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Deforming cyclic covers in towers

Huy Dang

ABSTRACT

Obus, Wewers, and Pop recently resolved a long-standing conjecture of Oort, which
asserts that every cyclic cover of a curve in characteristic p lifts to characteristic zero.
Saidi subsequently asked whether these covers are also “liftable in towers.” We prove
that the answer to the equal-characteristic version of this question is affirmative. Our
proof uses the Hurwitz tree technique along with tools developed by Obus and Wewers.

1. Introduction

Throughout this paper, we assume that k is an algebraically closed field of characteristic p > 0.
An Artin-Schreier—Witt k-curve is a smooth projective connected k-curve Y that is a Z/p™-cover
of the projective line P,ﬁ. When n =1, we call Y an Artin—Schreier curve.

Classically, one may study an object in characteristic p by finding a “link” of it with char-
acteristic zero. For instance, Grothendieck showed that every (smooth, projective, connected)
curve Y over k “lifts” to a curve ) over a finite extension of the ring of Witt vectors W (k),
hence in characteristic zero. In addition, the prime-to-p part of the étale fundamental group of Y’
is equal to that of the generic fiber of Y, see [Gro63, Corollaire XIII.2.12], which can be easily
calculated from the topological fundamental group of its corresponding one over C due to the
Riemann existence theorem (see, for example, [Ser56]). Note that the p-parts of the fundamental
groups are not the same. For instance, when Y = A}C 2 Spec k[z], the geometric fundamental
group of its lift’s generic fiber All:‘racw = Spec Frac W (k)[X] is trivial as m (A}C) is. However,
W’lét (Ak) is non-trivial as there always exists an étale Z/p-cover defined by the equation y? —y = =.
In fact, ﬁft (Ai) is infinitely generated as there exists for each n € Z~( a Z/p"-cover of A}C (see
Section 2.2).

It is thus natural to ask whether one can lift a Galois cover of curves to characteristic zero.
Thanks to a local-to-global principle [Gar96, §3], one may restrict the study of Galois covers
of curves to Galois extensions of power series (see also Section 2.3.2). The answer, in general,
is no [Oor87, §1.1]. We call a group G such that every local G-cover in characteristic p lifts a
local Oort group for p. In fact, if a group G is a local Oort group for p, then G is either cyclic,
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dihedral of order 2p™, or the alternating group A4 (with p = 2); see [CGH11]. One would naturally
expect that the converse holds. When G is cyclic, it is known as the QOort conjecture, which first
appeared in 1995 in a list of questions and conjecture published in [MR319, Appendix 1] and
was settled recently. The first result is due to Oort, Sekiguchi, and Suwa, who showed that the
conjecture holds for all Z/pm-covers, where (m,p) = 1; see [SOS89]. Green and Matignon then
proved that for the case G = Z/p?m; see [GMI8]. Finally, a combined effort of Obus-Wewers
and Pop resolved the conjecture in [OW14] and [Pop14]. Saidi conjectured a more general version
of this result [Sail2, Conj-0-Rev], which says that a lift of a subcover of a given G-cyclic cover
can be extended to a lift of the cover itself. That conjecture holds given a definite answer to the
following.

Question 1.1 (The refined local lifting problem). Let k[[z]]/k[[z]] be a G-Galois extension, where G
is cyclic. Suppose that we are given a discrete valuation ring R in characteristic zero and a lift
RI[[S]]/R[[X]] of a subextension k[[s]]/k[[z]]. Do there exist a finite extension R’ of R in charac-
teristic zero with residue field k£ and a G-Galois extension R'[[Z]]/R'[[X]] that lifts k[[z]]/k[[z]]
and contains R'[[S]]/R'[[X]] as a subextension?

As in the standard local lifting problem for cyclic groups, one may also assume that G =
Z/p"; see [Obul2, Proposition 6.3]. We are tackling Question 1.1 by following the approach
from [OW14]. Let us briefly describe how the Oort conjecture was proved. Obus and Wewers
first proved a general result stating that a cyclic cover lifts if it has no essential ramification
([OW14, Theorem 1.4], see also Definition 2.11). Pop completed the proof by showing that every
cover that cannot be lifted by Obus and Wewers admits an equal-characteristic deformation
whose generic fibers have no essential ramification and thus also lift to characteristic zero. The
existence of these non-trivial equal-characteristic deformations, which change the number of
branch points but fix the genus, is also a unique aspect of wildly ramified covers. That gives us
another way to investigate a cover in characteristic p: finding a connection of it with a slightly
different one via equal-characteristic deformation. The main result of this paper is a positive
answer to the global equal-characteristic analog of Question 1.1.

THEOREM 1.2. Suppose that ¢: Z — X is a cyclic G-Galois cover of curves over k and¢: Y — X
is its H-Galois subcover (where H is a quotient of G). Suppose, moreover, that V: Yr — Xg
is a deformation of ¥ over a complete discrete valuation ring R of characteristic p. Then there
exist a finite extension R'/R and a deformation ®: Zg — Xpg of ¢ over R’ that contains
UV ®r R': Y — Xgr as a subcover. That is, one can always fill in the following commutative
diagram of cyclic Galois covers:

Speck < X Y<)\ Z

[ R R

SpecR(—XTy<A Z,

where A is the factor of ¢ through Y, after maybe a finite extension of R.

To prove the theorem, we adapt the techniques from [OW14]. One may first reduce the
problem to the case where ¢ is a one-point cover. Its deformation ® can then be regarded as
a cover of a rigid disc over R with good reduction (see Section 3.4.1). To achieve the right
reduction on the disc’s boundary, we continuously control the degeneration of the restriction
of ® from inside to outside. This information is kept track of in the Hurwitz tree of ®. It is a
combinatorial-differential object that has the shape of the dual graph of a semi-stable model of the
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cover, together with the degeneration data of some restrictions of that cover at the corresponding
vertices. The degeneration datum of a cover is derived from its refined Swan conductor. The
conductor was defined by Kato [Kat89] in 1989. Since then, it has been studied by many other
authors (Matsuda, Tsuzuki, Saito, Abbes, Kedlaya, Xiao, Chiarelotto, Pulita, Leal, Thatte, ...)
from various points of view (see [Mat97, Mat95, Tsu98, AS02, Xial2, CP09, Leal8, Thal6]), and
has plenty of applications.

Remark 1.3. The notion of a Hurwitz tree was initially formulated for covers in mixed charac-
teristic to tackle the lifting problem for Z/p-covers, by Henrio [Hen00]. It was later improved
by Bouw, Brewis, and Wewers [BW06, BW09]. In [Dan20b], we characterize Hurwitz trees for
Z/p-covers of a rigid disc in equal characteristic and use them to classify equal-characteristic
Z/p-deformations [Dan20b, Theorem 1.2].

Remark 1.4. Understanding these deformations also equates to understanding the geometry
of the moduli space of cyclic covers of fixed genus. Capitalizing on this fact, we show that
the moduli space of Artin—Schreier covers of fixed genus g is connected when the integer g
is sufficiently large, by explicitly constructing some local equal-characteristic Z/p-deformations
[Dan20a, Theorem 1.1]. Furthermore, knowing the geometry of a moduli space, in turn, allows the
study of invariants over flat families of objects parameterized by the space. The most well-known
among them are p-rank, a-number, Ekedahl-Oort type, and Newton polygons (see, for example,
[MR319, Chapter 6]). Recently, there has been a consistent stream of papers about how these
invariants behave for Galois covers (see, for example, [Zhu04, DWX16, KLS19, BC20]), especially
cyclic covers. We will briefly discuss some of these applications along the way.

1.1 Outline of the proof of Theorem 1.2
Firstly, thanks to a local-to-global principle, we show that Theorem 1.2 holds if and only if
its local version does (Theorem 2.20 and Proposition 2.21). This means that we can restrict
ourselves to the case where ¢ is a cyclic extension of a power series over k. Furthermore, one may
assume that G = Z/p" for some n € Z>1 and H =2 Z/p"~! (Theorem 2.34). In that setting, the
G-extensions are described by Artin—Schreier-Witt (ASW) theory, which is briefly discussed in
Section 2. Finally, a construction by Katz and Gabber allows us to go back to the global case,
that is, where ¢ is a one-point cover of the projective line (Section 2.4), which further simplifies
some calculations.

At this point, we can translate our problem to finding conditions for good reduction of a
cover of a t-adic projective line as below.

PROPOSITION 1.5 (Proposition 2.35). Suppose that n > 2 is an integer, R = k[[t]], ¢n: Y, —
IP’}c is a one-point Z/p"-cover, and ¢pn_1: Y 1 — IF’,i is the Z/p"~!-subcover of ¢,. Suppose,
moreover, that ®, 1: Y, 1 — IP}{ is a Z/p"'-cover whose reduction (modulo t) is isomorphic
to ¢n—1. Then there exist a finite extension R'/R and a Z/p"-cover ®,,: Y, @ R’ — IP’}%, that
extends ®,_1 and has special fiber isomorphic to ¢,,.

One may then assume that the generic branch locus of ¢, lies inside a t-adic disc D C
(P%rac( R,))an. We prove the above proposition in four steps, as follows.

Step 1. We start by studying the refined Swan conductors of Artin—Schreier—Witt (ASW)
covers of a t-adic disc over K (recall that K = Frac R) (Section 3.5), which measure the degen-
eration of these covers. Those invariants usually have the form (9, w), where § is a non-negative
rational number and w is a differential form over k(x). A key result is Theorem 3.42, which gives
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some rules on the degeneration of ®,, when that of ®,,_; is known. That is the equal-characteristic
analog of [Wew14, Theorem 1.2].

Step 2. The information from the previous step then allows us to define the Hurwitz tree
Tn—1 associated with ®,_; (Section 4). That is a directed tree that encodes in its structure the
geometry of the branch points of ®,,_;. Each vertex v of 7,1 is equipped with a pair (d,,w;),
which is the refined Swan conductor of the restriction of ®,,_; to some subdisc of D. Each leaf
has a conductor, which is determined by the ramification datum of the generic fiber of ®,,_;. This
generalizes the Hurwitz tree construction for an Artin-Schreier cover in [Dan20b]. We further
show how the information from a Hurwitz tree can tell whether the corresponding cover has good
reduction or not (Proposition 4.15 and Remark 4.16).

Step 3. In this step, we show that one can always construct explicitly a Z/p"-tree T, that
“extends” Tp—1 in the sense of the criteria from Step 1 (Proposition 4.22). Moreover, the structure
of T, is specially designed to be used in the final step.

Step 4. Finally, using 7, as a frame, we construct a cover ®,, that proves Proposition 1.5.
Roughly speaking, we start from a candidate for ®,, that has the degeneration data asserted by 7,
on certain subdiscs of D corresponding to the “leaves” of T,, where it is much easier to achieve
(Section 5.6). We then continuously modify that cover by multiplying it with certain “controlling
characters” (Section 5.5) along 7, (Section 5.7) until we get to its “root” (Section 5.10), which
corresponds to the boundary of the t-adic disc. We then obtain a Z/p™-cover whose degeneration
data coincide with those of 7,. The fact that ®, has a good reduction isomorphic to ¢,, is then
immediate from what we learn in Step 2.

Remark 1.6. The modifying process in Step 4 is influenced by Obus and Wewers [OW14], which
in turn is inspired by [GM98]. For those familiar with that work, we will present a comparison
between the two techniques as well as provide more details of this step in Section 1.1.1. An
overview of the construction can also be found in Section 5.4.

Remark 1.7. One major difference between this paper and [OW14], besides the characteristic of
the ring R, is that the tree 7, of the latter has no “branches” that one needs to control (that
follows from the ramification breaks hypothesis of [OW14, Theorem 1.4]). Therefore, the Hurwitz
tree technique is not utilized in the work, even though they used it to acquire the intuition and
the idea for the main strategy. We, however, prove Proposition 5.4, which basically says that one
can “partition” @, at each vertex of 7, so that it is sufficient to modify the “part” of the cover
corresponding to a subtree of 7,. Hence, we can alter many techniques from Obus and Wewers
to fit our situation.

Remark 1.8. There are three main obstacles that prevent us from answering Question 1.1 using
the strategy from this manuscript:

(i) Firstly, it is hard to compute the Swan conductors of a Kummer cover (with given equation)
of a disc in mixed characteristic, unlike in the equal-characteristic case, as discussed in
Section 3.9.

(ii) Adapting Step 3 is also an issue, as finding the differential forms to fit in the tree 7,, is no
longer as natural, as shown in Section 6.1. We are able to do so when p = 2 and n = 2,
though.

(iii) Finally, Step 4 also becomes much more complicated because the controlling characters of
Section 5.5 are no longer straightforward to build. Our current method, which is developed
from [OW14], requires showing that certain square matrices, whose sizes can be arbitrarily
large, are invertible to prove the existences of such characters.
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1.1.1 Step 4. As discussed above, we may restrict ourselves to the situation of Proposi-
tion 1.5. By Artin-Schreier-Witt theory (Section 2.2), the cover ¢, (respectively, ®,_;) could
be presented by a length n (respectively, length n — 1) Witt vector g, = (g4, g%, ...,g") in
Wn(k(z)) (respectively, G,,_; = (G',...,G"1) € W,_1(K(X)), where K := FracR). In ad-
dition, one may assume that a cover ®, as in Proposition 1.5 should have the form G, :=
(GL,G?,...,G" 1, G™) € W,,(K(X)). Therefore, it suffices to show the existence of such a ratio-
nal G" € K(X). Corollary 3.24 then asserts that it suffices to construct a G™ such that

(C1) the cover @, has an étale reduction (Definition 3.7),
(C2) its generic fiber’s covering space has the right genus, and

(C3) the Witt vector representing the special fiber is in the same ASW class as g,
The construction of such a G™ can be summarized as follows.

Step 4.1. We first assume that G,,_; is best (Definition 3.36) and set G™ = 0. That makes
the genus of the generic fiber of ®,, “minimal.” This fact allows us to more easily manage the
generic ramification.

Step 4.2. Recall from Step 3 that 7T,_1 is a Hurwitz tree arising from ®,_1 and 7, is one that
“extends” T,_1. Suppose that v is a vertex of 7,. Then, by construction, there is a matching one
in 7,_1, which we also call v. That vertex corresponds to a closed subdisc D, of the t-adic disc
Spec R[[X]]. Suppose moreover that there are m edges or leaves ey, es, .. ., e, pointing out from
v in T,—1. Each e; represents an open annulus or an open disc A, contained in D, and has the
same outer radius. We then break down

m
Qn—l = Qn—l,v,oo + Zgn—l,v,i ’ (11)

i=1
where G, (respectively, G,,_;,;) has no poles inside D, (respectively, outside the disc
formed by the outer radius of A,). In addition, the datum on each vertex of 7,_; starting
from e; coincides with that of one formed by G,,_, ,; (see Proposition 5.4). This fact allows us
to modify G, hence G,,, inductively along the tree 7, starting from the leaves and ending at the
root. This process equates to controlling the degeneration of ®,, from particular subdiscs to the

whole disc. The four following steps will construct G™ by doing inductions on the vertices and
edges of T,.

Step 4.3. Consider a “final vertex” v, which is adjacent to the leaves {bi, ..., by} with con-
ductors t1 p, ..., Lmn, respectively, of 7,. One can modify the part of G" at v by adding poly-
nomials with poles corresponding to the b; € B, and with degree at most ¢;,, — 1. The result is
a cover whose degeneration on D, coincides with that of 7, at v. That is induction step Ind 1.
in Section 5.4. Note that condition (C2) is achieved in this step. The items below correspond to
induction steps Ind 2. through Ind 5..

Step 4.4. Look at an edge e adjacent to the final vertex v. Note that Step 4.3 gives the
existence of a G™ giving rise to the right degeneration at v. Furthermore, Step 4.2 allows us
to assume that G™ has only poles inside D,. It hence can be represented by a power series
that converges outside D,. Using an analytical technique and the comparison tool developed in
Section 3.8, we show that one can modify G™ in such a way that the right degeneration occurs
at the starting vertex of e, settling the base case. The method is parallel to one in [OW14, § 6.4].

Step 4.5. Let v be a non-final vertex, which is the target of e and the start of eg,...,en.

Recall that we may apply (1.1) to partition G,,_; into a sum, where each summand [N

309



H. DANG

correspond to a Z/p™!-cover whose branch points lie inside the disc D, formed by the outer
radius of A.,. By induction, we obtain, for each i, a GI', € K(X) that extends G and

v,1 n—1,v,1

whose sum gives the right degeneration at v.
Step 4.6. This step is just a repetition of Step 4.4 to an edge e that is adjacent to the vertex
v above, completing the inductive step. We hence obtain, by induction, the right degeneration

everywhere but at the root of 7,. Condition (C1) is hence fulfilled.

Step 4.7. Finally, we adapt [OW14, §6.5] to obtain the right reduction at the root of Ty,
hence on the whole disc. Condition (C3) is thus satisfied.

1.2 Notation and conventions

The letter K will always be a field of characteristic p that is complete with respect to a discrete
valuation v: K* — Q. The residue field k& of K is algebraically closed of characteristic p. One
example to keep in mind is K = k((t)), the field of Laurent series over k, and v(t) = 1 defines
the discrete valuation. The ring of integers of K will be denoted by R.

We fix an algebraically closure K of K, and whenever necessary, we will replace K with
a suitable finite extension within K, without changing the above notation. The symbol K usually
denotes a function field over K (for example, K = K(X)).

Below is some unusual notation used in this paper, with the corresponding locations.

’ Notation Description Location
£(a) The character defined by the Witt vector a of length n Section 3.4
Dir, 2] Closed disc of radius p~", centered at z Section 3.2
Dir, 2] Open disc of radius p~", centered at z Section 3.2
Wi (K) Witt vector of length n over K Section 2
(=)r — -7 P" where — € K and 7 is a uniformizer of a discrete | Section 3.2

valuation ring
[—]r2 Reduction of ((—) — 2), Section 3.2
Gu A collection of extensions with right depth at v Definition 5.8
Hy A collection of extensions with right branching datum at v Definition 5.6
Wy A collection of extensions giving rise to right differentials at v | Definition 5.14
Ae(G) The kink of the character that G gives rise to on an edge e Section 5.7
Am(X) The largest kink of x that satisfies the conditions in Section 3.8 | Proposition 3.31
L (X) A function that detects the kink of x of Section 3.8 Proposition 3.31
Oy (7, 2) The depth conductor of x|pppr..] Section 3.5.2
wy (1, 2) The differential conductor of x|ppr.2| Section 3.5.2
sWy (T) The boundary conductor of x at the boundary associated with T | Section 3.5
¢y (r,z,w) |The sum of the conductors on the w-direction in D[pr, 2] Definition 3.19
Cr(e) The sum of conductors of the leaves succeeding an edge e of T | Definition 4.7
Vs The Gauss valuation associated with D[s, z] Section 3.2
B(x) The branch locus of the character x Section 3.2
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Br(e) The leaves of T succeeding an edge e Definition 3.19
T (e) The subtree of 7 that contains only the data after e Section 4.4.1

2. Artin—Schreier—Witt covers

Recall that the prime-to-p part of the fundamental group of a curve in characteristic p is equal to
that of its lift to characteristic zero. However, the p-part of 7¢* (A}g) is no longer trivial as there
always exists an étale Z/p-cover defined by the equation y? — y = x. That cover, also known as
an Artin—Schreier cover, is the simplest example of a wildly ramified Galois cover (p divides the
order of an inertia group). Furthermore, Z/p™-covers of a projective line can be described using
Witt vectors [Lan02, Chapter VIII, Exercises, p. 330]; hence it is easy to construct examples
and study them using explicit methods. Therefore, understanding these covers is usually the first
step in developing a theory for all wildly ramified covers.

2.1 Artin—Schreier—Witt theory

In this section, we give a quick overview of Artin—Schreier—Witt theory. For more details, see,
for example, [Lor08, §26] or [Lan02, Chapter IV]. Suppose that M/K is a Z/p"-extension of
fields in characteristic p > 0. Then M = K(a',...,a"), where o' € K*P is a solution of an
Artin—Schreier—Witt equation

p(al,...,a") :(fl,...,f”), (2.1)
where (f!,..., f") lies in the ring W, (K) of truncated Witt vectors of length n and p(a =
(al,...,a")) = F(a)—a is the Artin—Schreier-Witt isogeny, where F is the Frobenius morphism
of W, (K). Moreover, the extension is unique up to adding an element of the form p(b!, ... b"),

where (b!,...,0") € W,(K), to (f1,..., f"); see [Lor08, §26, Theorem 5. In other words, we
have the following bijection, which is an application of Hilbert’s Theorem 90:

H' (K, Z/p") — Wa(K)/p(Wa(K)).

We call f := (fY,..., f™) the defining Witt vector of the extension M/K and the process of
adding p(b',...,b") to the right-hand side of (2.1) an Artin-Schreier—Witt operation. If f and g
differ by an Artin—Schreier—Witt operation, we say that they are in the same Artin—Schreier—Witt

(ASW) class.

2.2 Cyeclic covers of curves

An Artin—-Schreier—Witt curve of level n is a smooth, projective, connected curve that is a G =
Z/p™-cover of the projective line over k. Recall that the category of normal projective k-curves
and non-constant morphisms is equivalent to that of finitely generated field extensions K/k of
transcendence degree 1; see [Har77, Corollary 1.6.12]. Therefore, it follows from the previous
section that an arbitrary Z/p"-cover ¢,: Y,, — P} = Proj k[z,v] can be represented by an ASW
equation as follows:

oy y") = (fH@). o (@), (2.2)
where f:= (f',..., f") lies in the ring W, (k(x)). For the rest of Section 2.2, we set K := k(x).
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Ezample 2.1. Suppose p = 5. The cover Y — P}, defined by
5y Ly 1
L A (z —1)7

is an Artin-Schreier curve. Note that the term 1/ is a 5th power. Hence, by the above discussion,
adding (—1/z)® — (—1/z) to the right-hand side of (2.3) does not change the cover it defines.
The result is an Artin—Schreier equation of the form

o1 1
yoyETy (x—1)7°

Ezample 2.2. Suppose p = 2. The following equation defines a Z/4-cover of ]P’,lc:

o', y%) = ( S +x2>. (2.5)

(2.3)

(2.4)

227 24
By adding p(1/z,x 4+ 1/z) to right-hand side of (2.5), one obtains an alternative representation
11
1,2
=|—-,— . 2.6
o2 = (5.5 +9) (26)
Remark 2.3. We say that the ASW equations (2.4) and (2.6) have reduced forms, or the defining
Witt vectors are reduced. This means that the partial-fraction decomposition of each entry of

the defining Witt vector only consists of prime-to-p-degree terms. One can show that every ASW
cover can be represented by a unique Witt vector of reduced form.

