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Versality of Brill-Noether flags and degeneracy loci
of twice-marked curves

Nathan Pflueger

ABSTRACT

A Brill Noether degeneracy locus is the closure in Pic?(C) of the locus of line bundles
with a specified rank function r(a,b) = h°(C, L(—ap — bq)). These loci generalize the
classical Brill-Noether loci W (C') as well as Brill-Noether loci with imposed ramifica-
tion. For general (C, p, q), we determine the dimension, singular locus, and intersection
class of Brill-Noether degeneracy loci, generalizing classical results about W;(C). The
intersection class has a combinatorial interpretation in terms of the number of reduced
words for a permutation associated with the rank function, or alternatively the number
of saturated chains in the Bruhat order. The essential tool is a versality theorem for
a certain pair of flags on Pic?(C'), conjectured by Melody Chan and the author.

1. Introduction

The classical Brill-Noether and Gieseker—Petri theorems have many proofs and interpretations.
Our starting point is an intriguing deformation-theoretic point of view on these theorems. Fix
a curve C' with two marked points p, ¢. For any line bundle L, we may fix N > 0 and interpret
HY(C, L) as the intersection of two linear subspaces P = H°(C, L(Np)) and Q = H°(C, L(Nq))
within H = HY(C, L(Np + Ngq)); since N > 0, the dimensions of P,Q, H do not depend on L.
Varying L, we obtain a deformation of pairs of subspaces within a vector space. The observation
is this: The dimension and smoothness theorems for W (C) follow from the assumption that for
a general curve, this deformation is versal.

This paper elaborates on this deformation-theoretic point of view and thereby obtains some
novel results. We extend from Grassmannians to flag varieties. Flag varieties have a beautiful
system of Schubert subvarieties indexed by permutations, and this theory is mirrored in Brill-
Noether theory of twice-marked curves. A versal deformation plays the pivotal role.

1.1 The versality theorem

Fix a smooth twice-marked curve (C,p,q) over an algebraically closed field k£ and an integer
d > 2g — 1. Pushing down a Poincaré line bundle on C' x Pic?(C) gives a rank n = d+ 1 — g
vector bundle Hy on Pic?(C'), with fibers (Ha);y) = H°(C, L). For any divisor D on C, denote
by twp: Pic?(C) — Pic?Td8P(C) the “twist” isomorphism given pointwise by [L] — [L(D)],
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N. PFLUEGER

and for all 0 < a,b < d —2g + 1, define P§ = twyp Hi—q, and QZ = twpq Hi—p- Regarding these
as subbundles of H4, we obtain two flags P}, Q;, in H,4, both of coranks [0,d — 2g + 1] N Z. Call
these the degree-d Brill-Noether flags of (C,p,q). Section 4 defines the notion of a versal pair of
flags. Informally, two flags are versal if their relative positions in any fiber deform “as generally
as possible” around that fiber. The first main result of this paper is the following.

THEOREM 1.1. If (C,p,q) is a general twice-marked curve of genus g, then the pair of degree-d
Brill-Noether flags P;, Q;, of (C,p,q) is versal.

This was conjectured in [CP23, Conjecture 6.3]. One might hope to generalize Theorem 1.1
to three or more marked points, but this is impossible, even for g = 0; see [CP23, Example 3.4].

1.2 The coupled Petri map
Define, for any line bundle L on a smooth twice-marked curve (C, p, ¢) and any subset S C Z X Z,
Tr.(S) = Z H°(C, L(—ap — bq)) ® H°(C,wc ® LY (ap + bq)) . (1.1)

(a,b)eS

We write Tlfq as shorthand for Tzfq(Z x 7). To define this sum, regard all terms as subspaces of
H(C*,L) @ H*(C*,wc ® L"), where C* = C\{p, ¢}. Call the elements of TpL7q coupled tensors.

DEFINITION 1.2. The (fully) coupled Petri map of L on (C,p,q) is uﬁq: Tzfq — H(C,we) given
by cup products. Abbreviate N’}I;,q|Tqu(S) to ,ulj;qug; we call this the S-coupled Petri map. If ,u]’;jq

is injective for every L, then we say that (C,p,q) satisfies the (fully) coupled Petri condition;
if ,L/,}I;,qlg is injective for all L, we say that (C,p, q) satisfies the S-coupled Petri condition.

