Y Algebraic Geometry 13 (1) (2026) 1-24
doi:10.14231/AG-2026-001

A motivic change of variables formula for Artin stacks

Matthew Satriano and Jeremy Usatine

ABSTRACT

Let X — Y be a birational map from a smooth Artin stack to a (possibly singular)
variety. We prove a change of variables formula that relates motivic integrals over arcs
of Y to motivic integrals over arcs of X'. With a view toward the study of stringy Hodge
numbers, this change of variables formula leads to a notion of crepantness for the map
X — Y that coincides with the usual notion in the special case where X’ is a scheme.

1. Introduction

Let Y be a variety. The theory of motivic integration, introduced by Kontsevich during a lecture
at Orsay in 1995, defines a motivic measure on the arc scheme of Y that takes values in a certain
completed Grothendieck ring of varieties. A key feature of this motivic measure is a change of
variables formula that, given a birational modification X — Y, relates the motivic measure
for Y to the motivic measure for X; see, for example, [DL.99, Loo02]. This change of variables
formula is an essential ingredient in applications of motivic integration to many areas, including
birational geometry, mirror symmetry, and the study of singularities, especially when one wants
to understand invariants of a singular variety in terms of some resolution of singularities.

Numerous results across the last few decades have suggested that smooth stacks are a natu-
ral tool in studying singular varieties: This perspective is essential in recent work on functorial
resolution of singularities [ATW24, MM19] and pervades (at the very least implicitly) work on
the McKay correspondence since Reid’s formulation (in lectures at the University of Utah and
MSRI in 1992). In an example that is particularly relevant to this paper, Yasuda proved that
if Y is proper and has Gorenstein quotient singularities and X — Y is the canonical smooth
Deligne-Mumford stack associated with Y, then the stringy Hodge numbers of Y coincide with
the orbifold Hodge numbers of X’; see [Yas04]. This result was a consequence of Yasuda’s motivic
integration for Deligne-Mumford stacks and a change of variables formula [Yas04, Theorem 1.3]
for the map X — Y, showing that X behaves like a crepant resolution of Y (see Section 1.3
below). In particular, this work showed that these stringy Hodge numbers are nonnegative, con-
firming a special case of a conjecture of Batyrev’s [Bat98, Conjecture 3.10] and demonstrating
the utility of a motivic integration and change of variables formula for Deligne-Mumford stacks
(even when a priori one only cares about singular varieties).

A natural class of varieties with far worse than quotient singularities is those varieties that
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are the good moduli space Y, in the sense of [Alp13], of a smooth Artin stack X'. Such varieties
naturally arise in the context of geometric invariant theory: They include all toric varieties
as well as quotients of affine space by representations of linearly reductive groups. They have
no obvious crepant resolution by a smooth Deligne-Mumford stack; however, the good moduli
space map X — Y is a natural candidate for a nice resolution of singularities by a smooth Artin
stack. In [SU22], the authors introduced a conjectural (proven in the toric case) framework
that uses motivic integration for the stack X to study the stringy Hodge numbers of the singular
variety Y. This framework suggested that when the good moduli space map' X — Y is birational
and has exceptional locus with codimension at least 2, there should be a motivic change of
variables formula making X’ behave like a crepant resolution of Y (see [SU22, Conjecture 1.1 and
Theorem 1.7] for precise details). In particular, this illuminated that, purely from the perspective
of studying singular varieties, there is need for

(1) a versatile motivic change of variables formula for maps X — Y from smooth Artin stacks
to singular varieties and

(2) a notion of crepantness for such maps X — Y.

In this paper, we prove a motivic change of variables formula, Theorem 1.2, that applies
in a high level of generality to birational maps from smooth Artin stacks to singular varieties,
addressing point (1). We also discuss how the form this change of variables formula takes suggests
a useful notion for crepantness, addressing point (2).

Remark 1.1. After this paper was originally written, we showed that this notion of crepant-
ness coincides with a straightforward definition in terms of relative canonical divisors [SU24,
Corollary 1.14]. Furthermore, we proved that any variety with log-terminal singularities admits
a crepant resolution by a smooth Artin stack [SU24, Theorem 1.1].

1.1 Conventions

Throughout this paper, let k& be an algebraically closed field of characteristic 0. For any stack X
over k, we let |X'| denote its associated topological space, and for any subset C C |X| and field

extension k' of k, we let C(k’) (respectively, C(k")) denote the category of (respectively, set of
isomorphism classes of) k’-valued points of X whose class in |X| is contained in C.

For the benefit of the reader, we recall that the cotangent complex Ly /y for a morphism of
stacks f: X — ) is concentrated in degrees less than or equal to 1. When & and ) are schemes
(or more generally when f is representable), Ly y is concentrated in degrees less than or equal
to 0. When f is smooth, Ly /y is concentrated in degrees greater than or equal to 0.

1.2 Change of variables formula

The main result of this paper is a change of variables formula relating motivic integrals over arcs
of a possibly singular variety Y to motivic integrals over arcs of a smooth Artin stack X. A key

input to this change of variables formula is a certain height function htg_g) associated with an

object E in the derived category of X'. The value of ht(bg) at an arc Spec(k'[t]) — X is given by
pulling back E to Spec(k[¢]) and taking the dimension (over k') of the resulting complex’s Oth

In fact, Theorem 1.2 does not assume that X — Y is a good moduli space map. This extra level of generality is
essential in light of [SU24].

2Tt is important to note that unlike in the case of Deligne-Mumford stacks, defining the canonical bundle for Artin
stacks is a subtle issue, so there is no a priori obvious definition one can take for X — Y to be crepant.
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(hyper)cohomology; see Definition 3.1 for a precise definition of htg). Since this hypercohomology
group can be infinite-dimensional over k', the function ht(EO) takes values in Z>oU{oo}. We expect
that these height functions will play an important role in motivic integration for Artin stacks, even
beyond the change of variables formula, as Corollary 3.4 shows that they are natural functions

to integrate.

We now state our change of variables formula. Our notions of cylinders, the arc stack .2 (X),
the motivic measure py, and constructible functions and their integrals are all straightforward
generalizations of the corresponding notions in the case of schemes. See Section 2 or [SU22,
Section 3] for precise definitions.

THEOREM 1.2. Let X be a smooth irreducible finite-type Artin stack over k with affine geometric
stabilizers and separated diagonal, let Y be an irreducible finite-type scheme over k with dimY =
dim X, let X — Y be a morphism, and let U be an open substack of X such thatf <— X — Y
is an open immersion.

(a) Let Ly,y and Lz, x be the relative cotangent complexes of X — Y and the inertia map
Iy — X, respectively, let o: X — Ly be the identity section of Zy — X, and set
hty )y = ht(LO;*LIX/X —hty)
For any cylinder C C [Z(X)|\ |Z(X \U)| C |ZL(X)|, the function hty,y: C — Z is
constructible.
(b) Let C C |Z(X)|\|Z(X\U)| C |L(X)| and D C Z(Y) be cylinders such that, for all field
extensions k' of k, the map C(k') — D(k’) is a bijection. Then

py (D) _/Lht"/ydux~
c

Remark 1.3. By Remark 3.5 below, htg);* Lz, x and htS:O) take only integer values on C.

We see that the height functions ht( ) N and htS: 3* Lyyx control the change of variables for-
mula. Note that in the case where X is a scheme, the functlon ht( )/Y coincides with the order

function of the relative Jacobian ideal of X — Y7; that is, it is the function controlling Kont-
sevich’s original motivic change of variables formula. However, when X" is a scheme (or even

(0)

a Deligne-Mumford stack), Lo* Lz, /x is isomorphic to the 0 object, so the function ht; . Lzo/w
X

(0)

is identically zero. Therefore, ht} _. Lyox is a novel contribution that only appears when dealing
with Artin stacks that are not Deligne-Mumford. Note that this function, which controls the
stabilizer groups of the jet stacks of X (see Theorem 4.1), is nonzero in general (see, for example,
[SU22, Section 5], or consider the stabilizers of jets in simple cases such as [Az /Gmk], where
G, i, acts with weights 1 and —1).

Finally, we note that cylinders C and D satisfying the hypotheses of Theorem 1.2 seem to
arise frequently. For example, the change of variables formula [SU22, Theorem 1.7] for toric Artin
stacks is easily reduced to cylinders satisfying these hypotheses by [SU22, Theorem 4.9]. Another
family of examples of such C and D is the subject of [SU22, Proposition 10.2]; these are examples
involving quotients of affine space by certain representations of SLs.

