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Generic curves and non-coprime Catalan numbers

Eugene Gorsky, Mikhail Mazin and Alexei Oblomkov

ABSTRACT

We compute the Poincaré polynomials of the compactified Jacobians for plane curve
singularities with Puiseux exponents (nd, md, md + 1), and relate them to the combi-
natorics of ¢, t-Catalan numbers in the non-coprime case. We also confirm a conjecture
of Cherednik and Danilenko for such curves.

1. Introduction

In this paper, we study the topology of compactified Jacobians of plane curve singularities. We
focus on the case where the curve is reduced and locally irreducible (or unibranched). It is known
[AIK77, AK76] that in this case, the compactified Jacobian is irreducible as well. Throughout the
paper, we work over C. We explain where this assumption is used, in case our reader is curious
about the extension of the result to other fields.

Compactified Jacobians play an important role in modern geometric representation theory.
First, they are closely related to Hilbert schemes of points on singular curves, singular fibers in
the Hitchin fibration and affine Springer fibers. In particular, counting points in the compactified
Jacobians over finite fields is related to certain orbital integrals [Lau06, KT22, Tsal5]. Recent
works [GK23, HKW23, GKO25] relate them to the representation theory of Coulomb branch
algebras, defined by Braverman, Finkelberg and Nakajima [BFN18].

Second, a set of conjectures of the third author, Rasmussen and Shende [OS12, ORS18] relates
the homology of compactified Jacobians to the Khovanov—Rozansky homology of the correspond-
ing knots and links. In particular, the conjectures imply that the homology of the compactified
Jacobian is expected to be determined by the topology of the link or, in the unibranched case,
by the collection of Puiseux pairs of the singularity.

The progress in explicit computations of the homology of compactified Jacobians has been
quite slow. For the quasi-homogeneous curves C' = {z™ = y"} with GCD(m,n) = 1, the ho-
mology was computed in many sources, starting with Lusztig and Smelt [LS91]. The key ob-
servation is that in this case, the compactified Jacobian JC admits a paving by affine cells.
These cells and their dimensions have been given a number of combinatorial interpretations
in [GM13, GM14, GMV16, Hik14], where they were related to g,t-Catalan combinatorics. In
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[OY16, OY17], the third author and Yun determined the ring structure on the homology in this
case.

In a different direction, Piontkowski [Pio07] has computed the homology of compactified
Jacobians for plane curve singularities with one Puiseux pair defined by the parametrization
(2,y) = (t",t™+---) with GCD(m,n) = 1. He showed that JC again admits an affine paving, and
the combinatorics of cells depends only on (m,n) and hence agrees with the quasi-homogeneous
case (x,y) = (t",t™). Moreover, Piontkowski computed the cell decompositions for some singu-
larities with two Puiseux exponents (see Section 6.2), where the combinatorics becomes rather
subtle.

In our main theorem, we vastly generalize the results of Piontkowski and prove the following.

THEOREM 1.1. Suppose that GCD(m,n) =1 and d > 1, consider the plane curve singularity C
defined by the parametrization

(x(2),y(2)) = (t”d,tmd 4 Agmdtl ), A#0. (1.1)
Then:

(a) The compactified Jacobian JC admits an affine paving where the cells are in bijection with
Dyck paths D in an (nd) x (md) rectangle.

(b) The Poincaré polynomial of JC' is given by

Pﬁ(T) — Z T2(§—dinv(D)) ’
DeDyck(nd,md)

where dinv is a certain statistic on Dyck paths defined in Section 4 and § is the number of
boxes weakly under the diagonal in an (nd) x (md) rectangle.

(¢) In particular, the Poincaré polynomial does not depend on \ (as long as it is non-zero) or
on the higher-order terms in (1.1).

We call the plane curve singularities (1.1) generic (or generic curves in short) since a generic
plane curve singularity with first Puiseux pair (nd, md) has this form. In the notation of [Pio07],
for d > 1 these are the plane curve singularities with Puiseux exponents (nd, md, md + 1), while
for d = 1 these have Puiseux exponents (n, m). We recall some basic facts about such singularities
in Section 2.

The affine paving in the statement of Theorem 1.1 is obtained by intersecting the compactified
Jacobian with the Schubert cell paving of the affine Grassmannian. Thus one can define a partial
order on the strata such that the boundary of an affine cell lies in the union of the cells with
smaller indices in this order. Hence we conclude the following.

COROLLARY 1.2. For generic plane curve singularities, the cohomology H*(JC) is supported in
even degrees, and the weight filtration on H*(JC) is pure in the sense of [GKM06, GKMO04].

Very recently, Kivinen and Tsai [KT22] used completely different methods (p-adic harmonic
analysis) to count points in arbitrary compactified Jacobians over finite fields F,. They proved
that the result is always a polynomial in ¢ and hence recovers the weight polynomial of JC (see
Theorem 5.3 for more details). Given the above purity result, for generic plane curve singularities,
the Poincaré polynomial of JC agrees with the weight polynomial, and our result agrees with
theirs.

It follows from Theorem 1.1 that the Euler characteristic of JC is given by the number of
Dyck paths in an (nd) x (md) rectangle. For example, for the singularity C' = (t*, 5 +¢7), the
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Euler characteristic x(JC) = 23 is equal to the number of Dyck paths in a 4 x 6 rectangle (see
Example 6.12), in agreement with [Pio07]. In general, the combinatorial results of [Ber21, Biz54]
immediately imply the following.

COROLLARY 1.3. Let us fix coprime m, n, and for each d > 1 let Cy be a generic plane curve
singularity (1.1). Then

> > Zd m n
1+szX(TC'd):exp (Z(Tn—’_n)d< dn;l;l d))

d=1 d=1

Next, we address the conjectures of Cherednik, Danilenko and Philipp [CD16, CP18], which
propose an expression for the Poincaré polynomials of compactified Jacobians in terms of certain
matrix elements of certain operators in the double affine Hecke algebra; see Section 5 for more
details. We are able to prove this conjecture for generic plane curve singularities.

THEOREM 1.4. Consider the two-variable polynomial
Cnd,md(Qu T) _ Z Qarea(D)Tdinv(D) 7 (12)
DeDyck(dn,dm)
where area(D) is the number of full boxes between a Dyck path D and the diagonal. It has the
following properties:
(a) It is symmetric in Q and T'; that is, Crgma(Q,T) = Crama(T, Q).
(b) At Q = 1, it specializes to the Poincaré polynomial of JC (up to a linear change of the
variable).
(c) It is given by the matrix element (vnm(eq)(1),enq) of the elliptic Hall algebra operator
Yn,m (ed)'
(d) It agrees with the Cherednik—Danilenko conjecture (Conjecture 5.2).

Recently, the second author, Caprau, Gonzalez and Hogancamp were able to show that the
polynomial Cygmd(Q,T) is the a = 0 specialization of the Poincaré polynomial of the reduced
Khovanov-Rozansky homology of the (d,mnd + 1)-cable of the (n,m) torus knot [CGHM24].
Combined with Theorem 1.4, this confirms a conjecture of the third author, Rasmussen and
Shende in the case of generic plane curve singularities.

In Section 5, we also give a different, manifestly symmetric in @ and T, explicit formula for
Crdmd(Q,T). The fact that the two formulas agree is a special case of the compositional rational
shuffle theorem, conjectured in [BGLX16] and proved in [Mel21]. In fact, parts (a) and (c) of
Theorem 1.4 immediately follow from that theorem, and part (d) follows from part (c); see
Section 5 for a detailed proof. Part (b) is a rephrasing of Theorem 1.1.

Theorem 1.4(a) allows us to give a simple formula for the Poincaré polynomial of the com-
pactified Jacobian.

COROLLARY 1.5. The Poincaré polynomial of JC equals
TQéCnd,md(la T—Q) — TQ&Cnd,md (T—Q’ 1) _ Z T2(6—area(D)) )

DeDyck(nd,md)

1.1 Proof strategy and organization of the paper

Let us comment on the main ideas in the proof of Theorem 1.1. The ring of functions O¢ =
(C[[t”d, tmd 4 \gmd+l H on the plane curve singularity C' has a natural valuation given by
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the order of a function in the parameter ¢t. We consider the semigroup I' of C consisting of all
possible orders of functions; it is generated by the numbers (nd, md, mnd + 1).

By definition, the compactified Jacobian JC' is the moduli space of torsion-free rank 1
Oc-modules with appropriate framing or, equivalently, Oc-submodules of C((¢)) with appro-
priate normalization; see Section 2.1. Clearly, the set of valuations for any such submodule M is
a I'-submodule A,; of Z.

We stratify the compactified Jacobian by the possible combinatorial types of submodules
A= AM:

Ja={M C C((t)) | OcM C M, Ay = A}.
Next, we introduce the key definition of an admissible I'-submodule (Definition 3.13) generalizing
the constructions of Piontkowski [Pio07] and Cherednik—Philipp [CP18]. In Lemma 3.16, we prove
that if A is not admissible, then Ja is empty. The converse statement is significantly harder.

THEOREM 1.6 [(Proposition 3.23)]. Suppose that A is admissible. Then the corresponding stra-
tum Ja C JC is isomorphic to the affine space of dimension

dim Ja =Y (|Gaps(a;,;)| — |Gaps(a;; + md)|),
i,J

where Gaps(x) = [x,+00) \ A and the a;; are the (nd)-generators of A.

Remark 1.7. Although both [Pio07] and [CP18] use the notions of admissible subsets, there is
an important difference between their definitions. In [Pio07], as in this paper, the definition of
admissible subsets is purely combinatorial. On the other hand, [CP18] gives a geometric definition
by saying that A is admissible if Ja is non-empty. Lemma 3.16 and Theorem 1.6 show that the
two definitions agree for s = 1. However, we explain in the next subsection that for s > 1 the
combinatorial and geometric definitions of admissible subsets diverge, and we always use the
combinatorial one in this paper.

To prove Theorem 1.6, we need to analyze the explicit equations defining Ja; this analysis
occupies most of Section 3. The coordinates on Ja are indexed by Gaps(a;;), and the equations
are indexed by Gaps(a;;+md) for all j,i. We show in Proposition 3.23 that with an appropriately
defined partial order on the coordinates, the equations can be written in such a way that they
express certain coordinates in terms of smaller coordinates with respect to this order. This allows
us to eliminate the variables one by one, until all the equations are exhausted.

Remark 1.8. This approach follows the ideas of [Pio07] and [CP18]. In the nutshell, in both
settings of [Pio07] and [CP18], the linear parts of the equations are linearly independent, and
the non-linear parts depend on smaller coordinates (with respect to the order); hence one can
just keep track of the linear parts.