Example 1.3. If C is of genus 0, then TpLﬂ is trivial, so (C,p,q) always satisfies the coupled
Petri condition. If C is of genus 1, then dim 7T, gjq is equal to the number of pairs (a,b) such
that L = Oc¢(ap + bq), and (C, p, q) satisfies the coupled Petri condition if and only if p — ¢ is
nontorsion.

The {(0,0)}-coupled Petri map is the usual Petri map. A one-marked-point analog of ,u}ﬁ Pt
studied in [CHT92, Lemma 3.1]. Corollary 4.8 will show that P;, Q7 is a versal pair at [L] if and
only if the [0,d — 2g + 1]?>-coupled Petri map of L is injective. This paper proves the following.

THEOREM 1.4. Let S C Z X Z be finite. A general (C, p, q) satisfies the S-coupled Petri condition,
and therefore a very general (C,p, q) satisfies the fully coupled Petri condition.

1.3 Brill-Noether degeneracy loci
We will apply the versality theorem to generalize basic theorems about W} (C) to the following
degeneracy loci. Given (C, p, ¢), an integer d, and a function r: N> — N, consider the locus
{[L] € Pict(C) : h°(C, L(—ap — bq)) > r(a,b) for all a,b € N2} . (1.2)

By choosing 7(a,b) = max (0,79 + 1 — a — b), this is the usual W;°(C); other choices of function
r(a,b) encode information about the geometry of the map C' — PH(C, L)V.

Only certain functions r(a, b) are useful in construction (1.2). In fact, the only functions where
equality r(a,b) = h®(C, L(—ap — bq)) is possible are described as follows.

DEFINITION 1.5. A dot array is a finite subset Il of N x N such that no two distinct elements
of IT are in the same row or the same column. When drawing a dot array, we index positions like
entries in a matrix: (a,b) is placed in row a and column b, with (0,0) in the upper-left corner.
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VERSALITY OF BRILL-INOETHER FLAGS
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FIGURE 1. Examples of Brill-Noether degeneracy loci, with |II| = 3. The shaded boxes indicate
Ess(1I).

The rank function of a dot array is the function N> — N defined by

(a,b) = #{(d/,V)€Il:d’ > aand V' > b}. (1.3)

Given a dot array II, the row sequence is the set of first coordinates of elements of II sorted in
increasing order and usually denoted by(aq, ..., a,), where r = |II| — 1, and the column sequence
is the sorted set of second coordinates, usually denoted by (b, ..., b;).

See [FP98, §1.2] for a nice discussion and many examples. However, note that we use slightly
different index conventions since we think of a, b as codimensions rather than dimensions. This
better matches our intended applications, where a, b will be vanishing orders. For example, we
index beginning at 0 and count “toward the lower right” rather than “toward the upper left.”

DEFINITION 1.6. Let (C,p,q) be a twice-marked curve of genus g, d a positive integer, and II
a dot array such that |II| > d + 1 — g. Define set-theoretically

Wi(C,p,q) = {[L] € Pic?(C) : K°(C, L(—ap — bg)) = r"(a,b) for all a,b € N?}.

Give this locus a scheme structure by interpreting each inequality with a Fitting ideal; see
Section 6. We call WE(C,p, q) a Brill-Noether degeneracy locus.

In fact, most of the inequalities in Definition 1.6 are redundant. Define
Ess(IT) = {(a,b) € N*: a—1,b) = rY(a,b—1) = Y(a,b) > r(a+1,b) = rn(a7b+1)} , (1.4)

and call this the essential set of II. One may replace “for all a,b € N?” with “for all (a,b) €
Ess(IT)” in Definition 1.6 without changing the scheme structure. See Section 3. It will also be
convenient to take a slightly larger set than Ess(II) for some arguments; define the essential rows
EssR(IT) and essential columns EssC(II) to be the images of Ess(II) along the first and second
projections to N, respectively. With these definitions, define

Wil(C,p,q) =
{[L] € Pic’(C) : h%(C, L(—ap — bq)) = r"(a,d) for all (a,b) € EssR(IT) x EssC(II)} .

