h(t) ∈ t · k[[t]] and X is a lift of x to k[[t]]. It is then easy
to verify, using the different criterion, that Y m = X − h(t) defines the deformation of ϕ that we
want.
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Proposition 2.32. Let G ∼= Z/mpn, where p ∤ m. If Z/pn is deformable in towers, then so is G.
In particular, it suffices to prove Theorem 2.20 for the case G ∼= Z/pn.

Proof. Let H be a subgroup of G. Then H is isomorphic to Z/lpr, where l|m and 0 ⩽ r ⩽ n.
Given a G-cover f : Y → Spec k[[x]], let g : Z → Spec k[[x]] (respectively, h : X → Spec k[[x]]) be
the unique Z/m-subcover (respectively, Z/pn-subcover). Then the normalization Z ×Spec k[[x]] X
is isomorphic to Y . Similarly, the H-subcover of f can be identified with the H-cover f ′ : Y ′ ∼=
Z ′ ×Spec k[[x]] X

′ → Spec k[[x]], where g′ : Z ′ → Spec k[[x]] (respectively, h′ : X ′ → Spec k[[x]])
is the Z/l-subcover over g (respectively, the Z/pr-subcover over h). Suppose that F ′

R : Y ′ →
SpecR[[X]] is a deformation of f ′ over R. Then Y ′ ∼= X ′ ×SpecR[[X]] Z ′, where G′

R : Z ′ →
SpecR[[X]] deforms g′ and H ′

R : X ′ → SpecR[[X]] deforms h′. Moreover, the unique branch
point of the generic fiber G′

K of G′
R has index pl in the generic fiber H ′

K of H ′
R. By assumption,

H ′
R extends to HR : X → SpecR[[X]]. Furthermore, by Proposition 2.31, one can extend G′

R to
GR : Z → SpecR[[X]].

Finally, let Y ′′
R be the normalization of XR ×D ZR. Then the canonical map FR : Y ′′

R → D is
a birational deformation of f . The degree of the different of g (and of GK) is m − 1. Let δ be
the degree of the different of h (and of HK). Using our assumption on the branch loci of F ′

K

and G′
K , one shows that the degrees of the differents of the generic fibers of FR and f are both

mδ +m− 1. It thus follows from Proposition 2.25 that FR is a deformation of f over R.

Let Ln = k[[yn]]/k[[x]] be a Z/pn-extension. From the above discussion, Theorem 2.20 is an
immediate result of the following.

Corollary 2.33. Suppose that k[[yn]]/k[[x]] is cyclic Galois of order pn, and R[[Ym]]/R[[X]] is
a deformation of the Z/pm-subextension k[[ym]]/k[[x]] over a finite extension R of k[[t]]. Then,
there exist a finite extension R′/R and a deformation R′[[Yn]]/R

′[[X]] of k[[yn]]/k[[x]] over R
′

that extends R′[[Ym]]/R
′[[X]].

We will prove Corollary 2.33 inductively using the result below.

Theorem 2.34. Suppose that k[[yn]]/k[[x]] is cyclic Galois of order pn, and R[[Yn−1]]/R[[X]]
is a deformation of the Z/pn−1-subextension k[[yn−1]]/k[[x]] over a finite extension R of k[[t]].
Then, there exist a finite extension R′/R and a deformation R′[[Yn]]/R

′[[X]] of k[[yn]]/k[[x]] over
R′ that extends R′[[Yn−1]]/R

′[[X]].

Assuming Theorem 2.34, Corollary 2.33 easily follows.

2.4 Deformation of one-point covers

Let us once more consider the Z/pn-extension Ln/k[[x]]. Harbater, Katz, and Gabber show that
there exists a unique Z/pn-cover Y n → C := P1

k, which is usually known as the HKG cover
of Ln/k[[x]], that is étale outside x = 0, totally ramified at x = 0, and such that the formal
completion of Y → C at x = 0 yields the extension Ln/k[[x]] (see [Har80, Kat86]). This allows
one to go from a local back to a global situation. Specifically, Theorem 2.34 is equivalent to the
following version for one-point covers (of curves), which is compatible with the language used in
[OW14] and allows us to only deal with rational functions instead of Laurent series. The proof
of Proposition 2.35, hence of Theorem 2.34, is deferred to Section 5.

Proposition 2.35. Suppose that k[[yn]]/k[[x]] is aG ∼= Z/pn-Galois extension. Let ψn−1 : Yn−1→
C := P1

K be a Z/pn−1-cover with the following properties:
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(i) The cover ψn−1 has good reduction with respect to the standard model P1
R of C and reduces

to a Z/pn−1-cover ψn−1 : Y n−1 → C ∼= P1
k that is totally ramified above x = 0 and étale

everywhere else.

(ii) The completion of ψn−1 at x = 0 yields k[[yn−1]]/k[[x]], the unique Z/pn−1-subextension
of k[[yn]]/k[[x]]. We may thus assume that k[[yn]]/k[[x]] is given by g

n
= (g1, . . . , gn) ∈

Wn(k(x)); that is, all the entries are rational.

Then, after possibly a finite extension of R, there exists a G-Galois cover ψn : Yn → C with good
reduction that extends ψn−1 and satisfies the following:

(a) Its reduction ψn : Y n → C is totally ramified above x = 0 and étale elsewhere.

(b) The completion of ψn at x = 0 yields k[[yn]]/k[[x]].

Remark 2.36. Items (a) and (b) of Proposition 2.35 can be reformulated as follows:

(1) The cover Yn → C is étale outside the open disc

D := {X ∈ K | |X| < 1} .

(2) The inverse image of D in Yn is an open disc.

(3) If A = R[[X]]{X−1} is the ring{∑
j∈Z

ajX
j | aj ∈ R, aj → 0 as j → −∞

}
(see Section 3.2) ,

the cover Yn → C is unramified when base changed to SpecA, which can be thought of as
the boundary of the disc D. The extension of residue fields is isomorphic to the extension
of fraction fields coming from k[[yn]]/k[[x]].

2.4.1 Proof of the “⇒” direction of Proposition 2.21. With the assumptions of Theorem 2.20,
there exists an H-cover ψm : Ym → P1

K = ProjK[X,V ] that

(i) has properties (i) and (ii) of Proposition 2.35, where H is in place of Z/pn−1 (G is in place
of Z/pn), and

(ii) is such that its standard model’s completion at X = 0 is isomorphic to R[[Ym]]/R[[X]],

as discussed in Section 2.4. It thus follows from Theorem 1.2 that one can extend ψm to a
G-cover ψn over K whose standard model’s completion at X = 0 is a deformation Φn of ϕn
over R that contains R[[Ym]]/R[[X]] as the H-subcover. The extension Φn is exactly what we
seek.

3. Degeneration of cyclic covers

In this section, we study the degeneration of G := Z/pn-covers of a curve C as in Section 2.4.

3.1 Setup

Throughout the section, R is a complete discrete valuation ring of characteristic p with uni-
formizer π, valuation ν, and residue field k (for example, R = k[[t]] and π = t). Normalize the
valuation on R so that ν(π) = 1. Let K be the fraction field of R. Let C be a smooth, projective,
irreducible curve over K. Note that, for the purpose of this paper, we only need to consider the
case C ∼= P1

K . We denote by K the function field of C (for example, K = FracK[X]). We may
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fix a smooth R-model CR of C over R. Fix a rational point x0 on C and write x0 ∈ C for its
specialization.

We denote by Can the rigid analytic space associated with C. The residue class of x0 with
respect to the model CR, denoted by

D :=]x0[CR
⊂ Can ,

is the set of points of Can specializing to x0. It is an open subspace of Can and is isomorphic to
the open unit disc.

The central focus of this section is examining the degeneration of cyclic covers of Can that
are étale outside D. In the next subsection, we briefly recall some non-archimedean geometry
notions that are crucial for the study of the degeneration.

3.2 Discs and annuli

Suppose ϵ ∈ Q⩾0, r = p−ϵ, z ∈ R, and let a ∈ K be such that ν(a) = ϵ. In Table 1, we list some
usual rigid geometry conventions. For more details, see [BL93, BL85, BL84].

Notion Algebra Geometry

Open unit disc SpecR[[X]] D = {u ∈ (A1
K)an | ν(u) > 0}

Closed unit disc SpecR{X} D =
{
u ∈

(
A1

K

)an | ν(u) ⩾ 0
}

Boundary of a unit disc SpecR[[X]]
{
X−1

} {
u ∈

(
A1

K

)an | ν(u) = 0
}

Open disc of radius r center z SpecR
[[
a−1(X − z)

]]
D[ϵ, z] :=

{
u ∈

(
A1

K

)an | ν(u−z) > ϵ
}

Open disc of radius r center 0 SpecR
[[
a−1X

]]
D[ϵ] := D[ϵ, 0]

Open annulus of thickness ϵ SpecR[[X,U ]]/(XU − a)
{
u ∈

(
A1

K

)an | 0 < ν(u) < ϵ
}

Table 1. Non-archimedean geometry notions

Recall that R{X} =
{∑

i⩾0 aiX
i ∈ R[[X]] | limi→∞ ν(ai) = ∞

}
. Let z ∈ R and s ∈ Q⩾0.

One can associate with D[s, z] the “Gauss valuation” νs,z defined by

νs,z(f) = inf
a∈D[s,z]

(ν(f(a))

for each f ∈ K×. This is a discrete valuation on K that extends the valuation ν on K and has
the property that νs,z(X − z) = s. We denote by κs the function field of K with respect to the
valuation νs,z. That is the function field of the canonical reduction D[s, z] of D[s, z]. In fact,
D[s, z] is isomorphic to the affine line over k with function field κs,z := k(xs,z), where xs,z is the
image of π−s(X − z) in κs,z. For a closed point x ∈ D[s, z], we let ordx : κ

×
s,z → Z denote the

normalized discrete valuation corresponding to the specialization of x on D[s, z]. We let ord∞
denote the unique normalized discrete valuation on κs,z associated with the “point at infinity.”

For b ∈ K and r ∈ Q⩾0, we define (b)r := bπ−pr. We will usually write Xr := Xπ−pr. For
F ∈ K, z ∈

(
A1
K

)an
, and s ∈ Q⩾0, we let [F ]s,z stand for the image of π−νs,z(F )F in κs,z.

3.3 Semi-stable models and a partition of a disc

Consider the open unit disc D ⊂ Can ∼=
(
P1
K

)an
, which we may associate with SpecR[[X]] for

some X ∈ K. Suppose that we are given x1,K , . . . , xr,K in D(K), with r ⩾ 2. We can think of
x1,K , . . . , xr,K as elements of the maximal ideal of R. Let Cst be a blow-up of CR such that
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– the exceptional divisor C of the blow-up is a semi-stable curve over k,

– the fixed points xb,K specialize to pairwise-distinct smooth points xb on C, and

– if x0 (which we usually denote by ∞) denotes the unique point on C that lies in the closure
of Cst ⊗ k \ C, then

(
C, (xb), x0

)
is stably marked in the sense of [Knu83].

Then we call Cst the stable model of C corresponding to the marked disc (D;x1, . . . , xr). See, for
example, [Ake15, § 2.5.3] for more details. Note that the set of points of (P1

K)an that specialize
away from x0 form the closed unit disc D. The dual graph of C is a tree whose

– leaves correspond to the marked points,

– root corresponds to x0,

– vertices correspond to the punctured discs,

– edges correspond to the annuli that partition D.

For each edge e of the tree, the source (respectively, the target) of e is the unique vertex s(e) ∈ V
(respectively, t(e) ∈ V ) adjacent to e that lies in the direction toward the root (respectively, in
the direction away from the root). For each vertex v of the dual graph, we denote by Uv the
corresponding closed punctured disc.

Example 3.1. Let us consider the Z/4-cover in Example 2.27. Recall that χ2 branches at four
points 0, t8, t2, and t2(1+ t2), all contained in the open disc D associated with SpecR[[X]]. The
left graph in Figure 1 represents a semi-stable model of P1

K corresponding to the disc D marked
by the branch points of the cover. The model is obtained by first blowing up SpecR[[X]] with
respect to the ideal (t2, X), which separates the reductions of t2 and t2+t4 from those of 0 and t8.
We can then distinguish t2 and t2 + t4 by doing the same for SpecR[[X−1

1 ]], where X1 := X/t2,
with respect to (t2, X−1

1 − 1).

The tree on the right in Figure 1 is the special fiber’s dual graph together with the leaves
(labeled by

[
t2
]
,
[
t2 + t4

]
,
[
t8
]
, and

[
0
]
) that are associated with the corresponding marked

points. See [Dan20b, Example 3.1] for more explanation.

The vertex v1 represents the punctured disc associated with SpecR
{
X−1

1 , X1,
(
X−1

1 − 1
)−1}

.
The points t2 and t2 + t4 (respectively, 0 and t8) of D lie inside SpecR

(
X−1

1 − 1
)
(respectively,

SpecR(X1)) and reduce to 1 (respectively, 0) on its special fiber. Table 2 illustrates where the
K-points of D specialize.

∞

0

t8

C3

t2

t2 + t4

C2

C1

v1

v2
e1

v3
e2

v0

e0

[t2] [t2 + t4] [0] [t8]

Figure 1. The special fiber C and its dual graph
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Subscheme V of C Points of C(K) that specialize to V Associated algebraic object

∞ {Y | 0 < ν(Y ) < 2} R[[X,X1]]/
(
XX1 − t2

)
C3 ∩ C1 {Y | 2 < ν(Y ) < 8} R

[[
X−1

1 , X2

]]
/
(
X−1

1 X2 − t6
)

C3 \ C1 {Y | ν(Y ) ⩾ 8} R
{
X−1

2

}
C2 ∩ C1

{
Y | 2 < ν

(
Y − t2

)
< 4
}

R
[[
X−1

1 −1, V
]](
V
(
X−1

1 −1
)
−t2

)
C2 \ C1

{
Y | ν

(
Y − t2

)
⩾ 4 ∧ ν(Y ) = 2

}
R
{
V −1

}
C1 \ (C3 ∪ C2 ∪ {∞})

{
Y | ν(Y ) = 2 ∧ ν

(
Y − t2

)
= 2
}

R
{
X−1

1 , X1,
(
X−1

1 − 1
)−1}

Table 2. Partitions of C(K)

Remark 3.2. In Example 3.1, we say that the directions from v1 toward e2, e1, and e0, are the
0-, 1-, and ∞-directions, respectively.

3.3.1 A coordinate system for a marked disc. With the notation of Section 3.3, we define a
1-dimensional “coordinate system” for each edge e of the dual graph of the special fiber of C, as
follows. One may assume that e corresponds to the annulus {Y ∈ K | pr1 < ν(Y − xj) < pr2}.
We identify e with a rational line segment [r1, r2] ∩ Q and assign the value r1 to s(e) and
the value r2 to t(e). We then naturally associate a rational number r ∈ [r1, r2] with the circle
{Y | ν(Y − xj) = pr}. We refer to r as a rational place on e. Suppose that r is a rational
place on an edge e, and r′ is a rational place on a succeeding edge of e. Then we say r < r′.
By abuse of notation, we usually write t(e) in place of r2 and s(e) in place of r1. The reason
we scale the coordinate by 1/p is to make it compatible with the calculation of the depth Swan
conductor introduced in Section 3.5, which, in turn, is also modified to be consistent with [Säı07]
and [Dan20b].

3.4 Characters

Fix n ⩾ 1. We set

H1
pn(K) := H1(K,Z/pn)

ASW∼= Wn(K)/℘(Wn(K)) . (3.1)

The “
ASW∼= ” in (3.1) is just Artin–Schreier–Witt theory (Section 2.1). We call the identification

ASW the Artin–Schreier–Witt map. The elements of H1
pn(K) are called the characters on C.

Given an element Fn ∈ Wn(K), we let Kn(Fn) ∈ H1
pn(K) denote the character corresponding to

the class of Fn in Wn(K)/℘(Wn(K)).

For i = 1, . . . , n, the homomorphism

Wi(Fp) ∼= Z/piZ V n−i

↪−−−→ Z/pn ∼=Wn(Fp) ,
(
a1, . . . , ai

)
7−→

(
0, . . . , 0, a1, . . . , ai

)
induces an injective homomorphism

H1
pi(K)

ϕi,n−−→ H1
pn(K) . (3.2)

Its image consists of all characters killed by pi. We consider H1
pi(K) as a subgroup of H1

pn(K) via
this embedding.

A character χ ∈ H1
pn(K) gives rise to a branched Galois cover Y → C. In particular, if

χ = Kn(F ) for some F ∈ Wn(K), then Y is a connected component of the smooth projective
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curve given generically by the ASW equation ℘(y) = F . If χ has order pi as an element of H1
pn(K),

then the Galois group of Y → C is the unique quotient of Z/pnZ of order pi.

Remark 3.3. If one identifies H1
pi(K) withWi(K)/℘(Wi(K)), then the map ϕi,n assigns to the class

of a length i Witt vector (a1, . . . , ai) the class of the length n Witt vector (0, . . . , 0, a1, . . . , ai).

Remark 3.4. If χ := K((a1, . . . , an)) ∈ H1
pn(K), then χp

n−i ∼= K((a1, . . . , ai)) ∈ H1
pi(K).

A point x ∈ C is called a branch point for the character χ ∈ H1
pn(K) if it is a branch point for

the cover Y → C. The branching index of x is the order of the inertia group for some point y ∈ Y
above x. The set of all branch points is called the branch locus of χ and is denoted by B(χ).

Definition 3.5. A character χ ∈ H1
pn(K) is called admissible if its branch locus B(χ) is contained

in an open unit disc D ⊂ Can. We call its associated cover an admissible cover.

Definition 3.6. Suppose that χ := K((f1, . . . , fn)) ∈ H1
pn(K) is an admissible character and

B(χ) = {b1, . . . , bl}. We call the dual graph of the semi-stable model of P1
K corresponding to

the marked disc (D; b1, . . . , bl) (discussed in Section 3.3) the branching geometry of χ, or the
geometry of the branch points of χ, or the geometry of the poles of (f1, . . . , fn).

3.4.1 Reduction of characters. Let χ ∈ H1
pn(K) be an admissible character of order pn, and

let Y → C be the corresponding cyclic Galois cover. Let YR be the normalization of CR in Y .
Then YR is a normal R-model of Y , and we have CR = YR/(Z/pn).

After enlarging our ground field K, we may assume that the character χ is weakly unramified
with respect to the valuation ν0 (where X has valuation 0); see [Epp73] (there is an error,
corrected in [Kuh03]). By definition, this means that for all extension ω of ν0 to the function
field of Y , the ramification index e(ω/ν0) is equal to 1. It then follows that the special fiber
Y = YR ⊗R k is reduced [AW12, § 2.2].

Definition 3.7. We say that the character χ has étale reduction if the map Y → C is generically
étale. It has good reduction if, in addition, Y is smooth.