The main new conceptual obstacle that we encounter in the proof of Theorem 1.6 is that
for sufficiently large m, n, d, the linear parts of many equations become dependent even if A is
admissible; see Example 3.5 and Lemma 3.9. We develop combinatorial machinery to keep track
of all such dependencies and introduce some novel changes of coordinates to resolve these. The
order on the new variables is also changed. The change of variables heavily uses the fact that C
is generic and A\ # 0.

Theorem 1.6 immediately yields the Poincaré polynomial of JC, described in terms of ad-
missible subsets. Still, a significant combinatorial work is required to relate it to the Dyck paths
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that appear in Theorem 1.1. Following [GMV17], we introduce an equivalence relation on all
(nd, md)-invariant subsets of Z=g. The main result of [GMV17] establishes a bijection between
the equivalence classes and Dyck paths in an (nd) x (md) rectangle. In this paper, we prove
Theorem 4.10, which shows that in each equivalence class, there exists a unique admissible sub-
set. By combining these results, we establish a bijection between the admissible subsets and the
Dyck paths, and complete the proof of Theorem 1.1.

Finally, in Section 5, we recall some results on rational shuffle theorem, elliptic Hall algebra
and double affine Hecke algebras (DAHA), and we prove Theorem 1.4.

1.2 Beyond generic curves

The last section of the paper is focused on more general plane curve singularities
(@(t), y(t)) = (", ™+ Aemts 4. )
with two Puiseux pairs. We assume that GCD(m,n) = GCD(d, s) = 1 and X\ # 0; the case s = 1

corresponds to the generic curves above.

The definition of admissible subsets has a natural generalization that we call s-admissible
(see Definition 6.1). Combinatorially, we can parametrize the s-admissible subsets as follows.

THEOREM 1.9. There is a bijection between the s-admissible subsets and cabled Dyck paths,
which are parametrized by the choice of a (d, s) Dyck path P with vertical runs v;(P) and a tuple
of (v;(P)n,v;(P)n) Dyck paths.

See Definition 6.4 and Theorem 6.7 for more details. Note that for s = 1 there is only one
(d, s) Dyck path with v;(P) = d, and hence cabled Dyck paths are simply (dn,dm) Dyck paths
as above.

On the geometric side, we can still stratify the compactified Jacobian by the strata Ja para-
metrized by the (nd, md)-invariant subsets A. However, the situation for s > 1 is significantly
more complicated than it is for s = 1. In general, Jo might be non-empty if A is not s-admissible,
and it might not be isomorphic to an affine space if it is s-admissible. Nevertheless, we conjecture
the following weaker statement.

CONJECTURE 1.10. The Euler characteristic of the stratum Ja is given by

1 if A is s-admissible,

0 if A is not s-admissible.

x(Ja) = {

All existing computations by Piontkowski [Pio07] and Cherednik—Philipp [CP18] are com-
patible with this conjecture. In particular, in examples one can find the strata Ja isomorphic to
C* x CV (with Euler characteristic 0) and CV Ugn—1 CV (with Euler characteristic 1). Conjec-
ture 1.10 and Theorem 1.9 immediately imply the following.

COROLLARY 1.11. Under the assumption of Conjecture 1.10, the Euler characteristic of the
compactified Jacobian equals the number of s-admissible subsets and the number of cabled Dyck
paths with parameters (m,n), (d, s).

In [KT22], Kivinen and Tsai proved unconditionally that x(JC) equals the number of cabled
Dyck paths.

We plan to study the geometry of strata Ja in more details and generalize the above results
to singularities with more than two Puiseux pairs in future work. Another interesting future

29



E. GOrsky, M. MAZIN AND A. OBLOMKOV

direction is understanding the Euler characteristics of Hilbert schemes of points on singular plane
curves by similar methods, which would yield a new approach to the main conjecture of [0S12].
Finally, [CP18] introduced a “flagged” generalization of compactified Jacobians, and it would be
interesting to see if these spaces associated with generic curves admit cell decompositions.

2. Background

2.1 Compactified Jacobians and semigroups

Let C be an irreducible (and reduced) plane curve singularity at (0,0). We can parametrize C
as (x(t),y(t)) and write the local ring of functions on C as O¢ = C[[z(t),y(t)]] € C((t)). Given
a function f(t) € C((t)), we can write

Ft) = ot + agatFT 4D g #£0,
and define the order of f(t) by Ordf(¢t) = k. It is well known that Ord is a valuation on O¢,
that is,
Ord(f - g) = Ord(f) + Ord(g), Ord(f + g) = min(Ord(f),Ord(g)).

The compactified Jacobian JC is defined as the moduli space of rank 1 torsion-free sheaves on C'
or, equivalently, Oc-submodules M C t~~VC[[t]] (for sufficiently large N) such that

. tNe[p) . tNe[)
dim — - dim "0 (2.1)

Note that M is an Oc¢-submodule if and only if z(¢)M C M and y(t)M C M. Given such
a subspace M, we define

Ay ={0rd f(t)| f(t) e M} CZ.
In particular, for M = O¢ we obtain the semigroup of C"

I'= Ao, ={0rd f(t) | f(t) € Oc}.
If M is an O¢-submodule, then Ajs is a '-module: Ay +1" C Ayy. This motivates the following.

DEFINITION 2.1. Given a subset A C Z, we define the stratum in the compactified Jacobian:
Ja :={M C C((t)) | OcM C M, Apr = A}.

DEFINITION 2.2. A subset A C Z is called balanced if A C [N, +o00) and |[[—N,+o00) \ A| =
|[-N,+o0) \ I'| for sufficiently large N, and 0-normalized if min A = 0.

By definition, the subsets Ay corresponding to M satisfying (2.1) are balanced, but for many
technical reasons, it is easier to work with 0-normalized subsets that correspond to M C C[[t]].
The two classes of subsets are related by a shift, which corresponds to the multiplication of M
by a power of t. Clearly, the shift does not change Ja up to isomorphism, so in the rest of the
paper, we will abuse the notation and talk about the Ja for O-normalized subsets A instead.

Clearly, Ja give a stratification of JC, and Ja is empty if A is not I-invariant. As a warning
to the reader, Ja could be empty even if A is I-invariant, as shown in the following example.

EXAMPLE 2.3. Consider the singularity (x(t),y(t)) = (t*,t5 + 7). It is easy to see that y?(t) —
23(t) = 2¢13 + 14 has order 13, and one can check that the semigroup I in this case is generated
by 4, 6 and 13. The subset

A=1{0,2,4,6,8,10,12,13,14,...}
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is clearly I'-invariant. Suppose that M C Ja and that fo =14+at+--- and fo = t2 +bt3 + - --
are two elements of M of orders 0 and 2, respectively. Then

y)fo—axt)fo= (O +tT) (1 +at + ) =t} (2 + b2+ ) =(a+1-b)tT + -+,
PO fo—yOfo=t*L+at+-) = (E+tNE+bt*+- ) =(a—b-1)t" +--- .
Observe that a + 1 — b and a — b — 1 cannot vanish at the same time, so M contains either

an element of order 7 or an element of order 9, and we have a contradiction. Therefore, the
corresponding stratum Ja is empty.

We will see that a necessary condition for Ja being non-empty is that A satisfies the so-called
admissibility property, which we define below.

Remark 2.4. To replace the base field C with arbitrary field k, we need a parametrization z(t),
y(t) of the germ of the curve singularity to be defined over k.

2.2 Generic curves

It is well known that any plane curve singularity C' can be parametrized using a Puiseux expansion
x:tnd7 y:tmd+Atmd+1+..-’ GCD(m’n):l.

It is convenient to assume that n < m, but sometimes we will not need this assumption. If d = 1,
then C has one Puiseux pair (n,m), and its link is the (n,m) torus knot. In this paper, we will
be mostly interested in the case d > 1.

DEFINITION 2.5. Assume that d > 1. A plane curve singularity C' is called generic (or a generic
curve for short) if A # 0.

It is easy to see that the definition of a generic curve is symmetric in n and m. Indeed, we
can choose the new parameter

~ . A
t="/y(t) =t €/1+/\tmd+1+---:t<1+dt+--->;

m

then

~ ~ nA ~
y:tmd’ l‘:tnd_itnd—&—l_i__“

m
For a generic plane curve singularity, the difference y™ — 2™ has order nmd + 1, and one can

check that the semigroup I' is generated by nd, md and nmd + 1.

If n = 1, then the singularity has one Puiseux pair (d, md+ 1). Otherwise, it has two Puiseux
pairs (nd,md) and (d,md + 1), which completely determine the topological type of the corre-
sponding knot as a (d, mnd + 1)-cable of the (n,m) torus knot.

Remark 2.6. The above argument requires the base field to be algebraically closed of character-
istic 0. However, the symmetry is not used in the rest of the paper.

2.3 Invariant subsets

A subset A C Zxg is called 0-normalized if 0 € A. We will mostly consider O-normalized subsets,
as any subset of Z>( can be shifted to a unique 0-normalized one. We call A cofinite if Z>o \ A
is finite. For a cofinite subset A and x > 0, we write

Gaps(z) = Gapsp () := [z, +00) \ A.

31



E. GOrsky, M. MAZIN AND A. OBLOMKOV

DEFINITION 2.7. We call A an (nd)-invariant subset if nd + A C A. A number a is called an
(nd)-generator of A if a € A but a —nd ¢ A.

It is clear that for a cofinite (nd)-invariant subset A, there is exactly one (nd)-generator in
each remainder modulo nd. We will group them according to their remainders modulo d so that
the generators a;; for i = 0,...,n — 1 all have remainder j modulo d and different remainders
modulo nd. We write

Aj = U (ajﬂ- + an>0) , A= U Aj .
i=0,...n—1 j=0,....d

LEMMA 2.8. Suppose that A is a cofinite (nd)-invariant subset with (nd)-generators a;; as above.
Then A is (md)-invariant if and only if one can cyclically order the generators a;; for each j
such that

aji+ md = Qji+1 + ozj,md, Qi 2 0. (22)

Proof. Since A is (nd)-invariant, it is (md)-invariant if and only if a; ;+md € A. Since a;;+md =

J mod d, this is equivalent to the existence of a generator a;; = a;j; +md mod nd such that
am/ < ajﬂ- + md

Observe that (a;y —j)/d = (aj; —j)/d+m mod n. Since m and n are coprime, for a fixed j

the permutation a;; — a;; is a single cycle, and the result follows. O

For a cofinite (nd, md)-invariant (that is, both nd- and md-invariant) subset A, we will always
assume that for each j the generators a;; are cyclically ordered as above. Furthermore, we will
consider the second index 7 modulo n, so a;; = a;i+n, and we will consider the first index j
modulo m, S0 a;; = ajim,.