2.2.1 Branching datum. A reduced defining Witt vector tells us everything about the rami-
fication datum of the cover it defines. Particularly, suppose f € W, (K) (recall that K = k(x)) is
reduced, and let & := {Py,..., P} be the set of poles of the f’. Then & is also the branch locus
of ¢,. Furthermore, for each ramified point ); above P;, the cover ¢, induces an exponent p
cyclic extension of complete local ring (’A)mej / @P17 P; with perfect residue field. Hence, it makes
sense to talk about the ramification filtration of ¢, at a branch point P; (see [Ser79, §IV.3]).
Suppose that the inertia group of Q; is Z/p™ (where n > m). We say that the ith ramification
break of ¢, at Pj is —1 for i <n —m. When 7 > n — m, the i¢th ramification break of ¢, at P;
is the (¢ —n 4+ m)th one of @Yn’Qj/(;)P17Pj. We denote by u;; the ith upper ramification break
of ¢, at P;. We call ej; = u;; + 1 the ith conductor of ¢ at P;. The following formula explicitly
computes the ramification filtration of ¢, in terms of f.

THEOREM 2.4 ([Gar02, Theorem 1]). With the assumptions and the notation as above, we have
Uj; = max{pi_l deg(,_p,)-1 (M 1=1,....i} (2.7)
for i >n —m.

Remark 2.5. From equation (2.7), one deduces that, if the inertia group of Q; is Z/p’, then
i = min{l | deg(m_Pj)q(fl) # 0}. In addition, if p { wjn—mi1 # 0, then w;; > puj,; 1 for
n—m+2<i<n,andif p | u;;, then uj; = pu;;—1. In particular, when n = 1, that is, when ¢,
is an Artin—Schreier cover, the unique ramification break at P; is equal to the order of the pole
of f1 at P;.

Ezample 2.6. The cover from Example 2.2 has breaks (1,2) at x = 0 and (—1,1) at = oc.

Remark 2.7. One can easily derive from the above discussion that the length n Witt vector
(,0,...,0) defines an étale Z/p"-cover of the affine line over k. That proves the infinitely gen-
eratedness of the fundamental group of A}C discussed in Section 1.
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Furthermore, it follows from [Popl4, Fact 2.3] that the degree of the different at the branch
point P; is
n
op; = (uji+ 1) (" —p' ). (2.8)
i=1
Set e;; := uj; +1 . We denote by ¢; the Z/pl—subcover of ¢p,. Then ¢;: Y] — IF’,{T corresponds to
the length [ Witt vector (f1,..., f') € Wi(K). We denote by 5}3_ the degree of the different at P;
of ¢;. The following result gives the genus of Y; in terms of the ramification breaks.

PROPOSITION 2.8. In the above notation, the genus of the Z/p'-covering curve Y] is

_ ! t_eii) (P —p
. 2(1 p)+2i1(22j1 i) 0 =) (2.9)

Proof. Applying the Riemann—Hurwitz formula [Har77, Corollary 1V.2.4], we obtain

2(1- ) + 5, 8,

Using (2.8) to calculate the degree of the different at each branch point Pj, we immediately
realize (2.9). O

Therefore, Z/p™-covers of the same genus on each of its subcovers have the same e; :=
E;zl ej; for 1 < i < n. We thus use an r x n matrix as follows to record the ramification datum
of the cover:

€11 €12 ... €ln

€21 €22 ... €n.n
M =

€rl €r2 ... €Erp

We call the above matrix M the branching datum of ¢,. We call the divisor Z;Zl ej 1 Pj the
level I branching divisor or, when [ = n, just the branching divisor of ¢,,.

The forward direction of the following corollary is immediate from Remark 2.5.

COROLLARY 2.9. An r x n matrix M = (e;;) with positive integer entries is a branching datum
of a Z/p"™-cover if and only if the following hold:
(i) For J =min{i|e;; # 0}, we havee; ; #1 (mod p) for j =1,...,r.
(ii) For J < i< n, we have e;; > pej;—1 —p+ 1. Equality holds if and only ife;; =1 (mod p).
Ifej; > pejj—1 —p+1, then e;; = pe; j—1 —p+a;; + 1 for an integer a;; prime to p.

Proof. Suppose that M = (e;;) is an r x n matrix whose entries satisfy conditions (i) and (ii).
Let x;, ..., x, be distinct points on k. Consider the length n Witt vector

F=(f'....f") € Wa(k(z)),

where f¢ = > i1 @i/ (T — z;)%:~1 and the a;; are defined as follows:
)0, =1 (mod p),
A B eji#1 (modp).

It then follows from Theorem 2.4 that the cyclic cover defined by F' has branching datum coin-
ciding with M, proving the necessity of the conditions. O
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DEFINITION 2.10. Suppose that (eq,...,e,), as a 1 X n matrix, satisfies the conditions of Corol-
lary 2.9. We define Q¢, ., to be the collection of r x n matrices that partition (eq,...,e,) and
are such that each row satisfies the conditions of that same corollary.

DEFINITION 2.11. We use the notation above and set ep; = 0 for 1 < j < r. We say that ¢, has
no essential jump from level i —1 to i at P;ife;; = pej;—1 —p+1lore;; =pej—1—p+aj;+1,
where 1 < a;; < p — 1. If this holds for all P;, we say that ¢, has no essential jumps from level
1 — 1 to . We say that ¢, has no essential jump if this is true for all 1 < < n.

Ezample 2.12. The cover in Example 2.1 has branching datum [2,8]", hence has an essential
jump at 2 = 1. The cover from Example 2.2 has branching datum [3 3], so has no essential jump.

Remark 2.13. When n = 1, the genus of an Artin—Schreier cover Y; 2 P} is

(Ciilein+1) =2)(p—1)
5 .

Hence, all Artin—Schreier k-curves with the same genus g have the same sum of conductors d+ 2,
where d := 2¢g/(p — 1). Thus, it is natural to classify Artin—Schreier covers of the same genus by
their branching data. This idea is utilized by Pries and Zhu to partition the moduli space AS,
of Artin—Schreier curves of genus g into irreducible strata [PZ12, Theorem 1.1]. By explicitly
constructing some local deformations, we show that AS, is connected when g is sufficiently large
[Dan20a, Theorem 1.1]. In [DH24], we carry the idea from [PZ12] and [Dan20a] further to all
cyclic covers. In particular, we show that the moduli space ASWcov(

g =9y =

T
glrg™) of Z/p"-covers whose

7Z./pi-subcovers have genus g' can be partitioned into irreducible strata, where each stratum is
represented by a suitable branching datum matrix.

2.3 Deformations of cyclic covers

2.3.1 Deformation of Galois covers. Suppose that Y £> C'is a G-Galois cover over k, where
C and Y are smooth, projective, connected k-curves. Suppose, moreover, that A is a local,
Noetherian, complete k-algebra with residue field &, which is also a domain. Let

Defy: Alg /k — Set

be the functor which, with any A € Alg /k, associates classes of G-Galois covers % 2, %A of
smooth proper curves that make the Cartesian diagram

Y —— %)y

J Js

C ——— % (2.10)

! |

Speck % Spec A

commute and are so that the G-action on %4 induces the original action on Y. More precisely,
— the special fiber of ® is isomorphic to ¢, and
— the isomorphism Y = %4 ® 4 k is G-equivariant.

We call ® a deformation of ¢ over A. For more details, see [BMO0O, § 2]. In this paper, we focus on
the case where G is cyclic and A is a finite extension of a power series k[[t]], which is a complete
discrete valuation ring of characteristic p with residue k.
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Remark 2.14. One application of deformation is reducing hard, general problems to ones that
are easier to study. For instance, Norman and Oort showed that every abelian variety in char-
acteristic p > 0 can deform to an ordinary one [NOS80], hence lifts to characteristic zero by
Serre-Tate [Kat81, Del81]. A similar strategy was applied to prove that every cyclic cover in
characteristic p lifts to characteristic zero. Namely, Pop showed that every cyclic cover equal-
characteristically deforms to one with no essential ramification jumps. This cover always lifts
by Obus and Wewers [OW14], hence so does the original one. This approach was first discussed
in [OM68].

2.3.2 A local-to-global principle. Let R be a complete discrete valuation ring as before. The
local-to-global principle below allows us to study the deformation problem by way of the local
deformation problem.

THEOREM 2.15. Let Y be a smooth projective curve over k, with a faithful action of G by
k-automorphisms. Let y1,...,y, € Y be the points where G acts with non-trivial inertia. For
each 1 < j < r, let G; be the inertia group of y; in G, and let v;: G; — Auty k[[u;]] be the
induced local action on the complete local ring of y;. Then the deformation of Y with G-action
over R is determined by the deformation over R of each of the local G j-actions.

Proof. See [Sail2, §1.2] or [Gar96, § 3]. O

We thus can reduce the study of deformation to the case where ¢ is local, namely, where ¢
is a G-Galois extension of power series k[[x]] — k[[z]]. In that case, Bertin and Mézard showed
that the functor Defy, is represented by (the spectrum of) a versal deformation ring [BMOO,
Theorem 2.1], which we denote by R, or Rg. The tangent space of Def is H (G, Dery k[[2]]). Tts
obstruction space is H*(G, Dery, k[[2]]). Note that, when G is cyclic, the dimension of the tangent
space H2(G, Dery, k[[2]]) is usually positive [BM00, Théoreme 4.1.1]. The deformation problem is
hence non-trivial.

Little is known about Rg when ¢ is wildly ramified, that is, when p | |G|. When G =
Z/p and ¢ has “conductor” 1 (that is, when the corresponding HKG cover [Har80] (see also
Section 2.4) of the projective line over k has genus 0), the ring Rq is completely described
by [BMO00, Théoreme 4.2.8]. It is also known for all conductors when G = Z/2; see [BMO00,
Théoreme 4.3.7]. To generalize these results, one would naturally ask the following Galois theory-
type question.

Question 2.16. Suppose n > m € Z> and that we are given a tower of Galois extensions

m ¢n m
Hllel) =22 Kyl 2% k).
¢n

How do the rings Ry,,, Ry, ., and Ry, relate?

There is a natural map ind: Spec Ry, — Spec Ry, ; see [Bysll]. In particular, when ¢, is a
Z/p"™-cover defined by a length n Witt vector f, = (fY,..., f™) and ¢y, is its Z/p™-subcover, the
morphism ind maps f to f = (f,..., f™). Let ¢,, denote the mth level of ¢,,. We conjecture
the following.

CONJECTURE 2.17. In the notation of Question 2.16, if G := Gal(k[[yn]]/k[[x]]) is cyclic, then
ind: Spec Ry, — Spec Ry, is surjective. That is, given an arbitrary complete discrete valuation
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ring R with residue field k, one can always fill in the commutative diagram

Spec k «—— Spec k[[z]] ARr— Spec k[[ym]] W Spec k[[yn]]

! | | 5

Spec R’ <—— Spec R'[[X]] «z— Spec R'[[Yin]] <; Spec R'[[Yz]]

n/m

after a finite extension R’ of R. If this holds, we say that ¢, is deformable in towers.

Remark 2.18. When R has characteristic zero, the conjecture is precisely the refined local lifting
problem (Question 1.1).

Remark 2.19. One may want to approach Question 2.16 on the level of tangent spaces, in
other words, investigate the relations between the groups H!(Gal(k[[y,.]]/k[[x]]), Dery k[[yn]]) and
HY(Gal(k[[ym]]/k[[]]), Derg k[[ym]]). So far, by generalizing some results from [BMO00], we have
computed the dimensions of Rz, generalizing [BM00, Theorem 5.3.3].

Note that a cyclic extension in characteristic zero is described by Kummer theory, which is
“multiplicative” compared with the “additive” nature of ASW theory. It is hence natural to first
study the case where R has equal characteristic, as both the generic and the special fiber are
additive in that situation. That is exactly the local version of Theorem 1.2.

THEOREM 2.20 (Local deformation of Artin—Schreier-Witt covers). Suppose that H is a (non-
trivial ) quotient of a finite cyclic group G and ¢y, is a G-extension k[[y,]]/k[[x]], hence branches at
exactly one point. Suppose, moreover, that ®,, is an H-extension R[[Y;,]]/R[[X]] that deforms
the unique H-subcover ¢n,: k[[z]] — k[lym]] of ¢, over R := k[[t]]. Then there exist a finite
extension R'/R and a deformation R'[[Y,]]/R'[[X]] of ¢n, over R’ that contains R'[[Y,—1]]/R'[[X]]

as a subcover.

In the following proposition, we show that the local result implies the global one. The proof
of the “=" direction is postponed to Section 2.4.

PROPOSITION 2.21. Theorem 1.2 holds if and only if Theorem 2.20 does.

Sketch of the proof of the “<=” direction. This proof is developed from that of [Obul2, Theo-
rem 3.1]. Let us assume that each of the local covers deforms in towers. With the assumptions
of Theorem 1.2, let X (respectively, 2)) be the formal completion of Xr (respectively, Vi) at X
(respectively, at Y). Let B C X be the branch locus of 1, and set U := X\ B, V := ¢ ~!(U), and
W:=¢1(U)=Y\{y1,...,ys} Let 4 C X be the formal subscheme associated with U C X. By
Grothendieck’s theory of étale lifting [Gro63, §1X.1.10], the G-cover ¢|y : W — U deforms over
R to an étale G-cover of formal schemes 20 — 4l with the deformation U — L of |y : V — U as
the H-subcover. The boundary of 2 is isomorphic to a disjoint union |_|§:1 Bj, where each Bj,
which corresponds to the point y;, is isomorphic to the boundary of a disc (see Section 3.2). For
each j, there exists a canonical action of the inertia group G; < G of y; on B;.

By assumption, each local Gj-extension (’A)Z,yj / @X@(yj) deforms over R in towers to a G-
cover of an open disc D; = Spec R[[W]] — Spec R[[V;]] — Spec R[[U;]]. The action of G on D;
induces an action on its boundary dD;. In addition, the theory of étale lifting asserts that the
Gj-action on 9D; is isomorphic to the action on Bj;. Thus, by identifying B; and dD;, we can
use formal patching to “glue” each of these discs D; to 20 in a Gj-equivariant way. This yields
a formal curve with G-action and projective special fiber. By Grothendieck’s existence theorem
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[GD61, §5], this formal curve is the projective completion of a smooth projective curve Zr with
G-action such that Zg/G = Xg and Zr/H = Yg. See [Hen00] or [Dan20b] for concrete examples
of formal patching. This is the cover we are looking for. O

On the level of tangent spaces, the following result follows immediately from Theorem 2.20.

COROLLARY 2.22. In the notation of Question 2.16, when ¢, is cyclic, the following group
homomorphism is surjective:

ind: H'(Gal k[[yn]]/k([2]], Ders k[[yn]]) — H'(Gal k[[ym]]/k[[z]], Dery, k[[ym]])-

We first explore the case where G is a cyclic p-group, that is, G = Z/p™ for some n > 1.

2.3.3 Deformation of Artin—Schreier—Witt covers. In the notation of Theorem 2.20, suppose
G = Z/p". We assume that R is a complete discrete valuation ring of equal characteristic. Thanks
to the local-to-global principle (Theorem 2.15), one might assume that ¢, branches at exactly
one point while studying its deformations. Thus, a deformation ®,, of ¢,, over R can be described
by the following expression (see Section 2.2.1):

€11 €12 ... €1n
62’1 62,2 e 627,1

le1,e2,...,en] — | o . (2.11)
€r1 €r2 ... €Eprp

We call the expression in (2.11) the type of the deformation ®,,. The second matrix indicates
that the generic fiber of @, branches at r points @1, ..., Q,, which correspond to rows 1,...,r,
with upper ramification jumps (e;1 — 1,e;2 —1,...,€;, — 1) at Q;.

PROPOSITION 2.23. Suppose that we are given a deformation of a 7 /p™-cover over R of type
(2.11). Then 3 7%_ eji=e; fori=1,2,...,n.

Proof. A deformation of a Z/p™-cover induces for each 1 < i < n a Z/p‘-deformation whose
fibers have the same genus. The rest follows immediately from Proposition 2.8. O

In the following section, we present a well-known tool to realize a deformation and some
explicit examples.

2.3.4 Birational deformations. When dealing with k[[z]], we will often want to think of its
Galois extension in terms of the associated extension of fraction fields.

DEFINITION 2.24. Suppose that A/k[[x]] is a G-extension. Suppose, moreover, that the quotient
M/ Frac(R[[X]]), where R/E[[t]] finite, is a G-extension, and Apg is the integral closure of R[[X]]
in M. We say that M/ Frac(R[[X]]) is a birational deformation of A/k[[x]] if

(i) the integral closure of Ar ®p k is isomorphic to A, and

(ii) the G-action on Frac(A) = Frac(Ar ®p k) induced from that on Ap restricts to the given
G-action on A.

Adapting the strategy from [Gar96], which proves that any local G-extension lifts, one can
show that any local G-extension can also be birationally deformed in towers! The following
criterion is extremely useful for seeing when a birational deformation is actually a deformation
(that is, when Ag ®p k is already integrally closed, thus isomorphic to A).
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PROPOSITION 2.25 (The different criterion [GM98, §1.3.4]). Suppose that Ar/R|[[X]] is a bira-
tional deformation of the G-Galois extension A/k[[z]]. Let K := Frac R, let §,, be the degree of
the different of (Ar ®r K)/(R[[X]] ®r K), and let §5 be the degree of the different of A/k|[x]].
Then 65 < dy, and equality holds if and only if Ar/R[[X]] is a deformation of A/k[[z]].

Ezample 2.26. One may use the above criterion to check that the Z/5-extension ® given by

X + 2t10

YP—Y = 2 5
X5(X —t19)%(X —t9)

is a deformation of y> —y = 1/x'' over k[[t]]. An easy computation shows that the generic
branch points of ® are 0, t'°, and t°, which have conductors 4, 3, and 5, respectively. Hence, it
is a deformation of type [12] — [4,3,5]". See [Dan20b] and [Dan20a] for more explicit examples
of Z/p-deformations.

Ezample 2.27. Let us consider the Z/4-extension x2 of k[[t, X]] (where char k = 2) defined by

1 1
p(Y1,Ys) = <X2(X—t8)’X3(X—t8)2(X—t2)4>' (2.12)

Its fiber Y, at t = 0 is birationally equivalent to the following Z/4-extension of k[[z]]:

( )= 1 1
P\Y1,Y2) = 3537ZE9 .

By converting the Witt vector in (2.12) to a reduced form as in Example 2.2, one sees that
the generic fiber has upper jumps (1,2) at 0, (1,2) at t%, and (—1,3) at t2. Therefore, the

deformation yo has type
+
2 20
4 10] — .
3 3 4

Note that the Z/2-subextension of x3 is a deformation of type [4] — [2,2]T with generic branch
points 0 and ¢5.

2.3.5 A family of non-trivial deformations. Suppose that ¢, is a Z/p™-extension k[[z,]]/k[[z]]
with upper ramification jumps t; < 1o < -+ < tp. Set tg = 0. Then, for each 1 < j < n, we
may write

Lj = Plj—1 =Ppq; + €5,

with 0 < gj, 0 < ¢; < p, and ¢; = 0 if ¢; = 0, as asserted by Corollary 2.9. Thus 0 < ¢; if and
only if (p,¢;) = 1, which holds if and only if pt;_; < ¢;. We call g; the essential part of the upper
jump at level j, and if 0 < ¢;, we say that ¢; is an essential upper jump. These terminologies
were introduced in [Popl4]. Let r := 1 + Zj essential 4~ According to Pop, one may partition
(t1+1,...,tp+ 1) into an 7 X n matrix M := (e;;) as follows:

(i) Set e1; =peri—1+¢€ for 1 <i<nandeg=0.

(ii) Add g; rows of the following form to M for each essential place j:

(0,...,0,p—1,p* = 1,....p" 7T —1).

Furthermore, Pop shows that there always exists a deformation of type M as above. We restate
his result using the conventions in this paper as follows.
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LeMMA 2.28 ([Popl4, Key Lemma 3.2]). Let A = k[[z]] — k[[2]] :== B be a cyclic Z/p™-extension
with upper ramification jumps i1, ..., t,. In the above notation, let 1, ..., x, € tk[[t]] be distinct
elements. Then there exists a Z/p™-deformation of A — B over k|[[t]] of type M that hasxq,...,x,
as branch points.

Ezample 2.29. Suppose that Y is a Z/5%-extension of k[[z]] that is defined by

(v1.0) = L1 1y _(1 1+af
PYLY2) =\ 852 T a6 | T\ 80 T2 )

It branches at x = 0 with jumps (¢1,¢2) = (8,52), hence branching datum [9, 53]. Observe that

—b5p=5-1+43
R +9, (2.13)
lo—511=5-24+2.
Based on the above data, one can “split” [9,53] into the following 4 x 2 matrix:
3+1 3-5+2+1 4 18
5 25 5 25
[0 53] — - . (2.14)
0 5 0 5
0 5 0 5
One can show, using the strategy from Example 2.27, that the extension y defined by
1 1+ 25
Y1,Ys) = 2.15
P11, ¥2) <x3(x—t1)5’ x”(x—t1)25(:c—t2)5(x—t3)5>’ (2.15)

where t1,t2,t3 € tk[[t]] are distinct, is a deformation of X over k[[t]] with type (2.14). Equa-
tion (2.15) is derived from [Popl4, proof of Key Lemma 3.2].

Remark 2.30. The splitting in (2.14) and the explicit equation (2.15) easily generalize to arbitrary
Z/p"-covers of Pt. We call these types of deformations Oort-Sekiguchi-Suwa (OSS) deformations.
They are generalizations of (the p-fiber of) ones for Artin—Schreier covers introduced in [BM0O,
§4.3]. See [Dan20a, § 3.1.1] for a detailed discussion regarding how the p-fibers of the deformations
in [BM0O, §4.3] are OSS deformations of Artin—Schreier covers. In addition, when the cover is
of order p, Bertin and Mézard show that these deformations form a dominant component of
the local deformation ring’s spectrum. One thus would expect that this also holds for the versal
deformation rings of Z/p™-covers when n > 1.

In the next section, we show that it suffices to answer Theorem 2.20 for the case G = Z/p™.

2.3.6 Reduction to the case of cyclic p-groups. We first state a well-known result, which
suggests that the deformations of local cyclic tamely ramified extensions are not very interesting.

PROPOSITION 2.31. Tamely ramified cyclic covers are deformable over k[[t]] in towers.