Remark 3.8. In the language of Galois cohomology, a character χ has étale reduction if and only
if its restriction to the completion K̂0 of K with respect to the valuation ν0 is unramified. This
means that χ|K̂0

belongs to the image of the cospecialization map

H1
pn(κ0) −→ H1

pn
(
K̂0

)
,

which is the restriction map induced by the projection of the absolute Galois groups GalK̂0
→

Galκ0 . Since the cospecialization map is injective, there is a unique character χ ∈ H1
pn(κ0) whose

image in H1
pn
(
K̂0

)
matches χ|K̂0

. The Galois cover of C associated with χ is, by construction,
isomorphic to an irreducible component of the normalization of Y .

Definition 3.9. If χ has étale reduction, we call χ the reduction of χ, and χ a deformation of χ
over R.

With the new definition of good reduction, we can reformulate Proposition 2.35 as follows.

Proposition 3.10. Proposition 2.35 holds if there exists an admissible extension ψn : Yn → C
of ψn−1 : Yn−1 → C with the following properties:

(i) The map ψn has good reduction.

(ii) The completion of the reduction ψn at x = 0 is birationally equivalent to k[[yn]]/k[[x]].
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3.5 Swan conductors

Suppose that χ ∈ H1
pn(K) is a character associated with a cyclic pn-exponent cover of C. Suppose,

moreover, that D ⊂ Can is a closed disc equipped with the topology corresponding to the
canonical valuation ν0 (see Section 3.2). After enlarging R, we may assume that the restriction
χ|D is weakly unramified with respect to ν0. As usual, the residue field of Frac(D) is denoted
by κ.

As in [Dan20b, § 3.4], we define two invariants that measure the degeneration of χ|D with
respect to the valuation ν0. The depth is

δχ|D := sw(χ|D)/p ∈ Q⩾0 ,

where sw(χ|D) is the classical Swan conductor [Kat89, Definition 3.3] of χ|D. Note that the
rational number δχ|D is equal to 0 if and only if χ|D is unramified. If this is the case, then its
reduction χ|D is well defined. In particular, if χ|D is of order pn and δχ|D = 0, then there exists
an f ∈Wn(κ) such that χ|D is defined by ℘(y) = f . We call f a reduction of χ|D. Also note that,
as discussed in Section 2.1, a reduction f is unique up to adding an element of the form ℘(a),
where a ∈ Wn(κ), and there exists a unique f red = f + ℘(b) for some b ∈ Wn(κ), which we call
the reduced reduction of χ|D. We say that χ|D is radical if δχ|D > 0.

Suppose δχ|D > 0. Then we can define the differential Swan conductor or differential conduc-
tor

ωχ|D := dsw(χ|D) ∈ Ω1
κ

identically to how it is defined in the mixed-characteristic case in [Kat89, Definition 3.9] (see
also [Wew14, § 3.2]). It is derived from the refined Swan conductor rswab(χ|D), see [Kat89], and
depends on the choice of the uniformizer π for R. In particular, we have the relation

rswab(χ|D) = π−sw(χ|D) ⊗ dsw(χ|D) ∈ m− sw(χ|D) ⊗OK Ω1
κ , (3.3)

where m is the maximal ideal of R. Note that rswab(χ|D) does not depend on the choice of π.

We call the pair (δχ|D , ωχ|D) when δχ|D > 0, or (δχ|D , f) when δχ|D = 0 and f is the reduced
reduction of χ|D, the degeneration type or the reduction type of the restriction χ|D.

Suppose that x is a point on the canonical reduction of D or the point at infinity, which we
write x = ∞, and let ordx : κ

× → Z be the normalized discrete valuation (whose restriction to k
is trivial) corresponding to x. Then the composite of ν0 with ordx is a valuation on K of rank 2,
which we denote byK× → Q×Z. In [Kat87b], Kato defined a Swan conductor swKχ|D(x) ∈ Q⩾0×Z.
Its first component is equal to pδχ|D . We define the boundary Swan conductor with respect to x,

swχ|D(x) ∈ Z ,

as the second component of swKχ|D(x). Geometrically, it gives the instantaneous rate of change of

the depth in the direction (see Remark 3.2) corresponding to x. We will discuss this phenomenon
in detail in Section 3.5.2.

Remark 3.11. The invariant swχ|D(x) is determined by δχ|D and ωχ|D as follows:

(i) If δχ|D = 0, then

swχ|D(x) = swχ|D(x) ,

where χ|D is the reduction of χ|D (see Remark 3.8), and swχ|D(x) is the usual Swan conductor
of χ|D with respect to the valuation ordx; see [Ser79, § IV.2]. This follows immediately from the
definitions of the conductors. We thus have swχ|D(x) ⩾ 0 and swχ|D(x) = 0 if and only if χ|D is
unramified with respect to ordx.
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(ii) If δχ|D > 0, then [Kat87b, Corollary 4.6] asserts that

swχ|D(x) = − ordx(ωχ|D)− 1 .

This fact will be used intensively later in this paper.

3.5.1 Refined Swan conductors of a product of characters. The Swan conductors behave
somewhat like valuations.

Lemma 3.12. Let χi, with i = 1, 2, 3, be abelian characters on a disc satisfying the relation
χ3 = χ1 · χ2. Set δi := sw(χi)/p (with the canonical valuation) and ωi := dsw(χi) for i = 1, 2, 3.
Then the following hold:

(i) If δ1 ̸= δ2, then δ3 = max{δ1, δ2}. Furthermore, we have ω3 = ω1 if δ1 > δ2 and ω3 = ω2

otherwise.

(ii) If δ1 = δ2 > 0 and ω1 + ω2 ̸= 0, then δ1 = δ2 = δ3 and ω3 = ω1 + ω2.

(iii) If δ1 = δ2 > 0 and ω1 + ω2 = 0, then δ3 < δ1.

(iv) If δ1 = δ2 = 0, then δ3 = 0 and χ3 = χ1 ·χ2. Hence, if the reduction type of χ1 (respectively,
χ2) is f (respectively, g), then the reduction type of χ3 is f + g.

Proof. The proof is parallel to that of [OW14, Proposition 5.6].

Remark 3.13. Lemma 3.12 allows one to compute the conductors of one character by breaking
it down into easier-to-calculate ones. This philosophy will be employed frequently later in this
paper.

Remark 3.14. With the notation of Lemma 3.12, suppose m ⩾ n ∈ Z⩾0, and let χ1 ∈ H1
pn(K)

(respectively, χ2 ∈ H1
pm(K)) be defined by the Witt vector G ∈ Wn(K) (respectively, H ∈

Wm(K)). Then χ1 · χ2 correspond to the Witt vector H + ϕn,m(G) ∈ Wm(K) (where ϕn,m is
defined in (3.2)).

3.5.2 Fix a closed disc D, which may be associated with the ring R{X}. Let z be a K-point
of D and r ∈ Q⩾0. We denote by δχ(r, z) (respectively, δχ(r)) and ωχ(r, z) (respectively, ωχ(r))
the depth and the differential conductors of the restriction of χ to D[pr, z] (respectively, D[pr]).
Following the notation in [OW14], we define νr : K× → Q as the Gauss valuation associated with
D[pr], such that νr(X) = pr. Furthermore, let κr represent the residue of K with respect to the
valuation νr.

When the point z is fixed, we may regard δχ(r, z) and ωχ(r, z) as functions of r. Suppose
that y is a point on the reduction of D[pr, z], or a point at infinity y = ∞. Set swχ(r, z, y) :=
swχ|D[pr,z]

(y). The following results show how understanding a character’s differential conductor

can give a lot of information about its depth. They are the exact analogs of results from [OW14,
§ 5.3.2] in mixed characteristic.

Proposition 3.15. Suppose that z ∈ R is fixed. Then δχ(−, z) extends to a continuous,
piecewise-linear function

δχ(−, z) : R⩾0 → R⩾0 .

Furthermore,

(i) for r ∈ Q>0, the left (respectively, right) derivative of δχ(−, z) at r is − swχ(r, z,∞)
(respectively, swχ(r, z, 0));
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(ii) if r is a kink of δχ(−, z) (meaning that the left and the right derivatives do not agree), then
r ∈ Q.

Proof. See, for example, [Wew05, Proposition 2.9] or [Bah20, Theorem 1.9]. Note that, in the
language of [Bah20], a lisse étale sheaf of Fℓ-module on a rigid disc D coincides with a connected
étale cover of D; see [dJo95, Theorem 2.10].

Corollary 3.16. If r ∈ Q⩾0 and δχ(r, z) > 0, then the left and right derivatives of δχ at r are
given by ord∞(ωχ(r)) + 1 and − ord0(ωχ(r))− 1, respectively. In particular, − ordx(ωχ(r, z))− 1
is the instantaneous rate of change of δχ(r, z) in the direction with respect to x.

Proof. This is immediate from Proposition 3.15(i) and Remark 3.11(ii).

Definition 3.17. Due to the above results, we can define the refined Swan conductors of the re-
striction of χ to an open disc D[pr, z] as δ(χ|D[pr,z]) := δ(χ|D[pr,z]) and ω(χ|D[pr,z]) := ω(χ|D[pr,z]).
We also set the boundary conductor of χ|D[pr,z] to be that of χ|D[pr,z].

The result below describes how the refined Swan conductors vary under a change of coor-
dinates. In particular, it shows that the depth Swan conductor of a cover (of a disc) does not
depend on the choice of the parameter.

Proposition 3.18. Suppose that z1 and z2 are two K-points in the interior of a closed unit
disc D. Suppose, moreover, that ν(z1 − z2) ⩾ r for some non-negative rational r, and (z)r :=
(z1 − z2)π

−r. Then

δχ(r, z1) = δχ(r, z2) .

Moreover, if ωχ(r, z1) = f(x)dx, then ωχ(r, z2) = f
(
x+ (z)r

)
dx. In particular, if ν(z1 − z2) > r,

then ωχ(r, z1) coincides with ωχ(r, z2).

Proof. We first note that D[pr, z1] = D[pr, z2] as ν(z1− z2) ⩾ r. The first part is then immediate
from the definition of the depth Swan conductor. Suppose that X is a parameter of D[pr, z1].
Then X + (z1 − z2) is a parameter of D[pr, z2]. The second part follows from the change of
variables X 7→ X + (z1 − z2).

3.6 A vanishing cycle formula

In this section, we discuss how the refined Swan conductors determine whether a character has
good reduction. Most of the details closely follow [OW16, § 2.4], which examines the case of
mixed characteristic.

We fix an admissible character χ ∈ H1
pn(K) of order pn, which may be identified with a cover

ϕ : Y → C. Let b1, . . . , br ∈ K be the branch points of ϕ, which are contained in an open rigid
disc D ⊂ Can (as χ is admissible), and let ιi,n be the nth conductor at bi (see Section 2.2.1). Let
us also fix r ∈ Q⩾0.

Definition 3.19. With the notation as above, let z be a point inside D, and let w be a closed
point of D[pr, z]. We denote by U(r, z, w) :=]w[D[pr,z] the residue class of w in the affinoid D[pr, z].
Set

Cχ(r, z, w) :=
∑

i∈I(r,z,w)

ιi,n ∈ Z⩾0 ,

where I(r, z, w) = {i ∈ {1, 2, . . . , r} | bi ∈ B(χ) ∩ U(r, z, w)}.
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Proposition 3.20. With the notation introduced above, suppose w ̸= ∞ ∈ κ, considered as
a closed point of D[pr, z]. We have

ordw(ωχ(r, z)) ⩾ −Cχ(r, z, w) . (3.4)

Moreover, equality holds if χ has good reduction. When w = ∞, let gC be the genus of C. The
following holds:

ord∞(ωχ(r, z)) ⩾ − 2pgC
p− 1

− Cχ(r, z,∞) . (3.5)

Proof. The proof is parallel to the mixed-characteristic proof of [OW16, Proposition 2.14],
where Cχ(r, z, w) (respectively, Cχ(r, z,∞)) plays the role of |B(χ) ∩ U(r, z, w)| (respectively,
|B(χ) ∩ U(r, z,∞)|). See [Dan20b, Proposition 3.8] for an explanation regarding the case n = 1
and w ̸= ∞. The case n > 1 or w = ∞ is similar.

Remark 3.21. We call (3.4) and (3.5) the local vanishing cycle formulas because they can be
derived from Kato’s vanishing cycle formula [Kat87b] (see [OW15]).

One easily derives the result below from Proposition 3.20.

Corollary 3.22. With the notation as in the Proposition 3.20 and assuming w ̸= ∞, we have
the following inequality:

swχ(r, z, w) ⩽ Cχ(r, z, w)− 1 . (3.6)

Moreover, if χ has good reduction and w ̸= ∞, then equality holds.

Remark 3.23. Corollary 3.22 and Proposition 3.20 indicate that, for χ to have good reduction,
δχ(r, z) is the smallest it could be, and its instantaneous rate of change at r depends only on the
sum of the nth conductors of the branch points whose differences with z have valuations greater
than r.

Corollary 3.24. (i) Let χ ∈ H1
pn(K) be an admissible character of order pn. Then

ιn :=
∑

x∈B(χ)

ιx,n = Cχ
(
0, 0, 0

)
⩾ swχ

(
0, 0, 0

)
+ 1 . (3.7)

Also, χ has good reduction if and only if δχ(0) = 0 and equality holds in (3.7). We call ιn the
conductor of the character χ.

(ii) Suppose that χ has good reduction with upper breaks (m1, . . . ,mn). Let χi := χp
n−i

. If
1 ⩽ i ⩽ n, then the conductor of χi is

ιi :=
∑

x∈B(χ)

ιx,i = mi + 1 . (3.8)

In particular, ιi ⩾ pιi−1 − p+ 1, and if ιi ≡ 1 (mod p), then ιi = pιi−1 − p+ 1.

Proof. Item (i) is immediate from Proposition 3.20.

In the situation of part (ii), as χi also has good reduction, it has conductor Cχi(0, 0, 0) =∑
x∈B(χ) ιx,i by part (i). In addition, its reduction χi ∈ H1

pi(κ) is a well-defined character with
upper ramification breaks (m1, . . . ,mn). Hence, the Swan conductor of χi, which coincides with
swχi

(
0, 0, 0

)
as discussed in Remark 3.11(i), is mi; see [Ser79, Corollary 2 to Theorem 1]. Com-

paring with (3.7), we obtain (3.8). The remaining assertions follow from Remark 2.5.
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Remark 3.25. Corollary 3.24(i) indicates that, for a Z/pn-cover with étale reduction to have good
reduction, it is necessary and sufficient that the conductor of the reduction is equal to the sum
of the conductors of the generic branch points. It is thus equivalent to the different criterion
(Proposition 2.25).

3.7 Characters of order p

Fix an admissible character χ ∈ H1
p(K) and z ∈ D. We will now provide an algorithm to calculate

δχ(r, z) and ωχ(r, z) for r ∈ Q⩾0. We may assume z = 0. The proofs in this section can be easily
translated to the case z ̸= 0. The proposition below is the equal-characteristic analog of [OW14,
Proposition 5.16].

Proposition 3.26. Suppose χ = K1(F ), where F ∈ K×/℘(K×), and r ∈ Q⩾0. Without loss of
generality, one may assume νr(F ) ⩽ 0 and that χ is weakly unramified with respect to νr.

(i) We have

δχ(r) = −1

p
max
a

νr(F + ap − a) ,

where a ranges over all elements of K.

(ii) The maximum of νr(F + ap − a) in part (i) is achieved if and only if

g := [F + ap − a]r ̸∈ κpr .

If this is the case and δχ(r) > 0, then ωχ(r) = dg. If, instead, δχ(r) = 0, then χ corresponds
to the Artin–Schreier extension given by the equation yp − y = g.

Proof. Part (i) is immediate from the definition of the depth for abelian characters.

Let us now prove part (ii). Suppose g ̸∈ κpr and δ := −νr(F + ap − a)/p ⩾ 0. Then

F + ap − a = π−pδu ,

where u ∈ K satisfies νr(u) = 0 and specializes to g. By [Dan20b, Proposition 3.16], we immedi-
ately obtain δχ(r) = δ. If δχ(r) > 0, then it follows from the same result that ωχ(r) = dg. The
case δχ(r) = 0 is similar.

Remark 3.27. Säıdi shows in [Säı07, Proposition 2.3.1] that a Z/p-cover of a boundary is com-
pletely determined by its depth and its boundary Swan conductor. That result is motivated by
Henrio [Hen00, Corollaire 1.8] for the case where R is of mixed characteristic. However, as in the
case of mixed characteristic examined in [Bre09, Chapter 5], it is no longer true that a Z/pn-cover
(n > 1) of a boundary SpecR[[X−1]]{X} is determined by its Swan and boundary conductor.

3.8 Computing the slope of particular order p characters

This section is parallel to [OW14, § 5.5]. Let χ ∈ H1
p(K) be an admissible character of order p,

hence giving rise to a branched cover of a disc D[0, z], which we may associate with SpecR[[X]].
As before, we may assume z = 0. Let m > 1 be a prime-to-p integer. We further assume that
the following conditions hold:

(D1) The branch locus of χ is contained in the closed disc D[pr0] for some r0 > 0, and X = 0 is
one of the branch points.

(D2) For all r ∈ (0, pr0], the left derivative of δχ at r is less than or equal to m.

(D3) For all r ∈ (0, pr0], we have δχ(r) > 0 and δχ(pr0) = δ.
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Proposition 3.28. Suppose that χ ∈ H1
p(K) satisfies (D1) and (D3). Then χ can be represented

by the Artin–Schreier class of

F =
∞∑
i=0

aiX
−i ∈ K , (3.9)

with ai ∈ R and ν(ai) ⩾ p(r0i− δ) for all i.

Proof. Condition (D1) tells us that the function F is holomorphic on the annulus
{
a ∈ K | 0 <

ν(A) < pr0
}
. As there is also no pole at infinity, it follows from the classical theory of analytic

functions that F is represented by a power series of the form (3.9) with

lim inf
i→∞

ν(ai)

i
⩾ pr0 or lim inf

i→∞

ν(ai)

pr0i
⩾ 1 . (3.10)

Let us now consider the place pr0. Replacing X with Xπ−pr0 =: Xr0 in (3.9), we obtain

F (Xr0) =

∞∑
i=0

ai
πpr0iXi

r0

.

One can easily derive from (3.10) that there exists a positive integer M such that, for all i ⩾M ,
ν(ai) − pr0i > −pδ = −pδ(r0). Thus, we may further assume, after replacing F by another
function in the same Artin–Schreier class, that aj = 0 for all j < M , j ≡ 0 (mod p). It then
follows from Proposition 3.26 and condition (D3) that

ν(F (Xr0)) = ν

( M∑
i=0

ai
πpr0iXi

r0

)
= min

i
(ν(ai)− pr0i) = −pδ .

Hence, we have shown that ν(ai) ⩾ p(r0i− δ), completing the proof.

Let us consider the function F in Proposition 3.28. We wish to find a polynomial a in T−1

such that ap − a approximates F well enough to use Proposition 3.26 simultaneously for all r in
an interval (0, s] ∩ Q for some 0 < s < pr0. We will then get explicit expressions for the slopes
of δχ on the interval [0, pr0], which will be useful later in this article (Section 5.8).

For any N ⩾ 1, set

a :=

N∑
j=1

bjX
−j ∈ R[X] .