We will call the integers a;; + md the combinatorial syzygys of A. It is clear that in each
remainder modulo d, there are n such syzygys, and the equations (2.2) form an n-cycle.

ExAMPLE 2.9. In Example 2.3, we have d = 2, n = 2 and m = 3. The subset
A =10,2,4,6,8,10,12,13,14, ...}

contains all integers starting from 12, so it is cofinite. The 4-generators are 0, 2, 13, 15, and the
combinatorial syzygys are

0+6=2+4, 2+6=0+2-4, 134+6=15+4, 154+6=13+2-4.
In the notation of Lemma 2.8, we can write
apo0 =0, a1=2, apo=13, a11=15
and
apo=1, ap1=2, ap=1, aj1=2.
EXAMPLE 2.10. Suppose that (nd, md) = (6,9), so d = 3, n = 2 and m = 3. The subset
A ={0,3,6,7,9,10,12,13,15,16,17,18,19,20, ... }

contains all integers starting from 15, so it is cofinite. It is not hard to see that it is (6, 9) invariant
and its 6-generators are 0, 3, 7, 10, 17, 20. The combinatorial syzygys are

0+9=3+6, 349=0+2-6, 74+9=10+6,
104+9=74+2-6, 17+9=20+6, 20+9=17+2-6.
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In the notation of Lemma 2.8, we can write

apo =0, ap1=3, aio=7, a1=10, ag0=17, az1 =20,

ao=1, a1=2, apo=1, a11=2, agp=1, ag1=2.
Note that the first index corresponds to the remainder of the generators modulo d = 3.

LEMMA 2.11. Assume that A is a cofinite (nd, md)-invariant subset. Suppose that a;; + md =
aji+1 + ojnd is a combinatorial syzygy and a;; +md+ x is a gap in A. Then both a;; + x and
aji+1 + x are gaps as well.

Proof. If aj; +x € A, then aj; +x+md € A. If a;,1.1 +x € A, then aj;41 +2 + aj;nd € A
and aj;11 +x + aj;nd = aj; +x + md. We have a contradiction. O]

3. Topology of compactified Jacobians

Throughout this section, we fix a generic plane curve singularity C' with parametrization
(z(), y(t)) = ("% tm 4 Mmoo
with A # 0. We will use the notation O¢ = Cl[[z(t), y(¢)]] for the ring of functions on C.

Remark 3.1. The existence of such a parametrization over an arbitrary field is not automatic.
However, if we assume this specific parametrization for C', all the arguments in this section are
valid over any field of characteristic larger than n (see Remarks 3.17 and 3.21 for more details).

We also fix a cofinite (nd, md)-invariant subset A C Z>o with (nd)-generators a;; as in
Section 2.3. We denote by A = {a;;} the set of all (nd)-generators and follow the notation (2.2)
(see Lemma 2.8) in ordering them.

The main goal of this section is to describe the stratum .Ja in the compactified Jacobian JC'.

3.1 Equations for Ja

Consider an O¢c-module M € Ja. The following lemma is standard, but we include the proof for
the reader’s convenience.

LEMMA 3.2. For all k € A there exist a unique canonical representative

fr=tF+ Z fraxt' € M.
leGaps(k)

The canonical generators form a topological basis in M.

Proof. Let us prove the existence first. For all b € A we can choose some element ﬁ € M of
order b. Suppose that ﬂ = >0 Bit**" and By # 0. By dividing by Sy, we can assume that
Bo = 1. If 8; = 0 whenever ¢ > 0 and k+i € A, we are done since fk is canonical. Otherwise, we
consider a minimal ¢ > 0 such that 8; # 0 and k+i € A, and we replace ﬁ with ﬁ — ﬂiflﬂ-. By
repeating this process, we construct a sequence of elements of M that converges to a canonical
element of order k in t-adic topology. Since M is closed in t-adic topology, we are done.

Now let us prove the uniqueness. Suppose that f, = tF + Zy207k+y¢A aytk+y and f] =
th 4 D ys0ktygA a;tkﬂ are both contained in M. If o, # ay, for some y, we get that fr — f;, # 0
and the order of f; — f; is a gap in A, so we have a contradiction. O
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Note that the representatives {f, | a € A} generate the submodule M over O¢. Here A =
{a;;} is the set of all (nd)-generators of A as above, and the f, are defined as in Lemma 3.2.
Vice versa, consider a collection of polynomials

{ga =t 4 Z Jai—at' | a € A}. (3.1)

leGaps(a)

It will be convenient to consider the coefficients g,.;_q for [ € Gaps(a) as parameters. For [ #
Gaps(a) we use the conventions

9a0 =1, Gai—a=0 ifle A\ {a}.

Let N be the Og-submodule generated by the collection (3.1), and let N be the C[[t]]-
submodule generated by the same collection. Note that N has a topological basis

{gato‘”d la€ A, a>0}, Ord(gata"d) =a+and. (3.2)
Note that by the definition of (nd)-generators (Definition 2.7), the orders of the polynomials in

the basis (3.2) are pairwise distinct and the set of such orders coincides with A.

Then N € Ja if and only if N = N or, equivalently, y(t)gq, € N for all a € A. For every a € A
let Sqtam be a polynomial in ¢t whose coefficients are polynomials in g, for ' € A, r € Zsq
such that

y(t)ga — Sa+dm € N and Sa+dm = Z Sa+dm;l—dm—atl . (33)
leGaps(a+dm)
Such an Sq+dm ii unique: Given two distinct choices sq4dm, S, +dm» the difference sqyam — sl dm
is contained in NV, but its order is a gap of A, which is not possible.

Concretely, the polynomials s, 4, can be defined by reducing y(t)g, modulo N using the
basis (3.2), similarly to Lemma 3.2. For a recursive construction of s444m, see formulas (3.8)
and (3.9). The condition y(t)g, € N is equivalent to sq44;m = 0 for all a € A.

We can summarize the above discussion as follows.

PROPOSITION 3.3. The stratum Ja is isomorphic to a subset of the affine space Gen = C&(&)
defined by E(A) equations, where

G(A) = Y [Gaps(aii)|, B(A) = Y Gas(ay; + dm)]. (3.4)
4,J ]
In particular, the natural coordinates on Gen are given by coefficients g,z for a;j +x €

Gaps(a;,;) in the generators (3.1); there is a tuple of coordinates for each combinatorial genera-
tor a; j of A. The equations are given by

Saj’i+dm;x(g) =0, aj; + dm+x ¢ A.
There is a tuple of relations for each combinatorial syzygy of A as in Lemma 2.8.

EXAMPLE 3.4. We can revisit Examples 2.3 and 2.9 with new notation. We have go = 1+at+---
and go = t2 + bt3 4+ ---, so in particular go1 = a and go;; = b. Using the computations in
Example 2.3, we observe that

86;1:(1—1—1—13, 88;1:b+1—a.

In total, there are Gaps(0) + Gaps(2) + Gaps(13) + Gaps(15) =6+ 5+ 0+ 0 = 11 coordinates
and Gaps(6) + Gaps(8) + Gaps(19) + Gaps(21) = 34+ 2+ 0+ 0 = 5 equations, but the equations
s6:1 = sg;1 = 0 are already contradictory.
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ExXAMPLE 3.5. As in Example 2.10, consider (nd, md) = (6,9) and the module
A ={0,3,6,7,9,10,12,13,15, 16,17, 18,19, 20, ... }
with 6-generators 0, 3, 7, 10, 17, 20. We have
go=14art+at>+---, ga=t3+bit +bot®, gr=t+cit®+-, go=t"+dit' 4.

Here a; = go., bi = 93.i, ¢i = g7; and d; = g10,; in the above notation. Note that gi7 = t'7 and
goo = t?0 since Gaps(17) = Gaps(20) = 0. The only interesting syzygys are of degrees 9 and 12:

(# + Xt g0 — 93 — (a1 + X — b1)gio = (a2 + Aa1 — by — (a1 + A — by)dy)t" + -+ |
(t9 + )\tlo)gg —t12gy — (b1 + X — al)t697 = (bg + Aby —ag — (by + A — al)cl)t14 4+
so we get degree 2 equations
Sgp =ag+Aag —by— (a1 + A —b1)di =0, si22=ba+Aby —ag— (b1 + A —aj)eg =0.

Note that the linear parts of these equations are as — by and by — ao, respectively, which are
linearly dependent. If we add the equations, these cancel out, and we get

Map +b1) — (a1 +A=b1)dy — (b1 + XA —a1)e; =0.
For A = 0 we get a non-linear equation (a1 — b1)(c; — dy) = 0. For X # 0, however, we can solve
the equations as follows: First, fix arbitrary by — a; = 6; then

a+ b= 10+ N — (A= 0)ex).

and this determines a; and b, uniquely. Given a; and b1, we can determine ag — bs as well. There
is one more equation sg.5 = 0 of degree 5, which is easy to solve. Overall, we get an affine space
of dimension

Gaps(0) + Gaps(3) + Gaps(7) + Gaps(10) — Gaps(9) — Gaps(12) =7+5+3+2—-2—-1=14,

as predicted by [CP18, Section 4.4].

3.2 Admissibility

In this subsection, we discuss an admissibility condition on A generalizing Example 2.3. We show
that if A is not admissible, then Ja = ). In the next section, we describe Ja for admissible A.

We will consider (md,nd)-invariant subsets and say that such a subset B is supported in
a remainder r if all elements of B are congruent to r mod d.

LEMMA 3.6. Suppose that B, C are (md, nd)-invariant subsets supported in the same remainder
r mod d and b;, ¢; are their (nd)-generators. Then B C C' if and only if ¢; — nd ¢ B for all .

Proof. There exists a permutation o such that ¢; = bs(;y mod nd for all j. We have
BCC <= Vici<byy < Vici—nd<b,; <= Vici—nd¢B. O

DEFINITION 3.7. Given an (nd, md)-invariant subset A and a remainder j modulo d, we call
x > 0 j-suspicious if a;; + md + x ¢ A for all i, and we call it suspicious if it is j-suspicious for
at least one remainder j.

ExAMPLE 3.8. In Example 2.9, one can check that x = 1 is 0-suspicious since 0+ 6 + 1 = 7 and
246+ 1 =29 are both not in A. In Example 2.10, one can check that x = 2 is 0-suspicious since
04+9+2=11and 3+ 9+ 2 = 14 are both not in A.
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Note that in both examples, suspicious numbers correspond to dependencies between the
linear parts of the equations. More generally, we have the following result.