Proof. Suppose that ¢ is a tamely ramified cyclic cover of k[[z]] with Galois group Z/m, where m
is prime to p. It follows from Kummer theory that, after a change of variables, ¢ is given by
2™ = z. Suppose m = nr, where n,r # 1. Then the unique Z/n-subcover 7 of ¢ is defined by
y™ = x. Furthermore, a deformation .7 of 7 over k[[t]], after a change of variables, can be defined
generically by Y” = X — h(t), where h(t) € t- k[[t]] and X is a lift of = to k[[t]]. It is then easy
to verify, using the different criterion, that Y = X — h(t) defines the deformation of ¢ that we
want. O
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PROPOSITION 2.32. Let G = Z/mp"™, where p{m. If Z/p™ is deformable in towers, then so is G.
In particular, it suffices to prove Theorem 2.20 for the case G = 7 /p™.

Proof. Let H be a subgroup of G. Then H is isomorphic to Z/Ip", where ljm and 0 < r < n.
Given a G-cover f:Y — Speckl[z]], let g: Z — Speck[[z]] (respectively, h: X — Speck][z]]) be
the unique Z/m-subcover (respectively, Z/p"-subcover). Then the normalization Z Xgpec k[[z)] X
is isomorphic to Y. Similarly, the H-subcover of f can be identified with the H-cover f': Y’ =
7" Xgpecklla] X' — Speck[[x]], where ¢': Z' — Speck[[x]] (respectively, h': X" — Spec k[[z]])
is the Z/I-subcover over g (respectively, the Z/p"-subcover over h). Suppose that Fp: Y —
Spec R[[X]] is a deformation of f' over R. Then V' = X’ Xgpe.pyx] Z', where G: Z' —
Spec R[[X]] deforms ¢' and Hp: X' — Spec R[[X]| deforms h’. Moreover, the unique branch
point of the generic fiber G of G'; has index p! in the generic fiber H}- of H},. By assumption,
HY, extends to Hg: X — Spec R[[X]]. Furthermore, by Proposition 2.31, one can extend G’; to
Gr: Z — Spec R[[X]].

Finally, let Yy, be the normalization of Xr xp Zg. Then the canonical map Fr: Y — D is
a birational deformation of f. The degree of the different of ¢ (and of Gk) is m — 1. Let § be
the degree of the different of h (and of Hg). Using our assumption on the branch loci of Fj,
and G’, one shows that the degrees of the differents of the generic fibers of Fr and f are both
md + m — 1. It thus follows from Proposition 2.25 that Fg is a deformation of f over R. O

Let L,, = k[[yn]]/k[[z]] be a Z/p"-extension. From the above discussion, Theorem 2.20 is an
immediate result of the following.

COROLLARY 2.33. Suppose that k[[y,]]/k|[[x]] is cyclic Galois of order p™, and R[[Y,,]]/R[[X]] is

a deformation of the Z/p™-subextension k[lym]]/k[[z]] over a finite extension R of k[[t]]. Then,
there exist a finite extension R'/R and a deformation R'[[Y,]]/R'[[X]] of k[[y.]]/k[[z]] over R
that extends R'[[Yy,]]/R'[[X]].

We will prove Corollary 2.33 inductively using the result below.

THEOREM 2.34. Suppose that k[[y,]]/k[[x]] is cyclic Galois of order p", and R][[Y,—1]]/R[[X]]
is a deformation of the Z/p"~!-subextension k[[y,_1]]/k[[z]] over a finite extension R of k[[t]].
Then, there exist a finite extension R'/R and a deformation R'[[Y,]]/R'[[X]] of k[[yx]]/k|[[x]] over
R’ that extends R'[[Y,—1]]/R'[[X]].

Assuming Theorem 2.34, Corollary 2.33 easily follows.

2.4 Deformation of one-point covers

Let us once more consider the Z/p"-extension Ly, / E[[z]]. Harbater, Katz, and Gabber show that
there exists a unique Z/p"-cover Y, — C := Pk, which is usually known as the HKG cover
of L,/k[[z]], that is étale outside = = 0, totally ramified at = 0, and such that the formal
completion of Y — C at z = 0 yields the extension L, /k[[z]] (see [Har80, Kat86]). This allows
one to go from a local back to a global situation. Specifically, Theorem 2.34 is equivalent to the
following version for one-point covers (of curves), which is compatible with the language used in
[OW14] and allows us to only deal with rational functions instead of Laurent series. The proof
of Proposition 2.35, hence of Theorem 2.34, is deferred to Section 5.

PROPOSITION 2.35. Suppose that k[[y,]]/k[[z]] is a G = Z/p"-Galois extension. Let ¢p_1: Yp—1 —
C .= IP’}( be a Z/p"~'-cover with the following properties:

320



DEFORMING CYCLIC COVERS IN TOWERS

(i) The cover t,—1 has good reduction with respect to the standard model P of C and reduces
to a Z/p" ‘-cover 1, _,: Y1 — C 2P} that is totally ramified above x = 0 and étale
everywhere else.

(ii) The completion of v, | at x = 0 yields k[[y,_1]]/k[[z]], the unique Z/p"™~!-subextension
of k[y,]|/k[[z]]. We may thus assume that k[[y,]|/k[[z]] is given by g = (g%,...,9") €
Wy (k(z)); that is, all the entries are rational.

Then, after possibly a finite extension of R, there exists a G-Galois cover ¢, : Y, — C with good
reduction that extends v,_1 and satisfies the following:

(a) Its reduction 1,,: Y, — C' is totally ramified above T = 0 and étale elsewhere.

(b) The completion of ¥,, at x = 0 yields k[[y,]]/k[[x]].

Remark 2.36. Items (a) and (b) of Proposition 2.35 can be reformulated as follows:
(1) The cover Y,, — C is étale outside the open disc
D={XeK||X|<1}.
(2) The inverse image of D in Y, is an open disc.
(3) If A= R[[X]|{X '} is the ring

{Z a; X’ |aj €R,a; —0as j — —oo} (see Section 3.2),

JEZL
the cover Y,, — C is unramified when base changed to Spec A, which can be thought of as
the boundary of the disc D. The extension of residue fields is isomorphic to the extension
of fraction fields coming from k[y,]]/k[[z]]-

2.4.1 Proof of the “=” direction of Proposition 2.21. With the assumptions of Theorem 2.20,
there exists an H-cover ¢,,: Y, — P}{ = Proj K[X, V] that
(i) has properties (i) and (ii) of Proposition 2.35, where H is in place of Z/p"~! (G is in place
of Z/p™), and
(ii) is such that its standard model’s completion at X = 0 is isomorphic to R[[Y,,]]/R[[X]],

as discussed in Section 2.4. It thus follows from Theorem 1.2 that one can extend v, to a
G-cover i, over K whose standard model’s completion at X = 0 is a deformation ®,, of ¢,
over R that contains R[[Y,,]]/R[[X]] as the H-subcover. The extension ®,, is exactly what we
seek. O

3. Degeneration of cyclic covers

In this section, we study the degeneration of G := Z/p"-covers of a curve C' as in Section 2.4.

3.1 Setup

Throughout the section, R is a complete discrete valuation ring of characteristic p with uni-
formizer w, valuation v, and residue field £ (for example, R = k[[t]] and m = ¢). Normalize the
valuation on R so that v(w) = 1. Let K be the fraction field of R. Let C' be a smooth, projective,

irreducible curve over K. Note that, for the purpose of this paper, we only need to consider the
case C' = P},. We denote by K the function field of C' (for example, K = Frac K[X]). We may
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fix a smooth R-model Cr of C over R. Fix a rational point zo on C' and write Ty € C for its
specialization.

We denote by C?" the rigid analytic space associated with C. The residue class of xg with
respect to the model Cgr, denoted by
D ::]EU[CRC Oan7
is the set of points of C*" specializing to Ty. It is an open subspace of C'*" and is isomorphic to
the open unit disc.

The central focus of this section is examining the degeneration of cyclic covers of C*" that
are étale outside D. In the next subsection, we briefly recall some non-archimedean geometry
notions that are crucial for the study of the degeneration.

3.2 Discs and annuli

Suppose € € Qsp, 7 =p~ ¢, z € R, and let a € K be such that v(a) = €. In Table 1, we list some
usual rigid geometry conventions. For more details, see [BL93, BL85, BL&4].

Notion ‘ Algebra ‘ Geometry ‘
Open unit disc Spec R[[X]] D={ue (AL)™ | v(u) >0}

Closed unit disc Spec R{X } D={ue (Ak)" |v(u) =0}
Boundary of a unit disc Spec R[[X]]{X '} {ue (A)™ | v(u) =0}

Open disc of radius r center z | Spec R[[a™! (X — 2)]] Dle, 2] :={ue (A}()an | v(u—z) > €}
Open disc of radius r center 0 SpecR[ a

H
[a=1XT] Dle] = Dle, 0]
Open annulus of thickness e Spec R[[X,U]]/(XU —a) | {ue (AL)™ [0 <v(u) <e}

Table 1. Non-archimedean geometry notions

Recall that R{X} = { Y ;o X’ € R[[X]] | limj oo v(a;) = co}. Let z € R and 5 € Qxo.
One can associate with D[s, z] the “Gauss valuation” v, . defined by

vsz(f) = inf (v(f(a))

a€D[s,z]

for each f € K*. This is a discrete valuation on K that extends the valuation v on K and has
the property that v, (X — z) = s. We denote by k4 the function field of K with respect to the
valuation vs .. That is the function field of the canonical reduction D[s, z] of D[s, z]. In fact,
DIs, 2] is isomorphic to the affine line over k with function field s, := k(z5.), where x , is the
image of 77%(X — 2) in k.. For a closed point Z € Dls, 2], we let ordz: £, — Z denote the
normalized discrete valuation corresponding to the specialization of T on D[s, z]. We let ord.,
denote the unique normalized discrete valuation on ks, associated with the “point at infinity.”
For b € K and r € Qx¢, we define (b), := br P". We will usually write X, := X7 P". For
Fek, ze (A}()an, and s € Q=p, we let [F]; . stand for the image of 7 Vs (F)F in Ks,z-

3.3 Semi-stable models and a partition of a disc

Consider the open unit disc D C C*" = (P%)™, which we may associate with Spec R[[X]] for
some X € K. Suppose that we are given z; g, ..., 2, g in D(K), with > 2. We can think of
T1K,---,Tp K as elements of the maximal ideal of R. Let C*® be a blow-up of Cr such that
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— the exceptional divisor C of the blow-up is a semi-stable curve over k,
— the fixed points z;, i specialize to pairwise-distinct smooth points z, on C, and

— if 29 (which we usually denote by 30) denotes the unique point on C' that lies in the closure
of C*' @ k\ C, then (C, (2), x0) is stably marked in the sense of [Knu83].

Then we call C5' the stable model of C' corresponding to the marked disc (D;x1,...,x;). See, for
example, [Akel5, §2.5.3] for more details. Note that the set of points of (PL)2" that specialize
away from xg form the closed unit disc D. The dual graph of C is a tree whose

— leaves correspond to the marked points,
— root corresponds to xg,
— wertices correspond to the punctured discs,

— edges correspond to the annuli that partition D.

For each edge e of the tree, the source (respectively, the target) of e is the unique vertex s(e) € V
(respectively, t(e) € V') adjacent to e that lies in the direction toward the root (respectively, in
the direction away from the root). For each vertex v of the dual graph, we denote by U, the
corresponding closed punctured disc.

Ezample 3.1. Let us consider the Z/4-cover in Example 2.27. Recall that xo branches at four
points 0, t%, t2, and 2(1 + t2), all contained in the open disc D associated with Spec R[[X]]. The
left graph in Figure 1 represents a semi-stable model of IP’}( corresponding to the disc D marked
by the branch points of the cover. The model is obtained by first blowing up Spec R[[X]] with
respect to the ideal (t2, X ), which separates the reductions of t? and t?+t* from those of 0 and #5.
We can then distinguish ¢? and t> + t* by doing the same for Spec R[[X | ']], where X; := X/t2,
with respect to (2, X; ' — 1).

The tree on the right in Figure 1 is the special fiber’s dual graph together with the leaves

(labeled by [ﬁ], [t2+¢*], [t*], and [0]) that are associated with the corresponding marked
points. See [Dan20b, Example 3.1] for more explanation.

The vertex vy represents the punctured disc associated with Spec R{Xl_l, X1, (Xl_1 — 1)_1}.
The points t? and t? + t* (respectively, 0 and t8) of D lie inside Spec R(X n - 1) (respectively,
Spec R(X1)) and reduce to 1 (respectively, 0) on its special fiber. Table 2 illustrates where the
K-points of D specialize.

gl

Figure 1. The special fiber C and its dual graph
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’ Subscheme V of C ‘ Points of C(K) that specialize to V' ‘ Associated algebraic object ‘
= Y 0<n(Y) <2} RIX, X))/ (XX, — £)
C3nCy {v]2<u(Y) <8} R[[XT1 X))/ (X' X, — t°)
C3\ C, {Y|v(Y)>8} R{X;'}
CynChy {Y|2<v(y —t) <4} R[[X['-1,V]](V(X{'=1)—¢?)
Cy\ Cy {Y vy —t2) >4nv(Y) =2} R{V-1}
Ci\(CsUC,U{}) | {Y [v(Y)=2A0(Y - %) =2} R{X{L Xy, (X7 =1)7)

Table 2. Partitions of C(K)

Remark 3.2. In Example 3.1, we say that the directions from v; toward es, ey, and eg, are the
0-, 1-, and oco-directions, respectively.

3.3.1 A coordinate system for a marked disc. With the notation of Section 3.3, we define a
1-dimensional “coordinate system” for each edge e of the dual graph of the special fiber of C, as
follows. One may assume that e corresponds to the annulus {Y € K | pri < v(Y — ;) < pra}.
We identify e with a rational line segment [r;,72] N Q and assign the value r; to s(e) and
the value 73 to t(e). We then naturally associate a rational number r € [rq, 73] with the circle
{Y | v(Y — zj) = pr}. We refer to r as a rational place on e. Suppose that r is a rational
place on an edge e, and r’ is a rational place on a succeeding edge of e. Then we say r < 7.
By abuse of notation, we usually write ¢(e) in place of ro and s(e) in place of r;. The reason
we scale the coordinate by 1/p is to make it compatible with the calculation of the depth Swan
conductor introduced in Section 3.5, which, in turn, is also modified to be consistent with [Sai07]
and [Dan20b].

3.4 Characters
Fix n > 1. We set

1 1 n AKS\/W
HL (K) = H'(K, Z/p") 2 Wn(K)/p(Wn(K)). (3.1)

ASW
The “ = 7 in (3.1) is just Artin—Schreier—Witt theory (Section 2.1). We call the identification
ASW the Artin-Schreier—Witt map. The elements of H;,n (K) are called the characters on C.

Given an element F, € W, (K), we let R, (F,,) € H,})n (K) denote the character corresponding to
the class of F,, in W,,(K)/p(W,(K)).

For i =1,...,n, the homomorphism
W;(Fp) = Z/p'Z AN Z/p" = Wy(Fp), (al, .. ,ai) — (0, ...,0,at, ... ,ai)
induces an injective homomorphism
1 ¢i,n 1
H, (K) — H,» (K). (3.2)

Its image consists of all characters killed by p’. We consider Hzlﬂ- (K) as a subgroup of Hll)n (K) via
this embedding.

A character x € Hll,n (K) gives rise to a branched Galois cover Y — C. In particular, if
x = &, (F) for some F € W,(K), then Y is a connected component of the smooth projective
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curve given generically by the ASW equation p(y) = F. If x has order p’ as an element of Hlljn (K),
then the Galois group of Y — C is the unique quotient of Z/p"Z of order p'.

Remark 3.3. If one identifies Hll)i (K) with W;(K)/p(W;(K)), then the map ¢; ,, assigns to the class
of a length i Witt vector (a',...,a%) the class of the length n Witt vector (0,...,0,al,..., a%).

Remark 3.4. If x := R((a*,...,a")) € H;n(K), then x?" ' = &((a},...,a")) € H;Z(K)

A point z € C is called a branch point for the character y € H}Dn (K) if it is a branch point for
the cover Y — C. The branching index of x is the order of the inertia group for some point y € Y’
above z. The set of all branch points is called the branch locus of x and is denoted by B(x).

DEFINITION 3.5. A character x € H}?n (K) is called admissible if its branch locus B(x) is contained
in an open unit disc D C C?". We call its associated cover an admissible cover.

DEFINITION 3.6. Suppose that x := &((f',...,f")) € Hzljn (K) is an admissible character and
B(x) = {b1,...,b;}. We call the dual graph of the semi-stable model of P} corresponding to
the marked disc (D;by,...,b;) (discussed in Section 3.3) the branching geometry of x, or the
geometry of the branch points of x, or the geometry of the poles of (f',..., f™).

3.4.1 Reduction of characters. Let x € Hll)n (K) be an admissible character of order p™, and
let Y — C be the corresponding cyclic Galois cover. Let Yr be the normalization of Cr in Y.
Then Yg is a normal R-model of Y, and we have Cr = Yr/(Z/p"™).

After enlarging our ground field K, we may assume that the character x is weakly unramified
with respect to the valuation vy (where X has valuation 0); see [Epp73] (there is an error,
corrected in [Kuh03]). By definition, this means that for all extension w of vy to the function
field of Y, the ramification index e(w/1vp) is equal to 1. It then follows that the special fiber
Y = Yr ®g k is reduced [AW12, §2.2].

DEFINITION 3.7. We say that the character x has étale reduction if the map Y — C is generically
étale. It has good reduction if, in addition, Y is smooth.

Remark 3.8. In the language of Galois cohomology, a character y has étale reduction if and only
if its restriction to the completion Kg of K with respect to the valuation 1 is unramified. This
means that X|1f<o belongs to the image of the cospecialization map

1 1 (1

which is the restriction map induced by the projection of the absolute Galois groups GalKO —
Galy,. Since the cospecialization map is injective, there is a unique character y € H n (ko) whose
image in H1 (Ko) matches X‘K The Galois cover of C associated with ¥ is, by constructlon
isomorphic to an irreducible component of the normalization of Y.

DEFINITION 3.9. If x has étale reduction, we call X the reduction of x, and x a deformation of X
over R.

With the new definition of good reduction, we can reformulate Proposition 2.35 as follows.

PRroroOSITION 3.10. Proposition 2.35 holds if there exists an admissible extension v, : Y, — C
of ¥p_1: Yn—1 — C with the following properties:

(i) The map v, has good reduction.
(ii) The completion of the reduction 1),, at x = 0 is birationally equivalent to k[[y,]]/k[[x]].
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3.5 Swan conductors
Suppose that x € Hzl,n (K) is a character associated with a cyclic p™-exponent cover of C'. Suppose,
moreover, that D C C®" is a closed disc equipped with the topology corresponding to the
canonical valuation 1 (see Section 3.2). After enlarging R, we may assume that the restriction
X|p is weakly unramified with respect to vy. As usual, the residue field of Frac(D) is denoted
by k.

As in [Dan20b, §3.4], we define two invariants that measure the degeneration of x|p with
respect to the valuation vy. The depth is

Sy1p = sW(x|p)/p € Qx0,

where sw(x|p) is the classical Swan conductor [Kat89, Definition 3.3] of x|p. Note that the
rational number d,),, is equal to 0 if and only if x|p is unramified. If this is the case, then its
reduction X|p is well defined. In particular, if x|p is of order p™ and dy|p = 0, then there exists
an f € Wy, (k) such that X|p is defined by p(y) = f. We call f a reduction of x|p. Also note that,
as discussed in Section 2.1, a reduction f is unique up to adding an element of the form p(a),
where a € W,,(k), and there exists a unique f**! = f + o(b) for some b € Wy, (k), which we call
the reduced reduction of x|p. We say that x|p is radical if dylp > 0.

Suppose dy |, > 0. Then we can define the differential Swan conductor or differential conduc-
tor

Wy|p = dsw(x|p) € Ql

identically to how it is defined in the mixed-characteristic case in [Kat89, Definition 3.9] (see
also [Wew14, §3.2]). It is derived from the refined Swan conductor rsw®(x|p), see [Kat89], and
depends on the choice of the uniformizer 7 for R. In particular, we have the relation

rsw(x|p) = 77*NP) @ dsw(x|p) € m™VNP) . QL (3.3)

where m is the maximal ideal of R. Note that rsw*”(x|p) does not depend on the choice of 7.

We call the pair (dy,,,wy|,) When dy,, >0, or (dy|,,f) when &, = 0 and f is the reduced
reduction of x|p, the degeneration type or the reduction type of the restriction x|p.

Suppose that T is a point on the canonical reduction of D or the point at infinity, which we
write T = oo, and let ordz: K — Z be the normalized discrete valuation (whose restriction to k
is trivial) corresponding to . Then the composite of vy with ordz is a valuation on K of rank 2,
which we denote by K* — QxZ. In [Kat87b], Kato defined a Swan conductor SWXK‘D (T) € Q=0 XZ.

Its first component is equal to pd,,,. We define the boundary Swan conductor with respect to ,

SWX‘D(E) S Z,

as the second component of SWXK‘D (7). Geometrically, it gives the instantaneous rate of change of

the depth in the direction (see Remark 3.2) corresponding to T. We will discuss this phenomenon
in detail in Section 3.5.2.

Remark 3.11. The invariant sw,, (Z) is determined by 4

(i) If &y, = 0, then

and Wy|p a8 follows:

x|p D

SWX\D(E) = SWY\D(E) )
where X|p is the reduction of x|p (see Remark 3.8), and swyj,, () is the usual Swan conductor
of X|p with respect to the valuation ordz; see [Ser79, §1V.2]. This follows immediately from the
definitions of the conductors. We thus have sw,,, (Z) > 0 and sw,,,(¥) = 0 if and only if \|p is

unramified with respect to ordz.
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(ii) If 6y, > 0, then [Kat87b, Corollary 4.6] asserts that
SWy|p (T) = —ordgz(wy),) — 1.

This fact will be used intensively later in this paper.

3.5.1 Refined Swan conductors of a product of characters. The Swan conductors behave
somewhat like valuations.

LEMMA 3.12. Let x;, with i = 1,2,3, be abelian characters on a disc satisfying the relation
X3 = X1 - X2. Set 6; :==sw(x;)/p (with the canonical valuation) and w; := dsw(x;) for i =1,2,3.
Then the following hold:

(i) If 01 # 02, then 03 = max{d1,0d2}. Furthermore, we have ws = wy if 61 > 02 and wg = ws
otherwise.
(ii) If 61 = 92 > 0 and wy + wa # 0, then 61 = Jy = 3 and w3 = wy + wa.
(iii) If 61 = 09 > 0 and w1 + wy = 0, then 3 < 7.
(iv) If 1 = 92 = 0, then 3 = 0 and X3 = X7 - Xo. Hence, if the reduction type of x1 (respectively,
X2) is f (respectively, g), then the reduction type of x3 is f + g.