We illustrate the geometric significance of dot arrays and degeneracy loci in Figure 1. This
figure shows various examples of dot arrays with three dots. The sketch shows a cartoon of
a twice-marked curve with a line bundle [L] € W(?(C, p,q), immersed in P? by the complete
linear series of L. The boxes of the set Ess(II) are shaded. For the “generic” dot array of size
7+ 1, we have IT = {(0,7), (1,r — 1),...,(r,0)}, Wi(C,p,q) = W}(C), Ess(Il) = {(0,0)}, and
/WV/E(C,p, q) = WH(C)\W}(C). The choice of marked points is immaterial in this case.
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The expected dimension of WI(C, p, q) is the following number:
po(d, ) =g —(r+1)(g—d+r) =Y (a;—i) = > (b — 1)
i=0 =0
— #{(a,b),(d,t/)ell:a<a and b<¥'}.

Here aq, ..., a, and by, . .., b, denote the row and column sequences, and r = |[II|—1. Dot patterns
I € N? with |II| > d + 1 — g are in bijection with a type of permutation of Z that we call (d, g)-
confined permutations and describe in Section 6.1. The (d, g)-confined permutation 7 associated
with II has the feature that wy_,m has finite length, and in fact this length is the expected
codimension: py(d, 1) = g — l(wq—g7).

THEOREM 1.7. Fix positive integers g, d and an algebraically closed field k. Let (C,p,q) be
a general twice-marked smooth curve of genus g. For any dot array Il such that |II| > d+1—g,
WE(C,p, q) is nonempty if any only if py(d,1I) > 0. If it is nonempty, it has pure dimen-
sion py(d,II) and the open subscheme WN/};(C,p, q) is smooth and dense.

Let 7 be the (d, g)-confined permutation associated with II, and let R(wq—gm) denote the set
of reduced words for the permutation wy_qm (or equivalently, saturated chains from the identity
to wq—gm in the Bruhat order). Then the Chow class of Wil(C,p,q) is

_ |R(wi—gm)|

(Wi, p,q)] = Ofwa-g)

€(wd,g7r)!

We will use the versality theorem to prove Theorem 1.7. This analysis occupies Section 6.

1.4 Related work on Brill-Noether theory of marked curves

The present work builds upon a number of previous works on Brill-Noether theory of marked
curves. The theorems related to this work fall under three types: dimension theorems, smoothness
theorems, and enumerative theorems; all three problems can be studied for curves of various
numbers of marked points. One aspect of classical Brill-Noether theory we do not address is
connectedness; for unmarked curves, the connectedness of Wj(C') follows from the main theorem
of [FL81], which does not apply in this situation. It is possible that a degeneration proof, along
the lines of Osserman’s proof of the connectedness of Wj(C'), see [Oss19], may work.

Eisenbud and Harris [EH86] proved an extended form of the classical dimension theorem
to curves with n > 0 marked points, with a characteristic 0 hypothesis. This extended dimen-
sion theorem is false in positive characteristic when n > 2. However, the theorem is true in all
characteristics when n < 2; a simple proof appears in [Oss14]. The question of smoothness is
considered, for n = 1, in [CHT92], via a Petri map. In the case n = 2 and in all characteristics,
a smoothness theorem was proved in [COP19], by degeneration rather than using a Petri map.
A smoothness theorem for the n = 2 case via the injectivity of a Petri map was proved inde-
pendently in [TeiB23], which appeared on arXiv five months after this paper. Our smoothness
result departs from these results in part by considering not just ramification conditions at the
two marked points, but also conditions on the interaction between the two marked points.