LEMMA 3.9. A number z is j-suspicious if and only if the linear parts of the equations sa; ; +md;x
are linearly dependent for i =0,...,n — 1.

Here by linear parts we mean linear terms in g,, not containing A or higher coefficients
of y(t).

Proof. Recall that by Lemma 2.8 we have a;; +md = a;;1 + o;,;nd. We can write

Saj,i+md(t) = y(t)gaj,i(t) - (tnd)aj’igaj,i-q-l —

where the three dots denote a certain correction term with non-linear coefficients; see (3.8) and
(3.9) below. The coefficient at t%.Tmd+e i Y(t)ga,,(t) equals ga; ;.o + Aga; ;0—1 + -+ -, while the
coefficient at (tnd)o‘ﬂ?igam+1 equals ga; ;. ;e

Therefore, the linear part of su; . +md;x €qUals ga; ;:x — Ga;i41;2, @8 long as aj; +md+x ¢ A
(otherwise, there is no equation), a;; +x ¢ A and aj,; 11 + = ¢ A (otherwise, the corresponding
coordinates vanish). Note that it follows from Lemma 2.11 that a;j; + md + x ¢ A implies that
aj; +x ¢ Aand aj;r1+2 ¢ A. Now z is j-suspicious if and only if all such equations Saj i+md;z
are present and their linear parts ga; ;;z — ga,.;; ;2 Sum up to zero. Otherwise, these equations are
linearly independent. O

LeEMMA 3.10. A number x is j-suspicious if and only if Aj,, C Aj +md+ nd + x.

Proof. The subset A; + md + nd + x is supported in remainder j + x and has (nd)-generators
a;; +md + nd + x. The result now follows from Lemma 3.6. O

LEMMA 3.11. Suppose that min Aj1, < minAj;. Then x is not j-suspicious.

Proof. Set b =minAj,. We have b= j+ 2 mod d, so b —x =j mod d, and there exists an i
such that b —x — md = a;; mod nd. Now

aj; +md+z>a;; 2minA; >b, aj;+md+z=b modnd;
hence a;; + md + x € Aj1,. Therefore, z is not j-suspicious. O
COROLLARY 3.12. For any 0-normalized A and x € Z~¢, the integer x is not (d — x)-suspicious.

Proof. Note that by Lemma 3.11 if d | =, then x is not suspicious. Suppose that d { z. Since A
is 0-normalized, we have min Ay = 0 < min Ay_,, and Lemma 3.11 applies. O

The following is a key definition of this section.
DEFINITION 3.13. We call A admissible if 1 is not suspicious for A.

LEMMA 3.14. Suppose that A is admissible and x is j-suspicious. Then there exists an i such
that aj; +x —1 ¢ A.

Proof. Assume that aj; +x—1 € A for all ¢; then Aj+2—-1C Ajy, 1 and Aj+md+nd+z C
Ajiz—1+md+nd+1. Since z is j-suspicious, we have the inclusions A, C Aj+md+nd+z C
Ajiz—1+ md + nd+ 1. Therefore, 1 is suspicious for the remainder j 4+ x — 1, and we have a
contradiction. ]

LEMMA 3.15. If A is admissible, then A is (mnd + 1)-invariant.
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Proof. Suppose that a € A has remainder j mod d. Since A is admissible, there exists an integer
i such that a;; +md+1 € A. There exists some 0 < s < n—1 such that a+mds = a;; mod nd.
Since A is (md)-invariant, we get a + mds = a;; + and for some o > 0. Now

a+mdn+1=(a+md(s+1)+1)+mdn—1-s)
= (aj; +md+1)+and+md(n—1—s) e A. O

LEMMA 3.16. Suppose that Ja # (). Then A is admissible.

Proof. We follow the strategy of Lemma 3.9. Suppose that A is not admissible. Then 1 is suspi-
cious for A, and there exists some j such that a;; +md+1 ¢ A for all 4. This implies a;;+1 ¢ A
for all 7, so we have canonical generators g,; , = ¢+ —i—ga].’i;lt‘WJrl +---. Recall that by Lemma 2.8,
we get a;; + md = Qji+1 + ozj,md and

tozj’ind — taj,iNd

gawﬂ - (tmd + )\tmd+1 + - )gajyi
)\)taj,i+md+1 R

)

gaj7i+1 - y(t)gaj,i

= (gaj,i+1;1 — Yaji;1 —
hence ga;;,,;1 — ga; ;1 — A =0 for all 4. By adding all these together, we get nA = 0, so we have
a contradiction. O

Remark 3.17. The very last part of the argument for Lemma 3.16 relies on the fact that we work
in characteristic 0. More generally, the argument is valid if we assume that the characteristic of
the base field is coprime with n.

See Example 2.3 for an illustration of this lemma.

EXAMPLE 3.18. If d = 1, then all (n, m)-invariant modules are admissible. Indeed, if A is (n, m)-
invariant with n-generators a; < --- < ay, then [a,,+00) C A. In particular, for any x > 0 one
has a, + m+ x € A, so x is not suspicious.

EXAMPLE 3.19. Suppose that n = 1 and A is (d, md)-invariant (that is, d-invariant). Suppose
that the ajo are d-generators of A. Then 1 is j-suspicious if and only if a;o +md +1 ¢ A,
so A is admissible if and only if a;o + md + 1 € A for all j, which is equivalent to A being
(md + 1)-invariant.

3.3 Paving by affine spaces

Recall that Gen has coordinates Ga; i where a;; + ¢ A. Sometimes we will use the nota-
tion gq, ;;» for all z, assuming

Ga;:0 =0 ifaj; +xe€A. (3.5)
It is also convenient to consider Gen as a graded vector space
(e}
Gen = @ Gen,, ,
z=1

where Gen, is spanned by the g,; ;. with a fixed z.

There are coordinates on Gen that are most suitable to study equations sj in the case where
A is admissible. Let us define

Yjie = Yajiw — Gajiprws ©=0,...,m—1.

These functions are linearly dependent, for example ), 9jiw = 0. We choose a subset of these
as follows:
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(1) If z is j-suspicious, we define I(j;z) = {0,...,n — 2}.
(2) If z is not j-suspicious, we can define I(j;x) to be a set of i such that a;; + dm +z ¢ A.
LEMMA 3.20. The functions Gjizr 1€ I(j;x) are linearly independent.
Proof. Since A is (dm)-invariant, the condition a;; + dm + = ¢ A implies a;; + x ¢ A. We
consider two cases:
(1) If  is j-suspicious, then by definition, a;; +md+ x ¢ A and hence a;; +x ¢ A for all 4.

In particular, (3.5) does not apply, and all g,, .., are linearly independent coordinates on Gen.
Therefore, the 9jia for i € {0,...,n — 2} are linearly independent as well.

(2) Suppose that z is not j-suspicious. Then for some s we have aj, + dm + x € A and
s ¢ I(j;x); therefore, I(j;x) is a proper subset of {0,...,n — 1}. Furthermore, for i € I(j; )
condition (3.5) does not apply, so the g, ;.. for i € I(j;x) form a linearly independent subset of
coordinates on Gen.

Assume that there is a non-trivial linear relation between the g;i,, e = Ya; 5w~ a4 that
contains g ;.. for some i € I(j;x). Since gy, ;2 is a coordinate on Gen that cancels out, the relation
must contain g;; ., as well, soi—1¢€ I(j; ). By induction, we conclude that i € I(j;x) for all 7,
and we have a contradiction. Therefore, the 9jiw for i € I(j;x) are linearly independent. O

Finally, if there exists at least one integer i such that a;; +x ¢ A, then we set
g;;c = Z Ya; ;-
i:aj,i-‘,-a:gA

In particular, if 4+ 1 is suspicious, then Lemma 3.14 guarantees that the sum is not empty.

Thus if I(j;2) # 0, then the {gj_,i;m,g;x} for ¢ € I(j;x) are linearly independent linear
coordinates on the space of generators Gen,. For each j and x such that I(j;x) # 0, let us fix
a subset I(j;z) such that {g;i;x,gﬁx,gaj,i_,;m} for i € I(j;x) and ¢ € I(j;x) is a basis of linear
coordinates on Geng. For I(j;x) =0 set I(j;2) ={0,1,...,n — 1}.
Remark 3.21. To show that {gjji;x,g;fx,gaj,i,;x} for i € I(j;x) and i € I(j;z) is a basis of
linear coordinates, we used that we work over C. The argument also works for a base field of

characteristic larger than n. The rest of the arguments in this section are also valid under this
assumption.

We will need to briefly use the higher coefficients in the expansion of y(t), so let
y(t) — tmd + Atmd+1 + )\2th+2 + A3tmd+3 4.

It will be convenient to think of the coefficients A, Ao, ... as parameters.

As we will see later, the coordinates Ya; v for i € I(j; ) are not constrained by the equations
for Ja. Thus let us set notation for the polynomial ring of these free variables and of A:

Rfree = CPH )‘717 )‘27 )\37 .. -Hgaj’i/;x]i/e[_(j;x)-

On the rest of the coordinates g;.,, we introduce a partial order generated as follows. Allow-
ing * to take any independent values,

— + —
g*,*;aj < g*;m < 9*7*,14»1 9

the coordinates g, ,., are ordered in any arbitrary way, and

- +
Iit+12 < Yjix
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(cyclic notation modulo d) for j # d —x — 1.
The partial order is compatible with the grading on the algebra C[Gen x C,] defined by

degy(gaw) =z, degi(A) =1, deg (Ni)=1i.
Let us analyze graded properties of the equations for Ja. We fix deg, for the usual degree
degg(ga;w) =1, degg()‘) = degg(ki) =0.

LEMMA 3.22. For x such that aj; +dm +x ¢ A, the polynomial s, 1 dm;. is homogeneous with
respect to the grading deg, , and

deg+(5a]-,i+dm;ac) =Z.
Furthermore, for any j, i, ©
Saj+dmiz = 9 T polynomial in variables < 9jiw with coefficients in Rpee , (3.6)

and if x is j-suspicious, then
n—1
Z Saji+dmz = )\g;x_l + polynomial in variables < g;x_l with coefficients in Rpee. — (3.7)
=0

Proof. The expansion of s, 14m(t) is computed by an iterated process. We define a sequence of
power series

00
(k) _ (k) aji+dm+l
Saj7i+dm - Z Saj7i+dm;lt 7
=0

) Here the seed of the process is defined by

(o0
such that sq; ;+dm = Sa;,

+dm
0 .
séj,)ierm = gaj,iy(t) - tdnaj’lgaj,iﬂ ’ (3'8)
where the a;; are defined by (2.2). The step of the process is defined as follows. We set
(k+1) (k) (k) d
Saj+dm = Saj+dm Z Saj,i+dm;afgaj+z,i’tn ° (3.9)

z>0:a; ;+dm+r€A

where for every summand, ¢’ and u are chosen so that a;; +dm+x = aj1,  +ndu. Note that at
each step, the term with the smallest x such that sgj)z tdm # 0 and aj; +dm +x € A cancels
out. Therefore, the process converges. Since sgj)l tdmiz is homogeneous of degree x with respect
to deg, and the iteration process preserves homogeneity, the first statement follows.