Proof. The proof is parallel to that of [OW14, Proposition 5.6]. O

Remark 3.13. Lemma 3.12 allows one to compute the conductors of one character by breaking
it down into easier-to-calculate ones. This philosophy will be employed frequently later in this

paper.

Remark 3.14. With the notation of Lemma 3.12, suppose m > n € Zxo, and let x;1 € H}Dn (K)
(respectively, xo € H;,m(K)) be defined by the Witt vector G € W, (K) (respectively, H €
Wi (K)). Then x; - x2 correspond to the Witt vector H + ¢y, (G) € Wi (K) (where ¢y, is
defined in (3.2)).

3.5.2  Fix a closed disc D, which may be associated with the ring R{X}. Let z be a K-point
of D and r € Qx9. We denote by d,(r, z) (respectively, d,(r)) and w,(r, z) (respectively, wy(r))
the depth and the differential conductors of the restriction of x to D[pr, z| (respectively, D[pr]).
Following the notation in [OW14], we define v, : K* — Q as the Gauss valuation associated with
Dipr], such that v,(X) = pr. Furthermore, let , represent the residue of K with respect to the
valuation v,.

When the point z is fixed, we may regard 0, (r, z) and wy(r,2) as functions of r. Suppose
that 7 is a point on the reduction of D[pr, z], or a point at infinity § = 5. Set sw,(r, 2,7) =
SW|pipr.c] (7). The following results show how understanding a character’s differential conductor
can give a lot of information about its depth. They are the exact analogs of results from [OW14,
§5.3.2] in mixed characteristic.

PROPOSITION 3.15. Suppose that z € R is fixed. Then d,(—,z) extends to a continuous,
piecewise-linear function
5X(—, Z): R;o — R;o .
Furthermore,
(i) for r € Qso, the left (respectively, right) derivative of 0,(—,z) at r is —swy/(r,z,30)
(respectively, swy(r, z,0));
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(ii) ifr is a kink of 0, (—, z) (meaning that the left and the right derivatives do not agree), then
r e Q.

Proof. See, for example, [Wew05, Proposition 2.9] or [Bah20, Theorem 1.9]. Note that, in the
language of [Bah20], a lisse étale sheaf of Fy-module on a rigid disc D coincides with a connected
étale cover of D; see [dJ095, Theorem 2.10]. O

COROLLARY 3.16. If r € Q> and 6,(r, z) > 0, then the left and right derivatives of §, at r are
given by ordss(wy(r)) 4+ 1 and — ordg(wy (1)) — 1, respectively. In particular, — ordz(wy(r,2)) — 1
is the instantaneous rate of change of é,(r, z) in the direction with respect to .

Proof. This is immediate from Proposition 3.15(i) and Remark 3.11(ii). O

DEFINITION 3.17. Due to the above results, we can define the refined Swan conductors of the re-

striction of x to an open disc D[pr, z] as (x| pjpr.2]) = 6(X|p[pr,2) and W(X|pppr,2)) = W(X|Dppr,2))-
We also set the boundary conductor of x|pp,.] to be that of x|pp. .-

The result below describes how the refined Swan conductors vary under a change of coor-
dinates. In particular, it shows that the depth Swan conductor of a cover (of a disc) does not
depend on the choice of the parameter.

PRroOPOSITION 3.18. Suppose that z; and z9 are two K-points in the interior of a closed unit
disc D. Suppose, moreover, that v(z1 — z2) > r for some non-negative rational r, and (z), :=
(21 — zo)m~". Then

5x(7“a Zl) = 5)((7"7 22) .

Moreover, if wy(r,z1) = f(z)dz, then wy(r, 22) = f(z + (2),)dz. In particular, if v(z1 — z2) > T,
then w, (7, z1) coincides with wy(r, z2).

Proof. We first note that D[pr, z1] = D[pr, z2] as v(z1 — z2) > r. The first part is then immediate
from the definition of the depth Swan conductor. Suppose that X is a parameter of D[pr, z1].
Then X + (21 — 22) is a parameter of D[pr, z2]. The second part follows from the change of
variables X — X + (21 — 22). O

3.6 A vanishing cycle formula

In this section, we discuss how the refined Swan conductors determine whether a character has
good reduction. Most of the details closely follow [OW16, §2.4], which examines the case of
mixed characteristic.

We fix an admissible character y € Hzl)n (K) of order p™, which may be identified with a cover
¢:Y — C. Let by,...,b. € K be the branch points of ¢, which are contained in an open rigid
disc D C C*" (as x is admissible), and let ¢; , be the nth conductor at b; (see Section 2.2.1). Let
us also fix r € Qx¢.

DEFINITION 3.19. With the notation as above, let z be a point inside D, and let w be a closed
point of D[pr, z]. We denote by U (r, z,W) :=]w|pj, . the residue class of w in the affinoid D[pr, z].
Set

€X(T’ 27@) = Z lin € ZZO)

i€l(r,z,w)
where I(r,z,w) ={i € {1,2,...,r} | b; e B(x) N U(r,z,w)}.
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ProprosiTION 3.20. With the notation introduced above, suppose W # o0 € k, considered as
a closed point of D|pr, z]. We have

Ordﬁ(wx(r, Z)) P _Q:X(rv Z, w) . (34)
Moreover, equality holds if x has good reduction. When w = o0, let go be the genus of C. The
following holds:

_ 2pgc

ordss(wy (1, 2)) = b1 —

¢y (r,2,30). (3.5)

Proof. The proof is parallel to the mixed-characteristic proof of [OW16, Proposition 2.14],
where €, (r,z,w) (respectively, €, (r,2,30)) plays the role of |B(x) N U(r,z,w)| (respectively,
IB(x) N U(r,z,30)]). See [Dan20b, Proposition 3.8] for an explanation regarding the case n = 1
and W # 0. The case n > 1 or w = 0 is similar. O

Remark 3.21. We call (3.4) and (3.5) the local vanishing cycle formulas because they can be
derived from Kato’s vanishing cycle formula [Kat87b] (see [OW15]).

One easily derives the result below from Proposition 3.20.

COROLLARY 3.22. With the notation as in the Proposition 3.20 and assuming w # 50, we have
the following inequality:
swy (7, 2, W) < €y (r,z,w) — 1. (3.6)

Moreover, if x has good reduction and W # o0, then equality holds.

Remark 3.23. Corollary 3.22 and Proposition 3.20 indicate that, for x to have good reduction,
dy(r, z) is the smallest it could be, and its instantaneous rate of change at r depends only on the
sum of the nth conductors of the branch points whose differences with z have valuations greater
than 7.

COROLLARY 3.24. (i) Let x € Hzl)n (K) be an admissible character of order p". Then

ln *= Z len = CX(O,O,ﬁ) 2 sz(0,0,ﬁ) +1. (3.7)
z€B(x)

Also, x has good reduction if and only if 6,(0) = 0 and equality holds in (3.7). We call ,, the
conductor of the character x.

n—1

(ii) Suppose that x has good reduction with upper breaks (mj,...,my,). Let x; == x? . If

1 < i < n, then the conductor of x; is
L 1= Z Ly = Mg + 1. (3.8)
z€B(x)
In particular, t; > pti—1 —p+1, and if ;; = 1 (mod p), then ¢; = pti—1 —p+ 1.
Proof. Ttem (i) is immediate from Proposition 3.20.

In the situation of part (ii), as x; also has good reduction, it has conductor €,,(0,0,0) =
2_zeB(y) tei Dy part (i). In addition, its reduction ; € Hzl)i(lﬁ',) is a well-defined character with

upper ramification breaks (my,...,m,). Hence, the Swan conductor of ;,, which coincides with
SWy, (0, 0,6) as discussed in Remark 3.11(i), is m;; see [Ser79, Corollary 2 to Theorem 1]. Com-
paring with (3.7), we obtain (3.8). The remaining assertions follow from Remark 2.5. O
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Remark 3.25. Corollary 3.24(i) indicates that, for a Z/p™-cover with étale reduction to have good
reduction, it is necessary and sufficient that the conductor of the reduction is equal to the sum
of the conductors of the generic branch points. It is thus equivalent to the different criterion
(Proposition 2.25).

3.7 Characters of order p

Fix an admissible character y € Hzl,(K) and z € D. We will now provide an algorithm to calculate
Oy (r, z) and wy(r, z) for r € Q9. We may assume z = 0. The proofs in this section can be easily
translated to the case z # 0. The proposition below is the equal-characteristic analog of [OW14,
Proposition 5.16].

PROPOSITION 3.26. Suppose x = R1(F'), where F € K*/p(K*), and r € Q. Without loss of
generality, one may assume v,(F') < 0 and that x is weakly unramified with respect to v,.

(i) We have

1
dy(r) = > gxyT(F +ad’ —a),

where a ranges over all elements of K.

(ii) The maximum of v,(F + aP — a) in part (i) is achieved if and only if
gi=[F+a’—al, & L.

If this is the case and 6,/(r) > 0, then wy(r) = dg. If, instead, é,(r) = 0, then X corresponds
to the Artin—-Schreier extension given by the equation y? —y = g.

Proof. Part (i) is immediate from the definition of the depth for abelian characters.

Let us now prove part (ii). Suppose g ¢ k¥ and § := —v,.(F + a? — a)/p > 0. Then
F+al —a=nPuy,

where u € K satisfies v,.(u) = 0 and specializes to g. By [Dan20b, Proposition 3.16], we immedi-
ately obtain d,(r) = d. If §,(r) > 0, then it follows from the same result that w,(r) = dg. The
case 0y (r) = 0 is similar. O

Remark 3.27. Saidi shows in [Sai07, Proposition 2.3.1] that a Z/p-cover of a boundary is com-
pletely determined by its depth and its boundary Swan conductor. That result is motivated by
Henrio [Hen00, Corollaire 1.8] for the case where R is of mixed characteristic. However, as in the
case of mixed characteristic examined in [Bre09, Chapter 5], it is no longer true that a Z/p"-cover
(n > 1) of a boundary Spec R[[X ~!]]{X} is determined by its Swan and boundary conductor.

3.8 Computing the slope of particular order p characters

This section is parallel to [OW14, §5.5]. Let x € H;(K) be an admissible character of order p,
hence giving rise to a branched cover of a disc D|0, z], which we may associate with Spec R[[X]].
As before, we may assume z = 0. Let m > 1 be a prime-to-p integer. We further assume that
the following conditions hold:

(D1) The branch locus of x is contained in the closed disc D[pry] for some g > 0, and X = 0 is
one of the branch points.

(D2) For all r € (0,pro], the left derivative of d, at r is less than or equal to m.
(D3) For all r € (0,pro], we have d,(r) > 0 and d,(pro) = 6.
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PROPOSITION 3.28. Suppose that x € H;(K) satisfies (D1) and (D3). Then x can be represented
by the Artin—Schreier class of

F=) aX"'cK, (3.9)
1=0
with a; € R and v(a;) = p(roi — 0) for all 4.

Proof. Condition (D1) tells us that the function F is holomorphic on the annulus {a € K | 0 <
v(A) < pro}. As there is also no pole at infinity, it follows from the classical theory of analytic
functions that F' is represented by a power series of the form (3.9) with

v(ai) v(ai)

liminf ——= > prg or liminf - >1. (3.10)
1—00 2 1—00  Pro?

Let us now consider the place pro. Replacing X with X777 =: X, in (3.9), we obtain

o0

a;
F(XT‘O) = Z 7Tpr07‘XZ N
=0

One can easily derive from (3.10) that there exists a positive integer M such that, for all ¢ > M,
v(a;) — proi > —pd = —pd(rg). Thus, we may further assume, after replacing F' by another
function in the same Artin-Schreier class, that a; = 0 for all j < M, j = 0 (mod p). It then
follows from Proposition 3.26 and condition (D3) that

M

a; ) .
V(F (X)) = ”(Z ﬂpoXO> = min(v(a;) - proi) = —pd.
i=0
Hence, we have shown that v(a;) > p(roi — §), completing the proof. 0

Let us consider the function F' in Proposition 3.28. We wish to find a polynomial a in 7!
such that a? — a approximates F' well enough to use Proposition 3.26 simultaneously for all r in
an interval (0,s] N Q for some 0 < s < pro. We will then get explicit expressions for the slopes
of 6, on the interval [0, pro], which will be useful later in this article (Section 5.8).

For any N > 1, set

N
ZXJGR]

Here we consider the b; as indetermlnates for the moment. Write

o0
F—l—a”—a:chX_k,
k=1

where ¢y, is a polynomial in by, ..., byin(k,m)- Note that ¢, = ai € R for any k > pN.

LEMMA 3.29. Assuming that condition (D1) holds, after replacing K by some finite extension,
there exist by,...,by € R such that

(i) v(ek) = p(rok — 5) for all k, and
(ii) cgp =0 for all k <

Proof. In order to achieve item (ii), we solve the equations ¢,y = CpN—1) = - =¢ =0
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inductively. From top to bottom, they are
apN + bg)\; =0,

ap(N—i) + by _; = bpv—i) =0, (3.11)

ap+ b —b,=0,

where b,(y_;) = 0 for p(N —i) > N. Moreover, one can easily check that by_; has valuation at
least p(ro(IN — i) — 9). Hence, v(cy—;) is at least p(ro(N — i) — ), proving item (i). O

Remark 3.30. The proof above also shows that there are only finitely many solutions for the b;
and that they vary analytically as the a; do.

PROPOSITION 3.31. Assume that conditions (D1), (D2), and (D3) hold. Choose s € (0,prg) NQ
and N € N such that
o
To — S ’
Let by,...,by be as in Lemma 3.29. Define A, (x) € [0, pro] by

pN >

(3.12)

Am(x) = max({r € (0, pro] | swy(r,00) > —m} U {0}).
Set

fim(x) = mx({m 1<k< m} y {0}}>.

m—k
Then the following hold:
(i) For all r € (0,s] N Q, we have [F + a? — a), € . Therefore,
w(F+d —a)

dy(r) = Ee— and  swy(r,00) = —orde[F + a” — al, .

(if) We have A\ (x) < s < um(x) < s.
(iil) If Mpn(x) < s, then Ap(x) = tm(X)-
Remark 3.32. Note that, if A\,,,(x) # 7, then Proposition 3.31 implies that A, (x) is the largest

value in the interval (0, pro] where the piecewise-linear function 4, has a “kink.”

Proof. Fix r € (0,s]NQ and set M := ordeo[F + aP — a],. Applying Lemma 3.29, we obtain the
following inequality:

vp(F+aP —a)=v(ey) —prM = p(M(rg —r) —6) = p(M(ro —s) —9). (3.13)
On the other hand, as condition (D3) forces d,(r) > 0, Proposition 3.26 shows that
vp(F+aP —a)<0. (3.14)

Hence, it must be true that §/(rg — s) > M. It then follows from (3.13), (3.14), and the choice
of N that

M < < Np. (3.15)

ro — S
If M was divisible by p, then (3.15) and Lemma 3.29(ii) would show that ¢j; = 0, which con-
tradicts the definition of M. Therefore, M is prime to p, and part (i) of the proposition follows
from Proposition 3.26 and Remark 3.11.
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The rest of the proof is exactly the same as that of [OW14, Proposition 5.19]. O

The proof of the following corollary is straightforward.
COROLLARY 3.33. In the notation of Proposition 3.31, set

Am,i(x) 7= max(Am(x), 1) and i 1(x) := max(pm(x), 1) -
Then Proposition 3.31 still holds when replacing A, (X) (respectively, m(x)) by Am.i(x) (respec-
tiV@].Y; Mm,l(X))'

3.9 Refined Swan conductor of Z/p™-extensions

In this section, we discuss a technique for calculating the refined Swan conductors of a fixed
character x := R,(a), where a € W,(K). We mostly follow the settings from [Leal8, KLS19].
Different perspectives can be found in [Mat97, Bor04].

Write K = k((m)) for some m € Ok, where £ is the residue of K. Let {by}rea be a lift of
a p-basis of k to Og. Then QEK(log) is the Og-module with basis {dby,dlogm | A € A}.

We first define valuations on Qf and W, (K) as follows.
DEFINITION 3.34. If w € Qf and a = (a},...,a") € W, (K), let
Vo8 = sup{i | w € 7 oy Q}gK(log)} ,
and
v(a) = mzax{—pnflfil/(a")} = rniin{p”*l*iy(ai)} . (3.16)
If w = f(z)dz € Qf, then we set [w] = [f(z)]dx.

These valuations define increasing filtrations of QL and W,,(K) by the subgroups
FQy = {we Qg | Vo8 > —s} and F,W,o(K) = {a € Wr(K) | v(a) > —s}, (3.17)
respectively, where n € Zxg.

Remark 3.35. In [Kat89], Kato defined the filtration F; SHll,n (K) as the image of FsW,(K) under
the ASW map (3.1). Note that, for x = R(a) € Hzl,n (K), the Swan conductor sw(x) is defined to
be the smallest s such that a € FSHII)n (K).

We will now define what it means for a Witt vector a in W, (K) to be “best” (which is
a generalization of “reducible” in [Dan20b, Definition 3.14]).

DEFINITION 3.36. Let a € W,(K), and let s be the smallest non-negative integer such that
a € FsW,(K). We say that a is best if there is no a’ € W,,(K) that maps to the same element as
a in H},. (K) such that o’ € FyW,(K) for some non-negative integer s’ < s.

When v(a) > 0, the Witt vector a is clearly best. When v(a) < 0, the Witt vector a is best
if and only if there are no da’,b € W, (K) satisfying a = ¢’ + p(b) and v(a) < v(a'). When n = 1,
the following result, which immediately follows from Proposition 3.26, characterizes when a € K
is best.

PROPOSITION 3.37. A Witt vector a € K\ Ok is best if and only if a = mw, where v(m) < 0 and
w € Ok with W € k \ KP.
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DEFINITION 3.38 ([Leal8, Definition 2.3]). We say that the ith position of a Witt vector a €
W, (K) is relevant if v(a) = p" 17w (a’). Let j = min{i | v(a) = p" v (a®)}. Wecalln —j + 1
the relevance length of a.

The following result gives us an explicit algorithm to calculate the refined Swan conductors
of a character using its best Witt vector representation.

THEOREM 3.39 ([Leal8, Theorem 2.7]). Let a € W,,(K). The following conditions are equivalent:
(i) The Witt vector a is best.

(ii) There exists some relevant position i such that a is best in the sense of length 1.
(iii) We have v(a) = v'°8(da), where da := ) ,;(a’)P" " ~'da’.

In particular, when a is best, the differential conductor of the corresponding character can
be calculated as follows.

PROPOSITION 3.40. Suppose that a = (a',...,a") € W, (K) is defined with relevance length

n—j+1, and let x := R,(a) € Hyu (K). Then, sw(x) = v(da), and if sw(x) > 0, we have
n
dswix) = [da) = 3" [’
i=j
Proof. In [Leal8, §2], the author defines the map rsw: FyH}. (K) — FyQk /Fq/, Q% (which is
the same as rsw in [KS19]) sending a best a, which represents x, to da. In [KKS19, Theorem 1.5],
Kato and Saito show that rsw in [Leal8] coincides with rsw defined in [Kat87a] (mentioned
in (3.3)). See also [Kat89, Lemma 3.7] and the discussion following Proposition 6.8 of the same
paper. In particular, in the notation above, we have

rsw(x) = 77 @ [da] .
The rest then follows immediately from (3.3). O

n—i_l

d[ai] .

Ezxample 3.41. In this example, we calculate the refined Swan conductors of some restrictions of
the deformation in Example 2.27. Recall that x is defined by the ASW equation

1 1
o012 = (XZ(X —15)" x5 (X — 1) (X — 2)2(X - 2(1 +t2))2>' (319

Over the subdisc D[2] associated with Spec R[[t~8X]], replacing t X with X4 in (3.18), we
obtain

1 1
<t24XZ(X4 =17 8 X3 (X, — 1)2(t6X, — 1) (15X — 1(1 + t?))2>'
As 48 =24-2 and

902(551— 1) % <$2(x1— 1)> + % <x3(x1— 1)2> - xs(xdi 1)3 70,

it follows from Proposition 3.40 that d,,(4) = 24 and

dx
wX2(4) = IS(ZE o 1)3 9

which is not an exact differential form as in the Z/p-covers case. Observe that C(wy,(4)) =
Wy, (4) = dz/2? (2 — 1)2, where x1 = x? and C is the Cartier operator of Qi(x). This phenomenon
will be discussed in Section 3.9.1.
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Iterating the above computation for D[1] (associated with Spec R[[t~2X]]), we get dy,(1) =9
and wy, (1) = dz/2%(x — 1)4, which is exact and thus satisfies Theorem 3.42(b).

3.9.1 Conditions on the refined Swan conductors of cyclic covers. In order to answer induc-
tion-type questions like Proposition 2.35, one would be interested in learning what the n-level
can be when the (n — 1)-level is known. The next theorem, which is the equal-characteristic

analog of [Wew14, Theorem 1.2], will do exactly that for our situation.
Let x, € HY(K,Z/p") be a radical character of order p*, withn > 1. Fori = 1,...,n, we set

Xi i =Xb o, 0ii=0y, Wii=wy,.

The tuple (5i,wl~),~:17,_7n is called the ramification datum associated with x,. For 1 < j < n, the
pair (§;,w;) is called the jth ramification datum of xy.
THEOREM 3.42. Let x;, and (8;,w;)i=1,..n be as above. Let C: QL — QL be the Cartier operator.
Then for all i =1,...,n, the following hold:
(i) We have C(wy) = 0.

(ii) Suppose i > 1. Then 6; > pd;—1. Moreover, we have the implications

(a) 6i = pdi—1 = C(wi) = wi-1,

(b) 6; > péi,l = C(wl) = 0.

For the definition of the Cartier operator, see [Wew14, § 3.2].

Proof. Part (i) follows immediately from the exactness of wy asserted by Proposition 3.26.

Suppose that the length i Witt vector a; = (a',...,a’) that defines y; is best with relevance
length . One may assume, after an ASW operation, that a;, ; = (a',...,a’"1) is also best. First
suppose [ = 1. Then, it follows from the definition that

0 = —v(a')/p > —max{p"""Tv(a))}/p = poi-1.
j<i

In addition, the differential form w; = [da,] = d[a’] is exact, proving part (ii)(b).
Let us now consider the case where the relevance length satisfies I > 1. Thus, the relevance
length of @;_1 is I — 1. An easy computation shows

e = 5 R S ) =

m=i—I[+1 m=i—I+1

confirming part (ii)(a). O
DEFINITION 3.43. In the notation of Theorem 3.42(ii), we say that (;,w;) extends (0;—1,wi—1).