1.3 Crepantness and applications to stringy invariants

Now suppose that Y is a variety over k with log-terminal singularities, and for expositional
simplicity, also assume that the canonical divisor Ky is Cartier. Batyrev introduced a notion of
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stringy Hodge numbers for Y; see [Bat98]. If Y is proper and X — Y is a crepant resolution
of Y (by a scheme X), the stringy Hodge numbers of Y coincide with the usual Hodge numbers
of X. Refining the notion of stringy Hodge numbers, Denef and Loeser introduced the Gorenstein
measure p$°" on L(Y); see [DLO2]. If X — Y is a crepant resolution of Y (by a scheme X),
then ugﬁor is essentially the usual motivic measure px. A key insight of Yasuda’s was that if YV
has only quotient singularities and X — Y is the canonical smooth Deligne-Mumford stack
associated with Y, then ugor is essentially py; that is, from this perspective, X behaves like a

crepant resolution of Y.

Now suppose that X is an Artin stack over k, that X — Y is a morphism, and that these
satisfy the hypotheses of Theorem 1.2. Unlike when X is a scheme (or even a Deligne-Mumford
stack), we are not aware of a general definition of relative canonical divisor Ky /y that produces
a nice definition for crepantness of X — Y. We therefore take an approach hinted at by the
properties of ugor above: We propose that one should consider X — Y to be crepant when ugor
and px have a certain nice relationship; specifically, we propose that X — Y should be considered

crepant if whenever C and D satisfy the hypotheses in Theorem 1.2, we have " (D) = ux(C).
Theorem 1.2 tells us how to characterize this property in terms of the height functions htg)* Lz, /w
and htg)l/y, as we now make precise. ¥

Let wy = L*Qgi,i::nly, where ¢: Yg, — Y is the inclusion of the smooth locus, and let #y be
the unique ideal sheaf on Y such that ¢y wy is the image of Qg}my — wy. Recall that for any
cylinder D C Z(Y), we have

D) - [ 1
D

DEFINITION 1.4. Let X be a smooth irreducible finite-type Artin stack over k with affine ge-
ometric stabilizers and separated diagonal, let Y be an integral finite-type separated scheme
over k with log-terminal singularities and Cartier canonical divisor, assume dimY = dim &X', and
let 7: X — Y be a morphism. We say that 7 satisfies (A) if there exists a nonempty open
substack U of X such that &/ — X — Y is an open immersion and

ord 4, o.Z(m) + ht!?) n'®  —o

LO’*LIX/X_ Lx/y

on [ Z(X)[\ |Z(X \U)|.

By [SU24, Remark 1.7 and Corollary 1.14], small resolutions satisfy (A). For example, this
includes the canonical Artin stack over a toric variety or the good moduli space map [A2T / SLQ] —
Y, where r > 3, the group SLy acts on the affine space of 2 xr matrices A?”, and Y is the cone over
the Grassmannian Gr(2,r); variants on the latter class of examples play a particularly important
role in our aforementioned work [SU24], where we construct crepant resolutions of log-terminal
varieties.

Remark 1.5. If X = X is a variety, (A\) coincides with the condition Kx/y = 0. Indeed, when
X = X is a variety, we have

ord g, 0.Z() + ht) —ht!?

LU*LIX/X Lx/y

= ord 4, o.Z(m) — ordjac,,

and the right-hand side vanishes if and only if Ky y = 0; see, for example, [CNS18, Chapter 7,
Proposition 3.2.5]. Here, ordjac, denotes the order of the Jacobian ideal sheaf of .

An immediate consequence of Theorem 1.2 and Definition 1.4 is that if = satisfies (A),
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then ,ugior(D) = pux(C) for any C, D satisfying the hypotheses of Theorem 1.2(b). We therefore
propose (A\) as a new notion for crepantness. See also footnote 2.

Remark 1.6. Since [Yas04], Yasuda has further developed the theory of motivic integration for
Deligne—Mumford stacks and obtained quite general change of variables formulas in that setting;
see, for example, [Yas06, Yas24].

Also, Balwe introduced a motivic integration and change of variables formula for Artin n-
stacks [Bal08, Theorem 7.2.5]. However, his hypothesis that the map be “0-truncated” prevents
his formula from applying to our main case of interest here, namely maps from Artin stacks to
varieties.

Remark 1.7. Although we are not aware of any direct concrete relationship, this work shares
a spiritual connection with the literature on variation of geometric invariant theory in the context
of the D-equivalence conjecture, such as [BFK19, DS14, Hall5, HS20], in which derived categories
of Artin stacks are used to produce derived equivalences between certain birational varieties. In
a vague sense, this connection is analogous to the relationship between the motivic McKay
correspondence and the derived McKay correspondence.

1.4 Recent progress

Using resolution of singularities to reduce to Theorem 1.2, we extended our change of variables
formula to allow X to be singular in [SU23b, Theorem 7.2]. The key motivation was to apply
such a formula to the case where X" is a warping stack as introduced in [SU23a] and obtain a
change of variables formula for our new theory of warped arcs.

It is reasonable to expect that a version of Theorem 1.2 also holds when Y is allowed to
be a stack Y, likely using the relative height function in [SU23b, Definition 6.2]. However, we
note that the assumption that Y is a scheme is used in many places in the proofs below (just
to name one example, the computation of ker f in the proof of Proposition 6.4 uses that Ly is
concentrated in nonpositive degree due to Y being a scheme). Furthermore, we expect that in
the case of a stack ), more elaborate arguments than those below would be needed in order to
account for the stabilizers of the £,()). In fact, much of the technical difficulty below stems
from handling the stabilizers of the £, (X’). Alternatively, maybe the case with a stack ) can
somehow be reduced to Theorem 1.2. Either way, since our main motivation is using stacks to
study singular varieties Y, we have not pursued such a generalization (other than the case where
X — ) is a representable resolution of singularities [SU23b, Theorem 3.1] as an intermediate
step in handling the case where X is singular).

2. Motivic integration for smooth Artin stacks

In this section, we set up the formalism and notation for a motivic integration for smooth Artin
stacks. For any Artin stack X over k, we let .Z(X’) denote the arc stack of X, and for each n € Z>y,
we let £, (X') denote the nth jet stack of X'. In other words, £ (X) = lim Z,(X), and Z,(X)
is the Weil restriction of X ® k[t]/(t"*!) along the morphism Spec(k[t]/(t"*1)) — Spec(k). We
will let 0,,: L(X) — £, (X) and 0,: £,(X) — Z,(X) denote the truncation morphisms. See
[SU22, Section 3| for some of the basic properties of .Z(X') and .Z,(X). In particular, we recall
that if X" is of finite type over k, then so is each .Z,(X), and if X has affine geometric stabilizers,
so does each .Z,(X). For us, the important subsets of |.Z(X)| will be the so-called cylinders,
whose definition we now recall.
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DEFINITION 2.1. Let X be a finite type Artin stack over k. A subset of |.Z(X)| is called a cylinder
if it is of the form 6, 1(C,) for some n € Z>o and constructible subset C,, C |.%,(X)].

PROPOSITION 2.2. Let X be a finite type Artin stack over k. Then any cover of |.Z(X)| by
cylinders has a finite subcover.

Proof. Let V' — X be a finite type smooth cover. Then infinitesimal lifting implies that £ (V) —
|-Z(X)] is surjective. It is easy to verify that the preimage in .Z (V') of a cylinder in |.Z(X)] is a
cylinder, so the proposition reduces to the well-known case where X is a scheme; see, for example,
[CNS18, Chapter 6, Example 4.1.3]. O

For the remainder of this section, fix a smooth irreducible finite-type Artin stack X over
k with affine geometric stabilizers. Recall that there is a motivic measure py that assigns to
each cylinder in |2 (X)| an element of a modified Grothendieck ring of varieties. First, we set
some notation for that modified Grothendieck ring of varieties. We refer to [SU22, Section 2.2]
for further details. Let ///l; denote the ring obtained by starting with the Grothendieck ring of
k-varieties, inverting the class of A,lc, and then completing with respect to the dimension filtration.
Let Ko(Stacky) denote the Grothendieck ring of stacks in the sense of [Eke25]. Since Ky(Stacky,)
is an explicit localization of the Grothendieck ring of varieties over k, see [Eke25, Theorem 1.2],
the universal property of localization gives a unique ring homomorphism Ky(Stacky) — ///l;
taking each class in Ky(Stacky) of any finite-type k-scheme to its class in ////; For any finite-
type Artin stack ) over k with affine geometric stabilizers, let e()) € ///l; denote the image along
Ky(Stacky) — % of the class of ) in Ky(Stacky), and for any constructible subset D C |V,
let e(D) € My, denote the image along Ky(Stacky) — My, of the class of D in Ky(Stacky).
We will let . denote the class of A,lf in /Z/; . We now recall the definition of py.