One immediately concludes by induction that for every k € Z>g and every x € Z>¢ such that
aji+dm+x € A, one has degg(s[(l]j?i+dm;x) > k. Furthermore, any monomial with deg, = = and
deg, > 2 can only depend on gq, ,;» with z <z — 1. Therefore, for £ > 0 and any x, one has

s = skt (3.10)

aji+dm;x aji+dm;z
where the three dots represent a series depending only on gq, ... with z <z — 1. In particular,

1
Saj,i—l—dm;x = Sz(zj?ﬁrdm;z e (311)

Here and below we use the same convention about the three dots as in (3.10).

Furthermore, from (3.8) we get

(0) _ _ -
Saitdmsz = Jajiw ~ Jaj e T Aaj a1+ = G g T Aay a1+
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Using (3.9), we get

R O R > 4O
Sa; i+dmiz — Sa;i+dmsx aj,itdmiy9a; iy, iiw—y
O<y<z:a;;+dm+ycA

=9zt Naja—1+ Z (9ig )90,y oy + (3.12)
O<y<z:aj;+dm+ycA

Combining (3.11) and (3.12), we immediately get equation (3.6). To get equation (3.7), we
take the sum

n—1 n—1 )
1
Z Sa]ﬂ—‘rdm’x = Z a] 7,+dm T + T
=0 =0
n—1
_ + -
= Al t ) > (Gjizy T )9a;y oy

1=0 O<y<x:a; ;+dm+ycA
Note that only terms with y = 1 and y = x — 1 contribute; other terms depend on g, ,;» with
z < x — 1 only. Furthermore, for y =  — 1 we have 91 < g;rz ;- For y = 1 the variable
Jaj i a1 is a linear combinationof g, ; .., ; and g] a1 (modulo variables from R ). Since x
is j susplclous according to Corollary 3. 12 we have j#d—x=d— (z—1)—1, and therefore
gj+1.x_1 < gj.x_l. Hence we obtain equation (3.7). O

PROPOSITION 3.23. If A is admissible, then
. dim(A) = G(A) - B(A),
where G(A) and E(A) are given by the equations (3.4).

Proof. Recall that Ja is defined by the equations s, ; +am;x = 0 for j, 7, x such that a;;+dm+z is
not in A. We can modify this system of equations as follows. Whenever z is j-suspicious, replace
Sa;p_1+dmz = 0 by 2?2—01 Saj+dm;z = 0. Clearly, the new system of equations is equivalent to
the old one. Furthermore, according to Lemma 3.22, the new system of equations expresses some
of the elements of a basis of the space Gen in terms of the smaller variables with respect to
the order <. Therefore, one can use the equations to eliminate these variables one by one. Since
dim Gen = G(A) and there are E(A) equations, we obtain the required result. O

JA = (Cdim(A)

4. Combinatorics

4.1 More on invariant subsets
Let A be an (nd, md)-invariant subset. We call b an (md)-cogenerator for A if b ¢ A but
b+md e A.

LEMMA 4.1. Let A be an admissible cofinite (nd, md)-invariant subset. The dimension of Ja
equals the number of pairs (a,b) such that a is an (nd)-generator of A, b is an (md)-cogenerator
and a < b.

Proof. By Proposition 3.23, the dimension of Ja equals ) . 4 (|Gaps(a)|—|Gaps(a+md)|), where
the sum is over (nd)-generators. The difference |Gaps(a)| — |Gaps(a + md)| equals the number
of (md)-cogenerators greater than a. O

4.2 Relatively prime case
Let © be an (n, m)-invariant subset in Z. As before, n, m are relatively prime.
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0F-3-6/-9-12
512 —-1/—-4|-7|-10-13
0 7 411 -2 -5/-8-11
15012 9 6/ 3 0F3-6 -9-12

17 1411 8 | 5|2 —1|-4|-7|-10-13

171411 8 | 5|2 -1 —4|-7
19 1613 10741 -2
18151129 |6 3

FIGURE 1. Periodic lattice path corresponding to the (3, 5)-invariant subset © = {0,3,4,5,... }.
The 5-generators of © are {0,3,4,6,7}, and the 3-cogenerators are {—3, 1,2} (both in bold).

DEFINITION 4.2. The skeleton S of © is the union of the n-generators and m-cogenerators of ©.

An important way of visualizing (n, m)-invariant subsets is by using the periodic lattice paths
as follows. Consider a 2-dimensional square lattice with the boxes labeled by integers via the
linear function I(x,y) = —na — my (here (z,y) are the coordinates of the, say, northeast corner
of the square box). Since n and m are relatively prime, every integer appears exactly once in each
horizontal strip of width n (and in each vertical strip of width m). Furthermore, the labeling is
periodic with period (m, —n). Given an (n, m)-invariant subset © C Z, the corresponding periodic
lattice path P(0) is the boundary that separates the set of boxes labeled by integers from ©
from the set of boxes labeled by integers from the complement Z \ ©. Note that the n-generators
of © are exactly the labels in the boxes just south of the path, and the m-cogenerators of © are
exactly the labels in the boxes just to the east of the path. In particular, a number k& belongs
to the skeleton of an (n, m)-invariant subset if and only if the northwest corners of the boxes
labeled by k lie on the corresponding periodic path. We immediately get the following.

LEMMA 4.3. Skeletons of two (n, m)-invariant subsets intersect if and only if the corresponding
periodic lattice paths intersect.

See Figure 1 for an example of a periodic path corresponding to a (3, 5)-invariant subset.

4.3 Equivalence classes of (dn,dm)-invariant subsets

Let us recall the definitions of the equivalence classes of invariant subsets from [GMV17]. Let
©={0],...,0)} be a collection of 0-normalized (n, m)-invariant subsets. For every (z1,...,z;)
in R;O consider
!
A=A(xy,...,x7) = U (d@% -l-a:k) ,
k=0

where xg = 0. If all shift parameters zg, ..., z; are integers with different remainders modulo d,
then A is a 0-normalized (nd, md)-invariant subset. Furthermore, if in addition [ = d —1, then A
is cofinite.
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Remark 4.4. In [GMV17], only cofinite invariant subsets were considered (that is, | = d — 1).
However, many results generalize to non-cofinite invariant subsets without any change.

For each ©f let SP be its skeleton. Consider the space R;O of all possible shifts z1, ..., ;.
Consider the subset Yo C ]Rgo consisting of all shifts x1, ..., x; for which there exist ¢ and j such
that

dS?—i—JL‘iﬂdS?—i-l‘j#@.

Clearly, Yo is a hyperplane arrangement. We say that two (nd,md)-invariant subsets are
equivalent if they can be obtained as A(x1,...,z;) and A(y1,...,y;) for the same collection ©
and the shifts (z1,...,2;) and (y1,...,y;) belong to the same connected component of the com-
plement to Yg. One can show (in fact, it will follow from the construction below) that every
connected component of the complement to g contains at least one point corresponding to
a (dn,dm)-invariant subset. We call the connected components of the complement to a hyper-
plane arrangement the regions of the arrangement. See Figure 2 for an example of a hyperplane
arrangement Xg.

To summarize, in order to get all the equivalence classes of (dn,dm)-invariant subsets that
have non-trivial intersections with exactly (I + 1) congruence classes modulo d, one should con-
sider all possible (I + 1)-tuples of O-normalized (n,m)-invariant subsets 6, ...,0?, and for each
such (I 4+ 1)-tuple consider the set of regions of Yg in the space of shifts. Furthermore, one
should consider these regions up to symmetry: If two of the subsets are equal, @? = @2, then
switching the corresponding shift coordinates x; and x; interchanges the connected components
corresponding to the same equivalence class of (dn,dm)-invariant subsets.

It can be observed (see [GMV17, Lemma 3.16]) that for any region R of g, its closure
R contains the minimal point (m1,...,my) € R such that m; = min{z; | (z1,...,2;) € R}
for all 4. Furthermore, it is easy to see that my,...,m; € dZso. For every k € {0,...,1} set
O = 92 + my/d and S := 5’2 + my/d so that Sy is the skeleton of ©y. Here mg = 0.

LEMMA 4.5. One has S; N S; = () if and only if either ©; C ©j+n+morO; CO;+n+m.

Proof. According to Lemma 4.3, the equality S; N'S; = () is equivalent to the fact that the
corresponding periodic lattice paths do not intersect, which implies that one of them sits weakly
below the other one shifted one south and one to the west (+n + m), which is equivalent to
©; CO;+n+mor O C O; +n+m. O

Note that the hyperplanes of Yo that pass through a point (mi,...,m;) are of the form
x; —x; = m; —m; with one such hyperplane for each pair ¢ > j such that the corresponding
skeletons intersect: S; NSj # () (here j might be zero, in which case my = zo = 0). The point
(mq,...,my) might be the minimal point of closures of multiple regions of ¥g. In order to pick
one such region R, for each hyperplane x; — x; = m; — m; of Xg one should pick on which
side of that hyperplane the region lies. This information can be encoded into a digraph G with
vertices Oy, ..., 0; and edges connecting subsets ©; and ©; with intersecting skeletons, going in
the direction of ©; whenever R C {x; —m; > x; — m;}. Note that G is acyclic and defines a
partial order on ©. The minimality of the point (my,...,m;) also implies that ©g is the unique
source.

DEFINITION 4.6. We call the graph G described above the intersection graph of the skeletons.
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T2

(0,18)

(0,0)

T

FIGURE 2. The hyperplane arrangement g for the collection of (3,2)-invariant subsets from
FExamples 4.7, 4.8 and 4.11. The lattice of dots are the integer shifts with different remainders
modulo 3. They correspond to the (9, 6)-invariant subsets. The squares correspond to the admis-
sible subsets, and the stars correspond to the minimal representatives that are not admissible.
The three shaded regions are the regions considered in examples, and the bold black dots are
the minimal shifts on the boundaries of those regions.

Let o = (00, ...,07) € Sj+1 be a permutation such that ©,, ..., 0, are weakly increasing in
the partial order defined by the acyclic orientation on G (in particular, og = 0). Then

A(mg + o9, m1 + 01,...,my + 07) :Ud@k-i'Uk

is a (dn,dm)-invariant subset such that the corresponding shift belongs to the region R. In par-
ticular, it follows that R corresponds to a non-empty equivalence class. The subsets constructed
as above are called the minimal representatives of the class corresponding to R. Note that there
might be more than one minimal representative: They are parametrized by the linearizations of
the partial order on © given by the acyclic orientation on G.