DEFINITION 3.44. We call the equation C(y) = w for a given w € QL the Cartier operator
equation. Some solutions to this equation will be discussed in Section 6.1.

Remark 3.45. Theorem 3.42 can also be proved quite easily by adapting the computation from
[Wew14] to the equal-characteristic case.

The following result says that the inverse of Theorem 3.42, that is, the equal-characteristic
version of [Wew14, Theorem 4.6], also holds. The theorem itself is not employed in this paper.
However, it contains the key idea of the main theorem’s proof.
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THEOREM 3.46. Let (0;,w;)i=1,..n be a tuple satisfying the conditions of Theorem 3.42. Then,
after a finite extension of K, there exists a radical character x of order p™ on K such that (;,w;);
is the ramification datum associated with x.

Proof. We do induction on i. First suppose that we are given a dual (d1,w1), where d; € Q>
and w; € QL is such that C(w1) = 0. By the previous discussion, we may assume without loss of
generality that w; = dw for some w € k \ kP. Let W be a lift of w to K. Then, it immediately
follows from Proposition 3.26 that the character y, € H}D(K), where u = 7P w, satisfies
0y, = 01 and w,, = wq, confirming the base case.

We complete the induction process in two steps corresponding to the following two lemmas.

LEMMA 3.47. Let xp—1 € H;n,l(]K) be a radical character of order p"~!. Then there exists
a character Xmin € Hyn (K) extending xn—1 and such that 8y, . = pdp_1.

Proof. One may assume that y, 1 is given by f = (f!,...,f" 1) € W,_1(K), where f is
best (Definition 3.36). It follows from Theorem 3.39 that there exists some relevant position
0 < < n—2such that f7 is best in the sense of length 1. Recall that this means that v(f) =
PP 2w (fY) = —8,_1 and f' = 7w, where w € & \ kP. Consider the character xmi, defined
by f/ = (fY,..., /"1 0) € W,(K). It is immediate from the definition that x*. = x,—1 and
v(f) = p"v(f"). Hence, i is also a relevant position of f’. Therefore, it again follows from

Theorem 3.39 that f” is best. Thus, we have §,,, = —p" v (f!) = pd,_1. O

LEMMA 3.48. Let xp—1 € H;n,l (K) be a radical character of order p"~* with (n—1)th ramification
datum (8p,—1,wn—1). Suppose that (0,,w,) extends (0,—1,wn—1) in the sense of Definition 3.43.
Then there exists an extension X, of xn—1 such that d,, = 0, and wy, = wy,.

Proof. Let Xmin be the extension of x,—1 with d, . = pd,—1, which exists by Lemma 3.47. Set
Wmin = dswy, . . It follows from Theorem 3.42(ii)(a) that C(wmin) = wn—1. If 6, = pdp—1 and
Wy, = Wmin, then we are done. Otherwise, set 0 # 7 := Wy, — Wpin. Since C(n) = wp—1 —wp—1 = 0,
the differential form 7 is exact. We may thus write n = du for some u € «. Just as in the base
case, one shows that the character ¢ € H},(K) defined by 7 P»U, where U is a lift of u to K,
has depth ¢, = d,, and differential Swan conductor dswy, = 1. Set X, := Xmin - ¥. Lemma 3.12
asserts that d,, = ¢, and dsw,, = wy,, as desired.

A similar process applies for the case 8, > pd,_1. As before, there exists a 1 € H;(K) with
0y = and dsw(v)) = wy. It, once more, follows from Lemma 3.12 that the character x, := Xmin-%
satisfies the conditions we are seeking. O

This completes the induction process and hence the proof of Theorem 3.46. 0

Remark 3.49. In the situation of Proposition 2.35, one can apply the technique from the above
proof to form a cyclic p™-cover Y,, — C with étale reduction, extending Y,,_1 — C, whose
completion of the reduction at x = 0 is birationally equivalent to k[[y,]]/k[[z]]. However, it is
not true in general that the cover Y,, — C has a good reduction as it would require the generic
fiber to have the right ramification datum (Corollary 3.24), which is not easy to achieve using
only the current method.
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4. Hurwitz trees

4.1 Hurwitz trees and the deformation problem
Let R = k[[t]] be a complete discrete valuation ring of equal characteristic, where k is an alge-
braically closed field of characteristic p > 0. In this section, we first introduce the notion of a
Hurwitz tree for cyclic covers of a curve C that is étale outside an open disc D C C?". Then,
we will describe how a Z/p™-cover gives rise to such a tree. Finally, we present an obstruction
for the refined equal-characteristic deformation problem that is parallel to the obstruction for
lifting given in [BW09].

The definition below is identical to [BW06, §3.1]. We repeat it here for the convenience of
the reader.

DEFINITION 4.1. A decorated tree is given by the following data:

— a semi-stable curve C over k of genus 0,

— a family (xp)pep of pairwise-distinct smooth k-rational points of C, indexed by a finite
non-empty set B,
— a distinguished smooth k-rational point o € C, distinct from any of the point ;.

We require that C' is stably marked by the points ((z3)sep, zo) in the sense of [Knu83].

The combinatorial tree underlying a decorated tree C is the graph T = (V,E), defined
as follows. The vertex set V of T is the set of irreducible components of C, together with
a distinguished element eg. We write C, for the component corresponding to a vertex v # vy
and z. for the singular point corresponding to an edge e # ey. The singular point z. associated
with an edge e is adjacent to the vertices corresponding to the two components that intersect
at z.. The edge e is adjacent to the root vy and the vertex v corresponding to the (unique)
component C, containing the distinguished point z. At any point on an edge e, we say that the
direction away from the root is the positive one.

Note that, since (C, (zp), 7o) is stably marked of genus 0, the components C,, have genus 0,
too, and the graph T is a tree. Moreover, we have |B| > 1. For a vertex v € V, we write U, C C,
for the complement in C, of the set of singular and marked points.

DEFINITION 4.2. Let M = (ej;)i<j<r be an r X n matrix in Q¢ .
A G =7Z/p™-Hurwitz tree T of type M is defined by the following data:

. (see Definition 2.10).
— a decorated tree C' = (C, (x3), 2¢) with underlying combinatorial tree T = (V, E);
— for every v € V, a rational 0 < 0, = d7(v), called the depth of v;

— for each v € V such that &, > 0, a differential form w, = w7 (v) € QL, called the differential
conductor at v;

— for each v € V, a group G, C G, called the monodromy group at v;

— for every e € F, a positive rational number ¢, called the thickness of e;

— for every e € E, a positive integer d., called the slope on e;

— for every b; € B = {b1,..., b}, the positive number h; = e;,, called the conductor at b;

— for vy with &y, = 0, a reduced length n Witt vector f := (f1,..., f") € Wy(x) with only
pole 0, called the degeneration of the tree; the rational f? is called the ith degeneration of T
define

d:= max{p”_l deg, 1 (fl) [1=1,...,n}.
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These data are required to satisfy all of the following conditions:

(H1) Let v € V. We have d,, # 0 if v # vp.
(H2) For each v € V' \ {vg}, the differential form w, does not have zeros or poles on U, < C,.
(H3) For every edge e € E'\ {eo}, we have the equality —ord,, wy) — 1 = ord,, wye) + 1.
(H4) For vg, we have d = ord., wy(ey) + 1.
(H5) For every edge e € E, we have
(H2)
d. = —ord -1 ‘= d 1.
e Ordz, We(e) s(e)v0 Ordz, Ws(e) +

(H6) For every edge e € E, we have dyey + (p — 1)ecde = dy(c).-
(H7) For b € B, let C,, be the component containing the point z;. Then the differential w, has
a pole at xp of order hy,.
(H8) For each v, we have G, C G, for every successor vertex v’ of v. Moreover, we have
D Gy Gyl >1,
v—v’

except if v = vy is the root, in which case there exists exactly one successor v' and we have

Gy, =Gy =0G.

For each v € V' \ {wg}, we call (d,,w,) the degeneration type of v. For each e € E, we call
(s(e)s ds(e)) (vespectively, (8, dy(e))) the initial (respectively, final) degeneration type of e. The
positive integer € := d + 1 is called the conductor of the Hurwitz tree. The rational ¢ := 4, is
the depth of 7. We define the height of the tree to be the maximal positive direction of edges
from its root to its leaves. We call ), _p hy, - [B] the branching divisor of T.

Remark 4.3. With the notation as above, fix e € E and let C. C C be the union of all compo-
nents C', corresponding to vertices v that are separated from the root vy by the edge e. Then

d, = Z hy —1>0.
beB
xbeée

In particular, we have € =d+ 1=, 5 hs.

Remark 4.4. Depending on the study, one may like to add or remove some information from
the Hurwitz tree in Definition 4.2. For instance, the monodromy groups can be omitted when
G = Z/p as in [Dan20b] and [Hen00], or when G = Z/pxZ/m as in [BW06]. In our situation, these
data are useful for deducing the Hurwitz tree of a subcover as discussed in Section 4.4.2. When
G = Z/p xy Z/m, where 1 is non-trivial, one would like to add one extra piece of information
coming from ¢ to the Hurwitz tree of the Z/p-subcover, as in [BW06, Definition 3.2].

4.2 Hurwitz trees arise from cyclic covers

Fix a cyclic group G :=Z/p"™. Let R = k[[t]]. Let K denote the fraction field of R. As usual, we
may associate with D C C®" the spectrum of R{X}. Suppose that we are given an admissible
G-character x € HIIJn (K), which gives rise to an exponent p™ cover of the closed disc D

®: Spec R{X} — Spec R{Z}.

Let h be the conductor, and let § be the depth of this cover. As discussed in Section 3.3, there
exists a semi-stable model of C corresponding to the interior of D and the branch locus of ®.
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The dual graph of its special fiber C' forms a decorated tree T = (V, E). For each vertex v in T,
we denote by U, C C3" the affinoid subdomain with reduction U,,, which can be thought of as a
punctured disc. Following the exact procedure from [Dan20b, §4.2], one can construct a Hurwitz
tree T from the dual graph and the refined Swan conductors. More precisely, the data of T are
as in Table 3. See also [BW06, BW09].

Data on T ‘ Degeneration data of the cover

The decorated tree The branching geometry of ® (Definition 3.6)

The depth of v The depth of the restriction of ® to U,

The differential conductor at v The differential conductor of the restriction of ® to U,
The thickness of an edge e The thickness of the corresponding annulus divided by p
The conductor at a leaf b The conductor of ® at the branch point associated with b

The reduced degeneration at vy | The reduced degeneration of ®

The monodromy group at v The largest inertia group of the leaves succeeding v

Table 3. Assigning a Hurwitz tree to an admissible cover

Ezample 4.5. Let us calculate the Hurwitz tree for the Z/4-cover from Example 2.27. Figure 2a
(respectively, 2b) is the one associated with the subcover x1 (respectively, x2), which we call T;
(respectively, 72). The monodromy group at each vertex of 7; is Z/2. The reduction type at vy
is (12, dz/z?(x — 1)?), and at wvg it is (0,1/z3).

2[0] 2[t°]

U1

Vo

(a) Th

Figure 2. The Hurwitz trees for Example 2.27

Regarding 73, it follows from the calculation in Example 3.41 that the degeneration types at
v1, v}, ve, and vy are, respectively, (24, dx/x3(x —1)3), (9,dz/2%(x — 1)), (12,dz/z%(z — 1)?),
and (0, (1/23,1/2%)). At all vertices but ve and those of the two leaves [t?] and [t?(1 + t?)], the
monodromy groups are Z/4. The monodromy groups at those vertices are Z/2.

DEFINITION 4.6. Suppose that we are given a Z/p"~!-tree T,,_1 and a Z/p"-tree T,,. We say that
T, extends T,_1, denoted by T,_1 < Tp, if the following hold:
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(i) The decorated tree of T, is a refinement of that for 7,_1.

(ii) At each vertex v of T,—1, the depth conductor and the differential conductor satisfy the
conditions of Theorem 3.42.

(iii) At each vertex v (respectively, each leaf b) of T,,_1, if the monodromy group is Z/p’ (with
i <n — 1), then the monodromy group at the corresponding vertex on 7, is Z/p‘*L.

(iv) At each vertex v (respectively, each leaf b) of 7, that is not one of 7,1, the monodromy
group is exactly Z/p.

(v) Suppose 97, (vo) = 67,_,(vo) = 0. Then the reduced degeneration of 7, is a length n Witt
vector (f1,..., f"L ) such that (f!,..., f*!) is the reduced degeneration of T, 1.

We say that 7, extends a Z/p'-tree T; if there exist a sequence of consecutive n —i + 1 extending
trees T; < Tig1 <+ < Tne1 < Tn-

DEFINITION 4.7. Suppose that r is a rational place on an edge e of a Hurwitz tree 7. Set

Crle) = > hy,

beBT(e)
which is equal to d. + 1 by Remark 4.3. We say that a Z/p"-Hurwitz tree T is étale if 67 = 0

and call it radical otherwise. We define, for an edge e and r € [s(e),t(e)] N Q, the depth of T at
the place r of e as follows:

o7(r,e) = d7(s(e)) + de(r — s(e)) = d7(t(e)) — de(t(e) — 7).

The existence of a Hurwitz tree 7 with particular conditions is necessary for a cyclic extension
to deform non-trivially.

COROLLARY 4.8. Suppose that T is an étale Z/p"-tree that extends T,—1, and x € Hll)n (K) is
a character extends x,—1. Suppose, moreover, that the tree associated with x has the same shape
as T and the conductors of its branch points agree with those of T. Then, on each edge e of T,

Oy (r, ze) = 67 (r,€)
holds for all v € [s(e), t(e)] N Qxo. Equality holds everywhere if x is étale (Definition 3.7).
Proof. The result follows immediately from Remark 3.23. O

THEOREM 4.9. The Z/p"™-cover ¢,,: Y,, — C satisfying conditions (i) and (ii) in Proposition 2.35
is a deformation of k[[yn]]/k[[z]] over R if it gives rise to an étale tree T, and its reduction is in
the same ASW class as an étale tree that defines k[[y,]]/k[[x]].

Proof. The assumption about the degeneration of 7, implies that the cover has étale reduction
and the special fiber is birationally equivalent to k[[y,]]/k[[x]]. In addition, suppose that the nth
conductor of k[[y,]]/k[[x]] is tn, which is equal to d + 1 by definition. Then, by Remark 4.3, the
sum of the conductors of the branch points of ¢,, is also ¢,,. The theorem follows immediately
from Corollaries 4.8 and 3.24(i). O

Suppose that we are given a Z/p"-extension ¢, of k[[x]] that is defined by f := (f!,..., ") €
W, (k[[z]]), and a Z/p"'-deformation y,_; of its subcover. Theorem 4.9 implies that one can
extend x,—1 to a deformation of ¢, only if the Hurwitz tree it gives rise to can be extended. We
call that obligation the Hurwitz tree obstruction for the deforming in towers problem.

When n = 1, it is known that every Z/p-tree arises from some Z/p-cover of the rigid disc.
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THEOREM 4.10 ([Dan20b, Theorem 1.1]). Suppose that T is an étale Z/p-tree. Then there exists
a 7/ p-cover whose associated tree coincides with T .

Remark 4.11. The proof of Theorem 4.10 utilizes the formal patching technique for G = Z/p-
torsors. Recall that a Z/p-cover of the boundary of a disc is determined by its depth and its
boundary Swan conductor, as mentioned in Remark 3.27. Hence, one can “glue” the covers of
the discs and the annuli that partition a unit disc along their boundaries in a G-equivariant
way to get a Z/p-cover of the whole disc. That is the technique first used by Henrio in [Hen(0]
to construct a Z/p-lift from a Hurwitz tree in mixed characteristic. Unfortunately, we cannot
apply the same technique for Z/p"-covers (where n > 1), since it is no longer true that the
depth and the boundary conductor determine the action on the boundary, as discussed in the
same remark. We can, however, generalize that approach to an arbitrary (Z/p xy Z/m)-cover
by adding information coming from 1) to the Hurwitz tree of the Z/p-subcover, as explained in
Remark 4.4. We thus expect an analog of Theorem 4.10 for (Z/p x, Z/m)-covers, which is also
parallel to the main result of [BWO06].

DEFINITION 4.12. Suppose that 7, is a Z/p"-Hurwitz tree and v # vg is one of its vertices with
m branches branching out e1, ..., ey, that is, v = s(e1) = - -+ = s(em). Suppose, moreover, that
the differential conductor at v is of the form

Cydx M a;
wr, (v) = —m < — )dw = wi
[T (x — a)h ;; (x —a;)’ Z
where a; = [z¢,]y. We call w; the e;-part of wr, (v).

The example below shows how one can derive the relative positions of unknown branch points
from the conditions for Hurwitz trees and their extensions.

Ezample 4.13. Suppose p = 2 and that ¢ € H}(k(z)) is defined by (1/25,0), hence has branching
datum [6,11], and ®; is a deformation of ¢ := ¢2 of type [6] — [2,2,2]" over R := k[[t]], whose
branch points are (0,¢2,#*). Then the tree 77 associated with ®; has the following form:

o (5 )/2[0]

eo - - ) 22(x—1)2 \.
* 2[t7]

The existence of such a deformation is asserted by Theorem 4.10. Suppose in addition that there
is a deformation ®5 of ¢ extending ®; of type

-

2 2 20

M = ) (4.1)
3 3 3 2

Denote by 73 the corresponding tree. Then it must be true that wy(2y(s(eo)) is equal to one of
. adx . cdx edx . fdx
(i) z8(x — 1)3(z — b)%’ (i) z6(x —1)%’ (i) z8(x —1)3"° (iv) 28 (x —1)3
for some a,b,c,e, f # 0 and b # 1. In all cases, C(wr(2)(s(e0))) # 0. Theorem 3.42(ii)(a) then
forces 7, (s(eo)) = 10 and, respectively,
(i) dey =10, de; =5, (i) dey =10, dey, =5, (iil) dey =10,  (iv) de, = 5.
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A similar reasoning shows that d7;(s(e1)) = 16. If &3 has no branch point in the interior of the
annulus associated with e;, then d., = 6. That contradicts the information we got for cases (i),
(i), and (iv). Finally, a straightforward calculation shows that the branch point of ramification
breaks (0,1), which we call P, has valuation 3, and the tree 73 should be of the following

form:
) 3[0]
1.0 (27 m)lﬂw)li 3[4

2 26(x—1)2
dx
<10a ;,;8(9c1)3>|7\< 32 * 2P

€0

4.2.1 Deforming Artin—Schreier—Witt covers with no essential part. Recall from Section 2.3.5
that every one-point Z/p™-cover with an essential component can deform into a cyclic cover whose
branching datum has no essential component. Using the Hurwitz tree technique, we demonstrate
that further non-trivial deformations of these covers are not possible. This result plays a crucial
role in determining the geometry of the moduli space of cyclic covers, as detailed in [DH24,
Theorem 4.16].

PROPOSITION 4.14. A one-point Z/p™-cover ¢, whose branching datum has no essential part
cannot be non-trivially deformed.

Proof. Suppose that ¢, has branching datum [eq,...,e,], where e; # 0. Furthermore, suppose
that ¢, deforms non-trivially to ®,. Without loss of generality, one may assume that ®,, has

type

€11 €12 ... €1,n
€21 €22 ... €2n

M:[61762)"'76n]—> . . . . :N7 (42)
€r1 €r2 ... €rn

where e1 1 # 0. Assume e 1 # 0 for some 1 < j < n. Let B; be the branch point of ®,, associated
with the ith row of N. Then there exists a non-trivial Artin-Schreier deformation ®; := (<I>n)pnf1
of type [e1] — [e11,...,e,1]". Let 71 be the associated Hurwitz tree. Then Theorem 3.42(i)

asserts the existence of exact differential forms at certain leaves of 77, of the form

cdx 1
w = — c Q.| 4.3
[Les (@ — ag)ein . (4.3)
where ¢ # 0, a; # a; for i # j, and I C {1,...,r}. However, as e; < p due to the assumption
of no essential part, we have ) . ;e;1 < e; < p+ |I|. Therefore, w cannot exist, as shown in
[Dan20b, Proposition 6.4].

By induction, we may rewrite (4.2) as

€1 €2 ... €ep_1 €ln
0 0 e 0 62’71

M =ler,ea,....en] — | . ) | =N. (4.4)
0 0 0 erm
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Also, since M lacks an essential part, we have pe,_1 > e, = Y_._, €;,. Therefore, we have the
condition

pen—1—p+1< €ln < Pep—1,
where the first inequality follows from the condition on the upper jump.

Suppose €1, = pep,—1 —p+1=1 (mod p). Let T, (respectively, Tp,—1) represent the Hurwitz

tree associated with ®,, (respectively, ®,,_1 := (®,)?). Then, for each edge e between the root
and the leaf associated with Bj in 7y, its slope, denoted by d.(7,), can be expressed as
de(%) - Z hb -1> €ln — 1 2 p(en—l - 1)7

bEB(’E), mbeée

given that zp, € C, and lée\ > 1. On the other hand, the slope of the associated edge in 7T,_1
is precisely e,_1 — 1. As a consequence, the depth at the vertex v; preceding the leaf associated
with By in 7T, is strictly greater than p times the corresponding depth in 7,_1. Therefore, in
accordance with Theorem 3.42(ii)(b), the differential form at the vertex v; within 7, is exact.
This, however, leads to a contradiction, considering that e, =1 (mod p).

Now suppose e1,, = pen,—1 —p+a+ 1, where 0 < a < p. In this case, the Hurwitz tree
Tn is étale of type [e1n,..., e ] with all the differential forms being exact. However, one can
demonstrate that such a tree does not exist, using an argument similar to that employed for
Artin—Schreier deformations. O

4.3 Reduction type
Suppose that we are given a cyclic character x, € H}Dn (K) of order p™ that is defined by a
length n Witt vector F, := (F!,...,F") € W,(K). Suppose, moreover, that d,, (0) = 0. Then
the reduction %, € H}Dn(f@) of xp is well defined. One may further assume that ,, is given by
a length n Witt vector

in = (f17f27"'1fn) € WH(H)
We call in a reduction type of xn. If Ll is reduced, we say that it is the reduced reduction type
€ Hllﬂ(/{) has

n—i

of xn and f? is its ith degeneration. It is clear that the character y; := (xn)P
f.= (fY,..., f%) as reduction type.