DEFINITION 2.3. Let C C | -Z(X)| be a cylinder. The motivic measure of C is

(€)= limge(6,(C)) L™V Y €

Note that each 6,(C) C |-£,(X)]| is constructible and the above limit converges (in fact, the
sequence stabilizes) by [SU22, Theorem 3.33].

DEFINITION 2.4. Let C C |-Z(X)] be a cylinder. A function f: C — Z is called constructible if
for all n € Z, the set f~1(n) C |£(X)] is a cylinder.

Remark 2.5. We use the terminology “constructible function” for consistency with [CNS18].
However, unlike in the case where X is a scheme, we do not know if cylinders coincide with
constructible subsets of the topological space |.Z(X')| (using the general definition of constructible
subset for not-necessarily noetherian spaces).

Remark 2.6. Let .# be a quasi-coherent ideal sheaf on X. We get a function ord s : [.Z(X)| —
Z U {oo} in the usual manner: For any ¢: Spec(k'[t]) — X, we set ord «(¢) to be such that
I K[t] = (97 #), where (t*) means (0). Then just as in the case where X is a scheme,
it is easy to verify that for any n € Z, the set ord}l (n) is a cylinder. Thus for any cylinder
C C|Z(X)|\|Z(Y)|, where Y is the closed substack defined by .#, we have that ord s: C — Z
is constructible.

Remark 2.7. If f, g: |-£(X)| — Z are constructible functions, then the function f+g: |Z(X)|—Z
is constructible by Proposition 2.2.
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DEFINITION 2.8. Let C C |-Z(X)| be a cylinder, and let f: C — Z be a constructible function.
We define the integral of LY to be

/CLfdMX =3 px(fH(n))L",

nez

where we note that this sum is finite by Proposition 2.2.

3. Height functions for arcs and jets

In this section, fix a finite-type Artin stack & over k and an object £ € D_ (X)) in the derived
category of X.

DEFINITION 3.1. For any i € Z, any field extension k" of k, and any arc ¢: Spec(K'[t]) — X
(respectively, jet ¢, : Spec(k'[t]/(t" 1)) — X), set

ntl) () = dimyy B (Lp*E)  (respectively, ht(";(¢n) = dimy H'(Lg}E)) .

The assignment ¢ +— htg)(go) (respectively, @, — hts)E(cpn)) induces a function

ht%): | L(X)| — Zzo U {oco} (respectively, htq(f’)E: |20 (X)| — Z30)

that we refer to as the associated height function.

The main result of this section is the following theorem, which collects some important
properties of these height functions.

THEOREM 3.2. Let i € Z and n € Zxo.

(a) The function htS)E: |-Ln(X)| = Z=0 is upper semi-continuous.
(b) For any ¢ € |.£(X)]|, we have

Bty () + bl () > el (0 ()
and if this inequality is strict, then

htf(i)E(Hn(@)) >n+1 or htgﬂ)(go) =00.

In particular, if n +1 > htg)(cp) + ht%+1)(<p), then
, 1 .
htiy () + bt ™ (0) = bt (0a(9))
We prove Theorem 3.2 after a preliminary lemma.

LEMMA 3.3. Let k' be a field extension of k, let R = K'[t], and let M be a finitely generated
R-module. Then for all n > 0, we have

dimyy (M) > dimyy (M ®g R/ (t"*)) > dimy Tor{' (M, R/ (")),
and the second inequality is an equality if dimy (M) # oo. Furthermore, if
dimy, (M) > dimy (M ®g R/ (t"T))
(respectively, dimy (M) > dimy Tor{ (M, R/ (")),
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then
dimy (M ®p R/ (")) 2 n+1
(respectively, dimy Torf‘ (M, R/ (t”“)) >n+1or dimy M = oo) .
Proof. By the structure theorem for modules over a principal ideal domain (PID for short),
M = R & @, R/(t%) for ¢; > 1. Since Torf(R, R/(t"T1)) = 0, we reduce immediately to the
case where M = R/(t¢) for some e > 1. Then from the short exact sequence
0-—RS R M —— 0,

we obtain a long exact sequence
0 — Torf (M, R/("*1)) — R/(t"*") -5 R/ (#"+)) — M ®@g R/(1"!) — 0,

and so dimy,(M ®pg R/(t"*t1)) =dimy, Tor®(M, R/(t"*1)). Since M ®r R/(t"+1) = R/(t¢,t" 1) =
R/ (t™mn(en+1))  we see that dimy, (M) > dimy (M @5 R/(t"+1)), which finishes the proof of the
first statement. Furthermore, if e = dimy M > dimy (M ®g R/(t"™!)) = min(e,n + 1), we have
dimy (M ®g R/(t"*1)) = min(e,n + 1) = n + 1, and the remainder of the lemma follows. O

Proof of Theorem 3.2. We first prove part (a). Let V' — £,(X) be a finite-type smooth cover
by a scheme, and consider the composition

- ht?)
ht: V — |.Z,(X)| —5 Zo.

Because V — |.%,(X)| is surjective and open, to show part (a) it is sufficient to prove that ht is
upper semi-continuous. The map V — %, (X) corresponds to a map

®: V xy Spec(k[t]/(t"T1)) — X

Let m: V x Spec(k[t]/(t"*1)) — V be the projection, and for any v € V, let Y,, be the fiber of 7
over v, and let 1,: Y, — V x}, Spec(k[t]/(t"*1)) be the inclusion. Then for all v € V,

ht(v) = dimy,) H (L LO*E)

where k(v) is the residue field of v. Set F' = Rm,L®*E. Because 7 is flat and proper, cohomology
and base change (see, for example, [Sta21, Lemma 0CSC]) imply that F' is pseudo-coherent (that
is, '€ D_, (V)) and that for all v € V, we have

H' (L LO*E) = H'(F @, k(v)) .

Part (a) then follows from the fact that v — dimy,,) H(F ®(L9V k(v)) is upper semi-continuous;
see, for example, [Sta21, Lemma 0BDI].

We now prove part (b). Let R = K/[t], where £’ is a field extension of k over which ¢ is
defined. We have a spectral sequence

EY = Torl_%p (Li*E,R/(t"T1)) = LPTipr B

see, for example, [Huy06, Equation (3.10)]. Since R is a PID, all E5? terms vanish except those
for p € {—1,0}. Thus,

ht! (0 () = dimp Ligh B
= dimy (L'g" E @g R/ (")) + dimy (Torf (Lo B, R/ (1Y)

and we are done by Lemma 3.3. ]
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The following corollary and remark allow us to obtain constructible functions from our height
functions.

COROLLARY 3.4. Leti € Z, let f: |-£(X)|—ZU{oc} be the sum of height functions ht(z)+ht(l+1)

and let C C | £ (X)| be a cylinder such that C N (ht%H)) Y(c0) = 0. Then for any n € Z, the set
f~1(n)NC is a cylinder.

Proof. By Theorem 3.2(a), the set (htgf)_lEoﬁn,l)_l(Z>n) C | Z(X)| is a cylinder, so it is
sufficient to prove that

FUZsn)nC= () ol 1) (Zsn)NC,
but this follows easily from Theorem 3.2(b). O

Remark 3.5. If U is an open substack of X such that E restricts to 0 on U, then each htg)

is never oo on [Z(X)|\ |-Z(X \ U)|. Thus Corollary 3.4 implies that htg) —&—htgﬂ): C—1Zis
a constructible function for any cylinder C C |.Z(X)|\ |-L(X \ U)|.

We may now prove Theorem 1.2(a).

Proof of Theorem 1.2(a). In the notation of Theorem 1.2, the complexes Ly/y and Lo*Lz, x

livein D_, (X'). By Remark 2.7, it suffices to show that h‘c(LO))(/Y +ht!V htgi/y, and ht(LOg

Lx,y’ *Lz,/x

are constructible functions on C since then

hey).p, . +hep, (b))

/X Lx/y Lx,y

ouf),)

is constructible.