It also follows that if (I1,...,];) € dZ;O C R;O is a shift such that the corresponding inter-
section graph of skeletons is connected, then this shift is the minimal point of at least one of the
regions. The regions with that minimal point are then parametrized by the acyclic orientations
of the graph such that ©g is the unique source.
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{4,6,7,8,10} O 0{-2,-1,0,1,2} Zsg\ {7} O >0 Lo

0 {-2,0,1,2,4} 0 Zxp \ {1}

FIGURE 3. On the left: the digraph G corresponding to the minimal point on the boundary of
a region with vertices labeled by the skeletons. On the right: the corresponding bicolored digraph
with vertices labeled by the (2, 3)-invariant subsets.

EXAMPLE 4.7. Let (n,m) = (3,2) and d = 3. Also let
0)=03=1{0,2,3,...} =Z= \ {1}, ©Y=1{0,1,2,...} =Z=
so that
SY =89 ={-2,0,1,2,4}, SY={-2-1,0,1,2}.
In Figure 2, we present the corresponding hyperplane arrangement Yg.

For the zero shift (mi,ma) = (0,0), all three skeletons pairwise intersect. Therefore, the
intersection graph is complete and, in particular, connected. There are two ways to orient the
graph so that 58 is the unique source: The edges connecting Sg to SY and SY have to be oriented
pointing away from S§, but the edge connecting Sy and S can be oriented either way. Therefore,
this is the minimal point on the boundary of two regions. Both orientations determine linear
orders; therefore, the corresponding regions contain unique minimal representatives:

300U (309 +2) U (309 + 1) ={0,1,2,5,6,...} = Zzo \ {3,4} for S5 — SY,
300U (309 + 1) L (309 +2) = {0,1,2,4,6,...} = Zs \ {3,5} for S) — S9.

(See the two shaded triangular regions adjacent to the origin in Figure 2.)

ExXAMPLE 4.8. Now consider the shift (mq,ms) = (0,3 x 6) = (0,18). One gets
Sop=8=1{-2,0,1,2,4}, S =5Y={-2-1,0,1,2}, So=259+6=1{4,6,7,810}.

Note that S; N S2 = 0 while both S; and Sy have non-trivial intersections with Sg. The cor-
responding graph has a unique orientation such that Sy is the unique source. (See Figure 3 on
the left for the graph and the shaded region adjacent to the point (0,18) in Figure 2 for the
corresponding region.)

The permutation o in this case can be either (0,1,2) or (0,2,1), giving rise to two minimal
representatives:

300U (309 +1) L (309 + 18 +2) = Z50 \ {2,3,5,8,11,14,17,23}  for o = (0,1,2),
300U (36 +2) U (305 + 18 + 1) = Z>0 \ {1,3,4,7,10,13,16,22} for o = (0,2,1).

(See the stars and the squares in the shaded rectangular region in Figure 2.)
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4.4 Admissible representatives
Let A be a 0-normalized (dn,dm)-invariant subset such that

ANdZ+r)#£0, ref0,1,...,1},
ANdZ+r)=0, re{l+1,1+1,...,d—1}.

In the spirit of the above notation, let

A:Ud®2+xk+k,
k
where (z1,...,27) € ngO - Rl;()v zo = 0 and ©),...,0Y are O-normalized (n,m)-invariant
subsets. Set O, := O) + x;,/d for all k € {0,...,1}.
One can generalize the notion of an admissible subset (see Definition 3.13 and Lemma 3.10) to
the case of non-cofinite (nd, md)-invariant subsets of the type described above in a straightforward
way. We get that A is admissible if for every k € {0,...,l — 1} one has

ANAZ+k+1)EANAZ+k)+dn+dn+1,
= dOk1+k+1¢dOk+k+dn+dm+1,
<~ @]H_lg@k—i—n—f-m.

In view of Lemma 4.5, this is also equivalent to saying that A is admissible if and only if for
every k € {0,...,1 — 1} either Sk N Sgi1 # 0 or O C Ory1 + n + m, where Sp,...,S; are the
skeletons of Oy, ..., 0.

LEMMA 4.9. If A is admissible, then it is a minimal representative of an equivalence class.

Proof. According to the constructions above, all we need to check is that (x1,...,2;) is the
minimal point on the boundary of a region, which is equivalent to showing that the intersection
graph of the skeletons of Oy, ..., 0; is connected.

Indeed, suppose that it is not connected. Let k& be the minimal number such that O is not
in the same connected component as ©y. Note that O Q O +n + m because 0 € Oy and
min(O +n +m) = n+ m > 0. Furthermore, Sy N Sx = () because Oy is not connected to O in
the intersection graph. Therefore, according to Lemma 4.5, we have O C ©¢ + n + m.

Now suppose that ©; and ©; are connected by an edge in the intersection graph, while ©j
is not connected to either of them. That is equivalent to saying that the periodic lattice paths
corresponding to ©; and ©; intersect, while the periodic path corresponding to ©; does not
intersect either of them. It then follows that either the periodic path corresponding to Oy is
strictly below both periodic paths corresponding to ©; and ©;, or it is strictly above both of
them. In other words, if ©; C ©; +n + m, then also O, C ©; +n +m.

Since ©¢ and Oj_; are in the same connected component of the intersection graph and
Or C O¢ + n 4+ m, applying the argument from the previous paragraph several times, we obtain
that O, C ©;_1 + n + m, which means that A is not admissible. We have a contradiction. O

THEOREM 4.10. Every equivalence class contains a unique admissible representative.

Proof. According to Lemma 4.9, it is enough to show that for every equivalence class, exactly
one of the minimal representatives is admissible. We now follow the notation from the previous
section. We get the intersection digraph of the skeletons of ©g,...,04_1, which is acyclic and
contains the unique source ©g. Consider a minimal representative

A(mg + o9,mq + 01,...,m; + 07) :Ud@k+ok.
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(Here o € Sj41 is such that O, ..., 0,, is weakly increasing in the order defined by the orien-
tation.) This minimal representative is admissible if and only if whenever S,, N S,, ., = (), one
has Oy, C Og,, + 1+ m.

Let us enhance the digraph G as follows.! Let us mark the edges of the original digraph
solid, and whenever two vertices ©; and ©; are not connected by a solid edge, connect them
by a dotted edge oriented in such a way that if ©; C ©; + n + m, then ©; — ©;. We obtain
a complete graph with edges marked in two ways: solid and dotted, and oriented in such a way
that

(1) both solid and dotted subgraphs are acyclic;

(2) the dotted subgraph is transitive; that is, if one has dotted edges ©; — ©; and ©; — Oy,
then one also has a dotted edge ©; — Oy.

The proof of the theorem is reduced to the following claim: Such a graph contains a unique
oriented path passing through every vertex exactly once (possibly using both types of edges) and
such that it is weakly monotone with respect to the partial order defined by the solid edges.

Ezistence. We construct the path step by step. Suppose that ©,, = O, — -+ — O, is
an initial segment of the path already constructed, and suppose that it satisfies the required
conditions; that is, all the consecutive edges are correctly oriented, the path is weakly monotone
with respect to the solid partial order, and there are no solid edges going from one of the unused
vertices to one of the used vertices (otherwise, it would not be possible to extend the path to
that vertex because of the monotonicity condition). Consider all sources of the restriction of
the solid graph to the unused vertices. Note that it is a non-empty set unless £ = [, in which
case we are done. These vertices can only be connected by dotted edges. In particular, they
are totally ordered with respect to the dotted orientation. Let oy 1 be such that O, is the
smallest of these vertices with respect to the dotted order. The solid monotonicity condition for
this extension of the path is satisfied by construction. All we need to check is that there cannot
be a dotted arrow O, , — O, . Indeed, if that would be the case, then ©,, , would have been
added before ©,, according to our algorithm. We repeat this step until we obtain a path going
through every vertex.

Uniqueness. Suppose that we have a path ©,, = ©,, — --- = 0, satisfying the required
conditions and different from the one constructed using the algorithm above. That means that
there exist two indices 1 < ¢ < j < [ such that ij should have been added instead of O,
according to the algorithm. In particular, it implies that ©,, cannot be connected to any of
the vertices Oy, 0w, ;- --,Ou;_, by solid edges in either direction, and we have a dotted edge
@Uj — Og,. We claim that all edges connecting 90j with the vertices Oy,,0wu, 1, -, @wﬁl are
oriented from ©,,. Indeed, otherwise, let ©,, for i <k < j be the first vertex such that we have
a dotted edge ©,, — O4 - Then we also have a dotted edge ©, ;= Og, ., and by the transitivity
of the dotted edges, we get a dotted edge ©,, — O, ,, which contradicts the conditions on the
path. ]

ExaMPLE 4.11. Continuing Example 4.8, note that
01=00=7Z>, 0,=05+6=1{6,8,9,...} =Z¢\{7}.

Therefore, one gets Oy C ©1 +n +m = BO1 + 5, so the dotted edge points from O, to
O1 (see Figure 3 on the right). One concludes that the minimal representative corresponding

'Solid and dotted edges in Figure 4 correspond to the colors blue and green in the arXiv version.
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0 {4,5,6,7,8} Q Z=¢
A SOA

{~2,-1,0,1,2} 0 O {4,6,7,8,10} Zsp O < |- 0 Zs\ {7}
S {-2,0,1,2,4) S Zso\ {1}

FIGURE 4. On the left: the digraph with vertices labeled by the skeletons of the (3, 2)-invariant
subsets. On the right: the corresponding bicolored graph with vertices labeled by the (2,3)-
invariant subsets.

to o = (0,2,1) is admissible, while the minimal representative corresponding to o = (0, 1,2) is
not (see the stars versus squares in the shaded rectangular region in Figure 2).

EXAMPLE 4.12. In Figure 4 on the left, we see an example of a digraph corresponding to the
minimal point on the boundary of a region for (n,m) = (2,3) and d = 4 from [GMV17]. The
vertices are labeled by the skeletons of the corresponding (2, 3)-invariant subsets. Note that there
are three distinct linearizations of the partial order defined by the orientation of the graph, each
corresponding to a minimal representative of the corresponding equivalence class.