Here we consider the bj as indeterminates for the moment. Write

F + ap − a =

∞∑
k=1

ckX
−k ,

where ck is a polynomial in b1, . . . , bmin(k,m). Note that ck = ak ∈ R for any k > pN .

Lemma 3.29. Assuming that condition (D1) holds, after replacing K by some finite extension,
there exist b1, . . . , bN ∈ R such that

(i) ν(ck) ⩾ p(r0k − δ) for all k, and

(ii) ckp = 0 for all k ⩽ N .

Proof. In order to achieve item (ii), we solve the equations cpN = cp(N−1) = · · · = cp = 0
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inductively. From top to bottom, they are

apN + bpN = 0 ,

...

ap(N−i) + bpN−i − bp(N−i) = 0 ,

...

ap + bp1 − bp = 0 ,

(3.11)

where bp(N−i) = 0 for p(N − i) > N . Moreover, one can easily check that bN−i has valuation at
least p(r0(N − i)− δ). Hence, ν(cN−i) is at least p(r0(N − i)− δ), proving item (i).

Remark 3.30. The proof above also shows that there are only finitely many solutions for the bj
and that they vary analytically as the ai do.

Proposition 3.31. Assume that conditions (D1), (D2), and (D3) hold. Choose s ∈ (0, pr0)∩Q
and N ∈ N such that

pN ⩾
δ

r0 − s
. (3.12)

Let b1, . . . , bN be as in Lemma 3.29. Define λm(χ) ∈ [0, pr0] by

λm(χ) := max({r ∈ (0, pr0] | swχ(r,∞) > −m} ∪ {0}) .

Set

µm(χ) := max

({
ν(cm)− ν(ck)

m− k
| 1 ⩽ k < m

}
∪ {0}}

)
.

Then the following hold:

(i) For all r ∈ (0, s] ∩Q, we have [F + ap − a]r ̸∈ κpr . Therefore,

δχ(r) = −νr(F + ap − a)

p
and swχ(r,∞) = − ord∞[F + ap − a]r .

(ii) We have λm(χ) < s⇔ µm(χ) < s.

(iii) If λm(χ) < s, then λm(χ) = µm(χ).

Remark 3.32. Note that, if λm(χ) ̸= r, then Proposition 3.31 implies that λm(χ) is the largest
value in the interval (0, pr0] where the piecewise-linear function δχ has a “kink.”

Proof. Fix r ∈ (0, s] ∩Q and set M := ord∞[F + ap − a]r. Applying Lemma 3.29, we obtain the
following inequality:

νr(F + ap − a) = ν(cM )− prM ⩾ p(M(r0 − r)− δ) ⩾ p(M(r0 − s)− δ) . (3.13)

On the other hand, as condition (D3) forces δχ(r) > 0, Proposition 3.26 shows that

νr(F + ap − a) < 0 . (3.14)

Hence, it must be true that δ/(r0 − s) > M . It then follows from (3.13), (3.14), and the choice
of N that

M <
δ

r0 − s
⩽ Np . (3.15)

If M was divisible by p, then (3.15) and Lemma 3.29(ii) would show that cM = 0, which con-
tradicts the definition of M . Therefore, M is prime to p, and part (i) of the proposition follows
from Proposition 3.26 and Remark 3.11.
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The rest of the proof is exactly the same as that of [OW14, Proposition 5.19].

The proof of the following corollary is straightforward.

Corollary 3.33. In the notation of Proposition 3.31, set

λm,l(χ) := max(λm(χ), l) and µm,l(χ) := max(µm(χ), l) .

Then Proposition 3.31 still holds when replacing λm(χ) (respectively, µm(χ)) by λm,l(χ) (respec-
tively, µm,l(χ)).

3.9 Refined Swan conductor of Z/pn-extensions

In this section, we discuss a technique for calculating the refined Swan conductors of a fixed
character χ := Kn(a), where a ∈ Wn(K). We mostly follow the settings from [Lea18, KLS19].
Different perspectives can be found in [Mat97, Bor04].

Write K = κ((π)) for some π ∈ OK, where κ is the residue of K. Let {bλ}λ∈Λ be a lift of
a p-basis of κ to OK. Then Ω1

OK
(log) is the OK-module with basis {dbλ, d log π | λ ∈ Λ}.

We first define valuations on Ω1
K and Wn(K) as follows.

Definition 3.34. If ω ∈ Ω1
K and a = (a1, . . . , an) ∈Wn(K), let

νlogω = sup
{
i | ω ∈ πi ⊗OK Ω1

OK(log)
}
,

and

ν(a) = max
i

{
−pn−1−iν

(
ai
)}

= min
i

{
pn−1−iν

(
ai
)}
. (3.16)

If ω = f(x)dx ∈ Ω1
K, then we set [ω] = [f(x)]dx.

These valuations define increasing filtrations of Ω1
K and Wn(K) by the subgroups

FsΩ
1
K =

{
ω ∈ Ω1

K | νlogω ⩾ −s
}

and FsWn(K) = {a ∈Wn(K) | ν(a) ⩾ −s} , (3.17)

respectively, where n ∈ Z⩾0.

Remark 3.35. In [Kat89], Kato defined the filtration FsH
1
pn(K) as the image of FsWn(K) under

the ASW map (3.1). Note that, for χ = R(a) ∈ H1
pn(K), the Swan conductor sw(χ) is defined to

be the smallest s such that a ∈ FsH
1
pn(K).

We will now define what it means for a Witt vector a in Wn(K) to be “best” (which is
a generalization of “reducible” in [Dan20b, Definition 3.14]).

Definition 3.36. Let a ∈ Wn(K), and let s be the smallest non-negative integer such that
a ∈ FsWn(K). We say that a is best if there is no a′ ∈Wn(K) that maps to the same element as
a in H1

pn(K) such that a′ ∈ Fs′Wn(K) for some non-negative integer s′ < s.

When ν(a) ⩾ 0, the Witt vector a is clearly best. When ν(a) < 0, the Witt vector a is best
if and only if there are no a′, b ∈Wn(K) satisfying a = a′ + ℘(b) and ν(a) < ν(a′). When n = 1,
the following result, which immediately follows from Proposition 3.26, characterizes when a ∈ K
is best.

Proposition 3.37. A Witt vector a ∈ K \OK is best if and only if a = πw, where ν(π) < 0 and
w ∈ OK with w ∈ κ \ κp.
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Definition 3.38 ([Lea18, Definition 2.3]). We say that the ith position of a Witt vector a ∈
Wn(K) is relevant if ν(a) = pn−1−iν(ai). Let j = min{i | ν(a) = pn−1−iν(ai)}. We call n− j + 1
the relevance length of a.

The following result gives us an explicit algorithm to calculate the refined Swan conductors
of a character using its best Witt vector representation.

Theorem 3.39 ([Lea18, Theorem 2.7]). Let a ∈Wn(K). The following conditions are equivalent:

(i) The Witt vector a is best.

(ii) There exists some relevant position i such that ai is best in the sense of length 1.

(iii) We have ν(a) = νlog(da), where da :=
∑

i(a
i)p

n−i−1dai.

In particular, when a is best, the differential conductor of the corresponding character can
be calculated as follows.

Proposition 3.40. Suppose that a = (a1, . . . , an) ∈ Wn(K) is defined with relevance length
n− j + 1, and let χ := Kn(a) ∈ H1

pn(K). Then, sw(χ) = ν(da), and if sw(χ) > 0, we have

dsw(χ) = [da] =
n∑
i=j

[
ai
]pn−i−1

d
[
ai
]
.

Proof. In [Lea18, § 2], the author defines the map rsw: FdH
1
pn(K) → FdΩ

1
K/F⌊d/p⌋Ω

1
K (which is

the same as rsw in [KS19]) sending a best a, which represents χ, to da. In [KS19, Theorem 1.5],
Kato and Saito show that rsw in [Lea18] coincides with rswab defined in [Kat87a] (mentioned
in (3.3)). See also [Kat89, Lemma 3.7] and the discussion following Proposition 6.8 of the same
paper. In particular, in the notation above, we have

rswab(χ) = π−ν(da) ⊗ [da] .

The rest then follows immediately from (3.3).

Example 3.41. In this example, we calculate the refined Swan conductors of some restrictions of
the deformation in Example 2.27. Recall that χ is defined by the ASW equation

℘(Y1, Y2) =

(
1

X2
(
X − t8

) , 1

X3
(
X − t8

)2(
X − t2

)2(
X − t2

(
1 + t2

))2). (3.18)

Over the subdisc D[2] associated with SpecR[[t−8X]], replacing t−8X with X4 in (3.18), we
obtain (

1

t24X2
4 (X4 − 1)

,
1

t48X3
4 (X4 − 1)2

(
t6X4 − 1

)2(
t6X4 − 1

(
1 + t2

))2).
As 48 = 24 · 2 and

1

x2(x− 1)

d

dx

(
1

x2(x− 1)

)
+

d

dx

(
1

x3(x− 1)2

)
=

dx

x3(x− 1)3
̸= 0 ,

it follows from Proposition 3.40 that δχ2(4) = 24 and

ωχ2(4) =
dx

x3(x− 1)3
,

which is not an exact differential form as in the Z/p-covers case. Observe that C(ωχ2(4)) =
ωχ1(4) = dx/x2(x− 1)2, where χ1 = χp and C is the Cartier operator of Ω1

k(x). This phenomenon
will be discussed in Section 3.9.1.
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Iterating the above computation for D[1] (associated with SpecR[[t−2X]]), we get δχ2(1) = 9
and ωχ2(1) = dx/x6(x− 1)4, which is exact and thus satisfies Theorem 3.42(b).

3.9.1 Conditions on the refined Swan conductors of cyclic covers. In order to answer induc-
tion-type questions like Proposition 2.35, one would be interested in learning what the n-level
can be when the (n − 1)-level is known. The next theorem, which is the equal-characteristic
analog of [Wew14, Theorem 1.2], will do exactly that for our situation.

Let χn ∈ H1(K,Z/pn) be a radical character of order pn, with n ⩾ 1. For i = 1, . . . , n, we set

χi := χp
n−i

n , δi := δχi , ωi := ωχi .

The tuple (δi, ωi)i=1,...,n is called the ramification datum associated with χn. For 1 ⩽ j ⩽ n, the
pair (δj , ωj) is called the jth ramification datum of χn.

Theorem 3.42. Let χn and (δi, ωi)i=1,...,n be as above. Let C : Ω1
κ → Ω1

κ be the Cartier operator.
Then for all i = 1, . . . , n, the following hold:

(i) We have C(ω1) = 0.

(ii) Suppose i > 1. Then δi ⩾ pδi−1. Moreover, we have the implications

(a) δi = pδi−1 ⇒ C(ωi) = ωi−1,
(b) δi > pδi−1 ⇒ C(ωi) = 0.

For the definition of the Cartier operator, see [Wew14, § 3.2].

Proof. Part (i) follows immediately from the exactness of ω1 asserted by Proposition 3.26.

Suppose that the length i Witt vector ai = (a1, . . . , ai) that defines χi is best with relevance
length l. One may assume, after an ASW operation, that ai−1 = (a1, . . . , ai−1) is also best. First
suppose l = 1. Then, it follows from the definition that

δi = −ν(ai)/p > −max
j<i

{pi−1−jν(aj)}/p = pδi−1.

In addition, the differential form ωi = [dai] = d[ai] is exact, proving part (ii)(b).

Let us now consider the case where the relevance length satisfies l > 1. Thus, the relevance
length of ai−1 is l − 1. An easy computation shows

C(ωi) = C
( i∑
m=i−l+1

[am]p
n−m−1d[am]

)
=

i−1∑
m=i−l+1

[am]p
n−m−1−1d[am] = ωi−1 ,

confirming part (ii)(a).

Definition 3.43. In the notation of Theorem 3.42(ii), we say that (δi, ωi) extends (δi−1, ωi−1).

Definition 3.44. We call the equation C(y) = w for a given w ∈ Ω1
κ the Cartier operator

equation. Some solutions to this equation will be discussed in Section 6.1.

Remark 3.45. Theorem 3.42 can also be proved quite easily by adapting the computation from
[Wew14] to the equal-characteristic case.

The following result says that the inverse of Theorem 3.42, that is, the equal-characteristic
version of [Wew14, Theorem 4.6], also holds. The theorem itself is not employed in this paper.
However, it contains the key idea of the main theorem’s proof.
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Theorem 3.46. Let (δi, ωi)i=1,...,n be a tuple satisfying the conditions of Theorem 3.42. Then,
after a finite extension of K, there exists a radical character χ of order pn on K such that (δi, ωi)i
is the ramification datum associated with χ.

Proof. We do induction on i. First suppose that we are given a dual (δ1, ω1), where δ1 ∈ Q⩾0

and ω1 ∈ Ω1
κ is such that C(ω1) = 0. By the previous discussion, we may assume without loss of

generality that ω1 = dw for some w ∈ κ \ κp. Let W be a lift of w to K. Then, it immediately
follows from Proposition 3.26 that the character χu ∈ H1

p(K), where u := π−pδ1w, satisfies
δχu = δ1 and ωχu = ω1, confirming the base case.

We complete the induction process in two steps corresponding to the following two lemmas.

Lemma 3.47. Let χn−1 ∈ H1
pn−1(K) be a radical character of order pn−1. Then there exists

a character χmin ∈ H1
pn(K) extending χn−1 and such that δχmin = pδn−1.

Proof. One may assume that χn−1 is given by f = (f1, . . . , fn−1) ∈ Wn−1(K), where f is
best (Definition 3.36). It follows from Theorem 3.39 that there exists some relevant position
0 ⩽ i ⩽ n − 2 such that f i is best in the sense of length 1. Recall that this means that ν(f) =
pn−2−iν(f i) = −δn−1 and f i = π−ν(f

i)w, where w ∈ κ \ κp. Consider the character χmin defined
by f ′ = (f1, . . . , fn−1, 0) ∈ Wn(K). It is immediate from the definition that χpmin = χn−1 and
ν(f ′) = pn−iν(f i). Hence, i is also a relevant position of f ′. Therefore, it again follows from
Theorem 3.39 that f ′ is best. Thus, we have δχmin = −pn−i−1ν(f i) = pδn−1.

Lemma 3.48. Let χn−1 ∈ H1
pn−1(K) be a radical character of order pn−1 with (n−1)th ramification

datum (δn−1, ωn−1). Suppose that (δn, ωn) extends (δn−1, ωn−1) in the sense of Definition 3.43.
Then there exists an extension χn of χn−1 such that δχn = δn and ωχn = ωn.

Proof. Let χmin be the extension of χn−1 with δχmin = pδn−1, which exists by Lemma 3.47. Set
ωmin := dswχmin . It follows from Theorem 3.42(ii)(a) that C(ωmin) = ωn−1. If δn = pδn−1 and
ωn = ωmin, then we are done. Otherwise, set 0 ̸= η := ωn − ωmin. Since C(η) = ωn−1 − ωn−1 = 0,
the differential form η is exact. We may thus write η = du for some u ∈ κ. Just as in the base
case, one shows that the character ψ ∈ H1

p(K) defined by π−pδnU , where U is a lift of u to K,
has depth δψ = δn and differential Swan conductor dswψ = η. Set χn := χmin · ψ. Lemma 3.12
asserts that δχn = δn and dswχn = ωn, as desired.

A similar process applies for the case δn > pδn−1. As before, there exists a ψ ∈ H1
p(K) with

δψ = δ and dsw(ψ) = ωn. It, once more, follows from Lemma 3.12 that the character χn := χmin·ψ
satisfies the conditions we are seeking.

This completes the induction process and hence the proof of Theorem 3.46.

Remark 3.49. In the situation of Proposition 2.35, one can apply the technique from the above
proof to form a cyclic pn-cover Yn → C with étale reduction, extending Yn−1 → C, whose
completion of the reduction at x = 0 is birationally equivalent to k[[yn]]/k[[x]]. However, it is
not true in general that the cover Yn → C has a good reduction as it would require the generic
fiber to have the right ramification datum (Corollary 3.24), which is not easy to achieve using
only the current method.
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4. Hurwitz trees

4.1 Hurwitz trees and the deformation problem

Let R = k[[t]] be a complete discrete valuation ring of equal characteristic, where k is an alge-
braically closed field of characteristic p > 0. In this section, we first introduce the notion of a
Hurwitz tree for cyclic covers of a curve C that is étale outside an open disc D ⊂ Can. Then,
we will describe how a Z/pn-cover gives rise to such a tree. Finally, we present an obstruction
for the refined equal-characteristic deformation problem that is parallel to the obstruction for
lifting given in [BW09].

The definition below is identical to [BW06, § 3.1]. We repeat it here for the convenience of
the reader.

Definition 4.1. A decorated tree is given by the following data:

– a semi-stable curve C over k of genus 0,

– a family (xb)b∈B of pairwise-distinct smooth k-rational points of C, indexed by a finite
non-empty set B,

– a distinguished smooth k-rational point x0 ∈ C, distinct from any of the point xb.

We require that C is stably marked by the points ((xb)b∈B, x0) in the sense of [Knu83].

The combinatorial tree underlying a decorated tree C is the graph T = (V,E), defined
as follows. The vertex set V of T is the set of irreducible components of C, together with
a distinguished element e0. We write Cv for the component corresponding to a vertex v ̸= v0
and ze for the singular point corresponding to an edge e ̸= e0. The singular point ze associated
with an edge e is adjacent to the vertices corresponding to the two components that intersect
at ze. The edge e0 is adjacent to the root v0 and the vertex v corresponding to the (unique)
component Cv containing the distinguished point x0. At any point on an edge e, we say that the
direction away from the root is the positive one.

Note that, since (C, (xb), x0) is stably marked of genus 0, the components Cv have genus 0,
too, and the graph T is a tree. Moreover, we have |B| ⩾ 1. For a vertex v ∈ V , we write Uv ⊂ Cv
for the complement in Cv of the set of singular and marked points.

Definition 4.2. Let M = (ej,i)1⩽j⩽r be an r × n matrix in Ωe1,...,en (see Definition 2.10).
A G = Z/pn-Hurwitz tree T of type M is defined by the following data:

– a decorated tree C = (C, (xb), x0) with underlying combinatorial tree T = (V,E);

– for every v ∈ V , a rational 0 ⩽ δv = δT (v), called the depth of v;

– for each v ∈ V such that δv > 0, a differential form ωv = ωT (v) ∈ Ω1
κ, called the differential

conductor at v;

– for each v ∈ V , a group Gv ⊆ G, called the monodromy group at v;

– for every e ∈ E, a positive rational number ϵe, called the thickness of e;

– for every e ∈ E, a positive integer de, called the slope on e;

– for every bj ∈ B = {b1, . . . , br}, the positive number hj = ej,n, called the conductor at b;

– for v0 with δv0 = 0, a reduced length n Witt vector f := (f1, . . . , fn) ∈ Wn(κ) with only
pole 0, called the degeneration of the tree; the rational f i is called the ith degeneration of T ;
define

d := max
{
pn−l degx−1

(
f l
)
| l = 1, . . . , n

}
.
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These data are required to satisfy all of the following conditions:

(H1) Let v ∈ V . We have δv ̸= 0 if v ̸= v0.