First observe that the restriction of Ly /y to U is given by Ly/y = 0 since i — Y is an open
immersion. Next, we have a Cartesian square

U——=Xx

aui i

Ty ——1Ix

L

U— X,

from which we see that Lo*Lz, /x restricts over U to be Loy, Lz, ;4. Since U — Y is an open
immersion, U is a scheme; hence Iy — U is an isomorphism. In particular, Lz, ;; = 0. Thus,
Remark 3.5 implies that ht( ) Xy +ht(z+1) and ht(LZ()7 Lz, % + ht (LZ:*lg /v 1€ constructible func-
tions on C. The result follows by takmg i€ {0,1} after we prove that ht(Q) and ht(LlC)r* L

vanish. o el
These vanishing results are general facts. Since the cotangent complex of any morphism of

Artin stacks is concentrated in degree at most 1, we have H'Ly 5y = 0. Since Zy — X is

representable, H ZLO'*LIX sx = 0. From the definitions, we then see that ht(L) is identically 0

for i > 1 and ht(L()7 Ly is identically 0 for ¢ > 0. O

We end this section by proving the following lemma, which will allow us to relate our height
functions to the various deformation spaces that will appear throughout the proof of Theo-
rem 1.2(b).
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LEMMA 3.6. Leti € Z, letn > m € Zxo, let k' be a field, let v: Spec(k'[t]/(t™)) — Spec(k'[t]/(t™))
be the truncation map, and let F' be a pseudo-coherent object in the derived category of
Spec(k'[t]/(t™)). Then

dimys Exty gy (F, (87)/("™)) = dimp H-' (L F) |
Proof. Let F'* be a complex of projectives representing the object F. Then
Excty g em) (B (87) /(™)) 22 H Homypyy gy (F*, (87)/(57))
=~ H' Homyypymy (F*, K'[t]/(t™))
>~ H' Homypyem) (F® @popgymy K/ ™), K H/ (™))
where the second isomorphism is due to the fact that &'[¢]/(¢t™) = (¢")/(t"T™) as K'[t]/(t")-
modules. Baer’s criterion and the fact that &[] is a principal ideal domain imply that &'[¢]/(¢"™)
is an injective £'[t]/(t™)-module, so
H' Homy gy em) (F* @popayyemy K[t/ (™), K'[6]/(E™))
= Homyy g em) (H " (F* @y emy KL/ (™)), K[t/ (™))
>~ H™(F* Qppgyam K [H/(™))
~L7WF,
where the second isomorphism is due to the fact that Homyy m) (M, K'[t]/(t™)) = M for any

finitely generated k'[t]/(t™)-module M as a straightforward consequence of the structure theorem

for finitely generated modules over k'[t]. The lemma follows from the above isomorphisms and
the fact that Spec(k'[t]/(t™)) is affine. O

4. Stabilizers of jet stacks

Throughout this section, let X be a finite-type Artin stack over k such that the inertia map
Iy — X is separated, and let 0: X — Zy denote the identity section of Zy — X. We will use
the fact that since Zy — X is representable and separated, o is a closed immersion.

THEOREM 4.1. Let ¢ denote the ideal sheaf on Ly defining the closed substack X L Ty,

(a) IfU is an open substack of X that is isomorphic to an algebraic space, then there exists
a quasi-coherent ideal sheaf .% on X such that
o Y01, # =0 and
e the closed substack of X defined by .# has underlying topological space equal to | X |\ [U].

(b) Let .# be a quasi-coherent ideal sheaf on X such that YOz, - ¢ = 0, let k' be a field
extension of k, and let p € Z(X)(k'). Then for all

n > max (ord s (), 2max(ord.s (¢), htg);*LI/X(go)) -1),

nt(9,
Lo LIX/X

the stabilizer of 0, (yp) € £, (X)(k') is isomorphic as an algebraic group to G_ ,,

We begin with a lemma that will be used to prove Theorem 4.1(a).

LEMMA 4.2. Let ) be a noetherian Artin stack, and let Z, W be closed substacks of ). Let .
and _# be the ideal sheaves on ) defining Z and W, respectively, and let Y — Y be the open
substack such that [U| = |V|\ |Z|. If W xy U — U is an isomorphism, then there exists some
r € Z~q such that " - 7 =0.

10
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Proof. For any r € Z~q, let V, — ) denote the closed substack defined by #" - #. It is
sufficient to prove that there exists some r € Zsg such that V. < ) is an isomorphism. Let
Spec(A) — Y be a smooth cover. Then it is sufficient to show that there exists some r € Z<q
such that V, xy Spec(A) — Spec(A) is an isomorphism. Let I, J C A be the global sections of
the ideal sheaves .# Ogpec(a) and _Z Ogpec(a), respectively. Because V;. xy Spec(A) < Spec(A) is
the closed subscheme defined by I" - J, it is sufficient to prove that there exists some r € Z~
such that I" - J = 0. Because A is noetherian, it is sufficient to show that for any f € I, every
element of J is f-torsion.

Let f € I, and let Ay be the ring obtained from A by inverting f. Then the open subscheme
Spec(Ay) — Spec(A) is contained in the open subscheme U xy Spec(A) < Spec(A). Set B =
Ay ®4 (A/J). Then Spec(B) — Spec(Ay) is the base change of YW — ) along the composition
Spec(Ay) — U xy Spec(A) = U — Y, so Ay — B is an isomorphism. Therefore,

J=ker(A— A/J) C ker(A — B) = ker(A — Ay),

so every element of J is f-torsion. Recall that at the end of the previous paragraph, we showed
that this is sufficient to complete the proof. O

We now prove Theorem 4.1(a).

Proof of Theorem 4.1(a). Let .#’ be the ideal sheaf on X that defines the reduced substack with
underlying topological space equal to |X|\ ||, and let Z < Zy be the closed substack defined
by #'Oz,. Then |Ty| = |Zx|\ |Z|. Let U — Tyy — U be the base change of X % Ty — X along
U — X. ThenU — Ty is a section of the isomorphism Z;; = U (this is an isomorphism because U
is an algebraic space), so U — Ty, is an isomorphism. Thus X Z, Ty is a closed immersion such
that X xz, Tyy — Ty is an isomorphism. Therefore, Lemma 4.2 implies that there exists some
r € Zso such that (#'Oz,)"- _# = 0. Setting & = ()", we get £ Oz, - # =0, and the closed
substack of X defined by .# has underlying topological space equal to |X|\ [U]. O

The next lemmas will be used in proving Theorem 4.1(b).

LEMMA 4.3. Let k' be a field, let n € Zx, let A be a flat k'[t]/(t"*!) algebra, and let a € A. If
m < n is such that t™a = 0, then a € (""" 1) A.

Proof. Consider the exact sequence

0 —s (tn—m+1)/(tn+1) N k/[t]/(tn+l) ﬂ) k/[t]/(tn+1) )
Tensoring with the flat algebra A, we get the sequence
0— (tnierl)/(thrl) ®k’[t]/(t"+1) A— A t—m> A,

whose exactness implies the lemma. O

LEMMA 4.4. Let k' be a field, let Y be a scheme over k'[t], let W — Y be a closed subscheme,
let n € Z>q, let Z be a flat scheme over K'[t]/(t"*1), and let Z — Y be a morphism over k'[t].
Let ¢ be the ideal sheaf on Y that defines W. If m < n is such that (t™)Oy - # = 0, then
Z Xspec(k' [t/ (n+1)) Spec(K'[t]/(t"~" 1)) — Z = Y factors through W — Y.

Proof. Tt is sufficient to prove that if Spec(B) C Y is an affine open and Spec(A) C Z is an affine
open mapped into Spec(B) by Z — Y, then Spec(A/(t"~™*1)) — Spec(A) — Spec(B) factors
through W xy Spec(B) — Spec(B).

11
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Let Spec(B) C Y be an affine open, let Spec(A) C Z be an affine open mapped into Spec(B)
by Z — Y, and let J C B be the set of global sections of _# Ogpec(py, S0 the closed immersion
W xy Spec(B) < Spec(B) is defined by the ideal J, and (t™)J = 0. Let b € J, and let a € A be
the image of b under B — A. Then t™a = 0, so by Lemma 4.3, we have a € (#*"™!)A. Thus
B — A/(t"~™*1) factors through B — B/J, and we are done. O

For the remainder of this section, let ¢ denote the ideal sheaf on Zy defining the closed

substack X % Zy. We will eventually prove Theorem 4.1(b) by expressing the relevant stabilizers
as certain deformation spaces.

The following proposition is key to setting up the appropriate deformation problem. We prove
that for any arc ¢: Spec(k[[t]]) = X and any A-valued automorphism g, of the truncation ¢,
after further truncation by a controlled amount, g, reduces to the identity automorphism. As
a result, automorphisms of ¢, come from deformations of the identity automorphism and can
therefore be understood in terms of Lo* Lz, /x.