On the right in Figure 4, we see the corresponding bicolored digraph with vertices labeled
by the (2, 3)-invariant subsets. Indeed, one has Z>¢ C Z>o + 5 and Z>¢ \ {7} C Z>o + 5, which
determine the orientations of the dotted edges. It follows that only one of the three linearizations
corresponds to an admissible subset:

A = [4Zzo \{1})] U [4(Zz6 \ {7}) + 1] U [4Z>6 + 2] U [4Z>0 + 3]
— 70\ {1,2,4,5,6,9, 10,13, 14,17, 18, 21, 22, 29} .

Let Inv(nd, md)*! be the set of O-normalized (nd, md)-invariant subsets such that

AN(dZ+r)#0, re{0,1,...,1},
AN@dZA+r)=0, re{l+1,1+1,...,d—1}

as above. The following theorem is the main result of [GMV17].
THEOREM 4.13 ([GMV17]). There exists a bijection
D: Inv(nd, md)'*! /~ — Dyck(n(l + 1), m(l + 1)),

where ~ is the equivalence relation defined above and Dyck(n(l + 1),m(l + 1)) is the set of
(n(l 4+ 1),m(l + 1)) Dyck paths. In addition, in the cofinite case | = d — 1, one gets dim A =
§ — dinv(D(A)) for all A € Inv(nd, md) := Inv(nd, md)°.

Remark 4.14. In [GMV17], only the cofinite case | = d — 1 is considered, but the construction of
the bijection D generalizes to the non-cofinite case | < d — 1 without any change.
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4.5 Proof of Theorem 1.1

We combine all of the above results to prove Theorem 1.1. The compactified Jacobian JC is
stratified into locally closed subsets Ja, and by Proposition 3.23, they are isomorphic to affine
spaces of dimension dim(A) if A is admissible and empty otherwise. Therefore, the Poincaré
polynomial has the form
P(T) _ Z T2dim(A) )
A admissible

Next, we consider the infinite set Inv(nd, md) of all (nd, md)-invariant subsets in Z>o and the
equivalence relation on it. By Theorem 4.10, in each equivalence class, there is a unique admissible
representative. Furthermore, by Lemma 4.1, the “combinatorial dimension” dim(A) depends only
on the order of generators and cogenerators, and hence is constant on each equivalence class.
Therefore, we can write

P(T) _ Z T2 dim(A) )
A€Inv(nd,md)/~
Finally, by Theorem 4.13, there is a bijection between the equivalence classes and Dyck paths

in an (nd) x (md) rectangle, and the statistic dim(A) on the former corresponds to the statistic
codinv = § — dinv on the latter, so

P(T) — Z T2(6fdinv(d)) )
DeDyck(nd,md)

5. Rational shuffle theorem and generic curves

5.1 Elliptic Hall algebra

We briefly recall some notation for the elliptic Hall algebra [BS12]; we refer the reader to
[BGLX16, GN15, Mel21, Negl14] for more precise statements and details.

Let A = Ag 1 be the ring of symmetric functions in infinitely many variables with coefficients
in Q(Q,T). The elliptic Hall algebra £ acts on A and has the following properties:

(1) The multiplication operators by power sum symmetric functions py correspond (up to
a scalar) to the generators Py of €.

(2) By expanding an arbitrary symmetric function f in pj and replacing each py by Py g, one
associates with f an operator in £.

(3) The universal cover of the group SL(2,7Z) acts on £ by automorphisms. For coprime m
and n, we denote by 7, an element of SL(2,Z) such that v, ,(1,0) = (n,m) and write
Prp km = Yn,m(Pr0). Note that the choice of v, , is not unique, but different choices lead to
the same operators, up to a scalar. The algebra & is generated by the Py, 1, for all possible
(kn, km).

(4) The algebra £ is graded, and the grading is compatible with the grading on A. If A € £ is
a degree d operator, then it shifts the degrees on A by d; in particular, A(1) is a symmetric
function of degree d. The generator Py, 1, has degree kn.

(5) For n = 0 the generators Pp,, have degree 0 and correspond to (generalized) Macdonald
operators on A that have modified Macdonald polynomials as eigenvectors.

(6) One has Py km+kn = VPkn,ka_l, where V is a certain degree-preserving operator on
symmetric functions that is diagonal in the modified Macdonald basis.
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We also note that £ and its representation A can be thought of as limits of spherical dou-
ble affine Hecke algebras and their representations in symmetric polynomials [SV13]. We refer
to [GN15] for the precise normalization conventions for this limit, which we implicitly use here.
In particular, the Cherednik—Danilenko conjecture is formulated in terms of DAHA, but we
reformulate it here in terms of the elliptic Hall algebra.

5.2 Rational shuffle theorem

We can use the above notation to explore a special case of the compositional rational shuffle
theorem conjectured in [BGLX16] and proved in [Mel21]; see also [BHM23].

Let

S; = Si(nd, md) = Pm - [(Z_nl)mw 1<i<nd.

THEOREM 5.1. Consider the operator v, m(eq) in € and the symmetric function vy m(eq)(1). We
have

Cmd,nd(Q7 T) = (’Yn,m(edxl), end)
- 3 AR (1 2i/2)(1 — QTz/2)
TESYT(nd) [T, (1= 271 (1= QTzi1/2) i (1= Qzi/2)(1 = Tz 2) ’

where Cqn4a(Q,T) is defined by (1.2) and z; is the (Q,T')-content of a box labeled by i in the
standard Young tableau (SYT) T of size nd.

Proof. The identity Crnand(Q,T) = (Ynm(ed)(1),ena) follows from [BGLX16, Conjecture 3.1],%
which is a special case of the compositional rational shuffle conjecture [BGLX16, Conjecture 3.3]
proved by Mellit in [Mel21]. The explicit formula for 7, ,(eq)(1) follows from [Negl4, Proposi-
tion 6.13)]. O

5.3 Cherednik—Danilenko conjecture

We can now explain the connection between our results and a conjecture of Cherednik and
Danilenko [CD16]. The latter is phrased for arbitrary algebraic plane curve singularities with
Puiseux expansion

y = blxml/m + b2$m2/r1r2 + bgl,mg/rlrgrg NE bz ?é 0.
Here we assume that GCD(m;,r1---1;) = 1. The exponents are related to characteristic pairs
(74, 8;) by the equations m; = s1, m; = s; + rym;—1 (i > 1).
Given a sequence of characteristic pairs (r,s1),...,(rs, s¢), the authors of [CD16] define
a sequence of symmetric functions as follows. Start from a degree 1 polynomial fy11 :=p; € A,

view it as a multiplication operator in £, and apply the automorphism +;, . The resulting
operator vy, s,(fe41) = Pr,.s, has degree 1, and we can consider the symmetric polynomial

Jo =Yy s (fer1)(1) = PTZ7SZ<1)

of degree ry. Similarly, one can define an operator v,, , s, ,(fr) and a symmetric function f,_; =
Yro_v1.50_1 (fe)(1) of degree r¢ry_1 and so on.

CONJECTURE 5.2 ([CD16]). Let fi be the symmetric function of degree ry - - - 7y obtained by the
above procedure. The specialization of (f1,ey,..r,) at T = 1 is well defined and agrees with the

2Note that [BGLX16] use a slightly different normalization of operators, which leads to an additional sign.
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Poincaré polynomial of the compactified Jacobian of a plane curve singularity with characteristic
pairs (r1,81), .-, (7¢, Se).

In the recent paper [KT22], Kivinen and Tsai proved the following.

THEOREM 5.3 ([KT22]). The specialization of (fi,ey,...,) at T = 1 from Conjecture 5.2 is
a polynomial in () that agrees with the point count of the compactified Jacobian over a finite
field Fg.

Remark 5.4. A priori, (fi,ey,...r,) is a rational function in ) and 7. In the course of the proof
of Theorem 5.3, Kivinen and Tsai proved using the compositional rational shuffle theorem that
its specialization at T' = 1 is indeed well defined.

In the case of generic curves (1.1), we have
y:xm/n+)\;p(md+1)/"d+--- , mi=m, r1=n, mg=md+1, ro=d.

This means that s; = m and sy = 1. To follow the above procedure, we first need to compute
the operator 7., s,(p1) and the corresponding symmetric function f. By [GN15, Corollary 6.5],
we have

fo=7a1(p1)(1) = Paa(1) = eq-
Therefore, the next symmetric function is
fl = 'Yn,m(ed)(l) 5
and (f1,end) = Crnd,md(Q,T) by Theorem 5.1.

We conclude that for generic curves, Conjecture 5.2 is true and follows from Theorems 1.1
and 5.1.

Remark 5.5. Strictly speaking, we need to consider the special cases d = 1 and n = 1 where the
singularity has only one Puiseux pair separately. For d = 1 we have e; = p1, 0 f1 = Ynm(p1)(1)
as expected.

For n = 1 we have one Puiseux pair (d,md + 1). Since V(1) = 1, we have

i =mmlea)(1) = V" (eq- V7"(1)) = V"eq = V" (P41 (1)) = Pama+1(1).

6. Curves with two Puiseux pairs

6.1 Cabled Dyck paths and s-admissible subsets

In this section, we consider arbitrary plane curve singularities with two Puiseux pairs:
(@(t),y(t) = (E", " F A ) NF£ 0,

where GCD(m,n) = 1 and GCD(d, s) = 1. As above, any O¢-module corresponds to a (dn, dm)-
invariant subset A C Z>¢. Let Ja denote the corresponding stratum in the compactified Jacobian.

DEFINITION 6.1. An (nd, md)-invariant subset A is called s-admissible if s is not suspicious
for A.

For s = 1 this agrees with Definition 3.13. We conjecture the following weaker version of
Theorem 1.1.
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CONJECTURE 6.2. The Euler characteristic of the stratum Ja is given by

1 if A is s-admissible,
x(Ja) = {

0 if A is not s-admissible.

For s = 1 the conjecture clearly follows from Theorem 1.1. Piontkowski [Pio07] constructed
cell decompositions for several cases with s > 1 (see Theorem 6.10 below for details), and the
conjecture follows from his results in these cases.

Remark 6.3. Unlike in the case s = 1, the geometry of the strata Ja might be more complicated.
In particular, [CP18, Appendix A] lists some non-affine strata for the singularity (¢5, ¢ +#13) that
corresponds to (m,n) = (2,3), (d,s) = (3,4). Some of the strata Ja are isomorphic to a union
of two affine spaces glued along a codimension 1 subspace—these have Euler characteristic 1
and correspond to 4-admissible A. Other strata are isomorphic to C* x CN—these have Euler
characteristic 0 and correspond to A that are not 4-admissible.

In particular, Conjecture 6.2 would imply that the Euler characteristic of the compactified
Jacobian equals the number of s-admissible subsets. To understand this number, we need the
following combinatorial definition.