(H2) For each v ∈ V \ {v0}, the differential form ωv does not have zeros or poles on Uv ⊊ Cv.

(H3) For every edge e ∈ E \ {e0}, we have the equality − ordze ωt(e) − 1 = ordze ωs(e) + 1.

(H4) For v0, we have d = ordze0 ωt(e0) + 1.

(H5) For every edge e ∈ E, we have

de = − ordze ωt(e) − 1
(H2)
=

s(e)̸=v0
ordze ωs(e) + 1 .

(H6) For every edge e ∈ E, we have δs(e) + (p− 1)ϵede = δt(e).

(H7) For b ∈ B, let Cv be the component containing the point xb. Then the differential ωv has
a pole at xb of order hb.

(H8) For each v, we have Gv′ ⊆ Gv for every successor vertex v′ of v. Moreover, we have∑
v→v′

[Gv : Gv′ ] > 1 ,

except if v = v0 is the root, in which case there exists exactly one successor v′ and we have
Gv = Gv′ = G.

For each v ∈ V \ {v0}, we call (δv, ωv) the degeneration type of v. For each e ∈ E, we call
(δs(e), ds(e)) (respectively, (δt(e), dt(e))) the initial (respectively, final) degeneration type of e. The
positive integer C := d + 1 is called the conductor of the Hurwitz tree. The rational δ := δv0 is
the depth of T . We define the height of the tree to be the maximal positive direction of edges
from its root to its leaves. We call

∑
b∈B hb · [B] the branching divisor of T .

Remark 4.3. With the notation as above, fix e ∈ E and let Ce ⊆ C be the union of all compo-
nents Cv corresponding to vertices v that are separated from the root v0 by the edge e. Then

de =
∑
b∈B
xb∈Ce

hb − 1 > 0 .

In particular, we have C = d+ 1 =
∑

b∈B hb.

Remark 4.4. Depending on the study, one may like to add or remove some information from
the Hurwitz tree in Definition 4.2. For instance, the monodromy groups can be omitted when
G = Z/p as in [Dan20b] and [Hen00], or whenG = Z/p⋊Z/m as in [BW06]. In our situation, these
data are useful for deducing the Hurwitz tree of a subcover as discussed in Section 4.4.2. When
G = Z/p ⋊ψ Z/m, where ψ is non-trivial, one would like to add one extra piece of information
coming from ψ to the Hurwitz tree of the Z/p-subcover, as in [BW06, Definition 3.2].

4.2 Hurwitz trees arise from cyclic covers

Fix a cyclic group G := Z/pn. Let R = k[[t]]. Let K denote the fraction field of R. As usual, we
may associate with D ⊂ Can the spectrum of R{X}. Suppose that we are given an admissible
G-character χ ∈ H1

pn(K), which gives rise to an exponent pn cover of the closed disc D

Φ: SpecR{X} −→ SpecR{Z} .

Let h be the conductor, and let δ be the depth of this cover. As discussed in Section 3.3, there
exists a semi-stable model of C corresponding to the interior of D and the branch locus of Φ.
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The dual graph of its special fiber C forms a decorated tree T = (V,E). For each vertex v in T ,
we denote by Uv ⊂ Can the affinoid subdomain with reduction Uv, which can be thought of as a
punctured disc. Following the exact procedure from [Dan20b, § 4.2], one can construct a Hurwitz
tree T from the dual graph and the refined Swan conductors. More precisely, the data of T are
as in Table 3. See also [BW06, BW09].

Data on T Degeneration data of the cover

The decorated tree The branching geometry of Φ (Definition 3.6)

The depth of v The depth of the restriction of Φ to Uv

The differential conductor at v The differential conductor of the restriction of Φ to Uv

The thickness of an edge e The thickness of the corresponding annulus divided by p

The conductor at a leaf b The conductor of Φ at the branch point associated with b

The reduced degeneration at v0 The reduced degeneration of Φ

The monodromy group at v The largest inertia group of the leaves succeeding v

Table 3. Assigning a Hurwitz tree to an admissible cover

Example 4.5. Let us calculate the Hurwitz tree for the Z/4-cover from Example 2.27. Figure 2a
(respectively, 2b) is the one associated with the subcover χ1 (respectively, χ2), which we call T1
(respectively, T2). The monodromy group at each vertex of T1 is Z/2. The reduction type at v1
is (12, dx/x2(x− 1)2), and at v0 it is (0, 1/x3).

v0

v1

2[t8]2[0]

e
04

(a) T1

v0

v′1

v2

2[t2(1 + t2)]2[t2]

e 2
1

v1

3[t8]3[0]

e
0,2

3

e
0
,1

1

(b) T2

Figure 2. The Hurwitz trees for Example 2.27

Regarding T2, it follows from the calculation in Example 3.41 that the degeneration types at
v1, v

′
1, v2, and v0 are, respectively, (24, dx/x3(x− 1)3), (9, dx/x6(x− 1)4), (12, dx/x2(x− 1)2),

and (0, (1/x3, 1/x9)). At all vertices but v2 and those of the two leaves [t2] and [t2(1 + t2)], the
monodromy groups are Z/4. The monodromy groups at those vertices are Z/2.

Definition 4.6. Suppose that we are given a Z/pn−1-tree Tn−1 and a Z/pn-tree Tn. We say that
Tn extends Tn−1, denoted by Tn−1 ≺ Tn, if the following hold:
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(i) The decorated tree of Tn is a refinement of that for Tn−1.

(ii) At each vertex v of Tn−1, the depth conductor and the differential conductor satisfy the
conditions of Theorem 3.42.

(iii) At each vertex v (respectively, each leaf b) of Tn−1, if the monodromy group is Z/pi (with
i ⩽ n− 1), then the monodromy group at the corresponding vertex on Tn is Z/pi+1.

(iv) At each vertex v (respectively, each leaf b) of Tn that is not one of Tn−1, the monodromy
group is exactly Z/p.

(v) Suppose δTn(v0) = δTn−1(v0) = 0. Then the reduced degeneration of Tn is a length n Witt
vector (f1, . . . , fn−1, fn) such that (f1, . . . , fn−1) is the reduced degeneration of Tn−1.

We say that Tn extends a Z/pi-tree Ti if there exist a sequence of consecutive n− i+1 extending
trees Ti ≺ Ti+1 ≺ · · · ≺ Tn−1 ≺ Tn.

Definition 4.7. Suppose that r is a rational place on an edge e of a Hurwitz tree T . Set

CT (e) :=
∑

b∈BT (e)

hb ,

which is equal to de + 1 by Remark 4.3. We say that a Z/pn-Hurwitz tree T is étale if δT = 0
and call it radical otherwise. We define, for an edge e and r ∈ [s(e), t(e)] ∩Q, the depth of T at
the place r of e as follows:

δT (r, e) := δT (s(e)) + de(r − s(e)) = δT (t(e))− de(t(e)− r) .

The existence of a Hurwitz tree T with particular conditions is necessary for a cyclic extension
to deform non-trivially.

Corollary 4.8. Suppose that T is an étale Z/pn-tree that extends Tn−1, and χ ∈ H1
pn(K) is

a character extends χn−1. Suppose, moreover, that the tree associated with χ has the same shape
as T and the conductors of its branch points agree with those of T . Then, on each edge e of T ,

δχ(r, ze) ⩾ δT (r, e)

holds for all r ∈ [s(e), t(e)] ∩Q⩾0. Equality holds everywhere if χ is étale (Definition 3.7).

Proof. The result follows immediately from Remark 3.23.

Theorem 4.9. The Z/pn-cover ϕn : Yn → C satisfying conditions (i) and (ii) in Proposition 2.35
is a deformation of k[[yn]]/k[[x]] over R if it gives rise to an étale tree Tn and its reduction is in
the same ASW class as an étale tree that defines k[[yn]]/k[[x]].

Proof. The assumption about the degeneration of Tn implies that the cover has étale reduction
and the special fiber is birationally equivalent to k[[yn]]/k[[x]]. In addition, suppose that the nth
conductor of k[[yn]]/k[[x]] is ιn, which is equal to d+ 1 by definition. Then, by Remark 4.3, the
sum of the conductors of the branch points of ϕn is also ιn. The theorem follows immediately
from Corollaries 4.8 and 3.24(i).

Suppose that we are given a Z/pn-extension ϕn of k[[x]] that is defined by f := (f1, . . . , fn) ∈
Wn(k[[x]]), and a Z/pn−1-deformation χn−1 of its subcover. Theorem 4.9 implies that one can
extend χn−1 to a deformation of ϕn only if the Hurwitz tree it gives rise to can be extended. We
call that obligation the Hurwitz tree obstruction for the deforming in towers problem.

When n = 1, it is known that every Z/p-tree arises from some Z/p-cover of the rigid disc.
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Theorem 4.10 ([Dan20b, Theorem 1.1]). Suppose that T is an étale Z/p-tree. Then there exists
a Z/p-cover whose associated tree coincides with T .

Remark 4.11. The proof of Theorem 4.10 utilizes the formal patching technique for G ∼= Z/p-
torsors. Recall that a Z/p-cover of the boundary of a disc is determined by its depth and its
boundary Swan conductor, as mentioned in Remark 3.27. Hence, one can “glue” the covers of
the discs and the annuli that partition a unit disc along their boundaries in a G-equivariant
way to get a Z/p-cover of the whole disc. That is the technique first used by Henrio in [Hen00]
to construct a Z/p-lift from a Hurwitz tree in mixed characteristic. Unfortunately, we cannot
apply the same technique for Z/pn-covers (where n > 1), since it is no longer true that the
depth and the boundary conductor determine the action on the boundary, as discussed in the
same remark. We can, however, generalize that approach to an arbitrary (Z/p ⋊ψ Z/m)-cover
by adding information coming from ψ to the Hurwitz tree of the Z/p-subcover, as explained in
Remark 4.4. We thus expect an analog of Theorem 4.10 for (Z/p⋊ψ Z/m)-covers, which is also
parallel to the main result of [BW06].

Definition 4.12. Suppose that Tn is a Z/pn-Hurwitz tree and v ̸= v0 is one of its vertices with
m branches branching out e1, . . . , em, that is, v = s(e1) = · · · = s(em). Suppose, moreover, that
the differential conductor at v is of the form

ωTn(v) =
cvdx∏m

i=1(x− ai)hi
=

( m∑
i=1

hi∑
j=1

ai,j
(x− ai)j

)
dx =:

m∑
i=1

ωi ,

where ai = [zei ]v. We call ωi the ei-part of ωTn(v).

The example below shows how one can derive the relative positions of unknown branch points
from the conditions for Hurwitz trees and their extensions.

Example 4.13. Suppose p = 2 and that ϕ2 ∈ H1
4(k(x)) is defined by (1/x5, 0), hence has branching

datum [6, 11], and Φ1 is a deformation of ϕ1 := ϕ22 of type [6] → [2, 2, 2]⊤ over R := k[[t]], whose
branch points are (0, t2, t4). Then the tree T1 associated with Φ1 has the following form:

(
0, 1

x5

) (
5, dx

x4(x−1)2

)
2[t2]

(
8, dx

x2(x−1)2

)
2[t4] .

2[0]

e1

1
e0

1

The existence of such a deformation is asserted by Theorem 4.10. Suppose in addition that there
is a deformation Φ2 of ϕ2 extending Φ1 of type

M :=

[
2 2 2 0

3 3 3 2

]⊤
. (4.1)

Denote by T2 the corresponding tree. Then it must be true that ωT (2)(s(e0)) is equal to one of

(i)
adx

x6(x− 1)3(x− b)2
, (ii)

cdx

x6(x− 1)5
, (iii)

edx

x8(x− 1)3
, (iv)

fdx

x6(x− 1)3

for some a, b, c, e, f ̸= 0 and b ̸= 1. In all cases, C(ωT (2)(s(e0))) ̸= 0. Theorem 3.42(ii)(a) then
forces δT2(s(e0)) = 10 and, respectively,

(i) de0 = 10, de1 = 5 , (ii) de0 = 10, de1 = 5 , (iii) de0 = 10 , (iv) de1 = 5 .
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A similar reasoning shows that δT2(s(e1)) = 16. If Φ2 has no branch point in the interior of the
annulus associated with e1, then de1 = 6. That contradicts the information we got for cases (i),
(ii), and (iv). Finally, a straightforward calculation shows that the branch point of ramification
breaks (0, 1), which we call P , has valuation 3, and the tree T2 should be of the following
form:

(
0,
(

1
x5
, 0
)) (

10, dx
x8(x−1)3

)
3[t2]

(
27
2 ,

dx
x6(x−1)2

)
2P

(
16, dx

x3(x−1)3

)
3[t4] .

3[0]
e1,1

.5e1,0

.5
e0

1

4.2.1 Deforming Artin–Schreier–Witt covers with no essential part. Recall from Section 2.3.5
that every one-point Z/pn-cover with an essential component can deform into a cyclic cover whose
branching datum has no essential component. Using the Hurwitz tree technique, we demonstrate
that further non-trivial deformations of these covers are not possible. This result plays a crucial
role in determining the geometry of the moduli space of cyclic covers, as detailed in [DH24,
Theorem 4.16].

Proposition 4.14. A one-point Z/pn-cover ϕn whose branching datum has no essential part
cannot be non-trivially deformed.

Proof. Suppose that ϕn has branching datum [e1, . . . , en], where e1 ̸= 0. Furthermore, suppose
that ϕn deforms non-trivially to Φn. Without loss of generality, one may assume that Φn has
type

M = [e1, e2, . . . , en] −→


e1,1 e1,2 . . . e1,n

e2,1 e2,2 . . . e2,n
...

...
. . .

...

er,1 er,2 . . . er,n

 = N , (4.2)

where e1,1 ̸= 0. Assume ej,1 ̸= 0 for some 1 < j ⩽ n. Let Bi be the branch point of Φn associated

with the ith row of N . Then there exists a non-trivial Artin–Schreier deformation Φ1 := (Φn)
pn−1

of type [e1] → [e1,1, . . . , er,1]
⊤. Let T1 be the associated Hurwitz tree. Then Theorem 3.42(i)

asserts the existence of exact differential forms at certain leaves of T1, of the form

ω =
cdx∏

i∈I(x− ai)ei,1
∈ Ω1

κ , (4.3)

where c ̸= 0, ai ̸= aj for i ̸= j, and I ⊆ {1, . . . , r}. However, as e1 < p due to the assumption
of no essential part, we have

∑
i∈I ei,1 ⩽ e1 < p + |I|. Therefore, ω cannot exist, as shown in

[Dan20b, Proposition 6.4].

By induction, we may rewrite (4.2) as

M = [e1, e2, . . . , en] −→


e1 e2 . . . en−1 e1,n

0 0 . . . 0 e2,n
...

...
. . .

...
...

0 0 . . . 0 er,n

 = N . (4.4)
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Also, since M lacks an essential part, we have pen−1 ⩾ en =
∑r

i=1 ei,n. Therefore, we have the
condition

pen−1 − p+ 1 ⩽ e1,n < pen−1 ,

where the first inequality follows from the condition on the upper jump.

Suppose e1,n = pen−1− p+1 ≡ 1 (mod p). Let Tn (respectively, Tn−1) represent the Hurwitz
tree associated with Φn (respectively, Φn−1 := (Φn)

p). Then, for each edge e between the root
and the leaf associated with B1 in Tn, its slope, denoted by de(Tn), can be expressed as

de(Tn) =
∑

b∈B(Tn), xb∈Ce

hb − 1 > e1,n − 1 ⩾ p(en−1 − 1) ,

given that xB1 ∈ Ce and |Ce| > 1. On the other hand, the slope of the associated edge in Tn−1

is precisely en−1 − 1. As a consequence, the depth at the vertex v1 preceding the leaf associated
with B1 in Tn is strictly greater than p times the corresponding depth in Tn−1. Therefore, in
accordance with Theorem 3.42(ii)(b), the differential form at the vertex v1 within Tn is exact.
This, however, leads to a contradiction, considering that e1,n ≡ 1 (mod p).

Now suppose e1,n = pen−1 − p + a + 1, where 0 < a < p. In this case, the Hurwitz tree
Tn is étale of type [e1,n, . . . , er,n] with all the differential forms being exact. However, one can
demonstrate that such a tree does not exist, using an argument similar to that employed for
Artin–Schreier deformations.

4.3 Reduction type

Suppose that we are given a cyclic character χn ∈ H1
pn(K) of order pn that is defined by a

length n Witt vector Fn := (F 1, . . . , Fn) ∈ Wn(K). Suppose, moreover, that δχn(0) = 0. Then
the reduction χn ∈ H1

pn(κ) of χn is well defined. One may further assume that χn is given by
a length n Witt vector

f
n
:=
(
f1, f2, . . . , fn

)
∈Wn(κ) .

We call f
n
a reduction type of χn. If fn is reduced, we say that it is the reduced reduction type

of χn and f i is its ith degeneration. It is clear that the character χi := (χn)
pn−i ∈ H1

pi(κ) has
f
i
= (f1, . . . , f i) as reduction type.

Proposition 4.15. Suppose that we are given a character χn ∈ H1
pn(κ) of order p

n defined by
a length n Witt vector f

n
= (f1, f2, . . . , fn) ∈Wn(κ), a complete discrete valuation ring R that

is finite over k[[t]], and a deformation χn−i of the subcharacter χn−i := χp
i

n over R given by

℘(Y n−i) =
(
F 1, . . . , Fn−i

)
.

Suppose, moreover, that χn is a character given by

℘(Y n) =
(
F 1, . . . , Fn−1, Fn

)
and gives rise to an étale tree Tn that extends Tn−i (in the sense of Definition 4.6). Then χn
extends χn−i if it has reduction type f

n
.

Proof. It is clear from the definition that χn extends χn−i. Since the Hurwitz tree Tn to which
it gives rise is étale, χn has good reduction by Theorem 4.9. Moreover, having reduction type f

n
guarantees that the special fiber of χn is birationally equivalent to χn. It then follows from the
definition that χn is a deformation of χn extending χn−i.
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Remark 4.16. Proposition 4.15 implies that one can extend a Z/pn−1-deformation by finding a
rational function Fn that gives the right degeneration data at the root of the associated tree Tn
and the right branching datum to the generic fiber. In general, it is not easy to calculate the
refined Swan conductor of a character, let alone control it to obtain the wanted reduction. To
get around it, we start our construction of Fn from the disc corresponding to a “final vertex”
(see induction step Ind 1.) of the extending Hurwitz tree Tn, where the degeneration is easy
to manage. We then continuously modify Fn until we get to the boundary of the unit disc
SpecR[[X]]. More details will be given in Section 5.4. This strategy again resembles one used by
Obus and Wewers in [OW14] to prove Oort’s conjecture.