PROPOSITION 4.5. Let k" be a field extension of k, let ¢: Spec(k'[t]) — X be a morphism over k,
let n € Zsg, let A be a k'-algebra, and let g,,: Spec(A[t]/(t"!)) — Ty make the diagram

Spec(A[t]/(t"*1)) I Ty
Spec(K'[t]) —F— X

2-commute. If . is an ideal sheaf on X’ such that YOz, - # =0 and n > ord s(yp), then the
following diagram 2-commutes:

Spec(K'[t]) ——— X

Spec(A[t]/(t”‘ordﬂ(“’)ﬂ)) — Spec(A[t]/(t”+1)) I T
Proof. Let Spec(k'[t]) = G — Spec(k'[t]) be the base change of X & Ty — X along

@: Spec(k'[t]) — X. By choosing a 2-isomorphism that makes

Spec(A[t]/(t"*1)) I Ty

|

Kt —2— X

—

—~

Spec

2-commute, we obtain a map h,,: Spec(A[t]/(#""!)) — G making

Spec (A[t]/ (t”“))

12
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2-commute. Set m = ord s(p). Let h,_m,: Spec(A[t]/(t""™1)) — G be the composition of
Spec(A[t]/ ("™ 1)) — Spec(A[t]/(#"1)) with h,: Spec(A[t]/(t"T!)) — G. It is sufficient to
prove that the map hy,_,, factors through the closed immersion Spec(k'[t]) = G.

The closed immersion Spec(k'[t]) = G is defined by the ideal sheaf #Og, and

(t")Oq - #O0c = (I Ospecii])Oc - I Oc = (F 0z, - F)O0c=0.

Therefore, Lemma 4.4 implies that h,,_,, factors through the closed immersion Spec(k'[t]) = G,
as desired. O

Before completing the proof of Theorem 4.1(b), we need the following lemma. We expect this
to be well known, but we include a proof for lack of a suitable reference.

LEMMA 4.6. Let S be a scheme and G a (not-necessarily flat) group algebraic space over S with
multiplication map m: G Xg G — G and identity section e: S — G. Then for all Og-modules F,
the map

Hom(e*Q%;/S,}') X Hom(e*Qé/S,}") — Hom(e*Q};/S,}')
induced by m is given by addition of functions (p1,p2) — @1 + ©2.
Proof. We have an isomorphism
(e x e)*Q%GXSG)/S ~ e*Qé/s @ e*QE/S,

where the two projection maps 7;: (e x e)*Q%GXSGVS — e*Qé/S can be described as follows. Let
i1,92: G — G x g G be given by i1(g) = (g, e) and i2(g) = (e, g). Since e x e = ij0e for j € {1,2},
applying e* to the morphisms i;leG/S — Q%GXSG)/S yields two maps (exe)*Q%stG)/S — G*Q%;/Sv
which are precisely the maps ;.

Next, m yields a map p: m*Qé/S — Q%GXSG)/S. Since moi; = id, we have mjo (e x e)*u = id.
In other words, the map

* (exe)* * * *
e 0s 5 (e % €)* Qawgays = € Uiys ® Qg

induced by m, is given by w — (w,w), from which the lemma follows. O

We end this section by proving Theorem 4.1(b).

Proof of Theorem 4.1(b). Set r = max(ord s (¢p), htg)g*LZ/X(go)). We have n > ord #(¢) and r >

ord #(¢), so Proposition 4.5 implies that for every k’-algebra A, the A-valued points of the
stabilizer of 6,(¢) € £,(X)(k') are given by deformations Spec(A[t]/(#"*1)) — Zx (up to 2-
isomorphism) over X’ of the composition

Spec(A[t]/(t""*1)) — Spec(k'[t]/ (")) 0 & T Ty,

where ¢,,_, is the jet associated with 6,,_,(p) € Z,_(X)(k’). Because n > 2r — 1, the closed
immersion Spec(A[t]/ (" ")) < Spec(A[t]/(t"!)) is defined by a square zero ideal. Therefore,
the A-valued points of the stabilizer of 6,,(¢) are naturally in bijection with

Ext’ (L}, Lo* Lz, a0, (") /(£"77H1)) @ A

This bijection is compatible with the group structures by Lemma 4.6, so the stabilizer of 6,,(¢)
is isomorphic as an algebraic group to

dimyy Ext®(Lg,_, Lo* Ly (1) /(07 741)
a,k’ .

13
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Therefore, it is now sufficient to prove that

dimy Bxt® (Lt Lo* Ly, e, (€"71) /(1" 7H1)) = e ) ().

LO—*LZX/X

Because n + 1 > r, Lemma 3.6 implies that

dimy Ext®(Lgt_, Lo* Ly, v, (8"71) /(#"7+1)) = ht!” () -

T—I,LO'*LIX/X

. . (1) . (0)
Note that since Zy — X is representable, htLU*LzX/x (¢) = 0. Thus because r > htLU*LzX/x (),
Theorem 3.2(b) implies that ht!” (p) = ht{) (), completing the proof. O

T_17LO—*LIX/X LU*LIX/X

5. A technical theorem

The main result in this section is Theorem 5.1, which is a key technical lemma in the proof of
Theorem 1.2(b).

THEOREM b5.1. Let X be a smooth irreducible finite-type Artin stack over k, let Y be an irre-
ducible finite-type scheme over k, let m: X — Y be a morphism, let U be an open substack of X
such thatU — X — Y is an open immersion, and let C C |.Z(X)|\|-Z(X\U)| C L (X) be a cylin-

der. Let h,e’ € Zxo, let #y be the (dimY')th Fitting ideal of Q%//k, and assume that ht(LO))(/Y
and ord g, o.Z(m) are at most h and €', respectively, on C. Let { € Z=q be such that C is the

preimage along 0, of a constructible subset of £;(X). Assume that the map C(k') — Z(Y)(k')
is injective for all field extensions k' of k.

Let k' be a field extension of k, let n € Zxq, let p,¢' € C(k'), and assume 0,,(Z(7)(p)) =
0, (L (m)(¢")). If n = max(¢+h,e'), then 0, (p) = 0,,_.(¢") for any e € Z satisfyingn > e > h.

The proof of Theorem 5.1 will occupy the entirety of this section. We claim that it suffices
to prove the following.

PROPOSITION 5.2. We use the notation and hypotheses of the first paragraph of Theorem 5.1 and
also assume n > e > h. Let k' be a field extension of k, let n € Z>, let ¢ € C(K'), let o = 7w o ¢,
and let m = (t) C Kk'[t]. Suppose n > max(h,e’). Then if ® € Hom(a*Q;/k, m™ 1 /m2(n )
and ¢ € Hom(a*Q%,/k, m" T /m"*2) js the induced map, then ¢ lifts to an element of the group
Ext"(Lo* Ly, m™T17¢ /mn+2),

Let us show how the above result implies Theorem 5.1.

Proof of Theorem 5.1 assuming Proposition 5.2. It is enough to show 6,, () = 0,,_,(¢) since
then 6,_o(¢) = 0,_o(¢') foralln > e > h. Let « = mrop and o = wo ¢’. Set ¢(® := ¢ and
a® := . We will prove the result by inductively constructing a sequence of arcs {cp(i)}z. such
that if a(® := 70 ¢®, then
Option () 2 0y (07)  and  Oy4i(a?) = 0,44(0) .
Let us show how the result follows assuming the existence of the above sequence {go(i)}i.
Consider {HnH_h(cp(i))}i, which is an inverse system of jets, so there exists a unique arc go(‘x’)

such that 6,,4;_p(0)) ~ 0, i n (™) for all i. Let a(®) := 7). We prove that o/ = o>,
To show this, it suffices to prove that their truncations match. We have

Optin (™) = 70001 n (%)) = 710 0ppi 1 (67) = Oppin (D) = i (a).

14



A MOTIVIC CHANGE OF VARIABLES FORMULA FOR ARTIN STACKS

Hence, o/ = o(®). Lastly, we know () e C(k') because 0,,_p,(¢(*)) ~ 0,,_1,(¢) and n — h > £.
Since C(K') — Z(Y)(K') is injective, we then see that ¢’ ~ ¢(*) It follows that 6,_; () ~
en—h(@(oo)) = an—h(gp)'

It remains to construct the sequence of arcs {ga(i)}i. By induction, we may assume that
we have constructed ¢, and we show how to obtain ¢+, The set of lifts of 6,.;(a(?) to
(2(n+1i41)—1)-jets is a torsor for the deformation space H := Hom(a*Q%,/k, mn i 2t )y
Thus, after fixing a choice of deformation, namely 02(n+i+1),1(a(i)), we may identify the set
of lifts with H. In particular, since 0,4;(a®) = 0,4;(c/), we see that O2(ntit1)—1(a’) defines
an element ® € H. Applying Proposition 5.2 and letting ¢ be as in the statement of the
proposition, we obtain a lift ¢ € ExtO(LLp*LX/k,m””“_h/m””“). Note that ¢ is an ele-
ment of Hom(a* ()5, /k,m’"“r“rl /m"TH2) wwhich is itself a deformation space parameterizing lifts
of Opri(a®) to (n + i + 1)-jets, and that ¢ corresponds to 6,4 1(c/). Similarly, the space
Ext®(Lo* Ly p,, m" 1= /mn+i+2) parameterizes lifts of Onsin(©W) to (n + i+ 1)-jets of X.
Let 3 be the (n + i + 1)-jet of X induced by ¢; by construction, 6,4;_4(8) = Opri—n(p?) and
7B = Oniit1(a’) since ¢ lifts ¢. By the infinitesimal lifting criterion and smoothness of X,
we may lift 8 to an arc @U0TY of X. Letting o"t) be the induced arc of Y, we see that
Onrir1 (@) =78 = 0, 401(d). O

Proposition 5.2 will be proved after a series of lemmas. Throughout the rest of this section,
we fix the notation D = Spec(k'[t]).