The enumerative geometry of Brill-Noether varieties began in Castelnuovo’s calculation in
1889 in the case p = 0; a nice summary of this argument and how it has been adapted to
other situations is in [HM98, §5A]. Modern approaches have typically used techniques from
the theory of degeneracy loci, beginning with the work of Kempf [Kem71] and Kleiman—Laksov
[KL72, KL74b], who computed the intersection-theoretic class [Wj(C')] via the Porteous formula.
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VERSALITY OF BRILL-INOETHER FLAGS

An analogous computation for curves with one marked point may be deduced from the degeneracy
locus formulas in [KL74a]; this computation may be found, for example, in [Pfl18, §4], and
an analogous theorem for curves with a moving marked point can be found in [FT16]. The
case of two marked points with imposed ramification was studied in detail by Anderson, Chen,
and Tarasca [ACT22a], who used degeneracy locus formulas to obtain not just the intersection
class of the Brill-Noether loci but classes in K-theory as well. A recent paper [ACT22b] also
considers the case of one marked point from a motivic point of view. The enumerative aspects of
this paper, developed in Section 6, follow similar methods to those of [ACT22a]. The principal
difference in this paper is that while [ACT22a] considers degeneracy loci indexed by 321-avoiding
permutations, imposing conditions on combinations of marked points requires us to consider
degeneracy loci indexed by arbitrary permutations (of finite length).

The main innovations of the present work are the versality point of view and the generalization
from vanishing conditions at individual points to conditions imposed on combinations of the
marked points. For example, while vanishing conditions may impose a cusp, flex point, or higher
ramification condition at a single marked point, the approach in this paper may also impose
nodes, bitangents, and other conditions concerning the interaction of the two marked points.

Finally, we note that there are two points of view on classical Brill-Noether theory: One
may consider loci Wj(C') of special line bundles, or parameter spaces G7(C) of linear series. We
focus herein on the first point of view. Although the details are not developed in this paper, the
versality theorem should also be able to provide new proofs of the main results of [COP19] about
the geometry of the varieties G(C, (p,a.), (q,b.)) parameterizing linear series with prescribed
vanishing orders. This potential application is also discussed in [CP23, § 6] and [Li23, §4]. These
varieties have the form of relative Richardson varieties, in the sense of [CP23]. However, the
results of [CP23] on such varieties work with pairs of complete flags, so they do not immediately
apply in this situation. Assuming that the results of [CP23] generalize to partial flags, they would
quickly imply the results of [COP19] about the smooth locus of a twice-pointed Brill-Noether
variety and also imply that the image of the projection G3(C, (p, a.), (¢, b.)) — Pic?(C) is equal to
a Brill-Noether degeneracy locus of the type discussed in this paper. Furthermore, the techniques
of [Li23] provide natural resolutions of singularities for twice-pointed Brill-Noether varieties, via
relative Bott—Samelson varieties; see [Li23, Conjecture 4.4].

1.5 Conventions

By a smooth curve, we mean a smooth proper geometrically connected curve over a field k of
any characteristic. An arithmetic surface is a proper flat scheme over a discrete valuation ring
whose generic fiber is a smooth curve. A point refers to a k-valued point unless otherwise stated.
A twice-marked smooth curve (C,p,q) is a smooth curve with two distinct marked points. For
a twice-marked curve (C, p, q), we denote the punctured curve C\{p, ¢} by C*, where the marked
points p, ¢ will be clear from context.

To simplify our notation, intervals [a, b], (—o0, b], [a, 00) will always refer to sets of integers
[a,b] N Z, (c0,b] N Z, [a,00) N Z, and the symbol N will denote the set of nonnegative integers.

A (partial) flag in a vector bundle H (or vector space) is a sequence of nested subbundles
(or subspaces) P D --- D P where the subscript always denotes corank (that is, the rank of
H/P? is a). The set A = {ao,...,as} is called the set of coranks of the flag. A complete flag is
a flag with set of coranks [0, n], where n is the rank of #.

If a: Z = 7Z is a permutation fixing all but finitely many n € Z, then the length of «
is /(o) = #{(a,b) € Z : a < band a(a) > «(b)}. The length is also the minimum length
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P=A

—e *—
n Spec(R) 0

FIGURE 2. The arithmetic surface C — Spec(R) in Situation 2.1.

of a factorization of « into simple transpositions; such a factorization is called a reduced word
for a.

Denote by wy, the descending permutation w,,(n) = m — n, which we will sometimes also
regard as a permutation of [0, m — 1] rather than all of Z.