4.4 The compatibility of the differential conductors

Definition 4.17. Suppose that T is a Z/pn-Hurwitz tree that arises from χ ∈ H1
pn(K), which

has conductor ιn and good reduction. Suppose, moreover, that v is a vertex (which can be the
root) of the étale tree T initiating m edges e1, . . . , em and has a differential conductor (or nth
degeneration type) of the form

ωT (v) =
cvdx∏m

i=1(x− ai)hi
=

m∑
i=1

hi∑
j=1

cv,jdx

(x− ai)j

(
or

l∑
j=1

dj
xj

, where dl ̸= 0, p ∤ l
)
,

where cv,hi ̸= 0 for i = 1, . . . ,m and ai = [zei ]v. Then we call cv (or −ldl) the constant coefficient
at v and cv,hi the constant coefficient of its ei part.

Suppose that e is an edge in T and r ∈ (s(e), t(e)) ∩ Q. Then it follows from the discussion
in Section 3.6 that the differential conductor at r of χ is a finite sum of the form

ωχ(r) =
∑
j⩾l

cjdx

(x− [ze]r)j

for some l ∈ N where cl ̸= 0.

Definition 4.18. With the notation above, we say that ωT has coefficient cl at r.

The following result shows that the constant coefficients of the differential conductors along
the Hurwitz tree constructed in Section 4.2 are “compatible” in some senses.

Theorem 4.19. Suppose that T is a tree that arises from a cyclic cover with good reduction.
Let e be an edge in T . If δT (s(e)) > 0, then the following hold:

(i) Suppose that s(e) < r < t(e) is a rational place on e. Then the constant coefficient at r is
equal to that at t(e).

(ii) The constant coefficient at t(e) is equal to that of the e-part at s(e).

Suppose that T is an étale tree and the nth level reduced degeneration at its root is a
polynomial in x−1 of degree l with coefficient −ldl. If l < pιn−1 − p, then we only need the
differential conductors starting from v1 to be compatible. Otherwise, we have ιn = l+1, and the
differential conductor at v1 has the same coefficient as that at v0.

We first prove the result above for the situation of Section 3.8. The rest of the proof will be
given Section 5.3, where we have extra tools to generalize Proposition 4.20.

Proposition 4.20. Suppose that χ ∈ H1
pn(K) satisfies conditions (D1), (D2), and (D3) of Sec-

tion 3.8 with respect to a rational place r0. Suppose that at r0, the differential conductor ωχ(r0)
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has constant coefficient c and order of infinity ι− 2 > 0. Then there exists an r ∈ [0, r0)∩Q such
that, for all s ∈ (r, r0) ∩Q, we have

δχ(s) = δχ(r0)− (ι− 1)(r0 − s) and ωχ(s) =
cdx

xι
.

In particular, for all r′ ∈ [0, r0) ∩Q such that δχ(r
′) = δχ(r0)− (ι− 1)(r0 − r′), we have

ωχ(r
′) =

cdx

xι
+

ι−1∑
i=1

cidx

xi
=:

cdx

xι
+ ω′

χ(r
′) ,

where ω′
χ(r

′) is exact, that is, ci = 0 for all i ≡ 1 (mod p).

Proof. We first assume G ∼= Z/p. Set Y := X/tpr0 and δ := δχ(r0). By Proposition 3.26, we
may assume that the restriction of χ to D[pr0] is represented by an Artin–Schreier class with
representative fχ = t−pδF (Y ), where the reduction (modulo t) of F is F := f ̸∈ κp. In addition,
condition (D1) allows us to write

df =

(∑
j⩾ι

bj
xj

)
dx ∈ Ω∗

κ ,

where bj ∈ k and bι = c. Set I := {i ∈ N | bi ̸= 0}. It then follows from the discussion in
Section 3.8 that

fχ =

∞∑
i=0

aiY
−i =

1

tpδ

( ∑
j⩾ι−1

dj
Y j

+
∑
l ̸∈I

el
Y l

)
, (4.5)

where dj ∈ R, ν(dj) = 0, and ν(el) > 0. In addition, using the assumption about the constant
coefficient and Proposition 3.26, we learn that c = (1− ι)dι−1. Let Z := Y tps. We thus have

fχ =

∞∑
i=0

ait
psiZ−i =

1

tpδ

( ∑
j⩾ι−1

djt
psj

Zj
+
∑
l ̸∈I

elt
psl

Z l

)
. (4.6)

Consequently, there exists a v ∈ (0, r0) ∩ Q such that, for all w ∈ [v, r0) ∩ Q, the value
ν(dι−1) + p(r0 − w)(ι − 1) is strictly smaller than the valuations of other terms. The first part
then immediately follows from Proposition 3.26. Let r′ ⩾ v be the largest kink of δχ on (0, r0].
Applying the process from Section 3.8 for some r ∈ (0, r′) ∩ Q, one may replace fχ of (4.5) by
another function in the same Artin–Schreier class, which we may assume to have the form of
(4.6), such that Proposition 3.26 applies immediately for any rational place in (0, v). In addi-
tion, that procedure does not change the ι− 1 coefficient of fχ and, for s := r0 − r, we have
ν
(
dι−1t

ps(ι−1)
)
⩽ ν

(
elt

psl
)
only when l < ι − 1 and l ̸≡ 0 (mod p). The rest once more follows

from an application of Proposition 3.26 to the place r′.

We now consider the case G ∼= Z/pn (n > 1). Suppose that the length n Witt vector
f = (f1, . . . , fn−1, fn) that represent χ is best at r0 and n − j + 1 is its relevance length (see
Definition 3.36). Recall from Proposition 3.40 that its differential Swan conductor at r0 is

dswχ(r0) =

n∑
i⩾j

[f i]p
n−i−1
r0 d[f i]r0 =

[ n∑
i=1

(f i)p
n−i−1df i

]
r0

.

The first assertion follows from the application of the base case’s argument to
∑n

i=1(f
i)p

n−i−1df i.
Let us consider the case δχ(r0) > pδχp(r0). Then the relevance length of f (see Definition 3.38)
is 1 at r0, and dswχ(r0) = d[fn]r0 . One may then prove the second assertion for this case using
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the same reasoning as for the case n = 1, where fn plays the role of fχ. Now suppose that
δχ(r0) = pδχp(r0), that is, the relevance length of f is greater than 1. Then, as before, there
exists a smallest r′ ∈ [0, r0) ∩Q such that δχ(s) is linear on [r′, r0) with slope ι− 1. In addition,
for all s ∈ [r, r0) ∩Q, it must be true that

ωχ(s) =
csdx

xι
and ωχ(r

′) =
cr′dx

xι
+

ι−1∑
i=1

cr′,idx

xi
.

Note that cs = c for s ∈ (r, r0) ∩Q. Let us consider two separate cases:

– If δχ(s
′) > pδχp(s′) for s′ ∈ (r′, r0), then δχ(s) > pδχp(s) for all s ∈ [r′, r0)∩Q. Therefore, it

must be true that f is best of relevance length 1 on the interval (r′, r0). We are in a situation
similar to one where δχ(r0) > pδχp(r0), where s

′ plays the role of r0.

– If δχ(s
′) = pδχp(s′) for s′ ∈ (r, r0), then, by Theorem 3.42, it must be true that δχ(s) =

pδχp(s) for all s ∈ [r, r0]. Note that, if δχp(−) concaves down at a place s on (0, r0), then
ord∞ ωχp(s)+1 > − ord0 ωχp(s)− 1 (see Proposition 3.15), which implies that ωχp(s) has a
pole outside 0, contradicting Corollary 3.22. Therefore, if ωχp(s′) = mdx/xl, then ωχp(s) =
mdx/xl for all s ∈ (r′, r0)∩Q by induction, so ωχ(s) = mpdx/xpl+1. The rest easily follows.

That completes the proof of the proposition.

Definition 4.21. With the above notation, we say that the conductor at t(e) is compatible with
that at s(e) if the constant coefficient at t(e) is equal to that of the e-part at s(e). Suppose v ≺ v′;
then we say that v′ is compatible with v if, given any pair of adjacent vertices v ≺ v1 ≺ v2 ≺ v′,
the vertex v1 is compatible with v2.

4.4.1 Partition of a tree by its edges and vertices. Suppose that we are given a Hurwitz
tree T and that e is one of its edges. We define T (e) to be a (non-Hurwitz) subtree of T whose

– edges, vertices, and information on them coincide with those succeeding s(e),

– differential datum at s(e) is equal to the e-part of ωT (s(e)).

These trees will play a critical role in the extension of a Hurwitz tree in Section 4.5 and in the
“partition process” Section 5.3. More precisely, Section 5 will construct a cover that gives rise
to a whole tree inductively from its subtree. Note that T (e) satisfies all of the Hurwitz tree’s
axioms but ones that involve the root and the trunk.

4.4.2 Deriving a Z/pn−1-tree from a Z/pn-tree. Suppose that χn is a Z/pn-character that
gives rise to a Hurwitz tree Tn. By following the process below, one can derive the tree Tn−1 for
level n− 1 just from the level n tree and the branching datum of the generic fiber, as follows:

(i) Erase the Z/p-leaves and the edges e of Tn such that the monodromy group at t(e) is Z/p.
(ii) Set the conductors at the leaves according to the (n − 1)-branching datum of the generic

fiber.

(iii) If the monodromy group at a vertex v is GTn(v) = Z/pm, where m > 1, then set GTn−1(v) =
Z/pm−1.

(iv) Starting from the root, assign the degeneration data at the succeeding vertices inductively so
that the differential conductors are compatible and satisfy the conditions of Theorem 3.42.

One can thus easily derive the degeneration data of the lower (than n − 1) levels from the
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highest one by reiterating the process above. The readers can see this from the examples in
Section 4.5.

4.5 The vanishing of the differential Hurwitz tree obstruction

In the proposition below, we discuss the vanishing of the Hurwitz tree obstruction for the refined
deformation problem. In addition, those extending Hurwitz trees are specially designed to be
used as the “skeletons” to build the lifts in Section 5. The proof is postponed to Section 6.2 as
they are quite technical. However, we will provide some generalized-enough examples and discuss
some of their features to help the readers follow Section 5.

Proposition 4.22. Suppose that k[[yn]]/k[[x]] is cyclic Galois of order pn with conductor ιn. Sup-
pose, moreover, that ϕn−1 : Yn−1 → C is an admissible deformation of the Z/pn−1-subextension
k[[yn−1]]/k[[x]] over a finite extension R of k[[t]], and Tn−1 is its associated Hurwitz tree. Then
there exists a good Z/pn-Hurwitz tree Tn of conductor ιn that extends Tn−1.

Next, we will give three examples of extending a Z/p-tree of conductor ι1 to certain Z/p2-
trees, one for a minimal second upper jump (that is, ι2 = pι1 − p) and two for a non-minimal
second upper jump (that is, ι2 = pι1 − p+ a2, where p ∤ a2).

Example 4.23. Suppose that χ is a character in H1
72(κ) that is given by the equation

℘(y1, y2) =

(
1

x29
,

2

x135
+

1

x

)
.

One can think of χ as a Z/49-extension of the complete discrete valuation ring k[[x]]. By Theo-
rem 2.4, the extension χ has upper jumps u1 = 29 and u2 = max{29 · 7, 135} = 203. This means
that the second jump is minimal. The Z/7-subextension χ1 of χ is given by

y71 − y1 =
1

x29
.

Consider the Z/7-Hurwitz tree T1 in Figure 3a, whose degeneration data are on Table 4. The
number a can be either 2 + 5

√
6 or 2 − 5

√
6. Note that these choices of a make the differential

dx/(x11(x− 1)5(x− a)3) exact. Also note that the constant coefficient −1/a3 of the differential
conductor at t(e2) is necessary for it to be compatible with one at t(e1). Recall that one can
construct from T1 a Z/7-character χ1 of type [5, 6, 5, 3, 4, 7]

⊤ that deforms χ1 (see Theorem 4.10).
The tree T min

2 in Figure 3b with degeneration data in the third column of Table 4 and with
monodromy group Z/49 at each vertex is a Z/49-tree that extends T1 and has conductor 204.
One can show that δT2(v) = 7δT1(v) and C(ωT min

2
(v)) = ωT1(v) for each v ∈ VT min

2
\ {v0}. It

follows from the data in Table 4 that T min
2 can represent a deformation of type[

30 204
]
−→

[
5 6 5 3 4 7

35 36 35 21 28 49

]⊤
.

Example 4.24. If we replace the Witt vector that defined χ in the previous example by

℘(y1, y2) =

(
1

x29
,

3

x212
+

1

x3

)
,

then the upper jump of the new character is (30, 213). Suppose that the deformation at the Z/7-
level is the same. Hence, its corresponding tree T1 is also identical to one in the previous example.
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v0

v1

[5][3]

[6]

b 1

[5]

e
2

1

e 1
1

[7][4]

e
3

1

e
01

(a) T1

v0

v1

[35][21]

[36]

b 1

[35]

e
2

1

e 1
1

[49][28]

e
3

1

e
01

(b) T min
2

v0

v1

[35][21]

[45]

b 1

[35]

e
2

1

e 1
1

[49][28]

e
3

1

e
01

(c) T 9
2

Figure 3. Extending trees

Vertices T1 T min
2 T 9

2

v0
(
0, 1

x29

) (
0,
(

1
x29
, 2
x135

+ 1
x

)) (
0,
(

1
x29
, 3
x212

+ 1
x3

))
v1

(
29, dx

x19(x−1)11

) (
203, dx

x127(x−1)77

) (
212, dx

x136(x−1)77

)
t(e3)

(
39, dx

x7(x−1)4

) (
280, dx

x49(x−1)28

) (
288, dx

x49(x−1)28

)
t(e1)

(
47, −dx

x11(x−1)5(x−a)3
) (

329, −dx
x71(x−1)35(x−a)21

) (
347, −dx

x80(x−1)35(x−a)21
)

t(e2)
(
57, −dx

a3x5(x−1)6

) (
399, −dx

a21x35(x−1)36

) (
426, −dx

a21x35(x−1)52

)
Table 4. Degeneration data of the trees in Figure 3

Figure 3c is a tree T 9
2 that extends T1 and has conductor 213. Note that δT2(v) > 7δT1(v) and

C(ωT 9
2
(v)) = 0 for each v ∈ VT 9

2
\ {v0}.

Note that the extension tree in Example 4.24 is not unique. The following example illus-
trates an alternative construction where the extending tree T ness

2 has no essential jumps from
level n − 1 to level n (ness stands for non-essential). The general construction will be given in
Proposition 6.5.

Example 4.25. Suppose that the character χ from the previous example corresponds to

℘(y1, y2) =

(
1

x29
,

2

x211
+

1

x

) (
respectively,

(
1

x29
,

3

x212
+

1

x3

))
,

and the Z/7-deformation is the same. Then the diagram in Figure 4b (respectively, Figure 4c)
gives an extending tree of T1 with the right reduction type. Its degeneration data are in Table 5.
The monodromy groups at all vertices but the ends of the two leaves of conductors 7 are iso-
morphic to Z/49. The monodromy groups at those two vertices are Z/7. Observe that, in both

348



Deforming cyclic covers in towers

Figure 4b and 4c, we have δT2(v1) = 7δT1(v1).

v0

v1

[5][3]

[6]

b 1

[5]

e
2

1

e 1
1

[7][4]

e
3

1

e
01

(a) T1

v0

[7]

[35][21]

[36]

b 1

[35]

e
2

1

e 1
1

[43][28]

e
3

1

[7]

e 0
,1 3 7

(b) T 8 ness
2

v0

[7]

[35][21]

[37]

b 1

[35]
e
2

1

e 1
1

[43][28]
e
3

1

[7]

e 0
,3 5 1
4

(c) T 9 ness
2

Figure 4. Extending trees with no essential jumps from level 1 to 2

Vertices T1 T 8 ness
2 T 9 ness

2

v0
(
0, 1

x29

) (
0,
(

1
x29
, 2
x211

+ 1
x

)) (
0,
(

1
x29
, 3
x212

+ 1
x3

))
t(e0,1)

(
89
7 ,

dx
x30

) (
633
7 ,

5dx
x198(x−1)7(x−5)7

)
t(e0,3)

(
145
14 ,

dx
x30

) (
530
7 ,

dx
x199(x−2)7(x−4)7

)
v1

(
29, dx

x19(x−1)11

) (
203, dx

x127(x−1)71

) (
203, dx

x128(x−1)71

)
t(e3)

(
39, dx

x7(x−1)4

) (
273, dx

x43(x−1)28

) (
273, dx

x43(x−1)28

)
t(e1)

(
47, −dx

x11(x−1)5(x−a)3
) (

329, −dx
x71(x−1)35(x−a)21

) (
330, −dx

x72(x−1)35(x−a)21
)

t(e2)
(
57, −dx

a3x5(x−1)6

) (
399, −dx

a21x35(x−1)36

) (
401, −dx

a21x35(x−1)37

)
Table 5. Degeneration data of the trees in Figure 4

Remark 4.26. Suppose that r is an arbitrary rational point on the tree T2. Then one can observe
from the previous examples that there are at most two succeeding leaves whose conductors are not
divisible by p. This also holds for all the trees Tn that we will construct to prove Proposition 4.22.
This fact is essential for the proof of Lemma 5.15, which, in turn, is a key ingredient of the proof
of Proposition 2.35.

Remark 4.27. In the tree T min
2 of Figure 3b, there is one leaf b1 with conductor l1,2 = 7l1,1−7+1.

The other leaves bi have conductor li,2 = 7li,1. Furthermore, at each vertex v adjacent to the
edges e2, e1, and e0, we have δT2(v) = 7δT1(v). We say that the tree T min

2 extends T1 minimally.
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Note that T min
2 (e1) (respectively, T min

2 (e2)) also extends T1(e1) (respectively, T1(e2)) minimally.
In addition, the tree T 9

2 (e1) of Figure 3c has one leaf b1 with conductor l1,2 = 7l1,1−7+9+1, and
the other leaves bi have conductor li,2 = 7li,1. We say that T 9

2 extends T1 9-additively. Similarly,
the tree T min

2 (e3) extends T1(e3) (7− 1)-additively.

At the vertex v1 of the Z/49-trees in Figure 4b and 4c, all but two subtrees starting from it
extend the corresponding subtrees of T1 (7 − 1)-additively. The tree T 9 ness

2 (e1) extends T1(e1)
1-additively, and T 8 ness

2 (e3) and T 9 ness
2 (e3)) extend T1(e3) minimally. Formal definitions of the

above conventions will be given in Section 6.2.

5. Proof of Proposition 2.35

In this section, we give the final step (Step 4) of the proof of Proposition 2.35, hence of Theo-
rem 2.34, hence of Theorem 1.2. From now on, we set K := K(X) and denote by κ := k(x) its
residue field.

The inverse process of Section 4.2, constructing a cover from a Hurwitz tree, was utilized
by Henrio in [Hen00] and by Bouw and Wewers in [BW06] to solve the lifting problem for Z/p-
covers and (Z/p⋊Z/m)-covers, respectively. However, the main technique in these papers is the
gluing method, which no longer works in our situation (as discussed in Remarks 3.27 and 4.11).
We instead generalize Obus and Wewers’ approach in [OW14].