DEFINITION 6.4. A cabled Dyck path with parameters (n,m), (d,s) is the following collection
of data:
e an (d,s) Dyck path P called the pattern;

e the numbers vi(P),...,vx(P) parametrizing the lengths of vertical runs in P, so that
vi(P) + - 4 op(P) = d;
e an arbitrary tuple of (v;(P)n,v;(P)m) Dyck paths for 1 <i < k.
Clearly, the total number of cabled Dyck paths equals
E(mn),(d,s) = Z Cor(Pyn,or(P)m " Cop(P)n,op (Pym >
PeDyck(d,s)

where ¢, = Cqp(1,1) is the number of Dyck paths in an a x b rectangle.
EXAMPLE 6.5. For s = 1 there is only one (d, s) Dyck path P with v;(P) =d, so

C(n,m),(d,1) = Cdn,dm -

For d = 2 there is one pattern with v1(P) = 2, and there are (s — 1) patterns with vy (P) =
v2(P) = 1. Therefore,

s—1 4
c(nrm)7(275) = CQn,Qm + Tcn7m .

Remark 6.6. One can interpret the data of a cabled Dyck path geometrically as follows. First,
draw the pattern P in the d x s rectangle. Then, apply an affine transformation in SL(2,Z) that
sends the vector (0, 1) to (—m,n); it will transform a Dyck path to a sawtooth-like shape where
the vertical steps v; in P become diagonals in some (v;m) x (v;n) rectangles, shown dashed in
Figure 5. Now (v;m,v;n) Dyck paths can be inscribed in (v;m) x (v;n) rectangles below these
diagonals (that is, contained in gray areas in Figure 5). For example, one can consider the gray
paths in Figure 5.

Note that the gray areas are overlapping, so the (v;m,wv;n) Dyck paths might intersect in
a complicated way.
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(6—z—3y,—1+x+2y) )

FIGURE 5. Cabled Dyck path for the singularity (4,5 + %): Here (d,s) = (n,m) = (2,3). The
pattern P (left) in the d x s rectangle has v; = v = 1 and h; = 1, hy = 2. On the right, we give
the same pattern after affine transformation (dashed and solid black) and a pair of (v;m,v;n)
Dyck paths (gray).

THEOREM 6.7. There is a bijection between the sets of s-admissible (dn,dm)-invariant subsets
and cabled Dyck paths with parameters (n,m), (d, s).

Proof. Let A = U?:o Aj be a (dn,dm)-invariant subset.
We consider another subset

d
Z:UZJ', Zj:Asj—(S—l)j.
j=0

Note that A might have negative elements. Since Agj is supported in remainder sj mod d, the
set A, is supported in remainder j mod d.

We claim that A is s-admissible if and only if 1 is not j-suspicious for A for 0 < j < d — 2.
Indeed, for 0 < j < d—2 it is clear from Lemma 3.10 that s is (sj)-suspicious for A if and only if

Asj+s C Asj +md+nd+ s < Zj—i-l CZj—i-l,
that is, 1 is j-suspicious for A. Since A is 0-normalized, we have min Ay = 0 and min Agg-1) >0,
so by Lemma 3.11, the integer s is not s(d — 1)-suspicious.

Next, we define the cabled Dyck path corresponding to A. Note that Ag = Ag, so min Ay = 0.
Suppose that for j = 0,...,t; —1 we have minzj > 0 but min Ay, < 0; then we define v1 (P) = t;.
By Theorem 4.10, the collection of subsets Ay, ..., A 1 defines a unique 1-admissible collection
of (m,n) Dyck paths in the corresponding equivalence class, and hence by Theorem 4.13 a unique
(tym, tin) Dyck path. Note that by Lemma 3.11, the number 1 is not ¢;-suspicious for A.

Next, suppose that for j = t1,...,to — 1 we have minzj > min Ay, but min Ay, < min Ay, ;
then we define vy (P) =ty — t1. As above, Ay, ..., Ay,_1 define a unique ((t2 — t1)m, (t2 — t1)n)
Dyck path, and so on.

This defines a collection of vertical runs v;(P) with > v;(P) = d and a collection of Dyck
paths in the (v;(P)m) x (v;(P)n) rectangles. To complete the bijection, we need to define the
horizontal steps of the pattern P. Consider a sequence of integers ¢; defined by the equation

min Ay, = t; — ¢;d; (6.1)
then by construction, we have
ti—qd <ti-1—qiad, (¢ —qi-1)d>ti—ti1>0,
hence ¢; > ¢;—1, and we can define h;(P) = ¢; — ¢;—1 > 0. On the other hand,
ti —qd =min Ay, — st; +t; > t; — st;,
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SO
(M (P) + -+ hi(P))d = qid < st; = s(vi(P) + -+ + v;(P))
and a lattice path P with vertical steps v; and horizontal steps h; stays below the diagonal.

Conversely, assume that we are given a cabled Dyck path with pattern P and a collection of
(vi(P)m,v;(P)n) Dyck paths. Using the vertical and horizontal steps of P, we can reconstruct ¢;
and ¢; as above and set up t9g = qo = 0. By Theorems 4.13 and 4.10, we can translate each
(vi(P)m,v;(P)n) Dyck path into a unique 1-admissible collection of (dn,dm) invariant subsets
A¢,_,,...,At,—1 normalized by (6.1). This determines A completely.

Finally, since GCD(d, s) = 1, the values of sj mod d run over all remainders modulo d once,
and we can uniquely define A; by

Agj=R0j+sj—]j.
By reversing the argument above, we see that A is s-admissible. Assume that t; < j < t;41; then
min Ag; =minAj + (s —1)j > min Ay, + (s — 1)t; =t; — qid+ (s — 1)t; = st; — q;d > 0,
and A is 0-normalized. O

EXAMPLE 6.8. Let us reconstruct the (4, 6)-invariant 3-admissible subset A corresponding to the
data of cabled Dyck paths in Figure 5 (see also Remark 6.6). We have (d,s) = (n,m) = (2,3)
and v1 =vo =1 and hy = 1, hg = 2. This means that {1 =1, ¢t = 1 and

minAg =0, minA; =-1.

Furthermore, it is easy to see that A (corresponding to the top gray path in Figure 5) up to
a shift coincides with 2Z~¢ = {0,2,4,6, ...}, while A; (corresponding to the bottom gray path
in Figure 5) up to a shift coincides with 2(Zx¢ \ {2} = {0,4,6,...}. Therefore,

Ag=1{0,2,4,6,...}, A;={-1,3,5...}.
Now Ag = Ag=1{0,2,4,6,...}, Ay =A; +3—-1=1{1,5,7,...} and
A=1{0,1,2,4,5,6,...} = Z=0 \ {3}.
LEMMA 6.9. The specialization of Conjecture 5.2 at () =T = 1 for singularities of the form
(), y(t)) = (" "+ ™ 4 N£0,
agrees with the number of cabled Dyck paths with parameters (n,m), (d, s).
Proof. We follow the notation of Section 5.3. There are two characteristic pairs (n,m) and (d, s).
We start from a symmetric function f; = P;4(1) that specializes to
folo=r=1 =" _ v (p) """ €up(p) -
P

At Q =T =1 the operators v, n(f) are simply multiplication operators on A (see for example
[KT22, Neg24]), so

Ynm(f9)o=r=1(1) = Ymn(f)o=r=1(1) - Ymn(9)@=r=1(1).
Let Frdmd = Yn,m(€d)(1)|g=r=1; then

Flo=r=1 = Yam(f2)Dlo=r=1 = > [tnm(€o,(p)) - nm(€u,(p))(1)] lo=r=1
P

= Z Fvl(P)n7v1(P)m T Fuk(P)n,vk(P)m :
P
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Finally, by Theorem 5.1, we have (Fpqmd,€nd) = Cndmd(l,1) = Cpdma, and the result follows.
See [KT22] for related computations (at @ = 1) and more details. O

6.2 Piontkowski’s results

For the reader’s convenience, we summarize the main results of [Pio07] for singularities with two
Puiseux pairs using the terminology of this paper.

THEOREM 6.10 ([Pi007]). Suppose that d = 2, (n,m) = (2,q), (3,4) or (3,5) and s is an arbitrary
odd number.

(a) If A is not s-admissible, then Ja is empty.

(b) If A is s-admissible, then Ja is isomorphic to an affine space (and the formula for its
dimension is given in [Pio07]).

(c) The Euler characteristic of JC is equal to the number of s-admissible subsets, which is given
by the following table:

+1) (> +5¢+3 +1)2
2.) (¢ +1)(¢° + 5¢q f+@ )@q+$
12 8
229 25
4 ik W
(3,4) 5 T35 (8+s)
511 49

Observe that Theorem 6.10(c) can be compactly written as follows.

PROPOSITION 6.11. Let C be a plane curve singularity with Puiseux exponents (2n,2m,2m+s),
where (n,m) = (2,q), (3,4) or (3,5). Then

_ s—1
X(JC) - CQn,Qm + (Cn,m)Q : 2 = C(n7m)7(275) :

For s = 1 we recover x(JC') = can2m, in agreement with Theorem 1.1.

Proof. We have ¢y, = %(q + 1), 34 = 5 and ¢35 = 7. Using for example the formula in
Corollary 1.3, we compute

(2¢ +3)! 1<q+1>2:(¢+U@q+U@q+$_%@+1V

207 e T2\ 2 12 g
1 /14 52 429 25
6.8 14<6>+'2 2 T2 7
1 /16 721001 49
6,10 16(6) 3= 3 T3 7B
Now the result is easy to check using the above table. Il

EXAMPLE 6.12. The simplest singularity with two Puiseux pairs is (4,5 +¢7). The Dyck paths
in a 4 x 6 rectangle can be thought of as subdiagrams of Ay6 = (4,3,1) that can be listed as
follows:
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ID| D

0 (0,0,0)

1 (1,0,0)

2 (2,0,0), (1,1,0)

3 (3,0,0), (2,1,0), (1,1,1)

4 | (3,1,0), (2,2,0), (2,1,1), (4,0,0)
5 1(3,2,0), (3,1,1), (2,2,1), (4,1,0)
6 | (3,2,1), (3,3,0), (4,2,0), (4,1,1)
7 (3,3,1), (4,3,0), (4,2,1)

8 (4,3,1)

The generating function equals

Pyg(T) =Y TP =1+T+27%+ 37% + 4T* + 4T° + 476 + 377 + 15,
D

which agrees with the Poincaré polynomial of JC' computed in [Pio07], as in Corollary 1.5. The
Euler characteristic equals

1 /10 1/1/5\\2 22
w- L)L) a2

We thank Francois Bergeron, Oscar Kivinen, Anton Mellit and Monica Vazirani for useful dis-
cussions.
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