LEMMA 5.3. The following hold:
° LO@*LX/k is free.
° Ligo*LX/y is torsion for any i € Z.
° L_l(,O*LX/Y = (Q*Q%//k)tors.
Moreover, the natural map La* Ly, — Ly* Ly, induces an exact sequence

—— a*Q%,/k — LY%* Ly, — L%*Ly )y — 0. (5.1)
Proof. Applying Ly* to the exact triangle L7* Ly, — Ly, — Lx/y, we have an exact triangle
La* Ly, — Lo* Ly, — Le"Ly)y -

Taking cohomology sheaves, we have the exact sequence
0 — L' Lyyy — a*Qy ) = L% Ly — L0 Lyyy — 0.

To obtain (5.1), we must show that L~1¢*Ly Y = (a*Q%, /k)tors~ This will follow upon showing
that Low*LX/k is torsion-free and L*1¢*LX/Y is torsion. Indeed, then

(a*Q%//k‘)tors < ker(a) = L_lw*LX/Y < (a*Q%//k)tOTS ’

Next, consider the cartesian diagram

Vi>)z

!

S}
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. : * 1 1
where p is a smooth cover. Then we have an exact triangle p*Ly /. — Q)} Ik — Q)} I and

applying Lp*, we have an exact triangle
L
X/k

L

—>@QX/X.

¢ Lo Ly — ¢°Q

As a result, q*Locp*LX/k — @*Q}( is injective, and since {5*9}( is a vector bundle, q*LOcp*LX/k
is torsion-free. Since g is smooth, this implies that L0p*L y /k 18 a torsion-free sheaf on D, hence
free.

It remains to prove that L™p*Ly/y is torsion for all m € Z. To do so, it is enough to
show that L™ "Ly /vy is supported on the closed fiber of D. In other words, we need only show
n*L™p*Ly,y = 0, where n: D° — D is the generic point. Since the generic point of ¢ factors
through U, we have a commutative diagram

D° sy
b
D> x.
So, n*L™p*Ly)y = L™(¢°)*j*Ly,y. From the exact triangle j*Ly/y — Ly x — Ly y and

the fact that Y — & and U — Y are open immersions, we have Ly, x = Ly/y = 0, and hence
J*Lxy =0. O

LEMMA 5.4. Let M be a finitely generated k'[t]-module, F be a finite-rank free k'[t]-module,
and
0 — Mipws — M — F — Q — 0

be an exact sequence. Let h = len(Q), ¢ = len(Mios), € = h, and n > max(e,e’). If & €
Hom(M, m" ! /m?2(**1)) and ¢ € Hom(M,m"+!/m"*2) is the induced map, then ¢ lifts to an
element of Hom(F, m"*1=¢/mn+2),

Proof. To begin, we have ®(Mys) € m2tD)=¢" /m2(+D) " and since n > ¢, it follows that
¢ kills Mios. As a result, ¢ induces an element ¢ of the group Hom(M /Mo, m™ ! /mnt2).
Replacing M with M/M;os, we may assume that M is free, and so we have a short exact
sequence 0 > M — F — @ — 0.

Let v1,...,v4 be a basis for F'. By the structure theorem for modules over a PID, we have
ai,...,aq € k* and nonnegative integers h1, .. ., hq such that a1t" vy, . .., agt"vg is a basis for M.
Note that h :=len(Q) = >_,_; h;. We havejﬁ(a,-thi) = bjt""! for b; € k. Thus, we may extend ¢
to a map ¢: F — m"T1=¢/m"*+2 by letting ¢(v;) = (b;/a;)t" 1. O

We prove Proposition 5.2, completing the proof of Theorem 5.1.

Proof of Proposition 5.2. Let M be any coherent sheaf on D. We have a natural map La* Ly, —
Lp* Ly, that induces a map

ExtO(Lgp*LX/k,M) — ExtO(Loz*Ly/k, M) = Hom(a*Q%//k,M) . (5.2)

We first claim that La*Ly, — Le*Ly s, factors through Logp*LX/k, and hence the map
n (5.2) factors as

Ext®(Lg* Ly, M) 5 Ext®(L%* Ly, M) - Hom(a* Qb M) . (5.3)
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Indeed, we have a morphism of exact triangles

TgOLOé*Ly/k E—— LOJ*Ly/k —— T>()LCY*Ly/k

! | |

T<oL* Ly — Lo" Ly — T>0L¢™ Ly i,

where 7 denotes the canonical truncation. Since La* Ly, is concentrated in degrees at most 0,
the map T<oLa* Ly, — La*Lyy;, is the identity map; since Ly* Ly, is concentrated in degrees
at least 0, we have T<oLy" Ly, = Locp*LX/k.

Next, we show that the map F' in (5.3) is surjective. To see this, we apply the spectral
sequence from [Sta21, Tag 07A9]

ES? = ExtP(L™ %" Ly /i, M) = ExtPT(Lo* Ly /1, M),
which yields an exact sequence
0 — Ext! (L'¢* Ly, M) — Ext®(Lg* Ly, M)
L Hom (L0¢* Ly, M) — Ext?(L'¢* Ly i, M) .
Since k/[t] is a PID, Ext?(L'¢* Ly /5, M) vanishes, and so F is surjective.
Lastly, note that h > len(L%* Ly ;) and e’ > len((a*Q%//k)tors). So, by Lemmas 5.3 and 5.4,

we see that ¢ extends to an element ¢’ of the group Hom(Logo*LX/k, m? ¢ /mn+2) Since F is
surjective, ¢ lifts to an element of Ext"(Lo* Ly, m™T17¢ /mn+2), O

6. Motivic change of variables formula

In this section, we complete the proof of Theorem 1.2(b). We give the proof in Section 6.2 after
proving a preliminary result in Section 6.1.

6.1 Stratifications by trivial gerbes

The goal of this subsection is to prove the following proposition. We expect this result to be well
known, but we could not find it stated in the literature.

PROPOSITION 6.1. Let Y be a finite-type Artin stack over k such that the map Iy — Y is
separated, let r € Z>¢, and suppose that for every field extension k' of k and every y € Y(K'),
the stabilizer of y is isomorphic to G/ ,,. Then Y can be stratified into locally closed substacks
V1,...,Ye such that each ); is isomori)hic to Y; X BGZ,k for some finite-type k-scheme Y;.

We begin with a couple of preliminary lemmas.

LEMMA 6.2. Let S be a scheme, and let X and Y be S-schemes with X reduced and Y — S
separated. If f,g: X — Y are two S-morphisms and for all fibers s: Spec(k(s)) — S, we have
equality of the base change maps fs = gs, then f = g.

Proof. Consider the Cartesian diagram

Y

A
zl \LAY/S
x Y9y oy,
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Note that f = g if and only if ¢ has a section. Since Y is separated over S, we see that i is a
closed immersion. As X is reduced, ¢ has a section if and only if ¢ is surjective. Since surjectivity
of ¢ can be checked on fibers, it follows that f = g. O

LEMMA 6.3. Let k' be a characteristic 0 field, and let S be a reduced k'-scheme that is locally of
finite presentation. Suppose that f: G — S is a separated group algebraic space that is flat and
locally of finite presentation. If every fiber fs: G5 — Spec(k'(s)) is a commutative group scheme,
then G is commutative.