5.1 Geometric setup

In the rest of the paper, we set C ∼= P1
K = ProjK[X,V ]. Recall that D is the closed unit disc

inside
(
A1
K

)an ⊂ Can centered at X = 0. We are given a character χn ∈ H1
pn(κ) corresponding

to a cyclic cover of D over k of order exactly pn, branching only at 0 with upper ramification
breaks (m1, . . . ,mn−1,mn). Set (ι1, . . . , ιn) := (m1 + 1, . . . ,mn + 1). For i = 1, . . . , n− 1, we set
χi := (χn)

pn−i ∈ H1
pi(κ). Suppose that there is a character χn−1 ∈ H1

pn−1(K) deforming χn−1

(in the sense of Definition 3.9). In order to prove the refined local deformation problem, we
must show that there exists a character χn ∈ H1

pn(K) that smoothly deforms χn and satisfies
χpn = χn−1.

We may assume that χn−1 corresponds to an extension of K given by a length n − 1 Witt
vector Gn−1 = (G1, . . . , Gn−1). Then any χn ∈ H1

pn(K) such that χpn = χn−1 is given by a length n
Witt vector Gn = (G1, . . . , Gn−1, Gn) ∈ Wn(K). After a finite extension of K, one may assume
that Gn−1 is best (see Definition 3.36). Recall that, by Proposition 4.22, one can construct a
Hurwitz tree Tn with conductor ιn = mn + 1 that extends Tn−1 (see Definition 4.6). Suppose
that the type of such a Tn is (ιn,1, . . . , ιn,r), where

∑
i ιn,i = ιn. We would then like Gn to be of

the form

Gn =

r∑
j=1

ιn,j−1∑
i=1

aj,i
(X − bj)i

∈ K ,

where ai,j ∈ k((t)), the bi are pairwise-distinctK-points of the open unit discD, and the geometry
of the poles (see Definition 3.6) of Gn agrees with that of Tn. We say that the polynomial Gn

gives rise to the character χn (from χn−1).

5.2 The base case

The case n = 1 is trivial as one can always deform an Artin–Schreier cover trivially over k[[t]]
(using the same Artin–Schreier equation that defines the special fiber to represent the generic
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fiber). Recall that Theorem 4.10 asserts that the existence of a deformation of Artin–Schreier
covers with a given type is fully determined by the presence of Z/p-differential Hurwitz trees of
the same type. One may utilize this fact to study the deformation ring RZ/p (see Section 2.3.2).

5.3 Partition of the extending Hurwitz tree

In this section, we discuss a strategy to translate our situation to one that can be solved using
the tools from [OW14]. Suppose that χn−1 branches at s points b1, . . . , bs, where bi ∈ mR. We
first show that its corresponding Witt vector Gn−1 = (G1, . . . , Gn−1) can be partitioned with
respect to a rational place on the associated Hurwitz tree.

Proposition 5.1. With the notation as in the geometric setup, suppose that A and B partition
the branch locus B(χn−1) = {b1, . . . , bs}. Then there exist two length n− 1 Witt vectors(

G1
A, . . . , G

n−1
A

)
and

(
G1
B, . . . , G

n−1
B

)
such that the former vector only has poles in A, the latter one only has poles in B, and(

G1, . . . , Gn−1
)
=
(
G1
A, . . . , G

n−1
A

)
+
(
G1
B, . . . , G

n−1
B

)
.

Proof. We give a proof by induction on n. Let us first assume n = 2. We can then write G1 as
the sum of G1

A and G1
B simply by splitting its partial-fraction decomposition. When n > 2, we

have (
G1, G2, . . . , Gn−1

)
− (G1

A, 0, . . . , 0) =
(
G1
B, G

2
1, . . . , G

n−1
1

)
=
(
G1
B, 0, . . . , 0) + (0, G2

1, . . . , G
n−1
1

)
.

The second equation comes from the “decomposition” property of Witt vector [Lor08, § 26, (32)].
The second term is V(G2

1, . . . , G
n−1
1 ), where V is the Verschiebung operation for Witt vectors.

By induction, we may write
(
G2

1, . . . , G
n−1
1

)
=
(
G2

1,A, . . . , G
n−1
1,A

)
+
(
G2

1,B, . . . , G
n−1
1,B

)
, using the

obvious notation. Therefore,(
G1, . . . , Gn−1

)
=
(
G1
A, G

2
1,A, . . . , G

n−1
1,A

)
+
(
G1
B, G

2
1,B, . . . , G

n−1
1,B

)
,

as we want, completing the proof.

Definition 5.2. Let s be a rational place on an edge e of a Hurwitz tree Tn−1, and let z ∈ k or
z = ∞. We define Gn−1,s,z to be a partition of Gn−1 whose poles specify to z on the canonical
reduction of D[s, ze]. For any s(e) < r < t(e), set

Gn−1,r := Gn−1,r,0 and Gn−1,s(e) = Gn−1,t(e) := Gn−1,r .

If v = t(e) is a vertex, we set Gv := Gt(e). Define

χn−1,s := Kn−1(Gn−1,s) and χn−1,s,∞ := Kn−1(Gn−1,s,∞) .

Remark 5.3. Observe that Gn−1,s1 = Gn−1,s2 for all s(e) < s1 ⩽ s2 < t(e). In addition, if
s(e) < s < t(e), then Gn−1,t(e) = Gn−1,s + Gn−1,s,∞. Finally, if r = t(e) = s(e1) = · · · = s(el),

then Gn−1,t(e) =
∑l

j=1Gn−1,s(ej).

The following result is simple but will turn out to be critical for our approach.

Proposition 5.4. Suppose that we are given a character χn−1 ∈ H1
pn−1(K), which is defined by

Gn−1 := (G1, . . . , Gn−1) ∈ Wn−1(K), has good reduction, and gives rise to a Z/pn−1-Hurwitz
tree Tn−1. Then the following hold:
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(i) Suppose s(e) < s < t(e) ∈ Q⩾0, where e is an edge of Tn−1, and Gn−1 = Gn−1,s +Gn−1,s,∞
as in Proposition 5.1. Then

δχn−1(s) = δχn−1,s(s) and ωχn−1(s) = ωχn−1,s(s) .

(ii) Suppose s = t(e) = s(e1) = · · · = s(el). Then

δχn−1(s) = δχn−1,s(ei)
(s) and ωχn−1(s) =

l∑
i=1

ωχn−1,s(ei)
(s).

In particular, the constant coefficient (see Section 4.4) of the ei-part of ωχn−1(s) is equal to
the constant coefficient of ωχn−1,s(ei)

(s).

Proof. Suppose δχn−1(r) ̸= δχn−1,s(r) at a rational place s(e) < s ⩽ r < t(e) in e. Since χn−1 has
good reduction, it follows from Proposition 3.20 and Remark 3.23 that δχn−1(r) is the minimal
depth possible at r with the given positions and conductors of the branch points whose valuations
(with respect to ze) are greater than r. Note that the restrictions of χn−1,s and χn to D[pr, ze]
have the same branching data. Hence δχn−1(r) < δχn−1,s(r). Therefore, it must be true that
δχn−1,s(r) = δχn−1,s,∞(r), else δχn−1(r) = max(δχn−1,s(r), δχn−1,s,∞(r)) by Proposition 3.12, which
contradicts the previous sentence. On the other hand, by applying Proposition 3.20, we obtain

ord0(ωχn−1,s,∞(w)) ⩾ 0 and ord∞(ωχn−1,s(w)) ⩾ 0

for any w ∈ Q ∩ [s(e), t(e)]. This means that, in the direction from s(e) to t(e) in e, the depth
δχn−1,s is strictly increasing, and δχn−1,s,∞ is strictly decreasing (recall Corollary 3.16, which says
that the differential determines the rate of change of the depth). Thus, it must be true that
δχn−1,s,∞(w) ⩽ δχn−1,s(w), and equality can only happen when w = s(e). That gives a contradic-
tion. The claim about the differential conductor then follows immediately from Lemma 3.12.

The rest is straightforward, following a similar line of reasoning.

Remark 5.5. Suppose that χn−1 := Kn−1(Gn−1) is a Z/pn−1-cover that has Tn−1 as the cor-
responding tree, and Tn is a Z/p-extension of Tn−1. Consider a vertex v = t(e) on T with m
branches e1, e2, . . . , em in the directions away from the root. As before. we can partition Gn−1

into a sum

Gn−1 = Gn−1,v,∞ +

m∑
i=1

Gn−1,v,i .

Each Gn−1,v,i here is a length n−1 Witt vector whose roots are the leaves of Tn−1 succeeding ei.
The poles of Gn−1,v,∞ are the leaves of Tn−1 that are not leaves of one of the Tn−1(ei). Set

χn−1,v,i := Kn−1(Gn−1,v,i) ∈ H1
pn−1(K). For any rational place r on Tn(ei), we have δχn−1,v,i(r) =

δχn−1(r) by Proposition 5.4. Hence, we obtain full information about the depth and the differential
conductor of χn−1,v,i. Moreover, all of the branch points of χn−1,v,i lie in the closed subdisc
D[pv, ze]. This is similar to the situation considered in [OW14], thus allows us to apply many
technique from that paper. More precisely, we will extend the χn−1,v,i one at a time. Their sum
then gives an extension of χn−1,v with tree Tn(v).

Definition 5.6. Suppose that we are given a tree Tn that extends Tn−1, and r is a rational place
on an edge e of Tn. When s(e) < r ⩽ t(e), we define Hr to be the collection of all H ∈ K that
give rise to K1(H) ∈ H1

p(K) whose branching divisor is everywhere smaller than or equal to that
of Tn(s(e)) = Tn(r). We define Hs(e) = Hr for a rational s(e) < r < t(e). Hence Hr = Hs for all
s(e) ⩽ s ⩽ r ⩽ t(e). As before, if v = t(e) is a vertex, then we set Hv := Ht(e).
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Corollary 5.7. With the notation as in Definition 5.6, a polynomial H ∈ Hs(e0) extends χn−1

to a character χn that deforms χn if and only if its reduction type coincides with the reduced
representation of χn.

Proof. “⇐” Since H ∈ Hs(e0) and Gn−1 is best (as we assume in the geometric setup), it follows
from Theorem 2.4 that C(χn, e0, 0) ⩽ ιn. Moreover, as the different of the generic fiber is at least
that of the special fiber, by Proposition 2.25, the assumption on the reduction type of χn implies
that the conductor of the special fiber is ιn, enforcing the equality. That information, combining
with Proposition 4.15, proves the direction “⇐”.

“⇒” This direction is immediate from the definition.

Definition 5.8. Suppose given a Z/pn-tree Tn that extends Tn−1 and a vertex v of Tn. We
define Gv ⊆ Hv to be the collection of G ∈ K such that the branching datum of the character
χn,G ∈ H1

pn(K) to which it gives rise fits into Tn(v), and such that

δχn,G(v) = δTn(v) .

We denote by G∗
v ⊆ Gv the collection of G such that ωχn,G(v) is a non-zero multiple of ωTn(v).

Definition 5.9. Suppose that we are given a rational G ∈ Gv, and let v′ be a vertex succeeding v
in Tn−1. Then, as before, one may write G = Gv′ +Gv′,∞. We set G|v′ := Gv′ .

Proposition 5.10. Suppose that Tn is a good Z/pn-Hurwitz tree that extends Tn−1, and let
G ∈ Gv for some vertex v of Tn. Let χ be the extension of χn−1 by G. Then

δχ(r) = δTn(r)

for every rational place r > v. In particular, at every vertex v′ succeeding v, we have G|v′∈ Gv′ .

Proof. Suppose δχ(r) ̸= δTn(r) for some r > v. Then, it follows from Corollary 4.8 that δχ(r) >
δTn(r). On the other hand, the right derivative of δχ at any rational place r is − ord0(ωχ(r))− 1
by Corollary 3.16, which is at most C(χ, r, 0)− 1 by Proposition 3.20. Hence, as δχ(v) = δTn(v),
it must be true that δχ(r) ⩽ δTn(r), which negates the assumption. The last assertion follows
easily from Proposition 5.4(ii).

Definition 5.11. At a vertex v = t(e) with r direct successor edges e1, e2, . . . , el, we define

r∑
i=1

Gs(ei) :=
{ l∑
i=1

Gs(ei) | Gs(ei) ∈ Gs(ei)
}
.

Corollary 5.12. With the notation as in Definition 5.11, we have Gv = Gt(e) =
∑l

i=1 Gs(ei).

Proof. The inclusion Gt(e) ⊇
∑l

i=1 Gs(ei) is immediate from the definition and Lemma 3.12(ii).
Suppose G ∈ Gt(e). Then, as discussed in Remark 5.5, we may write G =

∑r
i=1Gs(ei), where

Gs(ei) ∈ Hs(ei). Finally, as δχs(ei)
(r) = δχ(r) = δTn(r) for all s(e) < r by Proposition 5.10,

Proposition 3.15 asserts that δχs(ei)
(s(ei)) = δχ(s(ei)) = δTn(s(ei)). Therefore, Gs(ei) ∈ Gs(ei).

Note that we also have Ht(e) =
∑l

i=1Hs(ei).

Proof of Theorem 4.19. We now have the necessary tools to complete the proof of the compati-
bility theorem. Recall that the situation of Section 3.8 has been solved by Proposition 4.20. Let
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us now consider an arbitrary rational place r ∈ (s(e), t(e)]. We may again write G = Gr +Gr,∞.
Applying Proposition 5.4 with χr := K(Gr), one obtains

δχ(r) = δχr(r) and ωχ(r) = ωχr(r) .

Hence, as the differential conductor of χr follows the compatibility rules, so does that of χ.

Remark 5.13. Most of the results in Sections 4 and 5 until this point easily translate to the case
where R is of mixed characteristic. The most important among them is Proposition 5.4(i). The
only problematic part is Proposition 5.4(ii), hence Theorem 4.19 is also problematic since we do
not yet have an exact analog of Theorem 3.39 in mixed characteristic.

5.4 The induction process

The following is the outline of the induction process to construct a character χn that deforms
χn, extends χn−1, and gives rise to Tn. One may assume that the length n− 1 Witt vector that
defines χn−1 is best. We would like to find a rational function Gn ∈ K that extends χn−1 to
a deformation χn of χn. Below is the induction (Ind) process.

Ind 1. We start at a vertex v = t(e) of Tn that only precedes leaves. We call v a final vertex
of Tn. In Section 5.6.1, we consider the affinoid Gt(e). It is a collection of Gnt(e) ∈ K that gives rise to

a cover χn,t(e) with desired depth and (generic) branching datum at t(e). We then show that the
subset G∗

t(e) ⊊ Gt(e), whose elements give rise to the characters with the right differential conductor

at t(e), is non-empty. Recall that either ωTn(t(e)) is exact, or C(ωTn(t(e))) = ωχn−1(t(e)) (see
Theorem 3.42). The case where ωTn(v) is exact is considered in Section 5.6.2; the non-exact case
is examined in Section 5.6.3.

Ind 2. This step is carried out in Sections 5.7 and 5.8. Let e be an edge of Tn that is the
direct predecessor of a final vertex. Then Gn−1,t(e) = Gn−1,s(e), and there are no leaves in Tn
with valuation (with respect to ze) greater than s(e) besides one at t(e). In order for the depth
of χn,s(e) at s(e) to be equal to δTn(s(e)), we continuously control its differential conductor along
e by modifying Gnt(e). The key ingredient is Proposition 5.18, which says that one can always
replace Gnt(e) with another element of Gt(e) that “fits” better into Tn. Furthermore, we prove that

the collection of Gnt(e) whose depth at s(e) is δTn(s(e)), that is, the quasi-compact quasi-separated

(qcqs) set Gs(e), is a non-empty subset of G∗
t(e) (see Proposition 5.20). This shows that one can

secure the wanted ramification datum over the edge e, completing the base case.

Ind 3. Suppose that e is an edge of Tn where t(e) is not final, and e1, . . . , el are the direct
successors of t(e). As in Remark 5.5, we may write Gn−1 as

Gn−1 =
l∑

i=1

Gn−1,s(ei) +Gn−1,t(e),∞ .

By induction, for each i, there exists a qcqs Gs(ei) such that for each Gns(ei) ∈ Gs(ei) and for each
i = 1, . . . , l, the following hold:

(a) The branching datum of χn,s(ei) = Kn
(
Gn−1,s(ei), G

n
s(ei)

)
fits into Tn(ei).

(b) The depth of χn,s(ei) at t(e) is equal to δTn(t(e)
)
.

Moreover, it follows from Corollary 5.12 that Gt(e) =
∑l

i=1 Gs(ei). Hence, Gt(e) is also qcqs. We
call t(e) an exact vertex if δTn(t(e)) > pδTn−1(t(e)). Otherwise, δTn(t(e)) = pδTn−1(t(e)), and
we call t(e) a Cartier vertex. The controlling of exact vertices (respectively, Cartier vertices) to
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achieve ωTn(t(e)) = ωχn,t(e)
(t(e)) is similar to step Ind 2.. We again obtain a non-empty open

subset G∗
t(e) ⊂ Gt(e) whose elements gives the desired differential conductor at t(e).

Ind 4. Let e be the edge from the previous step. We can simply repeat the process from
step Ind 2. to achieve the right degeneration data over e. That completes the inductive step.

Ind 5. Iterating the previous two steps, we acquire a non-empty qcqs Gs(e0) (recall that e0
is the trunk of Tn). Finally, Section 5.10 shows that Gs(e0) contains a non-empty subset G∗

s(e0)
whose elements give rise to characters with desired reduction type. That result, together with
Corollary 5.7, completes the proof of the main theorem.

5.5 Some natural degree p characters

Definition 5.14. Suppose that Tn is a tree that extends Tn−1 in Proposition 4.22, and r is a
rational place on an edge e of Tn. We may assume ze = 0. Suppose, moreover, that b1, . . . , bm
are the successor leaves of e on Tn and lj is the conductor at bj , and set l :=

∑m
j=1 lj . Define Wr

to be the collection of exact differentials forms

ωr =
l∑

i=1

cidx

xi
, (5.1)

where ci ∈ k. Note that, as ωr is exact, the coefficients cqp−1 are 0 for all q ∈ Z.

Lemma 5.15. Suppose that Tn is a tree extending Tn−1 in Proposition 4.22, and r is a rational
place on an edge e of Tn. Suppose, moreover, that we are given a δ ∈ Q>0 and an exact differential
form ω in Wr. Then there exists an Hr ∈ Hr such that, for ψ := K1(Hr), we have δψ(r) = δ and
ωψ(r) = ω.

For the definition of Hr, see Definition 5.6.

Proof. Suppose that ω has the form shown in (5.1). Suppose that, for each i, there exists a rational
function Hr,i ∈ Hr such that, for ψi := K1(Hr,i), we have δψi

(r) = δ and ωψi
(r) = cidx/x

i. Then,
by Lemma 3.12(ii), the character ψ :=

∑r
i=1 ψi works. Therefore, we may further assume

ω =
cidx

xi
,

where ci ∈ k, p ∤ (i − 1), and i ⩽ l. By the construction of Tn, all but at most two of the li are
divisible by p (this is mentioned in Remark 4.26). Without loss of generality, we may assume
that they are l1 and l2. We will treat each case separately.

First suppose p | l2. This is the situation on most of the places of T min
2 in Example 4.23.