PROPOSITION 4.15. Suppose that we are given a character x,, € H[l,n (k) of order p™ defined by
a length n Witt vector f = (fY f2,..., f") € Wa(k), a complete discrete valuation ring R that
is finite over k[[t]], and a deformation x,—; of the subcharacter X,,_; :== X»n over R given by

p(Y,_) = (F'...,F"").
Suppose, moreover, that x, is a character given by
p(Y,) = (F',...,F"" F")

and gives rise to an étale tree T, that extends T,—; (in the sense of Definition 4.6). Then xy
extends xn—; if it has reduction type in

Proof. It is clear from the definition that y, extends x,_;. Since the Hurwitz tree 7, to which
it gives rise is étale, x,, has good reduction by Theorem 4.9. Moreover, having reduction type in
guarantees that the special fiber of x,, is birationally equivalent to %;,,. It then follows from the
definition that x, is a deformation of ,, extending x,—;. O
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Remark 4.16. Proposition 4.15 implies that one can extend a Z/p"~ !-deformation by finding a
rational function F" that gives the right degeneration data at the root of the associated tree 7T,
and the right branching datum to the generic fiber. In general, it is not easy to calculate the
refined Swan conductor of a character, let alone control it to obtain the wanted reduction. To
get around it, we start our construction of F™ from the disc corresponding to a “final vertex”
(see induction step Ind 1.) of the extending Hurwitz tree 7,, where the degeneration is easy
to manage. We then continuously modify F" until we get to the boundary of the unit disc
Spec R[[X]]. More details will be given in Section 5.4. This strategy again resembles one used by
Obus and Wewers in [OW14] to prove Oort’s conjecture.

4.4 The compatibility of the differential conductors

DEFINITION 4.17. Suppose that 7 is a Z/p"-Hurwitz tree that arises from x € Hll,n (K), which
has conductor ¢, and good reduction. Suppose, moreover, that v is a vertex (which can be the
root) of the étale tree 7 initiating m edges ey, ..., e, and has a differential conductor (or nth
degeneration type) of the form

l

m  h;
Cyd$ . cw'dar dj
CUT(’U) = m: E E m <Or E ;, Where dl#o,p*l),

i=1 i=1 j=1 =1
where ¢, 5, # 0 fori=1,...,m and a; = [2,]v. Then we call ¢, (or —Id;) the constant coefficient

at v and ¢, p, the constant coefficient of its e; part.

Suppose that e is an edge in T and r € (s(e),t(e)) N Q. Then it follows from the discussion
in Section 3.6 that the differential conductor at r of y is a finite sum of the form

B cjdx
OJX(T) - Z (m — [Ze]r)j
=l
for some | € N where ¢; # 0.

DEFINITION 4.18. With the notation above, we say that wy has coefficient ¢; at r.

The following result shows that the constant coeflicients of the differential conductors along
the Hurwitz tree constructed in Section 4.2 are “compatible” in some senses.

THEOREM 4.19. Suppose that T is a tree that arises from a cyclic cover with good reduction.
Let e be an edge in T. If 07(s(e)) > 0, then the following hold:

(i) Suppose that s(e) < r < t(e) is a rational place on e. Then the constant coefficient at r is
equal to that at t(e).
(ii) The constant coefficient at t(e) is equal to that of the e-part at s(e).
Suppose that T is an étale tree and the nth level reduced degeneration at its root is a
polynomial in =1 of degree | with coefficient —lId;. If | < pt,_1 — p, then we only need the

differential conductors starting from vy to be compatible. Otherwise, we have v, = [+ 1, and the
differential conductor at v, has the same coefficient as that at vyg.

We first prove the result above for the situation of Section 3.8. The rest of the proof will be
given Section 5.3, where we have extra tools to generalize Proposition 4.20.

PROPOSITION 4.20. Suppose that x € H[l,n (K) satisfies conditions (D1), (D2), and (D3) of Sec-
tion 3.8 with respect to a rational place . Suppose that at rg, the differential conductor wy (ro)
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has constant coefficient ¢ and order of infinity « —2 > 0. Then there exists an r € [0,r9) NQ such
that, for all s € (r,79) N Q, we have

0y (8) =0y (r0) = (t —1)(ro — 5) and wy(s) = porak

In particular, for all v € [0,79) N Q such that d, (") = dy(ro) — (¢ — 1)(ro — '), we have

cdx

—1
cdz i Z cidx _ cdz . w;(r’),

wX(T,) = xi Tt

xrt
=1

where w) (') is exact, that is, ¢; = 0 for all i =1 (mod p).
Proof. We first assume G = Z/p. Set Y := X/tP"° and ¢ := 6,(r9). By Proposition 3.26, we
may assume that the restriction of x to D[pr¢] is represented by an Artin Schreier class with

representative f, =t P’ F(Y), where the reduction (modulo t) of F'is I := f ¢ xP. In addition,
condition (D1) allows us to write

b; .
df = <foj>dx €0,
j=t

where b; € k and b, = c. Set I := {i € N | b; # 0}. It then follows from the discussion in

Section 3.8 that
fx—Zazy z_tp§<z Z ) (4.5)

j=e—1 =34
where d; € R, v(d;) = 0, and V(el) > 0. In addition, using the assumption about the constant
coefficient and Proposition 3.26, we learn that ¢ = (1 — ¢)d,—1. Let Z := YtP°. We thus have

i d;tPsI e tPst
fX—Zaltp Z —W<Z - +> i > (4.6)

>i—1 121

Consequently, there exists a v € (0,79) N Q such that, for all w € [v,r9) N Q, the value
v(d,—1) + p(ro — w) (v — 1) is strictly smaller than the valuations of other terms. The first part
then immediately follows from Proposition 3.26. Let 7’ > v be the largest kink of 4, on (0, ro).
Applying the process from Section 3.8 for some r € (0,7') N Q, one may replace f, of (4.5) by
another function in the same Artin—Schreier class, which we may assume to have the form of
(4.6), such that Proposition 3.26 applies immediately for any rational place in (0,v). In addi-
tion, that procedure does not change the ¢ — 1 coefficient of f, and, for s := rg — r, we have
V(dL_ltpS(hl)) < V(eltPSI) only when | < ¢ —1 and [ # 0 (mod p). The rest once more follows
from an application of Proposition 3.26 to the place r’.

We now consider the case G = Z/p" (n > 1). Suppose that the length n Witt vector
f=(fY ..., f" 1 f™) that represent y is best at 79 and n — j + 1 is its relevance length (see
Definition 3.36). Recall from Proposition 3.40 that its differential Swan conductor at rq is

dswy(ro) = Y [0 ~td[f, = [Z(fl) e 1df} .

i>j i=1

The first assertion follows from the application of the base case’s argument to >, (f i)pnitldf 3
Let us consider the case d,(rg) > pdy»(ro). Then the relevance length of f (see Definition 3.38)
is 1 at rg, and dswy(ro) = d[f"]r,. One may then prove the second assertion for this case using

345



H. DANG

the same reasoning as for the case n = 1, where f™ plays the role of f,. Now suppose that
dy(r0) = pdyr(ro), that is, the relevance length of f is greater than 1. Then, as before, there
exists a smallest 7’ € [0,79) N Q such that d,(s) is linear on [, ry) with slope ¢ — 1. In addition,
for all s € [r,r9) N Q, it must be true that

t—1
sd r’d r! zd
wx(s) = Cs0T and wx(r/) = Crr QX + E u .

zt xt 't
i=1
Note that ¢; = ¢ for s € (r,rg) N Q. Let us consider two separate cases:

— If 6,(s") > pdyw(s) for s € (17, rp), then d,(s) > pdyr(s) for all s € [r’,r9) NQ. Therefore, it
must be true that f is best of relevance length 1 on the interval (1/,79). We are in a situation
similar to one where d,(rg) > pdy» (7o), where s’ plays the role of r.

— If 0,(s') = pdyw(s’) for s' € (r,rg), then, by Theorem 3.42, it must be true that d,(s) =
poyr(s) for all s € [r,rg]. Note that, if §,»(—) concaves down at a place s on (0,79), then
Ordes wyr (s) +1 > —ordg wyr(s) — 1 (see Proposition 3.15), which implies that wy»(s) has a
pole outside 0, contradicting Corollary 3.22. Therefore, if wyr(s') = mdz/z!, then wys(s) =
mdzx/a! for all s € (r',79) NQ by induction, so wy(s) = mPdx /2P, The rest easily follows.

That completes the proof of the proposition. O

DEFINITION 4.21. With the above notation, we say that the conductor at ¢(e) is compatible with
that at s(e) if the constant coefficient at ¢(e) is equal to that of the e-part at s(e). Suppose v < v/;
then we say that v’ is compatible with v if, given any pair of adjacent vertices v < vy < vy < v/,
the vertex vy is compatible with vs.

4.4.1 Partition of a tree by its edges and vertices. Suppose that we are given a Hurwitz
tree 7 and that e is one of its edges. We define 7 (e) to be a (non-Hurwitz) subtree of 7 whose
— edges, vertices, and information on them coincide with those succeeding s(e),
— differential datum at s(e) is equal to the e-part of wy(s(e)).
These trees will play a critical role in the extension of a Hurwitz tree in Section 4.5 and in the
“partition process” Section 5.3. More precisely, Section 5 will construct a cover that gives rise

to a whole tree inductively from its subtree. Note that 7 (e) satisfies all of the Hurwitz tree’s
axioms but ones that involve the root and the trunk.

4.4.2 Deriving a Z/p" ‘-tree from a Z/p"-tree. Suppose that y, is a Z/p"-character that
gives rise to a Hurwitz tree 7,. By following the process below, one can derive the tree 7, 1 for
level n — 1 just from the level n tree and the branching datum of the generic fiber, as follows:

(i) Erase the Z/p-leaves and the edges e of T, such that the monodromy group at t(e) is Z/p.

(ii) Set the conductors at the leaves according to the (n — 1)-branching datum of the generic
fiber.

(iii) If the monodromy group at a vertex v is G, (v) = Z/p™, where m > 1, then set G7,_,(v) =
Z/p™ .

(iv) Starting from the root, assign the degeneration data at the succeeding vertices inductively so
that the differential conductors are compatible and satisfy the conditions of Theorem 3.42.

One can thus easily derive the degeneration data of the lower (than n — 1) levels from the
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highest one by reiterating the process above. The readers can see this from the examples in
Section 4.5.

4.5 The vanishing of the differential Hurwitz tree obstruction

In the proposition below, we discuss the vanishing of the Hurwitz tree obstruction for the refined
deformation problem. In addition, those extending Hurwitz trees are specially designed to be
used as the “skeletons” to build the lifts in Section 5. The proof is postponed to Section 6.2 as
they are quite technical. However, we will provide some generalized-enough examples and discuss
some of their features to help the readers follow Section 5.

PROPOSITION 4.22. Suppose that k[[y,]]/k[[x]] is cyclic Galois of order p™ with conductor t,,. Sup-
pose, moreover, that ¢,_1: Y,_1 — C is an admissible deformation of the Z/p"~!-subextension
k[[yn—1]]/k[[x]] over a finite extension R of k[[t]], and T,_1 is its associated Hurwitz tree. Then
there exists a good 7 /p"-Hurwitz tree Ty, of conductor t,, that extends Tp—1.

Next, we will give three examples of extending a Z/p-tree of conductor ¢; to certain Z/p*-
trees, one for a minimal second upper jump (that is, 1o = pt; — p) and two for a non-minimal
second upper jump (that is, to = pt; — p + ag, where p 1 as).

Ezample 4.23. Suppose that X is a character in H%g (k) that is given by the equation

gy — (L2 ]
P\Y1,Y2) = .%'2971'135 T .

One can think of X as a Z/49-extension of the complete discrete valuation ring k[[z]]. By Theo-
rem 2.4, the extension X has upper jumps u; = 29 and us = max{29-7,135} = 203. This means
that the second jump is minimal. The Z/7-subextension X; of X is given by
1
T —
Y1 — U 229

Consider the Z/7-Hurwitz tree 77 in Figure 3a, whose degeneration data are on Table 4. The
number a can be either 2 + 5v/6 or 2 — 5v/6. Note that these choices of a make the differential
dz/(z" (x — 1)%(x — a)?) exact. Also note that the constant coefficient —1/a® of the differential
conductor at t(e2) is necessary for it to be compatible with one at ¢(e1). Recall that one can
construct from 77 a Z/7-character x1 of type [5,6,5,3,4,7] " that deforms X, (see Theorem 4.10).
The tree 73" in Figure 3b with degeneration data in the third column of Table 4 and with
monodromy group Z/49 at each vertex is a Z/49-tree that extends 77 and has conductor 204.
One can show that d7;(v) = 707 (v) and C(w7-2mm (v)) = wp; (v) for each v € Vimin \ {vo}. It

follows from the data in Table 4 that 7™ can represent a deformation of type

.
5 6 5 3 4 7
[30 204}—>
35 36 35 21 28 49

Ezample 4.24. If we replace the Witt vector that defined ¥ in the previous example by

= (L 3 41
(leay2 - 1'29’3:212 1'3 )

then the upper jump of the new character is (30, 213). Suppose that the deformation at the Z/7-
level is the same. Hence, its corresponding tree 77 is also identical to one in the previous example.
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Figure 3. Extending trees

Vertices Ti Tyuin Ty

vo (0, 72) (0. (G 5w +3)) | (0 (g 2w + 35))
v1 (29, xw(ﬁnu) (203, W) (212, W)

te) | (39 ) (280, ooy (288, ooy

t(e1) (47, st may) (329, s aayr) | (347, s % ar)
t(ea) (57, zratgy) (399, Zarzms(a gy ) (426, ey

Table 4. Degeneration data of the trees in Figure 3

Figure 3c is a tree T that extends 7; and has conductor 213. Note that d7;(v) > 707 (v) and
C(wyp(v)) = 0 for each v € Vo \ {uvo}.

Note that the extension tree in Example 4.24 is not unique. The following example illus-
trates an alternative construction where the extending tree 7,°*® has no essential jumps from
level n — 1 to level n (ness stands for non-essential). The general construction will be given in
Proposition 6.5.

Example 4.25. Suppose that the character ¥ from the previous example corresponds to

1 2 1 . 1 3 1
P(y1,y2) = 2297 211 + o respectively, 35 21 + =) )

and the Z/7-deformation is the same. Then the diagram in Figure 4b (respectively, Figure 4c)
gives an extending tree of 77 with the right reduction type. Its degeneration data are in Table 5
The monodromy groups at all vertices but the ends of the two leaves of conductors 7 are iso-
morphic to Z/49. The monodromy groups at those two vertices are Z/7. Observe that, in both
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Figure 4b and 4c, we have o7, (v1) = 707 (v1).

[35] [36]

[28]

Vo

(a) 7—1 (b) 7’28 ness (C) 7’29 ness

Figure 4. Extending trees with no essential jumps from level 1 to 2

Vertices 7'1 7'28 ness 7‘29 ness

vo (0, 20) (0, (525, 577 + 7)) (0, (525, 521 + 35))
t(eo,1) (%, %) (%2, sty

t(eo,3) (52 55) (5%, x199(x—%3)67(x—4)7)
m 00 ti) | @08 )| (203 )
o) | 39 T ) | (273, )
R I . e —
t(e2) (57, i) (399, poryos(ayes ) (401, S fgyer)

Table 5. Degeneration data of the trees in Figure 4

Remark 4.26. Suppose that r is an arbitrary rational point on the tree 75. Then one can observe
from the previous examples that there are at most two succeeding leaves whose conductors are not
divisible by p. This also holds for all the trees 7, that we will construct to prove Proposition 4.22.
This fact is essential for the proof of Lemma 5.15, which, in turn, is a key ingredient of the proof
of Proposition 2.35.

Remark 4.27. In the tree 7'2min of Figure 3b, there is one leaf b; with conductor l1 2 = 7l; 1 —7+1.
The other leaves b; have conductor l;2 = 7l; 1. Furthermore, at each vertex v adjacent to the
edges ez, e1, and eg, we have 7, (v) = 767; (v). We say that the tree 77 extends 77 minimally.
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Note that T3 (e;) (respectively, T3 (ez)) also extends 7i(e1) (respectively, 71(e2)) minimally.
In addition, the tree 7-29(61) of Figure 3c has one leaf by with conductor Iy = 7l1 1 —7+9+1, and
the other leaves b; have conductor l; o = 7l; 1. We say that 759 extends 71 9-additively. Similarly,
the tree T, (e3) extends Ti(es) (7 — 1)-additively.

At the vertex vy of the Z/49-trees in Figure 4b and 4c, all but two subtrees starting from it
extend the corresponding subtrees of 7; (7 — 1)-additively. The tree T3 "*(e;) extends Ti(e1)
l-additively, and 7;3"*5(e3) and 75 "**(e3)) extend 7;(e3) minimally. Formal definitions of the
above conventions will be given in Section 6.2.

5. Proof of Proposition 2.35

In this section, we give the final step (Step 4) of the proof of Proposition 2.35, hence of Theo-
rem 2.34, hence of Theorem 1.2. From now on, we set K := K(X) and denote by k := k(x) its
residue field.

The inverse process of Section 4.2, constructing a cover from a Hurwitz tree, was utilized
by Henrio in [Hen00] and by Bouw and Wewers in [BW06] to solve the lifting problem for Z/p-
covers and (Z/p x Z/m)-covers, respectively. However, the main technique in these papers is the
gluing method, which no longer works in our situation (as discussed in Remarks 3.27 and 4.11).
We instead generalize Obus and Wewers’ approach in [OW14].

5.1 Geometric setup

In the rest of the paper, we set C' = IP)}( = Proj K[X,V]. Recall that D is the closed unit disc
inside (A}()an C C*" centered at X = 0. We are given a character Y, € H},n (k) corresponding
to a cyclic cover of D over k of order exactly p”, branching only at 0 with upper ramification
breaks (mi,...,Mp—1,my). Set (t1,...,tp) :=(m1+1,...,m, +1). Fori=1,...,n—1, we set
X, = ()P € Hzlﬂ-(n). Suppose that there is a character y,_1 € H}ljn_l(K) deforming ,,_;
(in the sense of Definition 3.9). In order to prove the refined local deformation problem, we
must show that there exists a character x, € Hzl,n (K) that smoothly deforms %, and satisfies
Xﬁ = Xn—1-

We may assume that y,_1 corresponds to an extension of K given by a length n — 1 Witt
vector G,,_; = (G',...,G"1). Then any x,, € H}?n (K) such that x5 = x,,—1 is given by a length n
Witt vector G, = (G1,...,G"1,G") € W,(K). After a finite extension of K, one may assume
that G,,_; is best (see Definition 3.36). Recall that, by Proposition 4.22, one can construct a
Hurwitz tree 7, with conductor ¢, = m,, + 1 that extends 7,_;1 (see Definition 4.6). Suppose
that the type of such a T, is (tn,1,. .-, tnyr), Where Y.t = tn. We would then like G™ to be of
the form

r tn,j—1
n _ Qjyi
S S
=1 =1
where a; j € k((t)), the b; are pairwise-distinct K -points of the open unit disc D, and the geometry
of the poles (see Definition 3.6) of G,, agrees with that of 7,. We say that the polynomial G"
gives rise to the character x,, (from y,_1).

5.2 The base case

The case n = 1 is trivial as one can always deform an Artin-Schreier cover trivially over k[[¢]]
(using the same Artin—Schreier equation that defines the special fiber to represent the generic
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fiber). Recall that Theorem 4.10 asserts that the existence of a deformation of Artin—Schreier
covers with a given type is fully determined by the presence of Z/p-differential Hurwitz trees of
the same type. One may utilize this fact to study the deformation ring Rz, (see Section 2.3.2).

5.3 Partition of the extending Hurwitz tree

In this section, we discuss a strategy to translate our situation to one that can be solved using
the tools from [OW14]. Suppose that x,—; branches at s points by,...,bs, where b; € mR. We
first show that its corresponding Witt vector G,,_; = (G*,...,G"!) can be partitioned with
respect to a rational place on the associated Hurwitz tree.

PropoSITION 5.1. With the notation as in the geometric setup, suppose that A and B partition
the branch locus B(xy,—1) = {b1,...,bs}. Then there exist two length n — 1 Witt vectors

(Ghs....GYY) and (Gp,....GEY)
such that the former vector only has poles in A, the latter one only has poles in B, and
(G ..., G" ) = (Gh,...,G ) + (Gg,...,GH ).

Proof. We give a proof by induction on n. Let us first assume n = 2. We can then write G' as
the sum of GlA and GlB simply by splitting its partial-fraction decomposition. When n > 2, we
have

(GH,G?,...,G" 1) - (G4,0,...,0) = (G, GY,...,GT1)
= (Gp,0,...,0)+ (0,G3,...,Gi1).
The second equation comes from the “decomposition” property of Witt vector [Lor08, §26, (32)].
The second term is V(G%,... ,G’f_l), where V is the Verschiebung operation for Witt vectors.
By induction, we may write (G%, ce G’ffl) = (G%,A’ e Grf;l) + (G%B, e ,G?E}), using the
obvious notation. Therefore,
(GY....G" ) = (G4, Gl ar-. ., GIY) + (G, GR o, ., GT )

as we want, completing the proof. O

DEFINITION 5.2. Let s be a rational place on an edge e of a Hurwitz tree 7,1, and let Z € k or

z = oco. We define G,,_; ;> to be a partition of G,,_; whose poles specify to Zz on the canonical

reduction of Dls, z.|. For any s(e) < r < t(e), set

Qn—l,r = Qn—l,r,O and Qn—l,s(e) = Qn—l,t(e) = Qn—l,'r :
If v = t(e) is a vertex, we set G, := G- Define

Xn—1,s = ﬁ‘n—l(gn—l,s) and Xn—1,s,00 = ﬁ’ﬂ—l(gn—l,s,oo) :

Remark 5.3. Observe that G, = G,_,, for all s(e) < s1 < s2 < t(e). In addition, if

s(e) < s < t(e), then G, 4 4y = Gp1s + G500 Finally, if 7 = t(e) = s(e1) = -+ = s(er),
then G,,_ 4(¢) = Zé‘:l Grts(e))-

The following result is simple but will turn out to be critical for our approach.

PROPOSITION 5.4. Suppose that we are given a character x,_1 € H;n,l (K), which is defined by
G, = (GY...,G"Y) € W,_1(K), has good reduction, and gives rise to a Z/p"~-Hurwitz

tree T,_1. Then the following hold:
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(i) Suppose s(e) < s < t(e) € Qzo, where e is an edge of T,—1, and G,,_; = G,,_1 s + G, 1 5.0
as in Proposition 5.1. Then

5Xn71 (5) = 5Xn71,s (3) and an—l(s) = Wxp_1,s (3) .

(ii) Suppose s =t(e) = s(e1) =--- = s(e;). Then

l
5Xn—1 (S) = 5Xn71,s(ei) (S) and an—l (S) = Z anfl,s(ei) (8)
i=1

In particular, the constant coefficient (see Section 4.4) of the e;-part of w,y,, _,(s) is equal to
the constant coefficient of wy, _, . ().