Proof. Let m: G xg G — G be the multiplication map and 7: G xg G — G xg G be the map
7(g,h) = (h, g). To prove that G is commutative, we must show mor = m. By [Sta21, Tag 0B8G|,
every fiber fs: G5 — Spec(k’(s)) is a group scheme; hence by Cartier’s theorem (see, for example,
[Sta21, Tag 047N]), every fiber f is smooth. Since f flat and locally of finite presentation, [Sta21,
Tag 01V8] shows that f is smooth; in particular, G xg G — S is smooth. Since S is reduced,
G x g G is as well. Lastly, the maps m,mo7: G xg G — G are equal on fibers, so mo7 =m by
Lemma 6.2. [

Proof of Proposition 6.1. First, replacing ) with an irreducible component, we may assume that
Y is irreducible. We may also replace )Y with V,eq, so we will assume that ) is reduced. By
Noetherian induction, it suffices to show that there exists a nonempty open substack of ) of the
form Y xj BG] , for some finite-type k-scheme Y. Since 7y — J is quasi-compact, replacing )
with an open sui)stack, we may assume that it is a gerbe by [Sta21, Tag 06RC]. Let p: Y — W be
the gerbe structure map, so W is an algebraic space. Because ) is reduced and gerbe structure
maps are stable under base change, we may assume that W is reduced. Since ) is irreducible
and of finite type, so is W. Since W is quasi-separated, it has a dense open scheme by [Sta21,
Tag 06NH]. We therefore assume that W is a scheme.

Let Spec(K) — W be the generic point. We claim that Vg := Y X Spec(K) is isomorphic
to BGy, ;. Assuming this claim for the moment, we have a morphism a: Yk — BGj . By
[Ryd15, Proposition B.2], there exists an open subscheme U C W for which « extends to a map
VxwU— BGZ’U. Since Y — W is of finite presentation and « is an isomorphism, by [Ryd15,
Proposition B.3], after possibly shrinking U, we may assume that } xy U — BG/ ;; is an isomor-
phism, thereby producing our desired open substack of ) isomorphic to BGQU ~U Xk BG;k.

It remains to prove our claim; that is, we have reduced to showing that if W = Spec(K),
then Y is the trivial G, ,-gerbe. Note that because k and thus K have characteristic 0, the gerbe
structure map Y — W is smooth, so in this case where W = Spec(K), the stack ) is reduced.
Let p: Y — Y be a smooth cover. We first show that all S-valued points of )} have commutative
automorphism groups. This may be checked smooth locally on S, and hence it is enough to check
the commutativity of the automorphism group G of the Y-valued point corresponding to p. We
see that G = I xy Y. Since the stabilizer groups of all field-valued points are commutative,
G — Y is a commutative group scheme by Lemma 6.3.

Therefore, [Sta2l, Tag 0CJY] tells us that ) is a G-gerbe for some sheaf of abelian groups G
on Spec(K). Let K'/K be an étale extension that trivializes the gerbe ). Since the K’-point of
yielding the trivialization has stabilizer group scheme given by GQ K, we see that G is a twisted
form of G’ j.. Such twisted forms are classified by HY (K, Aut(GL)) = HX (K, GL,), which van-
ishes by Hilbert’s Theorem 90. T hus, G = GJ},. Lastly, G}-gerbes on Spec(K) are classified by
H?(Spec(K), 0%") = 0. It follows that ) is the trivial G%-gerbe. O
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6.2 Proof of Theorem 1.2(b)

For the remainder of this paper, let 7: X — Y, U, C, D, and ¢ be as in the statement of
Theorem 1.2, let _#y be the (dimY')th Fitting ideal of Q%//k, let # denote the ideal sheaf on

T defined by the closed substack X % Zy, and let .# be a quasi-coherent ideal sheaf on X such
that .#Oz, - _# = 0 and the closed substack of X defined by .# has underlying topological space
equal to |X]\ |U|. Note that such an ideal .# is guaranteed to exist by Theorem 4.1(a).

We begin with the following key case of Theorem 1.2(b), where the functions of interest are
all constant on C.

PROPOSITION 6.4. Suppose that ord g, is constant on D and that ht(LO))(/Y —I—ht(l) ht!V

(0) Lxyy? “Lxjy’
htLG'*LIX/X’ and ord y are constant on C. Then

ht(LOg*LI /X_htgoi/y
py (D)= [ L x Ay .
C

The proof of Proposition 6.4 is rather technical, so we first pause and attempt to shed light
on the “big picture.” In the case of schemes, the analogous proposition is accomplished by using
deformation theory and (the scheme case of) Theorem 5.1 to show that the reduced fibers of
0,,(C) — 0, (D) are affine spaces of appropriate dimension. Then applying (the scheme version of)
[SU22, Lemma 3.35] gives the relationships in ///l; that lead to the change of variables formula.
This direct argument does not seem to work in the case of stacks: Deformation theory and
Theorem 5.1 can be used to show that each reduced fiber of 6,(C) — 6,(D) is a quotient,
by a vector group, of the product of an affine space and a vector group. These fibers all have
the same class in .#). However, without knowing more about the action of that first vector
group, it is not clear that one can apply [SU22, Lemma 3.35]. This issue leads to the technical
nature of the following proof, which involves stratifying 6, (C) into certain W; that each admit
certain vector group torsors Z;. The imprecise intuition is that the torsors Z; — W, globalize
the vector group actions referred to above, providing just enough uniformity to apply [SU22,
Lemma 3.35]. However, this only serves as motivating intuition. The actual idea is that the
specific construction of these strata allows us, using deformation theory and Theorem 5.1, to
compute the fibers Z; — 0,(D) with sufficient precision to apply [SU22, Lemma 3.35]. With
care, as elaborated below, this eventually leads to the desired change of variables formula.

We note to the reader that in a few locations below, we will identify certain spaces of jets with
appropriate deformation spaces. These identifications are as stacks over a field k/, and they are
obtained by using deformation theory to compute the category of A-valued points of these spaces
of jets, where A varies over all k’-algebras. See the proof of Theorem 4.1(b), where this is done
in a slightly simpler context. We give more specific justifications in the appropriate locations
below.

Proof of Proposition 6.4. Let e’ € Z>¢ be such that ord
ho,r € Zzo be such that ht{))  +htf!) . htf)

Lx;y’ "Lxyy’
ho, and r, respectively, on C. Because C is a cylinder, there exists some ¢ € Z>( such that

0, (6:(C)) = C. Set h = ho1 — h1, and note that ht'? s equal to h on C, so in particular

Lx/y
h € Z=o. Set e = hg1 + h;. Because the (isomorphic) im/age of U in Y is smooth, we have that
DNZL(Y \ Yam) = 0, where Yy, is the smooth locus of Y. By [SU22, Lemma 7.5], there exists
some np € Zq that satisfies the following: For any field extension £’ of k, any n > np, and any
U € (0, (D)) (K, there exists some ¢ € D(k') such that 6, () = ¥y,.

7y is equal to € on D, and let hoy, h1,

(0)
hthr*LIX/x’ and ord » are equal to hg, h,
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Fix any n > max({ + e, + e,2max(r, hg) — 1 +e,€¢/,np,2e — 1). Because dim X = dim Y, it
is sufficient to show that

e(0n(D)) = LMo~ (=) e(g,(C)).
Set Cr—e = 0p—c(C) C |-£,(X)|. We prove the above equality working over a suitable stratification.

Step 1: Giving stratifications of 0,(C), 6,—c(C), and 6,,(D). For every field extension k' of k,
every k' valued point of C,_. lifts to a k’-valued point of C because X is smooth and n —e > £.
Thus because n — e > max(r,2max(r, hg) — 1), Theorem 4.1(b) implies that every k’-valued
point of C,,_. has stabilizer isomorphic to Gho Because X' has separated diagonal, %, _.(X)
has separated diagonal [Ryd11, Proposition 3. S(XX)] Thus Proposition 6.1 implies that C,,_ can
be stratified into (finitely many) locally closed substacks {V;}; of .£,_(X) such that each V; is
isomorphic to V; x kB(Garh0 for some finite-type k-scheme V;. Let each V; — V; be the quotient map

by the trivial G %.-action on V;, and let each V; — .Z,_.(X) be the inclusion. Also for each i, let
Zi =W, = %, ( ) be the base change of V; — V; — £, _.(X) along ;! __: Z,(X) = Lh_c(X).
Because Z; — W, is a Gzok—torsor and GZOk is a special group, [Eke25, Propositions 1.1(iii)
and 1.4(i)] show that
e(Z;) =LM"e(W;).