Consider the rational function

H :=
xl−i

tp(δ−r(i−1))(x− b1)l1−1
∏m
j=2(x− bj)lj

∈ K .

Then it is straightforward to check that H ∈ Hr, [H]r = 1/xi−1
r /∈ (k(xr))

p, and νr(H) = −pδ.
Hence, by Proposition 3.26, it is exactly what we are seeking.

Suppose p ∤ l1 and p ∤ l2, for instance, where r is a place on the edge e0,1 of T 8 ness
2 in

Example 4.25 and Tn = T 8 ness
2 (r). We first regard the case l1 = m1p+1 and l2 = m2p+1. Then,

as ω ∈ Wr and l = pq + 2, we may assume i ⩽ l − 2. One can show that

H :=
xl−1−i

tp(δ−r(i−1))(x− b1)mp1(x− b2)mp2
∏m
j=3(x− bj)lj

355



H. Dang

works as before.

Finally, let us consider the case l2 = m2p+ 1 and 1 < l1 < p as on the edge e0,1 of T 9 ness
2 in

Example 4.25. Then, similarly to the other cases, the rational function that does the job is

H :=
xl−1−i

tp(δ−r(i−1))(x− b1)l1−1(x− b2)m2p
∏m
j=3(x− bj)lj

.

We hence have solutions for all the cases.

Corollary 5.16. Suppose that ιn is the conductor of Tn and g =
∑mn

j=1 cj/x
j is a polynomial

in k[x−1] that consists of only terms of prime-to-p degree. Then, after a possible finite extension
of K, there exists a G′

s(e0)
∈ Hs(e0) such that the character ψ := K1(G

′
s(e0)

) satisfies

– δψ(0) = 0, and

– its reduction ψ, considered as a character in H1
p(κ), corresponds to the extension yp−y = g.

Proof. The proof is almost identical to that of Lemma 5.15. In particular, cj/x
j in this case plays

the role of −jcjdx/xj+1 in the proof of that lemma.

5.6 Controlling a final vertex

Suppose that v = t(e) is a final vertex of Tn with differential conductor

ωTn(v) =
cdx∏r

j=1(x− [bj ]v)lj
,

where lj is the nth conductor of the branch point associated with the leaf bj on Tn. It fol-
lows from the rules asserted in Theorem 3.42 that either C(ωTn(v)) = ωTn−1(v) = ωχn−1(v), or
C(ωTn(v)) = 0. We discuss the former case in Section 5.6.2 and the latter one in Section 5.6.3.

Recall from Section 5.3 that χn−1 can be represented by a best length n − 1 Witt vector
(G1, . . . , Gn−1) =

(
G1
v, . . . , G

n−1
v

)
+
(
G1

∞, . . . , G
n−1
∞
)
. The discussion in Remark 5.5 allows us to

reduce our study to the case where Gn−1 is equal to
(
G1
v, . . . , G

n−1
v

)
and is also best. We first

set Gn = 0. Then, it follows from Theorems 3.39 and 3.42 that the character χn it gives rise to
satisfies

δχn(v) = pδTn−1(v) and C(ωχn(v)) = ωTn−1(v) .

Furthermore, Theorem 2.4 shows that the nth conductor of χn at bj is ιj,n = pιj,n−1 for all j.
Therefore, 0 ∈ Hv and δχn(v) ⩽ δTn(v). In the rest of this subsection, we show that one can
replace 0 with some Gn ∈ Hv such that

δχn(v) = δTn(v) and ωχn(v) = ωTn(v) .

5.6.1 The final qcqs. Suppose that there are m leaves b1, . . . , bm, with respective nth con-
ductors l1, . . . , lm, that are attached to v. As discussed in Remark 4.26, one may assume that p
divides li for all i but maybe l1 and l2. Consider the subset H′

v of Hv that consists of the elements
of the form

G =
1

tpδTn (v)

( m∑
j=1

lj−1∑
i=1

aj,i
(xv − (bj)v)i

)
, (5.2)

where aj,i ∈ k((t)), mini ̸≡0 (mod p)(ν(aj,i)) = 0, and aj,i = 0 for i ≡ 0 (mod p) for each j.

Note that H′
v can be identified with an affinoid subset of A

∑m
j=1(lj−1)

K via the aj,i. We first show
that this collection is exactly the Gv defined in Definition 5.8.
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Proposition 5.17. The subset H′
v coincides with Gv. In particular, Gv is an affinoid (hence

qcqs).

Proof. Suppose G ∈ H′
v. It is immediate from (5.2) that [G]v ∈ κv \ κpv. Hence, we have δG(v) =

δTn(v) by Proposition 3.26. Therefore, G ∈ Gv; hence H′
v ⊆ Gv. Conversely, each H ∈ Gv is in the

same Artin–Schreier class as one of the form

H̃ =
1

tpδTn(v)
(H ′)v =

1

tpδTn(v)

( m∑
j=1

lj−1∑
i=1

(
bj,i

(x− bj)i

))
v

,

where [H ′]v ̸∈ κp, again by Proposition 3.26. It is straightforward to realize that H̃ must be of
the form (5.2).

5.6.2 The exact case. First suppose that ωTn(v) is exact. Then, by the conditions on an
extending tree (Definition 4.6), we have

δTn(v) > pδTn−1(v) and ωTn(v) =
cdx∏m

j=1(x− [bj ]v)lj
=: dhv

for some hv ∈ k(x) \ k(x)p. We may further assume

hv =
m∑
j=1

lj−1∑
i=1

bj,i
(x− [bj ]v)i

,

where bj,i ∈ k and bj,lj−1 ̸= 0 for each j. One can consider hv, after replacing x with xv, as an
element of k[[t]](xv). Hence, the rational function

Hv :=
1

tpδTn (v)

( m∑
j=1

lj−1∑
i=1

bj,i
(xv − (bj)v)i

)
∈ K

is an element of Hv such that, for ψ := K1(Hv), we have δψ(v) = δTn(v) and ωψ(v) = ωTn(v). It
follows from Lemma 3.12i that adding Hv to Gn = 0 makes δχn = δTn(v) and ωχn = ωTn(v). We
thus achieve the desired branching datum at v. Define

G∗
t(e) :=

{
G ∈ Gt(e) | ωχn(v) = ωTn(v)

}
,

which is non-empty as the above construction suggests.

5.6.3 The non-exact case. Let us now consider the case C(ωTn(v)) = ωTn−1(v) = ωχn−1(v).
Recall that we start with Gn = 0. Then, as Gn−1 is best, it follows from Theorem 3.39 that

δχn(v) = pδχn−1(v) = δTn(v) .

Thus, C(ωTn(v) − ωχn(v)) = ωTn−1(v) − ωTn−1(v) = 0, that is, the difference between the two
differential forms is exact. Therefore, we may assume

ωTn(v)− ωχn(v) = dhv

for some hv ∈ k(x)\k(x)p. In addition, Theorem 2.4 again tells us that the nth conductor at the
branch point bj is ιj,n = pιj,n−1 ⩽ lj for 1 ⩽ j ⩽ m. It then follows from Proposition 3.20 that
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ord[bj ]v(dhv) ⩾ −lj for all j. One may thus assume that

hv =

m∑
j=1

lj−1∑
i=1

bj,i
(x− [bj ]i)

.

Hence, dhv ∈ Wv. By the same argument as before, there exists an Hv ∈ Hv such that, for
ψ := K1(Hv), we have δψ(v) = δTn(v) and ωψ(v) = dhv. Again, replacing G

n by Gn + Hv re-
sults in ωχn(v) = ωTn(v). Thus, the set G∗

t(e) defined in the previous subsection is not empty,
completing step Ind 1..

5.7 Controlling an edge

Suppose that e is an edge where t(e) is final. We again may assume ze = 0. Recall that G∗
t(e),

which is the collection of G ∈ K that give rise to a character χn satisfying

δχn(t(e)) = δTn(t(e)) and ωχn(t(e)) = ωTn(t(e)) ,

is non-empty by step Ind 1.. Suppose, moreover, that the order of ∞ of ωTn(t(e)) is l− 2. Then,
by Corollary 3.16, the left derivative of δχn at t(e) is l − 1. Therefore, as δχn is piecewise linear
by Proposition 3.15, there exists a rational s(e) ⩽ λ < t(e) such that

δχn(s) = δTn(t(e))− (l − 1)(t(e)− s) = δTn(s)

for all s ∈ [λ, t(e)]. Let λe(G) be the minimal value of λ with this property. This means that λe(G)
is the largest “kink” of the function δχn on (s(e), t(e)) (or is s(e) if δχn is linear on [s(e), t(e))).
Our goal is proving that there exists a G ∈ G∗

t(e) satisfying λe(G) = s(e). First, we will show

that one can always reduce the kink on e, that is, make λe(G) strictly smaller (if it is greater
than s(e)) by replacing G with another element of G∗

t(e).

Proposition 5.18. Suppose G ∈ G∗
t(e) with λe(G) > s(e). Then there exists a G′ ∈ G∗

t(e) with

λe(G
′) < λe(G).

Proof. Suppose that λ := λe(G) is the largest kink of χn, which is the extension of χn−1 by G,
on e. We know from Proposition 3.20 that ord∞(ωχn(λ)) is equal to the left derivative of δχn

plus 1, which is at most l − 2. Moreover, it follows from the same corollary that

ord0(ωχn(λ)) = −l and ordz(ωχn(λ)) ⩾ 0 , ∀ z ̸= 0,∞ .

Let us first consider the case δχn(λ) > pδχn−1(λ). Then ωχn(s) is exact, and l − 1 is prime to p.
Therefore, we may assume that ωχn(λ) is of the form

ωχn(λ) =
cdx

xl
+ dF ,

where 0 ̸= dF ∈ Wλ. Applying Lemma 5.15, we obtain a F ∈ Hλ such that, for ψ := K1(F ),

δψ(λ) = δχn(λ) and ωψ(λ) = −dF .

One may check that G′ := G + F lies in Gt(e). Finally, it follows from Lemma 3.12(ii) that
replacing G by G′ changes χn as follows:

δχn(λ) = δTn(λ) and ωχn(λ) =
cdx

xl
.

Thus, χn has no kink at λ, whence λe(G
′) < λe(G).
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Let us now consider the case δχn(λ) = pδχn−1(λ). The same line of reasoning as in Sec-
tion 5.6.3 gives ωχn(λ) − ωTn(λ) = dF , where F is as in the previous case. Repeating the above
process, we obtain a G′ ∈ G∗

t(e) that satisfies λe(G
′) < λ.

Remark 5.19. If λe(G
′) is once more strictly greater than s(e), we can repeat the procedure from

the above proof to obtain an element of G∗
t(e) with strictly smaller kink (on e). Thus, if we can

show that λe achieves a minimum value, then that value must be equal to s(e). That is the goal
of the next section.

5.8 The minimal depth Swan conductor

This section adapts [OW14, § 6.4]. We would like to show that the function λe : Gt(e) → Q⩾0

defined in Section 5.7 takes the value s(e) for some Gt(e) ∈ G∗
t(e). As discussed in Remark 5.19,

it suffices to prove the following.

Proposition 5.20. The function Gt(e) 7→ λe(Gt(e)) attains a minimal value on Gt(e) (that is,
Gs(e) is non-empty). Moreover, Gs(e) can be identified with a qcqs set.

5.8.1 A lemma from rigid analysis. The following lemma will be a crucial ingredient in the
proof of Proposition 5.20.

Lemma 5.21 (cf. [OW14, Lemma 6.16]). Let X be qcqs over K and f1, . . . , fn ∈ A be analytic
functions on X. Then the function

ϕ : X −→ R , x 7−→ max
1⩽i⩽n

i

√
|f i(x)|

takes a minimal value on X. Equivalently, the function

x 7−→ τ(x) := min
1⩽i⩽n

ν(f i(x))

i

takes a maximal value on X. Furthermore, the subset of X on which the minimum (maximum)
is attained is qcqs.

Proof. The proof adapts [OW14, Lemma 6.16] and [OW16, Lemma 4.19]. It suffices to show
that, if the inequality

γ := sup
a∈X

(
min
1⩽i⩽n

ν(f i(a))

i

)
⩾ 0

holds, then γ is achieved on a qcqs subset of X. We may assume that X is an affinoid. We set
gi(x) := ν(f i(x))/i for 1 ⩽ i ⩽ n. For each i, let Xi ⊆ X be the rational subdomain where gi is
minimal among all the gj . Then the restriction of τ to Xi is simply equal to gi, which attains its
maximum on Xi by the maximum modulus principle. Furthermore, the subspace of Xi where this
maximum is attained is a Weierstrass domain in Xi, hence qcqs. Thus, the subspace of X where γ
is attained is a union of finitely many qcqs spaces, whence also qcqs, completing the proof.

5.8.2 A quasi-compact quasi-separated set contained in Gt(e). Consider an edge e of the
tree Tn. Assume for a moment that we have the desired refined Swan conductor at every r ⩾ t(e).
Suppose, moreover, that there are m edges e1, e2, . . . , em where s(ei) = t(e) for each i. Set Iej
to be an indexing set of leaves succeeding ej . It follows from the previous constructions that an
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element Gt(e) ∈ Gt(e) can be represented by

Gt(e) =
m∑
j=1

Gs(ej) =
m∑
j=1

( ∑
h∈

⋃
Iej

( lh−1∑
i=1

ah,i
(x− bh)i

))
, (5.3)

where Gs(ej) ∈ Gs(ej) and ah,i = 0 for i ≡ 0 (mod p). Set mt(e) :=
∑m

j=1

∑
h∈

⋃
Iej

(lh−1−⌊lh/p⌋).
As before, we can think of Gt(e) as a subset of an affine mt(e)-space over K via the coordinates ah,i
and of Gt(e) as one of its K-rational point. Moreover, by the induction hypothesis in Section 5.4,
the subset Gs(ej) is qcqs for j = 1, . . . , l. Hence, Gt(e) =

∑m
j=1 Gs(ej) is also a qcqs subset of(

Amt(e)

K

)an
.

It is a consequence of Section 5.9 that ∅ ̸= G∗
t(e) ⊊ Gt(e), where

G∗
t(e) = {G ∈ Gt(e) | ωχn(G)(t(e)) = ωTn(t(e))} .

As a rigid analytic space, G∗
t(e) is an open subset of Gt(e). The goal of this section is to show that

λe(Gt(e)) takes the minimal value on Gt(e) and that the points where that minimum is achieved
form a qcqs subset of G∗

t(e).

5.8.3 Analysis. Let ϕn−1 : Yn−1 → X be the Galois cover corresponding to the charac-
ter χn−1. By our induction hypothesis, it has good reduction and is totally ramified above
x = ze, which we may assume to be 0. As usual, D ⊂ Xan is an open unit disc centered at 0. It
follows that the rigid analytic subspace C := ϕ−1

n−1(D) ⊆ Yn−1 is another unit disc and contains
the unique point yn−1 ∈ Yn−1 above x = 0. We choose a parameter x̃ for the disc C such that
x̃(yn−1) = 0. Then x = x̃p

n−1
u(x̃), with u(x̃) ∈ R[[x̃]]×. One sees that for r > 0, the inverse

image of the closed disc D[pr] ⊂ D defined by the condition ν(x) ⩾ r is the closed disc C[r̃]
defined by ν(x̃) ⩾ r̃ := p−n+1r. Set r̃n−1 := p−n+1rn−1. Let Kn−1 denote the function field of
Yn−1.

Let us fix a character χ ∈ H1
pn(K) that arises from χn−1 by a rational G ∈ Gt(e). Let

χ̃ := χ|Kn−1∈ H1
p(Kn−1) denote the restriction of χ to Kn−1. If χ corresponds to a cover

Yn → X, then χ̃ corresponds to the cover Yn → Yn−1. In analogy to λe(χ), we define the function
λe(χ̃) : H

1
p(Kn−1) −→ Q as follows:

λe(χ̃) =

{
min

{
s̃(e) ⩽ r̃ < t̃(e) | δχ̃ linear on [s̃(e), t̃(e)]

}
, χ ∈ G∗

t(e) ,

t̃(e) , χ ∈ Gt(e) \ G∗
t(e) .

Letmi (respectively,m) be the left derivative (on e) of δχi (respectively, δχ) at t(e). The following
result suggests that one may apply the tools from Section 3.8 to determine the kinks of χ on e.

Lemma 5.22. (i) For χ ∈ G∗
t(e), we have λe(χ̃) = p−n+1λe(χ).

(ii) Let m̃ = pn−1m−
∑n−1

i=1 mi(p−1)pi−1. Then p ∤ m̃ and the character χ̃ ∈ H1
p(Kn−1) satisfies

conditions (D1), (D2), and (D3) of Section 3.8 with respect to m̃, the open disc C ∈ Y an
n−1, and

the family of subdisc C[r̃] for r̃ ∈ [s̃(e), t̃(e)].

(iii) If λ
m̃,s̃(e)

(χ̃) is defined as in Corollary 3.33 and we set r0 in Proposition 3.31 to be equal

to t̃(e), then λe(χ̃) = λ
m̃,s̃(e)

(χ̃) for all χ ∈ Gt(e).

Proof. For r > s(e), we systematically use the notation r̃ := p−n+1r. Let the valuation νr̃
of Kn−1, which corresponds to the Gauss valuation on C[r̃] (see Section 3.2), be the unique
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extension of νr. By [Wew14, § 7.1], we have the equation

δχ̃(r̃) = ψKn−1/K(δχ(r)) = δχ(r)−
(
δ1(r)

p− 1

pn−1
+ · · ·+ δn−1(r)

p− 1

p

)
, (5.4)

where ψ is the inverse Herbrand function [Ser79, § IV.3]. Since all the characters χi := χp
n−i

(1 ⩽ i < n) have good reduction by the hypothesis and their branch points are all contained in
D[t(e)], each δi := δχi(1 ⩽ i < n) is linear of slope mi on the interval [s(e), t(e)]. Therefore, the
left and the right derivatives of δi(r) are equal to mi for all r ∈ (s(e), t(e)). Let c be the left slope
of δχ at r. Then the left slope of δχ̃ at r̃ is equal to

pn−1c−
n−1∑
i=1

mi(p− 1)pi−1 = pn−1c+ m̃− pn−1m.

Part (i) then follows immediately. Part (ii) follows from the fact that c ⩽ m. Part (iii) also follows
from this property, along with Proposition 3.15 and the fact that swχ(t(e),∞) = m if and only
if χ ∈ G∗

t(e).

One may assume that the character χ̃ is the Artin–Schreier class of the rational function

G̃ := Fn(y1, . . . , yn−1) +Gn ∈ K×
n−1 ,

where Fn is a polynomial over Fp in n− 1 variables as in [Obu12, Proposition 6.5]. We thus may
write G̃ as a power series in the parameters x̃ as follows:

G̃ =

∞∑
l=1

alx̃
−l .

Since G1, . . . , Gn−1 are fixed, G̃ is determined by the choice of Gn. So, we may think of the al as
analytic functions on the space Gt(e). In fact, al is a polynomial in the coordinate ak,i (as in (5.3))
with coefficients in R.