Proof. Suppose dy,,_,(r) # 0y,_, .(r) at a rational place s(e) < s <r < t(e) in e. Since x,,—1 has
good reduction, it follows from Proposition 3.20 and Remark 3.23 that d,,, ,(r) is the minimal
depth possible at r with the given positions and conductors of the branch points whose valuations
(with respect to z.) are greater than r. Note that the restrictions of x,—1,s and x, to D[pr, z]
have the same branching data. Hence dy,_,(r) < dy,_,,(r). Therefore, it must be true that
Oxn1.5(1) = Oyt (r), else 6y, (1) = max(dy,_, ,(7),0y,_ ., (7)) by Proposition 3.12, which
contradicts the previous sentence. On the other hand, by applying Proposition 3.20, we obtain

ordo(Wy, 1,000 (w)) 2 0 and  ordeg(wy,, ;. (w)) =0

for any w € QN [s(e),t(e)]. This means that, in the direction from s(e) to t(e) in e, the depth
Oxn_1.. 18 strictly increasing, and dy,,_, , ., is strictly decreasing (recall Corollary 3.16, which says
that the differential determines the rate of change of the depth). Thus, it must be true that
Oxn_1.s.00 (W) < Oy, (w), and equality can only happen when w = s(e). That gives a contradic-
tion. The claim about the differential conductor then follows immediately from Lemma 3.12.

The rest is straightforward, following a similar line of reasoning. O

Remark 5.5. Suppose that x, 1 := &, 1(G,,_;) is a Z/p" '-cover that has 7, 1 as the cor-
responding tree, and 7, is a Z/p-extension of 7,_1. Consider a vertex v = t(e) on 7 with m
branches ej,es,..., e, in the directions away from the root. As before. we can partition G,,_;
into a sum

m
anl = anl,v,oo + E anl,v,i .

i=1
Each G,,_ , ; here is a length n — 1 Witt vector whose roots are the leaves of 7,1 succeeding e;.

The poles of G,,_1, ~ are the leaves of 7,1 that are not leaves of one of the 7, 1(e;). Set
Xn—1,0,i = Bn-1(Gp_1.44) € H;n_l(K). For any rational place r on Ty(e;), we have 0y, , , . (r) =
dy,._1 (1) by Proposition 5.4. Hence, we obtain full information about the depth and the differential
conductor of x;,—1,,. Moreover, all of the branch points of x;,_1,; lie in the closed subdisc
Dlpv, z¢]. This is similar to the situation considered in [OW14], thus allows us to apply many
technique from that paper. More precisely, we will extend the x,_1,,; one at a time. Their sum

then gives an extension of x,_1, with tree 7, (v).

DEFINITION 5.6. Suppose that we are given a tree 7, that extends 7,_1, and r is a rational place
on an edge e of T,. When s(e) < r < t(e), we define #, to be the collection of all H € K that
give rise to R1(H) € HIIJ(K) whose branching divisor is everywhere smaller than or equal to that
of Tn(s(e)) = Tu(r). We define H,(.y = H, for a rational s(e) < r < t(e). Hence H, = H, for all
s(e) < s <7 < te). As before, if v =t(e) is a vertex, then we set H, 1= Hy(e).-
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COROLLARY 5.7. With the notation as in Definition 5.6, a polynomial H € H ) extends xn—1
to a character x, that deforms ’,, if and only if its reduction type coincides with the reduced
representation of ,,.

Proof. “<=" Since H € H(,,) and G,,_; is best (as we assume in the geometric setup), it follows
from Theorem 2.4 that €(x,, €o,0) < t,,. Moreover, as the different of the generic fiber is at least
that of the special fiber, by Proposition 2.25, the assumption on the reduction type of x,, implies
that the conductor of the special fiber is ¢,, enforcing the equality. That information, combining
with Proposition 4.15, proves the direction “<=”.

“=" This direction is immediate from the definition. O

DEFINITION 5.8. Suppose given a Z/p"-tree 7, that extends 7,_1 and a vertex v of 7,. We
define G, C H, to be the collection of G € K such that the branching datum of the character
Xn,G € H},n (K) to which it gives rise fits into 7, (v), and such that

Oy (V) = 07, (v) .
We denote by G C G, the collection of G such that w,, (v) is a non-zero multiple of wr, (v).

DEFINITION 5.9. Suppose that we are given a rational G € G,,, and let v' be a vertex succeeding v
in T,—1. Then, as before, one may write G = Gy + Gy 0. We set G|yi= G-

PROPOSITION 5.10. Suppose that T, is a good Z/p"-Hurwitz tree that extends T,_1, and let
G € G, for some vertex v of T,. Let x be the extension of x,—1 by G. Then

Ox(r) = o7,.(r)

for every rational place r > v. In particular, at every vertex v' succeeding v, we have G|, € G,r.

Proof. Suppose 0, (r) # d7;,(r) for some r > v. Then, it follows from Corollary 4.8 that &, (r) >
07, (r). On the other hand, the right derivative of d, at any rational place r is —ordg(wy (7)) — 1
by Corollary 3.16, which is at most €(x,r,0) — 1 by Proposition 3.20. Hence, as d,(v) = d7, (v),
it must be true that d,(r) < d7,(r), which negates the assumption. The last assertion follows
easily from Proposition 5.4(ii). O

DEFINITION 5.11. At a vertex v = t(e) with r direct successor edges e, es, ..., €, we define

r l
Y Guen) = {Z Gite) | Gsen) € 9s<ei)}-
=1

COROLLARY 5.12. With the notation as in Definition 5.11, we have G, = Gy(¢) = 2§:1 Gs(er)-

Proof. The inclusion Gy() 2 22:1 Gy(e,) 1s immediate from the definition and Lemma 3.12(ii).
Suppose G € Gy(.). Then, as discussed in Remark 5.5, we may write G = iy Gy(e;), Where
Gs(er) € Hs(e;)- Finally, as oy, (r) = dy(r) = 67,(r) for all s(e) < r by Proposition 5.10,
Proposition 3.15 asserts that dy__ (s(e;)) = 0x(s(ei)) = 07, (s(e;)). Therefore, Gye,) € Gy(eyy- U

Note that we also have H () =3t H(e,)

Proof of Theorem 4.19. We now have the necessary tools to complete the proof of the compati-
bility theorem. Recall that the situation of Section 3.8 has been solved by Proposition 4.20. Let
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us now consider an arbitrary rational place r € (s(e), t(e)]. We may again write G = G, + G, .
Applying Proposition 5.4 with x, := K(G,.), one obtains

oy (r) =0y, (r) and  wy(r) = wy,(r).
Hence, as the differential conductor of x, follows the compatibility rules, so does that of y. [

Remark 5.13. Most of the results in Sections 4 and 5 until this point easily translate to the case
where R is of mixed characteristic. The most important among them is Proposition 5.4(i). The
only problematic part is Proposition 5.4(ii), hence Theorem 4.19 is also problematic since we do
not yet have an exact analog of Theorem 3.39 in mixed characteristic.

5.4 The induction process

The following is the outline of the induction process to construct a character x,, that deforms
Xn» €xtends x,—1, and gives rise to 7,. One may assume that the length n — 1 Witt vector that
defines x,—1 is best. We would like to find a rational function G™ € K that extends y,_1 to
a deformation x,, of X,,. Below is the induction (Ind) process.

Ind 1. We start at a vertex v = t(e) of T, that only precedes leaves. We call v a final vertex
of 7. In Section 5.6.1, we consider the affinoid G;). It is a collection of G?(e) € K that gives rise to
a cover Xp () With desired depth and (generic) branching datum at ¢(e). We then show that the
subset gt*(e) < Gi(e), whose elements give rise to the characters with the right differential conductor
at t(e), is non-empty. Recall that either w7, (t(e)) is exact, or C(wr,(t(e))) = wy,_,(t(e)) (see
Theorem 3.42). The case where wr;, (v) is exact is considered in Section 5.6.2; the non-exact case
is examined in Section 5.6.3.

Ind 2. This step is carried out in Sections 5.7 and 5.8. Let e be an edge of T, that is the
direct predecessor of a final vertex. Then G,,_1 ) = Gp_1 4(c), and there are no leaves in 7,
with valuation (with respect to z.) greater than s(e) besides one at t(e). In order for the depth
of Xn,s(e) at s(e) to be equal to 47, (s(e)), we continuously control its differential conductor along
e by modifying G;‘(e). The key ingredient is Proposition 5.18, which says that one can always
replace G?(e) with another element of Gy, that “fits” better into 7. Furthermore, we prove that
the collection of G ) whose depth at s(e) is 07, (s(e)), that is, the quasi-compact quasi-separated
(dcas) set Gy(ey, is a non-empty subset of Q:(e) (see Proposition 5.20). This shows that one can
secure the wanted ramification datum over the edge e, completing the base case.

Ind 3. Suppose that e is an edge of 7, where t(e) is not final, and ey, ..., e; are the direct
successors of t(e). As in Remark 5.5, we may write G,,_; as

l
anl = Zgnfl,s(ei) + anl,t(e),oo :

i=1
By induction, for each i, there exists a qcqs Gy(e,) such that for each G?( er) € Gs(e;) and for each
i=1,...,l, the following hold:
(a) The branching datum of x,, s,y = Rn(Qn—l,s(ew G"

s(ei)) fits into T, (e;).
(b) The depth of x,, s, at t(e) is equal to o7, (t(e)).

Moreover, it follows from Corollary 5.12 that Gy) = Eizl Gs(e;)- Hence, Gy is also qegs. We
call t(e) an exact verter if o1, (t(e)) > pdr, ,(t(e)). Otherwise, o7, (t(e)) = pdr, ,(t(e)), and
we call t(e) a Cartier vertex. The controlling of exact vertices (respectively, Cartier vertices) to
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achieve wr, (t(e)) = wy, ., (t(e)) is similar to step Ind 2.. We again obtain a non-empty open
subset Q:(e) C Gy(e) whose elements gives the desired differential conductor at t(e).

Ind 4. Let e be the edge from the previous step. We can simply repeat the process from
step Ind 2. to achieve the right degeneration data over e. That completes the inductive step.

Ind 5. Iterating the previous two steps, we acquire a non-empty qcgs Gge,) (recall that eq
is the trunk of 7,). Finally, Section 5.10 shows that G, contains a non-empty subset Q:(eo)
whose elements give rise to characters with desired reduction type. That result, together with
Corollary 5.7, completes the proof of the main theorem.

5.5 Some natural degree p characters

DEFINITION 5.14. Suppose that 7, is a tree that extends 7,—1 in Proposition 4.22; and r is a
rational place on an edge e of T,. We may assume z, = 0. Suppose, moreover, that by,..., by,
are the successor leaves of e on 7, and [; is the conductor at b;, and set [ := Z;”:l l;. Define W,
to be the collection of exact differentials forms

=Y Gaz (5.1)

where ¢; € k. Note that, as w, is exact, the coefficients c4,—1 are 0 for all ¢ € Z.

LEMMA 5.15. Suppose that T, is a tree extending T,_1 in Proposition 4.22, and r is a rational
place on an edge e of T,,. Suppose, moreover, that we are given a é € Q¢ and an exact differential
form w in W,. Then there exists an H, € H, such that, for ¢ := R(H,), we have 0,(r) = ¢ and

wy(r) = w.
For the definition of H,, see Definition 5.6.

Proof. Suppose that w has the form shown in (5.1). Suppose that, for each 7, there exists a rational
function H,; € H, such that, for ¢; := & (H,;), we have 0y, (r) = § and wy, (1) = cidx/x'. Then,
by Lemma 3.12(ii), the character ¢ := Y ;_, 1; works. Therefore, we may further assume

Cid

; 9

xl

where ¢; € k, pt (i — 1), and ¢ < [. By the construction of 7y, all but at most two of the I; are
divisible by p (this is mentioned in Remark 4.26). Without loss of generality, we may assume
that they are I3 and lo. We will treat each case separately.

First suppose p | lo. This is the situation on most of the places of 73 in Example 4.23.
Consider the rational function
i
H = . e K.
T 7 by [ — b))
Then it is straightforward to check that H € H,, [H], = 1/z:"! ¢ (k(z,))P, and v,.(H) = —pé.
Hence, by Proposition 3.26, it is exactly what we are seeking.

Suppose p { I and p { Iy, for instance, where 7 is a place on the edge egq of 731 in
Example 4.25 and 7, = T3 2(r). We first regard the case Iy = mip+ 1 and ly = map+ 1. Then,
as w € W, and [ = pg + 2, we may assume 7 < [ — 2. One can show that

xlflfi

H = -
PO G=D) (z — by )1 (2 — bo)™P2 [[ 7 g(x — bj)b
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works as before.

Finally, let us consider the case Iy = mop+ 1 and 1 < [; < p as on the edge eo,1 of T 1SS in
Example 4.25. Then, similarly to the other cases, the rational function that does the job is

l,l—l—i
0T = b) @ — )™ [y — by

We hence have solutions for all the cases. O

H =

COROLLARY 5.16. Suppose that v, is the conductor of T, and g = Z;n:nl cj/xj is a polynomial
in k[z~!] that consists of only terms of prime-to-p degree. Then, after a possible finite extension

of K, there exists a G;(eo) € Hg(e,) such that the character ¢ := .ﬁl(G;(eo)) satisfies
— 04(0) =0, and
— its reduction 1), considered as a character in H}j(/ﬁ), corresponds to the extension y? —y = g.

Proof. The proof is almost identical to that of Lemma 5.15. In particular, ¢;/ 27 in this case plays
the role of —jcjdx /27Tt in the proof of that lemma. O

5.6 Controlling a final vertex
Suppose that v = t(e) is a final vertex of 7, with differential conductor
cdx

wT, (U) = Hr (IL’ - [bj]v)lj )

=1

where [; is the nth conductor of the branch point associated with the leaf b; on 7,. It fol-
lows from the rules asserted in Theorem 3.42 that either C(w7, (v)) = w7, _,(v) = wy,,_,(v), or
C(w, (v)) = 0. We discuss the former case in Section 5.6.2 and the latter one in Section 5.6.3.

Recall from Section 5.3 that y,_1 can be represented by a best length n — 1 Witt vector
(GY....G" Y =(G},...,Gi ) + (GL,...,G% ). The discussion in Remark 5.5 allows us to
reduce our study to the case where G,,_; is equal to (G},...,Gy™1) and is also best. We first
set G™ = 0. Then, it follows from Theorems 3.39 and 3.42 that the character y, it gives rise to
satisfies

Oxn (V) = po7,_, (v) and  C(wy, (v)) = wr,_, (v).
Furthermore, Theorem 2.4 shows that the nth conductor of x, at b; is ¢j, = ptjn—1 for all j.
Therefore, 0 € H, and 6y, (v) < d7,(v). In the rest of this subsection, we show that one can
replace 0 with some G™ € H,, such that

5, (0) = 07, (v) amd iy, (v) = wr (v).

5.6.1 The final qcgs. Suppose that there are m leaves by, ..., b,,, with respective nth con-
ductors [y, ..., 1, that are attached to v. As discussed in Remark 4.26, one may assume that p
divides I; for all i but maybe I; and ly. Consider the subset H., of H, that consists of the elements
of the form

-1
1 3 ajq
G= P07, (v) <Z Z (y — (bj)'u)i)7 (5:2)
7j=1 i=1
where a;; € k((t)), minj£y (mod p)(¥(a;i)) = 0, and a;; = 0 for i = 0 (mod p) for each j.

Note that #H! can be identified with an affinoid subset of A%?:l(lj Y via the aj;. We first show
that this collection is exactly the G, defined in Definition 5.8.
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PRrROPOSITION 5.17. The subset H; coincides with G,. In particular, G, is an affinoid (hence
qcgs).

Proof. Suppose G € H. . It is immediate from (5.2) that [G], € &, \ k5. Hence, we have dg(v) =
97, (v) by Proposition 3.26. Therefore, G € G,; hence H, C G,,.. Conversely, each H € G, is in the
same Artin—Schreier class as one of the form

~ 1 /
H = PO (v) (H) tpéTn(u) (Z Z( (z — b >>v

where [H'], & kP, again by Proposition 3.26. It is straightforward to realize that H must be of
the form (5.2). ]

5.6.2 The exact case. First suppose that wr, (v) is exact. Then, by the conditions on an
extending tree (Definition 4.6), we have

cdx —
o1, (v) > por,_,(v) and wr,(v) = = - =: dh,
' 1_[]':1($ - [bj]v)lj
for some h, € k(x) \ k(z)?. We may further assume
m -1
_ b
Ty = —

where b;; € k and b]z-—1 = 0 for each j. One can consider hy, after replacing = with z,, as an
element of k[[t]](x,). Hence, the rational function

(B ) ex

7j=1 i=1

is an element of H, such that, for ¢ := R;(H,), we have 0, (v) = 7, (v) and wy(v) = w7, (v). It
follows from Lemma 3.12i that adding H, to G" = 0 makes d,,, = 7, (v) and wy,, = w7, (v). We
thus achieve the desired branching datum at v. Define

) i={G € Gy | wy, (v) =wr, (V) },

which is non-empty as the above construction suggests.

5.6.3 The non-ezact case. Let us now consider the case C(wr, (v)) = wr,_,(v) = wy,_, (v).
Recall that we start with G™ = 0. Then, as G,,_; is best, it follows from Theorem 3.39 that

Oxn (V) = POx,, 1 (v) = 07, (v) -

Thus, C(wT, (v) — wy, (v)) = wr,_,(v) — wr,_,(v) = 0, that is, the difference between the two
differential forms is exact. Therefore, we may assume

W, (V) — wy, (v) = dh,

for some h,, € k(x)\ k(z)P. In addition, Theorem 2.4 again tells us that the nth conductor at the
branch point b; is ¢, = prjn—1 < lj for 1 < j < m. It then follows from Proposition 3.20 that
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ord[bj]v(dﬁv) > —I; for all j. One may thus assume that

1—1

_ m bj.i
=2 2 G

7j=1 i=1

Hence, dh, € W,. By the same argument as before, there exists an H, € #, such that, for
Y := R1(H,), we have §,(v) = d7,(v) and wy(v) = dh,. Again, replacing G™ by G™ + H, re-
sults in wy,, (v) = w7, (v). Thus, the set G/(e) defined in the previous subsection is not empty,
completing step Ind 1..

5.7 Controlling an edge

*

Suppose that e is an edge where t(e) is final. We again may assume z. = 0. Recall that Qt(e),

which is the collection of G € K that give rise to a character y,, satisfying

Oxn (t(e)) = 67, (t(e)) and  wy, (t(e)) = wr, (t(e)),

is non-empty by step Ind 1.. Suppose, moreover, that the order of oo of wr;, (¢(e)) is I — 2. Then,
by Corollary 3.16, the left derivative of d,, at t(e) is | — 1. Therefore, as d,,, is piecewise linear
by Proposition 3.15, there exists a rational s(e) < A < t(e) such that

Oxn (8) = 07, (t(e)) = (I = D)(t(e) — 5) = o7, (s)
for all s € [A,t(e)]. Let Ae(G) be the minimal value of A with this property. This means that \.(G)
is the largest “kink” of the function d,, on (s(e),t(e)) (or is s(e) if 6y, is linear on [s(e),t(e))).
Our goal is proving that there exists a G € G, satisfying Ae(G) = s(e). First, we will show
that one can always reduce the kink on e, that is, make A\.(G) strictly smaller (if it is greater
than s(e)) by replacing G with another element of Gy

PROPOSITION 5.18. Suppose G € Gy, with Ae(G) > s(e). Then there exists a G' € Gl(e) With
Ae(G') < Ae(G).

Proof. Suppose that X := \¢(G) is the largest kink of x,,, which is the extension of x,—1 by G,
on e. We know from Proposition 3.20 that ords(wy, (A)) is equal to the left derivative of &,
plus 1, which is at most I — 2. Moreover, it follows from the same corollary that

ordg(wy, (A)) = =l and ordz(wy, (X)) >0, VZ#0,00.
Let us first consider the case 0y, (A) > pdy,,_, (A). Then w,,, (s) is exact, and [ — 1 is prime to p.
Therefore, we may assume that w,,, (A) is of the form

cdx

an(A) = ? +dF,

where 0 # dF € W,. Applying Lemma 5.15, we obtain a F' € H, such that, for ¢ := & (F),
6y(N) =6y, (A) and wy(\) = —dF.

One may check that G’ := G + F lies in Gy(. Finally, it follows from Lemma 3.12(ii) that

replacing G' by G’ changes x,, as follows:

5o (N =0r(\) and w, (A) = ‘%j”.

Thus, Y, has no kink at A, whence \.(G’) < A\ (G).
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Let us now consider the case 0y, (\) = pdy,_,(A). The same line of reasoning as in Sec-
tion 5.6.3 gives wy, (A\) — wr, () = dF, where F'is as in the previous case. Repeating the above
process, we obtain a G’ € G\ that satisfies Ae(G) < A O

Remark 5.19. If \.(G’) is once more strictly greater than s(e), we can repeat the procedure from
the above proof to obtain an element of Gy, with strictly smaller kink (on e). Thus, if we can

show that A, achieves a minimum value, then that value must be equal to s(e). That is the goal
of the next section.

5.8 The minimal depth Swan conductor

This section adapts [OW14, §6.4]. We would like to show that the function Ac: Gye) — Q0
defined in Section 5.7 takes the value s(e) for some Gy € Qt*(e). As discussed in Remark 5.19,
it suffices to prove the following.

PROPOSITION 5.20. The function Gyey + Ae(Gy()) attains a minimal value on Gy (that is,
Gy(e) Is non-empty). Moreover, G can be identified with a qcgs set.

5.8.1 A lemma from rigid analysis. The following lemma will be a crucial ingredient in the
proof of Proposition 5.20.

LEMMA 5.21 (cf. [OW14, Lemma 6.16]). Let X be qcgs over K and f',..., f* € A be analytic
functions on X. Then the function

¢: X — R, T+ max |fi(x)]

takes a minimal value on X. Equivalently, the function

v(fi(z
x +— 7(x) := min vif(x) ( )
1<i<n (3
takes a maximal value on X. Furthermore, the subset of X on which the minimum (maximum)
is attained is qcgs.