Because n—e > £ and X is smooth, 6,,(C) = (07_,) "1 (C,—¢), so the W; form a partition of ,,(C).
Thus

D e(2) = LM e(0(C)). (6.1)

i

Now set Q; = Z,(m)(|Wi]) C |-Z.(Y)]. By Chevalley’s theorem, the ); are constructible subsets
of |.£,(Y")|. We will now show that the ); partition ,,(D). The Q; cover 8, (D) because C surjects
onto D and because the |W;| cover 6, (C). We just need to show that the @; are mutually disjoint.
To do this, it is sufficient to show that if & is a field extension of k and ¢y, ¢!, € 6,,(C)(k') have
the same image in £,(Y), then 0'__(p,) = 0'_ (¢),). Because X is smooth and n > ¢, there
exist ¢, ¢’ € C(k') that truncate to ¢y, ¢),, respectively. We have

0n(Z () () = Ln(7)(n) = Zu(m) () = On(L(7)(¢)),

n > max({ + e,e’) > max(¢ + h,€’), and n > e > h. Therefore, Theorem 5.1 implies that
On—c(@) = 0,,_c(¢'), as desired. We have now shown that the Q; partition 6,,(D). Therefore,

> e(Qi) = e(6(D)). (6.2)

i
In light of equations (6.1) and (6.2), we must relate e(Q;) and e(Z;). Because the composition

“n(

Z s Wy s Z0(20) 22 vy

maps |Z;| onto @;, we will accomplish this by controlling the fiber (with reduced structure) of
Z; = 2,(Y) over every point of Q;. To this end, fix some 7, some field extension &’ of k, and some
U € Qi(K'). Let F be the fiber of Z; — £, (Y) over ,,. We will relate F to the better-behaved
fibers of Z; — V;.

Step 2: Viewing Freq 0S a closed substack of a fiber of Z; — V;. Since n > np, there exists
some ¢ € D(K') that truncates to t,. By the assumption on C(k') — D(k’), there is some
¢ € C(K') whose image is 1. Set o, = O,(p) € 0,(C)(K') and @n—e = 0p—c(p). We have already
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shown that the [W;| have disjoint images in .Z,(Y"), so the fact that ¢, has image ¢, € Q;(k’)
implies that ¢, € W;(k'). Because Z; — W;, as a base change of V; — V;, is a Gho -torsor and
G Ok, is a special group, there exists some z € Z;(k’) whose image in W; is 2- 1som0rphlc to @y,
Set v € Vi(K') to be the image of z along W; — V;. Now consider the following 2-commutative
diagram:

Z W, Zo(x) 20 7 vy
/ Ln—e(m)
Spec(k') > Vi Vi Lp—e(X) —— L (Y).

Pn—e

Let H be the fiber of Z; — V; over v. Because .Z,(Y') and V; are schemes, F and H are closed
substacks of Z; @y, k. We will show that |F| C |H].

Suppose that for some field extension k", we have 2’ € F(k”), so the image of 2’ in .Z,(Y) is
@ k”. We already saw (when proving that the @; were disjoint) that any two k”-points of 6,,(C)
that have the same image in .%,(Y") must have 2-isomorphic (n — e)-truncations (this was where
we used Theorem 5.1 above). Thus 2’ and z ®j k" have 2-isomorphic images in Z,_.(X)(k").
Because the quotient map V; — V; is a section of V; = V; xy, BGZ?k — V;, it induces an injection
Vi(K") — Vi(k"). Also, V; = Z,_.(X) induces an injection V;(k”) — Z_e(X)(k"). Therefore,
2" and z ®y k" have the same image in V;, namely v @ k”. Thus 2’ € H(k"), and we have shown
that |F| C |H], so Fred is a closed substack of H.

Step 3: Computing Freq- We determine Froq by computing H and understanding |F| as
a subset of |H|. Because n > 2e — 1, we have that Spec(k[t]/(t"~¢*1)) — Spec(k'[t]/(t" 1)) is
defined by a square zero ideal. Thus H, which is isomorphic to the fiber of .Z,(X) — Z,_(X)
over 0,,_(¢n), can be identified with the deformation space (see, for example, the proof of [SU22,
Lemma 3.34))

Ext®(Lg} oL, I) xiw BExt™ (Lo} Ly, 1),

where I = (t"~¢*1)/(t"*1) and by slight abuse of notation, we are using L _, to mean the
derived pullback along the associated jet Spec(k[t]/(t"~¢*1)) — X. Similarly, the fiber H of
L(Y) = Zh_e(Y) over 0)'_ (1) can be identified with the deformation space

Ext®(L},_ Lm* Ly, I)
so that the map H — H is identified with the projection
Ext®(Lg Lk, 1) xw BExt™ (Lo} Ly, 1) — Ext®(Lg} L, 1)
followed by the linear map
[ Ext®(Lg) Ly, I) — Ext® (L) La* Ly, 1)
induced by L7* Ly, — Lx/k, and Freq is identified with the closed substack of H

ker f X BExt™ (L) Lk, 1) -

21



M. SATRIANO AND J. USATINE

Therefore,

dim, /s ker f
fred = K/ H X! BG

By the exact triangle L7* Ly, = Ly /x — Lx)y and the fact that Y is a scheme, we have that

dlmk/ Ext~ (L(P;;_ELX/kaI)

ker f = Ext’(Lg;,_Lxy,I) and  Ext™'(Lej_ Ly, 1) = Ext™ (Lp_o Ly, 1) -
Thus Lemma 3.6 implies that

dimy ker f = ht'® (Oe-1(¢)) and  dimy Ext™ (Lo Ly, I) = htgl)ux/y(ee_l(@)),

e— lLX/Y
SO
(0) (1)
Fred o Ak/e 1 LX/Y(ee—l(QO)) . BG te 1 LX/Y( e—l(‘P)) |
Because e > hg1 +h1 and ht(L) (¢) = 0, Theorem 3.2(Db) 1mphes that hté )1 LX/y(g@fl(@) oy
and htil)l LX/Y(Qe—l( )) == hl, SO Fred ~ AZ}H X jo! Ghlk,

Step 4: Completing the proof. Now that we have computed Feq and shown that it does not
depend on 1, we can finally relate e(Z;) and e(Q;). Specifically, [SU22, Lemma 3.35] implies
that

e(Z) = o(Ay" Xk BGy)) e(Q) = LM e(Qi),
where the second equality is because GZlk, is a special group. This, along with equations (6.1)
and (6.2), gives e(f,(D)) = Lho—(ho1=h1) ¢(g, (C)). completing the proof of this proposition. [

We can now finish the proof of Theorem 1.2(b) by reducing to Proposition 6.4. The re-
mainder of the argument is essentially standard, but we still briefly outline it for complete-
ness.

Proof of Theorem 1.2(b). Because the (isomorphic) image of ¢/ in Y is smooth, the intersection
DNZ(Y \ Ysm) is empty, where Yy, is the smooth locus of Y, so ord 4, : D — Z is constructible.
Thus D can be partitioned into finitely many cylinders where ord 4. is constant, and because
the preimage of a cylinder along Z(7) is a cylinder, it is straightforward to reduce to the case

where ord Iy is constant on D. Thus we assume that ord Iy is constant on D.

Recall that ht(LO)/ +ht(1)

Lx;y’

the proof of Theorem 1.2(a)). Also, ord ys: C — Z is constructible by Remark 2.6. Thus there
exists a finite partition of C into cylinders {C;}; such that ht(L)/ +htt) ne) e

Lx,y’ ""Lx;y’ " "Lo*Lz, x’

htg) , and hth)* I are constructible functions on C (see
xX/Y oLz, x

and ord s are all constant on each C;.
For each i, let ¢; be such that C; is the preimage along 6y, of a constructible subset of .2y, (X),

and let h; be such that htg);/ (ht(LO))(/Y + htgi/y) —ht(Ll;/Y is equal to h; on C;. Set £ = max; ¢;
and h = max; h;, and let ¢’ be such that ord », 0.Z(7) is equal to ¢’ on C. Set n = max(£+h, €’).
We will now show that the £, (7)(0,(C;)) are pairwise disjoint. To do so, it is sufficient to show
that if £’ is a field extension of k‘, p e Ci(K), ¢ € Ci(k), and 0,(Z(7)(¢)) = (L (7)(¢)), then
i = j. By our choice of ¢, h, ¢/, n, Theorem 5.1 apphed to C implies that 6,,_p(p) = 0,,_p(¢").

Because n — h > £ > {;, this 1mphes that ¢’ € C;(K'). Thus C;NC; # 0, s0 i = j.

We have thus shown that the .2, (7)(6,,(C;)) are pairwise disjoint. Therefore, D is partitioned
into the cylinders D; = D N 0, 1(%.(7)(0,(C;))), where we note that each .Z,(7)(0,(C;)) is
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constructible by Chevalley’s theorem. Then C; — D; satisfies the hypotheses of Proposition 6.4,
and the theorem follows by summing over i. O
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