5.8.4 We continue with the process of proving Proposition 5.20. Suppose that G0 is an
arbitrary element of G∗

t(e) and χ0 is the character it gives rise to. Then it is immediate that

λe(G0) < t(e). We therefore may choose a rational number s ∈ (λ(G0), t(e)). With the notation
from Section 5.8.3, recall that χ̃ is the restriction of χ to the function field Kn−1 of Yn−1. It is
an Artin–Schreier cover defined by a rational function G̃ ∈ K×

n−1. By Lemma 5.22, we have

λ
(
G̃
)
< s̃ := p1−ns < t̃(e) .

Set δ̃ := δχ̃(t̃(e)). Let N be an integer such that

Np ⩾
δ̃

t̃(e)− s̃
.

We hence arrive at the situation of (3.12). The following is parallel to [OW14, Lemma 6.8].

Lemma 5.23. There exist a finite cover G′
t(e) → Gt(e) and analytic functions b1, . . . , bN on G′

t(e)
with the following property: Set

d :=
N∑
j=0

bj x̃
−j
1
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and write

F + dp − d =

∞∑
l=1

clx̃
−l
1 ,

where the cl are now analytic functions on G′
t(e). Then

(i) for all l ⩾ 1 and all points y ∈ G′
t(e), we have ν(cl(y)) ⩾ p

(
t̃(e)l − δ̃

)
;

(ii) we have cpl = 0 for l ⩽ N .

Proof. The lemma follows immediately from Proposition 3.31 and Remark 3.32.

Proof of Proposition 5.20. We can now complete the proof of Proposition 5.20. Let m̃ be as in
part (ii) of Lemma 5.22. Define the function µ

m̃,s̃(e)
: G′

t(e) → R as follows:

µ
m̃,s̃(e)

(x) := max

({
ν(cm̃(x))− ν(cl(x))

m̃− l
| 1 ⩽ l < m̃

}
∪
{
s̃(e)

})
.

Let χ ∈ Gt(e), write χ̃ := χ|Kn−1 for its restriction to the function field of Yn−1, and let x
be an arbitrary point of G′

t(e) over χ. Thanks to Lemma 5.23, we can apply Proposition 3.31

to compare µ
m̃,s̃(e)

(x) to λ
m̃,s̃(e)

(χ̃), which, in turn, is equal to λe(χ̃) by Lemma 5.22(iii). We

thus conclude that µ
m̃,s̃(e)

(x) < s̃ if and only if λe(χ̃) < s̃. Moreover, if this is the case, then

we have µ
m̃,s̃(e)

(x) = λe(χ̃). In any case, by Lemma 5.22(i), we have λe(χ) = pn−1λe(χ̃) when
χ ∈ G∗

t(e).

The rest of the proof is identical to one in [OW14, § 6.4.5]. Let G0 ∈ G∗
t(e) be the rational func-

tion at the beginning of Section 5.8.4. Let G′
0 ∈ G′

t(e) be a point above G0. Because λe(G0) < s,

we have µ
m̃,s̃(e)

(G′
0) < s̃, as discussed above.

It follows from Lemma 5.21 that the function µ
m̃,s̃(e)

takes a minimum on G′
t(e). Let w ∈ G′

t(e)

be a point where this minimum is achieved, and let W ∈ Gt(e) be its image under G′
t(e) → Gt(e).

We have µ
m̃,s̃(e)

(w) ⩽ µ
m̃,s̃(e)

(G′
0) < s̃. Since

λ
m̃,s̃(e)

(W̃ ) = µ
m̃,s̃(e)

(w) < s̃ < t̃(e) ,

we see that W ∈ G∗
t(e). Applying the above arguments a second time, we conclude that λe(W ) =

pn−1µ
m̃,s̃(e)

(w), and this is actually the minimal value of the function λe : G∗
t(e) → R. Moreover,

the subset on which the minimum is attained is qcqs by the Lemma 5.21. This completes the
proof of Proposition 5.20.

5.9 Controlling a non-final vertex

Suppose that t(e) = s(e1) = · · · = s(em) is a non-final vertex of Tn. By the induction process,
we obtain a collection of qcqs sets Gs(e1), . . . ,Gs(em). Recall that each Gi ∈ Gs(e1) has (generic)
branching datum that fits into Tn(ei) and satisfies, for χGi the extension of χn−1,ei by Gi, the
equation δχGi

(s(ei)) = δTn(s(ei)). Suppose, moreover, that all the branch points of χGi specialize
to ai ∈ k at t(e). Then the ai are distinct, and the differential conductor ωχGi

(t(e)) is of the form

ωχGi
(t(e)) =

f i(x)dx

(x− ai)li
,
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where f i(x) ∈ k[x] and li :=
∑

b∈B(Tn(ei)) hb. Set G :=
∑m

i=1Gi, and let χG be the character that
arises from χn−1,e by G. By Lemma 3.12(ii), we have

ωχG(t(e)) =
m∑
i=1

ωχGi
(t(e)) and δχG(t(e)) = δχGi

(t(e)) , ∀i = 1, . . . ,m .

Hence, the collection of such G, which we call Gt(e), is equal to
∑m

i=1 Gs(ei) and thus is qcqs. Its
elements give rise to characters with the desired depth and the geometry of the branch locus
at t(e). Suppose that the wanted differential form at t(e) is

ωTn(t(e)) =
cdx∏m

i=1(x− ai)li
(c ̸= 0) .

Recall that C(ωTn(t(e))) = ωTn−1(t(e)) when δTn(t(e)) = pδTn−1(t(e)), and C(ωTn(t(e))) = 0
otherwise. In either case, as we achieve the right depth Swan conductor at t(e), we may assume
that ωχG has the form

ωχG(t(e)) =
cdx∏m

i=1(x− ai)li
+

m∑
i=1

ω′
χG

(s(ei)) ,

where ω′
χG

(s(ei)) ∈ Ws(ei) is exact. Now, by repeating the process in Section 5.6 for each i, we
replace G with another element of Gt(e) where ω′

χG
(s(ei)) = 0 for all i. This shows that G∗

t(e) is
non-empty.

5.10 Controlling the root

By the previous steps of the induction process, we get to the point where Gs(e0) ̸= ∅. This means
that there exists a Gmin ∈ Gs(e0) that gives rise to a character χmin whose branching datum fits
into Tn and whose depth is zero at s(e0); that is, χmin has good reduction.

Recall that χn is our original character. Assume that the ramification breaks of the one-point
cover corresponding to χn are (m1, . . . ,mn), and that it is represented (upon completion at
x = 0) by a Witt vector g

n
:= (g1, . . . , gn) ∈ Wn(k(x)). As discussed in Section 2.4, one may

regard χn as a one-point cover of P1
k. Therefore, we further assume that each gi is a polynomial

in k[x−1], all of whose terms have prime-to-p degree. On the other hand, it follows from the
previous constructions that χmin corresponds to a Witt vector gmin = (g1, . . . , gn−1, gmin), where
gmin ∈ k[x−1] has degree less than (only when mn = pmn−1) or equal to mn and consists of only
terms of prime-to-p degree. Subtracting Witt vectors yields

g
n
− g

min
=
(
0, . . . , 0, gn − gmin

)
.

We define g := gn − gmin. Recall that Corollary 5.7 asserts that χmin deforms χn if and only if
g = 0.

Proposition 5.24. There is a character χn that is a deformation of χn.

Proof. Applying Corollary 5.16 for g, we obtain an H ∈ Hs(e0) such that ψ := K1(H) ∈ H1
p(K)

satisfies δψ(0) = 0 and ψ is given by yp − y = g. Hence, if ψ′ := Kn((0, . . . , 0, H)) ∈ H1
pn(K),

then we also have δψ′(0) = 0 and the reduction ψ
′
corresponds to the same extension, which is

represented by the Witt vector (0, . . . , g) ∈Wn(κ).

On the other hand, recall that χmin corresponds to the length n Witt vector(
G1, G2, . . . , Gn−1, Gmin

)
∈Wn(K)/℘(Wn(K)) .
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Therefore, replacing Gmin by Gn := Gmin+H equates to multiplying ψ′ to χmin. By Lemma 3.12,
the result is an étale character χn ∈ H1

pn(K) with reduction χmin ·ψ
′
, which, in turn, is defined by

the Witt vector (g1, . . . , gn−1, gmin + g = gn). Finally, since Gn ∈ Gs(e0) as H ∈ Hs(e0), it follows
from Corollary 5.7 that χn is a lift of χn.

This completes the proof of Theorem 1.2.

Remark 5.25. It follows from the construction and the compatibility of the differential conductors
that the Z/pn-tree arising from χn coincides with the tree Tn.

6. Proofs of technical results

6.1 A solution to the Cartier operator equation

Proposition 6.1. Suppose that we are given a differential form

ω =
cdx∏r

i=1(x− di)ιi
,

where c and the di are in k, di ̸= dj for i ̸= j, and r ⩾ 2, as well as a fixed integer 1 ⩽ a ⩽ p− 1.
Set ι′1 := pι1 − p + a + 1, ι′2 := pι2 − p + 1, and ι′i := pιi for each i ̸= 1, 2. Then the differential
form

ω′ =
cpdx

(−d1 − d2)p−a−1
∏r
i=1(x− di)

ι′i

satisfies C(ω′) = ω.

Proof. The differential form ω′ above can be rewritten as

ω′ =
cp(x− d1)

p−a−1dx

(x− d2)(−d1 − d2)p−a−1(x− d2)p(ι2−1)(x− d1)pι1
∏r
i=3(x− di)pιi

.

The proposition then follows from the fact that C(upω) = uC(ω) for all u ∈ K.

6.2 Construction of the extending Hurwitz tree

We dedicate this section to the proof of Proposition 4.22. In each proof, we will only demonstrate
the construction of the extending Hurwitz trees. The readers can easily check that these trees
satisfy the axioms in Definition 4.2 together with the conditions for an extension asserted by
Theorems 3.42 and 4.19.

Recall the setup of Proposition 4.22. We are given a Z/pn−1-tree Tn−1 and an nth degeneration
datum (δn, ωn) ∈ Q>0 × Ω1

κ (or (0, fn), where fn ∈ κ) at its root. The goal is to construct a
Z/pn-tree Tn that extends Tn−1 and whose degeneration datum at its root is the same as the
given one. Note that the original result only requires δn = 0, but we will prove the general case
in order to utilize an induction technique that we will soon see.

Suppose that Tn−1 is a Z/pn−1-tree that has m leaves b1, . . . , bm (m ⩾ 2) and that the con-
ductor at bi is ιi,n−1. As usual, v0 and e0 denote the root and the trunk of Tn−1. Set v1 := t(e0).
Suppose, moreover, that the differential conductors (the (n − 1)th degenerations) at v1 and v0
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of Tn−1 are

ωTn−1(v1) =
cv1dx∏r

i=1(x− [bi]v1)
ιi,n−1

,

ωTn−1(v0) =
cv0dx

xιn−1
+
∑

j<ιn−1

cjdx

xj

(
or gn−1 =

l∑
j=1

dj
xj

)
,

(6.1)

respectively, where l < ιn−1. We may write ωTn−1(v0) in (6.1) as f(x)dx/xιn−1 . Then, when
δTn−1(v0) > 0, as the two forms are compatible (see Section 4.4), we have the relation cv0 =
cv1 =: c. When δTn−1(v0) = 0 and ιn−1 = pιn−2 − p + 1, where ιn−2 is the conductor of the
Z/pn−2-subtree, as discussed in Theorem 4.19, we do not have to worry about the compatibility
at the root. Otherwise, the same theorem asserts that l = ιn−1 − 1 and cv1 = −ldl.

Suppose, moreover, that we are given a level n depth δTn(v0) ⩾ pδTn−1(v0) and a level n
differential conductor (or degeneration) at the root as follows:

ωTn(v0) =
Cv0dx

xιn
+
∑
j<ιn

Cjdx

xj

(
or gn =

L∑
j=1

Dj

xj

)
, (6.2)

where L < ιn. When δTn(v0) > 0, it is required that C(ωTn(v0)) = ωTn−1(v0) if δTn(v0) =
pδTn−1(v0), or that ωTn(v0) is exact if δTn(v0) > pδTn−1(v0). If δTn(v0) = pδTn−1(v0) = 0, then
L = ιn − 1 if ιn > ιn−1 − p+ 1.

Just as the main theme of the whole paper, we first construct the extensions of certain
subtrees of the given tree Tn−1.

Definition 6.2. With the notation as above, let Tn be an extension of Tn−1 with the same
underlying tree and such that the depth at the root of Tn is p times that of Tn−1. Let an ∈ Z>0

and an =: a′n + pun with 1 ⩽ a′n < p. We say that

– Tn is an additive an-extension of Tn−1 if, at all but one leaf (which we may assume to be
b1), we have ιi,n = pιi,n−1, hence ι1,n = pι1,n−1 − p+ 1 + an;

– Tn is a minimum extension of Tn−1 if ι1,n = pι1,n−1 − p+ 1 and ιi,n = pιi,n−1 for i ̸= 2.

We first show that one can always construct an additive extension for the tree Tn−1. This is
the extension of T1(e3) in Example 4.23.

Proposition 6.3. With the above settings, there exists a Hurwitz tree Tn that extends Tn−1

an-additively. In particular, Proposition 4.22 holds when ιn = pιn−1 − p+ 1 + an.

Proof. First, we set the decorated tree of Tn and the thickness of the edges to be those of Tn−1.
We then assign to b1 the conductor ι1,n = pιi,n−1− p+ an+1, to each leaf bi (i ̸= 1) a conductor
ιi,n = pιi,n−1, to each edge e a slope de :=

∑
h≻e ιh,n−1, and to the root v0 the depth pδTn−1(v0).

At each vertex or leaf of Tn where the corresponding one in Tn−1 has monodromy group Z/pi,
we equip it with the monodromy group Z/pi+1. We then assign the depth at each vertex v ̸= v0
inductively on the positive direction starting from v0 so that condition (H5) is satisfied. Then it
is straightforward to check that δTn(v) > pδTn−1(v) at all vertices v ̸= v0. Finally, we equip each
vertex v away from the root with an exact differential form

ωTn(v) =
cvdx∏

b≻v(x− [b]v)ιb,n
, (6.3)

where cv ∈ k× is determined inductively from the root so that the differential conductors at
all vertices are compatible. More precisely, if e is an edge of Tn−1, then we set the coefficient
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of ωTn(t(e)) to be the e-part of ωTn(s(e)) (respectively, the coefficient of the nth degeneration)
when δTn(s(e)) > 0 (respectively, when δTn(s(e)) = 0).

We then construct a minimum extension. That is the extension of T1 or T1(e1) in Exam-
ple 4.23.

Proposition 6.4. With the above settings, there exists a Hurwitz tree Tn that minimally ex-
tends Tn−1. In particular, Proposition 4.22 holds for the case ιn = pιn−1 − p+ 1.

Proof. First suppose that the height of the tree Tn−1 is 1. We assign the conductor ι1,n :=
pι1,n−1 − p + 1 to b1 and ιi,n := pιi,n−1 to bi when i ̸= 1, making the sum of all conductors
equal to ιn. We then set the depth at v1 to be pδTn−1(v1), the slope of e0 to be ιn − 1, and the
differential conductor at v1 to be

ωTn(v1) =
cpdx∏r

i=1(x− [bi]v1)
ιi,n

,

which satisfies C(ωTn(v1)) = ωTn−1(v1), as shown in Proposition 6.1. As before, the monodromy
group of a vertex (or leaf) is cyclic of order p times that of the corresponding one in Tn−1. The
hypothesis ιn = pιn−1 − p + 1 also implies that the differential conductor (respectively, the nth
degeneration) is of the form

ωTn(x)(v0) =
cpdx

xιn
+
∑

j⩽ιn−1

cpjdx

xpj−p+1
+ dg(x) (respectively, gn(x)) , (6.4)

where g(x) (respectively, gn(x)) is a polynomial in x−1 of degree at most ιn − 2. This makes v0
compatible with v1 in Tn when δTn(v0) > 0, completing the base case. Recall that, in our minimal
jump assumption and when δTn(v0) = 0, we do not need the degenerations at v0 and v1 to be
compatible.

Let us now consider the case where the height of Tn−1 is greater than 1. Suppose that there
are m edges e1, . . . , em (m ⩾ 2) starting from v1. We then first assign degeneration data at v0
and v1 identical to that in the base case. Note that the Hurwitz tree Tn−1(ei) has height at most
h(Tn−1) − 1. We thus can extend Tn−1(e1) to a minimum tree by induction, and Tn−1(ei) for
i ̸= 1 to an additive tree as in Proposition 6.3, all with depth δTn(v1). The conductor of Tn(e1)
(respectively, Tn(ei)) is ιn,e1 := pCTn−1(e1)− p+ 1 (respectively, ιn,ei := pCTn−1(ei)). Hence, the
sum of the conductors is ιn. That completes the construction of the tree Tn.

We have just proved Proposition 4.22. One can also do the following alternative construction,
which is utilized in Example 4.25.

Proposition 6.5. There exists a Z/pn-tree Tn that extends Tn−1 with no essential jumps.

Proof. Suppose that there are m edges e1, . . . , em succeeding v1, with conductors C1, . . . ,Cm,
respectively, on Tn−1. Hence

∑m
i=1 Ci = ιn−1. Set C′

1 := pC1 − p + a′n, C
′
2 := pC2 − p + 1, and

C′
i := pCi. We first assign pδTn−1(v1) as the depth at v1 on Tn, and the non-exact differential form

ωTn(v1) =
Cv1dx∏s

i=1(x− [bi]v1)
C′
i

,

that satisfies C(ωTn(v1)) = ωTn−1(v1) (which exists by Proposition 6.1) as the differential con-
ductor at v1. We then extend Tn−1(e1) to an additive a′n-tree, Tn−1(e2) to a minimum tree, and
each Tn−1(ei) where i ̸= 1, 2 to an additive-(p − 1)-tree, all with depth pδTn−1(v1), and so that
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they are compatible with the differential conductor ωTn(v1). This makes the current sum of con-
ductors equal to C(v1) := pιn−1 − 2p + a′n + 1, which is strictly smaller than pιn−1 − p + 1 and
not congruent to 1 modulo p. Let us now consider the trunk e0 of Tn−1. A simple calculation
shows that one can break down the edge e0 into two rational ones, called e0,1 and e0,2, so that
(C(v1)− 1)ϵe0,2 + (ιn − 1)ϵe0,1 = pδTn−1 . We then assign to t(e0,1) on Tn the exact differential

ωTn(t(e0,1)) =
Cv0dx

xC(v1)(x− a)p(un+1)
,

where (−a)p(un+1) = Cv0/Cv1 . The constant coefficient at t(e0,1) is Cv0 , while the constant
coefficient of its e0,2-part is Cv0/(−a)p(un+1) = Cv1 . Hence t(e0,1) is compatible with both v0 and
v1. We then glue a leaf of conductor p(un + 1) and monodromy group Z/p to t(e0,1). Finally, we
set the remaining degeneration data at e0,1, e0,2, and v0 in the obvious manner, completing the
proof.
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