Proof. The proof adapts [OW14, Lemma 6.16] and [OW16, Lemma 4.19]. It suffices to show

that, if the inequality
u(fi
v = sup(min (f(a))) >0
aceX \1<isn 1

holds, then ~ is achieved on a qcgs subset of X. We may assume that X is an affinoid. We set
gi(x) == v(fi(z))/i for 1 <i < n. For each i, let X; C X be the rational subdomain where g; is
minimal among all the g;. Then the restriction of 7 to X; is simply equal to g;, which attains its
maximum on X; by the maximum modulus principle. Furthermore, the subspace of X; where this
maximum is attained is a Weierstrass domain in X;, hence qcgs. Thus, the subspace of X where ~
is attained is a union of finitely many qcqgs spaces, whence also qcgs, completing the proof. [

5.8.2 A quasi-compact quasi-separated set contained in Gy.). Consider an edge e of the
tree T,,. Assume for a moment that we have the desired refined Swan conductor at every r > t(e).
Suppose, moreover, that there are m edges ey, ea, ..., e, where s(e;) = t(e) for each i. Set I,
to be an indexing set of leaves succeeding e;. It follows from the previous constructions that an
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element Gy(.) € Gy(c) can be represented by

m m Ih—1 '
Gie) = z; Giey) = Z( > < > (x_hbh)>> (5.3)

j=1 \heUL, " i=1

where Gy(c,) € Gs(e;) and ap; = 0 for i =0 (mod p). Set my(ey := Y 0L, ZheUIej (Iln—1—|lx/p)).

As before, we can think of Gy () as a subset of an affine my(.)-space over K via the coordinates ap ;

and of Gy, as one of its K-rational point. Moreover, by the induction hypothesis in Section 5.4,

t(hemts(u)lgsa%t Gs(e;) 18 qegs for j = 1,...,1. Hence, Gy = Z;nzl Gs(e,) 1s also a qgegs subset of
A7)

It is a consequence of Section 5.9 that @ # QZ‘(e) < Gi(e), where
Gite) = {G € Gue) | Wy () (t(€)) = wr, (t(e))} -

As a rigid analytic space, g;‘(e) is an open subset of Gy(.). The goal of this section is to show that

Ae(Gi(e)) takes the minimal value on Gy () and that the points where that minimum is achieved
form a qcqgs subset of Qt*(e).

5.8.3 Analysis. Let ¢p—1: Yp—1 — X be the Galois cover corresponding to the charac-
ter xnp—1. By our induction hypothesis, it has good reduction and is totally ramified above
T = 2., which we may assume to be 0. As usual, D C X?" is an open unit disc centered at 0. It
follows that the rigid analytic subspace C' := gb;il(D) C Y,—1 is another unit disc and contains
the unique point y,_1 € Y,_1 above x = 0. We choose a parameter Z for the disc C such that
Z(yn_1) = 0. Then z = 2" 'u(%F), with u(Z) € R[[Z]]*. One sees that for r > 0, the inverse
image of the closed disc D[pr] C D defined by the condition v(x) > r is the closed disc C|[r]
defined by v(Z) > 7 := p " "lr. Set 7,1 := p " *lr,_1. Let K,_1 denote the function field of
Yo—1.

Let us fix a character x € H}Dn (K) that arises from x,-1 by a rational G € Gy). Let
X = xlg, ,€ H;(anl) denote the restriction of y to K,_;. If x corresponds to a cover
Y,, — X, then X corresponds to the cover Y;, — ¥,,_1. In analogy to A\.(x), we define the function
Ae(X): H;,(Kn,l) — Q as follows:

A(R) = {min{sf(\e/) <r< tf(\e/) | 65 linear on [(Je/)’tf(\e/)}}? X €T,

t(e), X € Gi(e) \Q:(e) .

Let m; (respectively, m) be the left derivative (on e) of d,, (respectively, ¢, ) at t(e). The following
result suggests that one may apply the tools from Section 3.8 to determine the kinks of x on e.

LEMMA 5.22. (i) For x € Gi(e)» We have Ae(X) = p7 " (%).

(ii) Letm = p" 'm—3""'mi(p—1)p"~'. Then ptm and the character X € H;)(Kn,l) satisfies
conditions (D1), (D2), and (D3) of Section 3.8 with respect to m, the open disc C' € Y,**,, and

the family of subdisc C[r] for 7 € [s(e), t(e)].
(iii) If A~ -=(X) is defined as in Corollary 3.33 and we set ro in Proposition 3.31 to be equal

v ©

to t(e), then A.(X) = /\,71@(@ for all x € Gy(e)-

Proof. For r > s(e), we systematically use the notation 7 := p~"*lr. Let the valuation v
of K,,—1, which corresponds to the Gauss valuation on C[r] (see Section 3.2), be the unique
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extension of v,. By [Wewl4, §7.1], we have the equation

5(F) = e, (0 (r)) = 6(r) — (&(r)i;} L 1), (5.4)

n—1

where 1) is the inverse Herbrand function [Ser79, §IV.3]. Since all the characters y; := x?
(1 < i < n) have good reduction by the hypothesis and their branch points are all contained in
Dlt(e)], each 9; := 6y, (1 < i < n) is linear of slope m; on the interval [s(e),t(e)]. Therefore, the
left and the right derivatives of d;(r) are equal to m; for all r € (s(e), t(e)). Let ¢ be the left slope
of 0, at 7. Then the left slope of é5 at 7 is equal to

n—1
pn—lc o Z mz(p - 1)pi—1 _ pn—lc +im— pn—lm ]
=1

Part (i) then follows immediately. Part (ii) follows from the fact that ¢ < m. Part (iii) also follows
from this property, along with Proposition 3.15 and the fact that sw, (¢(e), c0) = m if and only
if y € gt*(e). OJ

One may assume that the character Y is the Artin—Schreier class of the rational function

G:=F"(yi,...,yn1) +G" € KX

n—17

where F™ is a polynomial over [}, in n — 1 variables as in [Obul2, Proposition 6.5]. We thus may
write G as a power series in the parameters z as follows:

o0
G= § a7t
=1

Since G1,...,G" ! are fixed, G is determined by the choice of G™. So, we may think of the a; as
analytic functions on the space G(,). In fact, a; is a polynomial in the coordinate aj; (as in (5.3))
with coeflicients in R.

5.8.4 We continue with the process of proving Proposition 5.20. Suppose that Gy is an
arbitrary element of QZ‘(e) and yo is the character it gives rise to. Then it is immediate that
Ae(Go) < t(e). We therefore may choose a rational number s € (A(Gp),t(e)). With the notation
from Section 5.8.3, recall that X is the restriction of x to the function field K, 1 of Y,,_1. It is
an Artin—Schreier cover defined by a rational function Ge K ;. By Lemma 5.22, we have

)\(é) <3F:=pls < @.
Set 6 := 5%(5(\6/)). Let N be an integer such that
t(e) —s
We hence arrive at the situation of (3.12). The following is parallel to [OW14, Lemma 6.8].

LEMMA 5.23. There exist a finite cover g;(e) — Gy(ey and analytic functions by, ...,by on gg(e)
with the following property: Set

N .
d:=Y by’
j=0
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and write
F+d—d= Z clxl )
where the ¢; are now analytic functions on gt(e). Then

(i) for alll > 1 and all points y € G, (¢), We have v(a(y)) = p(t ( ) — 5)

(ii) we have ¢, =0 for I < N.

Proof. The lemma follows immediately from Proposition 3.31 and Remark 3.32. 0

Proof of Proposition 5.20. We can now complete the proof of Proposition 5.20. Let m be as in

part (ii) of Lemma 5.22. Define the function M e g’ ) = R as follows:
i v(em(@)) —V(Cl(x)) . s
Nﬁ7s(e)($) = max({ - [1<li<mpU{s(e)} ).

Let x € Gy, write X := Xx|k,_, for its restriction to the function field of Y,,_1, and let z
be an arbitrary point of g’ () OVer X Thanks to Lemma 5.23, we can apply Proposition 3.31
to compare fi- )( x) to )\~ s )(~), which, in turn, is equal to Ac(X) by Lemma 5.22(iii). We
thus conclude that uﬁ%s(e)( x) < 5 if and only if A.(X) < 5. Moreover, if this is the case, then
we have i e )(w) = A(X). In any case, by Lemma 5.22(i), we have Ae(x) = p" ' Ae(X) when
X € Y9y

The rest of the proof is identical to one in [OW14, §6.4.5]. Let G € /() De the rational func-
tion at the beginning of Section 5.8.4. Let G, € gg(e) be a point above Gy. Because \.(Gp) < s,
e )(G’) < 3, as discussed above.

It follows from Lemma 5.21 that the function p_ ——

we have p_

takes a minimum on G; . Let w € G;

5(e)

be a point where this minimum is achieved, and let W € Gy(e) be its image under gg(e) = Gi(e)-

We have “m@(w) (6)(G’) < 5. Since

M s W) = pp, 5 (w) <5 < i(e),

m,s(e) m,s(e)

we see that W € g;‘(e). Applying the above arguments a second time, we conclude that A\ (W) =

Pl Moo (w), and this is actually the minimal value of the function A: g;(e) — R. Moreover,

the subset on which the minimum is attained is qcgs by the Lemma 5.21. This completes the
proof of Proposition 5.20. O

5.9 Controlling a non-final vertex

Suppose that t(e) = s(e;) = --- = s(em) is a non-final vertex of 7,. By the induction process,
we obtain a collection of qeqs sets Gy(e,)s - - - Gs(e,n)- Recall that each G € Gyc,) has (generic)
branching datum that fits into 7,(e;) and satisfies, for x, the extension of x,—1.¢, by G, the
equation 0y, (s(e;)) = o7, (s(e;)). Suppose, moreover, that all the branch points of x¢, specialize
toa; € k at tl(e). Then the @; are distinct, and the differential conductor wy, (t(e)) is of the form

e, (t(6) = T
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where fi(z) € k[z] and [; := D beB(Th(en) M- Set G =37 Gi, and let x¢ be the character that

)
arises from x,—1, by G. By Lemma 3.12(ii), we have
g (1) = 3w, (1€)) and 84 (t(e)) = by (1)), Vi=1,...,m.
i=1

Hence, the collection of such G, which we call Gy, is equal to >y Gs(e;) and thus is qegs. Its
elements give rise to characters with the desired depth and the geometry of the branch locus
at t(e). Suppose that the wanted differential form at ¢(e) is

wr,, (t(e)) = T

MG —ay 7%

Recall that C(wr, (t(e))) = wr,_,(t(e)) when o, (t(e)) = pdr,_,(t(e)), and C(wT,(t(e))) = 0
otherwise. In either case, as we achieve the right depth Swan conductor at ¢(e), we may assume
that wy, has the form

cdx

cdz , .
wye (t(e)) = T @ —a)k + ;wxG(S(ez)) :

where w) (s(e;)) € Wy(,) is exact. Now, by repeating the process in Section 5.6 for each i, we
replace G with another element of G,y where w; ,(s(e;)) = 0 for all 4. This shows that Glle) 18

pee]
non-empty.

5.10 Controlling the root

By the previous steps of the induction process, we get to the point where G,(.,) # <. This means
that there exists a Gpin € QS(EO) that gives rise to a character ymin whose branching datum fits
into 7, and whose depth is zero at s(eq); that is, xmin has good reduction.

Recall that %, is our original character. Assume that the ramification breaks of the one-point
cover corresponding to x,, are (mi,...,my,), and that it is represented (upon completion at
z = 0) by a Witt vector g := (g',...,g") € Wy(k(x)). As discussed in Section 2.4, one may
regard X,, as a one-point cover of Pi. Therefore, we further assume that each ¢’ is a polynomial
in k[z~!], all of whose terms have prime-to-p degree. On the other hand, it follows from the
previous constructions that X,,;, corresponds to a Witt vector G, = (g%, ..., 9"}, gmin), Where
gmin € k[z7!] has degree less than (only when m,, = pm,,_1) or equal to m,, and consists of only
terms of prime-to-p degree. Subtracting Witt vectors yields

9~ I = (0++,0,9" = Ganin) -
We define g := ¢" — gmin. Recall that Corollary 5.7 asserts that ymin deforms %, if and only if
g=0.
PROPOSITION 5.24. There is a character x,, that is a deformation of x,,.
Proof. Applying Corollary 5.16 for g, we obtain an H € H,(,) such that ¢ := & (H) € H},(K)
satisfies 0,(0) = 0 and ¢ is given by y» — y = g. Hence, if ¢/ := £,((0,...,0,H)) € H})n(K),

then we also have d,/(0) = 0 and the reduction El corresponds to the same extension, which is
represented by the Witt vector (0,...,g) € Wy (k).

On the other hand, recall that ymin corresponds to the length n Witt vector
(Gla GQ, R Gn_ly Gmin) € Wn(K)/p(Wn(K)) .
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Therefore, replacing Gy by G" := Gin + H equates to multiplying 1)’ t0 Xmin. By Lemma 3.12,
the result is an étale character x,, € H}Dn (K) with reduction X, '@/, which, in turn, is defined by
the Witt vector (g%, ..., 9" !, gmin + g = ¢"). Finally, since G" € Gs(eo) a8 H € Hy(ep), it follows
from Corollary 5.7 that x,, is a lift of ,,. O

This completes the proof of Theorem 1.2.

Remark 5.25. Tt follows from the construction and the compatibility of the differential conductors
that the Z/p™-tree arising from y,, coincides with the tree 7,,.

6. Proofs of technical results

6.1 A solution to the Cartier operator equation
PROPOSITION 6.1. Suppose that we are given a differential form

cdx
W=,
[[ii (@ — i)~
where ¢ and the d; are in k, d; # d; for i # j, and r > 2, as well as a fixed integer 1 < a <p—1.
Set iy :=puy —p+a+1,iy:=po—p+1, and i, := pi; for each i # 1,2. Then the differential
form
, cPdx

W = ;
(—dy — do)P= o iy (2 — di)"

satisfies C(w') = w.

Proof. The differential form w’ above can be rewritten as

;- Pz —dy)P~ ¢ Lo
(z—do)(—dy — da)P~ Yz — do)Pl2= V) (z — dy )P [[[_y (2 — dy)Pei
The proposition then follows from the fact that C(uPw) = uC(w) for all u € K. O

6.2 Construction of the extending Hurwitz tree

We dedicate this section to the proof of Proposition 4.22. In each proof, we will only demonstrate
the construction of the extending Hurwitz trees. The readers can easily check that these trees
satisfy the axioms in Definition 4.2 together with the conditions for an extension asserted by
Theorems 3.42 and 4.19.

Recall the setup of Proposition 4.22. We are given a Z/p™~!-tree T,,_1 and an nth degeneration
datum (6, wn) € Qs x QL (or (0, f,,), where f,, € k) at its root. The goal is to construct a
Z/p™-tree T, that extends 7,-1 and whose degeneration datum at its root is the same as the
given one. Note that the original result only requires é,, = 0, but we will prove the general case
in order to utilize an induction technique that we will soon see.

Suppose that 7,1 is a Z/p"~!-tree that has m leaves by, ..., by, (m > 2) and that the con-
ductor at b; is ¢;,—1. As usual, vy and ey denote the root and the trunk of 7,,_1. Set v := t(ep).
Suppose, moreover, that the differential conductors (the (n — 1)th degenerations) at v; and vg
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of T,_1 are

Cy, dx

w4 (v1) = H?:l(x — [bi]w, )t ’

l
Coodx cidr _ d;
W) =24 Y Gw“=2§)

J<tn—1 j=1

(6.1)

respectively, where | < ¢,—;. We may write w7, ,(vg) in (6.1) as f(z)dx/z*»~'. Then, when
d7, ,(vo) > 0, as the two forms are compatible (see Section 4.4), we have the relation ¢,, =
¢y, =: ¢. When 07, ,(v9) = 0 and ¢,—1 = ptn—2 — p + 1, where ¢,,_o is the conductor of the
7./p"2-subtree, as discussed in Theorem 4.19, we do not have to worry about the compatibility
at the root. Otherwise, the same theorem asserts that [ = ¢,—1 — 1 and ¢,, = —ld;.

Suppose, moreover, that we are given a level n depth 7, (vo) = pdr, ,(vo) and a level n
differential conductor (or degeneration) at the root as follows:

L
Cyyda C;d . D,
wr., (vo) = 330 + E ! <0rg = E xﬂj)’ (6.2)
j

ln 1‘.7
Ii<tin

=1
where L < t,. When 07, (vg) > 0, it is required that C(wr,(v0)) = wr, ,(vo) if o7, (vo) =
po7,_, (vg), or that wr, (vo) is exact if o7, (vo) > pdr,_,(vo). If o7, (vo) = pdr,_,(vo) = 0, then
L=, —1ifv, >t 1—p+1.
Just as the main theme of the whole paper, we first construct the extensions of certain
subtrees of the given tree 7,_1.

DEFINITION 6.2. With the notation as above, let 7, be an extension of 7,_1 with the same
underlying tree and such that the depth at the root of 7T, is p times that of T,_1. Let a, € Z~g
and a,, =: a}, + pu, with 1 < a], < p. We say that

— 7T, is an additive ay-extension of T,—1 if, at all but one leaf (which we may assume to be
bi), we have ¢;, = ptipn—1, hence 11, =ptin—1 —p+1+ap;

— Tn is a minimum extension of Tp—1 if t1, = pt1ip—1 —p+1 and ¢ = ptin—1 for i # 2.

We first show that one can always construct an additive extension for the tree 7,_1. This is
the extension of 7;(e3) in Example 4.23.

ProproOSITION 6.3. With the above settings, there exists a Hurwitz tree 7T, that extends T,_1
an-additively. In particular, Proposition 4.22 holds when t, = ptp—1 — p + 1 + ay,.

Proof. First, we set the decorated tree of 7, and the thickness of the edges to be those of T,_1.
We then assign to by the conductor ¢y 5, = ptipn—1 —p+an + 1, to each leaf b; (i # 1) a conductor
Lijn = DPlin—1, to each edge e a slope de := ) ;. . tn.n — 1, and to the root vy the depth pd7, _, (vo).
At each vertex or leaf of 7, where the corresponding one in 7,-; has monodromy group Z/p’,
we equip it with the monodromy group Z/p'™!. We then assign the depth at each vertex v # vg
inductively on the positive direction starting from wvg so that condition (H5) is satisfied. Then it
is straightforward to check that d7;, (v) > pdr, ,(v) at all vertices v # vg. Finally, we equip each
vertex v away from the root with an exact differential form

() cpdx

wr, (v) = ,
oo (@ = [b]o) >

where ¢, € k* is determined inductively from the root so that the differential conductors at

all vertices are compatible. More precisely, if e is an edge of 7T,_1, then we set the coefficient

(6.3)
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of wr, (t(e)) to be the e-part of wr, (s(e)) (respectively, the coefficient of the nth degeneration)
when 67, (s(e)) > 0 (respectively, when d7, (s(e)) = 0). O

We then construct a minimum extension. That is the extension of T; or 7i(e1) in Exam-
ple 4.23.

PROPOSITION 6.4. With the above settings, there exists a Hurwitz tree T, that minimally ex-
tends T,_1. In particular, Proposition 4.22 holds for the case t, = pt,—1 — p + 1.

Proof. First suppose that the height of the tree 7,_; is 1. We assign the conductor ¢1, :=
Plip—1 —p+ 1 to by and ¢, := ptin—1 to by when ¢ # 1, making the sum of all conductors
equal to ¢,,. We then set the depth at v; to be pdr, ,(v1), the slope of ey to be ¢, — 1, and the
differential conductor at v; to be
(0) = cPdx
S T M @ = B

which satisfies C(w7;, (v1)) = w7, ,(v1), as shown in Proposition 6.1. As before, the monodromy
group of a vertex (or leaf) is cyclic of order p times that of the corresponding one in 7,_1. The
hypothesis ¢, = ptp—1 — p + 1 also implies that the differential conductor (respectively, the nth
degeneration) is of the form

Pdx Fdx _ .
W (2) (Vo) = + Z W +dg(x) (respectively, ¢"(x)), (6.4)

Tt
JS<tn-1

where g(z) (respectively, g"(z)) is a polynomial in =1 of degree at most ¢, — 2. This makes vg
compatible with v in 7, when 67, (vg) > 0, completing the base case. Recall that, in our minimal
jump assumption and when 7, (vg) = 0, we do not need the degenerations at vy and vy to be
compatible.

Let us now consider the case where the height of 7,_1 is greater than 1. Suppose that there
are m edges e1,...,ey, (m > 2) starting from v;. We then first assign degeneration data at vy
and v; identical to that in the base case. Note that the Hurwitz tree 7,1 (e;) has height at most
h(Tn-1) — 1. We thus can extend 7,_1(e1) to a minimum tree by induction, and 7,—_1(e;) for
i # 1 to an additive tree as in Proposition 6.3, all with depth d7;, (v1). The conductor of 7, (e1)
(respectively, T (e;i)) 1S tne, := p€r, ,(e1) —p + 1 (respectively, i e, := pCr, ,(e;)). Hence, the
sum of the conductors is ¢,. That completes the construction of the tree 7. ]

We have just proved Proposition 4.22. One can also do the following alternative construction,
which is utilized in Example 4.25.

PROPOSITION 6.5. There exists a Z/p"-tree T,, that extends T,—1 with no essential jumps.

Proof. Suppose that there are m edges ey, ..., e, succeeding vy, with conductors €y,...,&,,,
respectively, on 7,—1. Hence Y ;" & = tp—1. Set €} := p&€ —p +al,, € := pCy —p + 1, and
¢ := p€;. We first assign pdr, ,(v1) as the depth at vy on 7y, and the non-exact differential form

(1) Cydx
WwT,\V1) = 7

[Tim1 (@ — [bio,) %
that satisfies C(w7;, (v1)) = w7,_,(v1) (which exists by Proposition 6.1) as the differential con-
ductor at v1. We then extend T,_1(e1) to an additive a),-tree, T,—_1(e2) to a minimum tree, and
each T,—_1(e;) where i # 1,2 to an additive-(p — 1)-tree, all with depth pd7, ,(v1), and so that
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they are compatible with the differential conductor wr, (v1). This makes the current sum of con-
ductors equal to €(vy) := ptp—1 — 2p + al, + 1, which is strictly smaller than p,,—; —p + 1 and
not congruent to 1 modulo p. Let us now consider the trunk ey of 7,_1. A simple calculation
shows that one can break down the edge ey into two rational ones, called ep 1 and eg2, so that
(€(v1) = D)eeg s + (tn — 1)€ey; = poT,_,. We then assign to t(ep,1) on 7, the exact differential

Cy,dx
w77n. (t(eovl)) = $€(v1)($ _0 a)p(un+1) ’

where (—a)P(nt1) = C, /C,,. The constant coefficient at t(eg1) is Cy,, while the constant
coefficient of its eg o-part is C,, /(—a)P(»+t1) = O, . Hence t(eg 1) is compatible with both v and
v1. We then glue a leaf of conductor p(uy, + 1) and monodromy group Z/p to t(eq,1). Finally, we
set the remaining degeneration data at eg 1, €g2, and vy in the obvious manner, completing the
proof. O
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