1.6 Outline of the paper

Section 2 carries out the degeneration argument needed to prove Theorem 1.4. Section 3 gives
some preliminary material about relative positions of flags. Section 4 is concerned with first-order
deformations of a pair of flags and builds the link between the versality of Brill-Noether flags and
the coupled Petri map. Section 5 completes the proofs of Theorems 1.1 and 1.4. Section 6 applies
the versality theorem to the analysis of Brill-Noether degeneracy loci and proves Theorem 1.7.

2. Degeneration to chains of twice-marked curves

This section is largely independent of the rest of the paper; its object may be summarized by
the slogan “twice-marked curves satisfying the coupled Petri condition can be chained together.”
The approach is based on [EH83], with two main adaptations. First, we degenerate to a chain of
genus-1 curves, rather than a flag curve; this is similar to the approach taken in [Wel85] and is
analogous to the tropical proof of the Gieseker—Petri theorem [JP14]. In fact, we formulate our
degeneration in a more flexible way. Any chain of smooth curves, all satisfying the coupled Petri
condition when the attachment points are marked, will do. Second, we work throughout with
sections of line bundles on twice-punctured curves; this adds the flexibility to consider the fully
coupled Petri condition all at once and also simplifies the argument somewhat.

SITUATION 2.1. Let R be a discrete valuation ring, with residue field k, uniformizer ¢, and fraction
field K. Assume that k is algebraically closed. Let w: C — Spec(R) be a regular arithmetic
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VERSALITY OF BRILL-INOETHER FLAGS

surface, with two disjoint sections P, ). We sometimes also denote P by Ag and @ by Api;.
Assume that the special fiber Cj, is a chain of £ smooth curves Ay U---U Ay, where A,, and A,
meet nodally at a point that we denote by both ¢, and p,.+1. Assume that P meets the special
fiber at a point p; € A; distinct from ¢; and that Q meets the special fiber at a point gy € Ay
distinct from py.

Denote by C* the complement of PUATU---UAUQ = AgU---U Ayyq and by U, the
complement of AgU---UA,_1UA,4+1U---UApsq. Also denote by A} the punctured smooth
curve Ap\{pn, qn} (for 1 < n < £). The generic fiber C x g Spec(K) will be denoted by C), and
the geometric generic fiber C x g Spec(K) will be denoted by Cg. If £, M are line bundles on C,
we will write L,,, M, to denote the restrictions of these line bundles to A,.

THEOREM 2.2. In Situation 2.1, if each (Ay,,pn,qn) satisfies the coupled Petri condition, then
(Cy, Py, Qx) satisfies the coupled Petri condition.

It will simplify notation slightly and add no additional difficulty to work in a slightly more
general situation. If £, M are line bundles on C, denote by p the cup product map
p: HY(C*, L) @ H(C*, M) — HO(C*, L& M).

We will define a notion of coupled tensors for this multiplication map and prove in Theorem 2.7
an analog of Theorem 2.2 in this setting, from which we will deduce Theorem 2.2.

2.1 Valuation of tensors

In Situation 2.1, the divisors P = Ag, A1, ..., Ap, Ap11 = @ determine valuations vy, ..., vp1
on the function field of C. If £ is a line bundle on C, then v, also naturally determines a map
vp: HY(C*, L) — Z U {oo} giving the vanishing order of a rational section along A,,. Following
[EH83], we extend v, to tensors, as follows. If £, M are two line bundles on C, then we define

vn: HO(C*, L) ®@r HY(C*, M) — Z U {0}

by setting v, (p) to the maximum, taken over all expansions p = ) 0; ® 7; into rank-1 tensors,
of min;{v,(0;) + vn(7;)}. Importantly, v,(p) is not always equal to v, (u(p)). In like fashion, we
extend the valuations vy,,, v, to maps HY(A%, L,) ®, H°(A}, M,,) — Z U {oo}.

For n € [1, /], the restriction v,|g is the discrete valuation on R, so for all a € Z,
{pe H(C*, L) ®p H°(C*, M) : >a} =t"H Uy, L) @ H(Un, M).
On the other hand, if n € {0,¢ + 1}, then v, induces the trivial valuation on R. In general,

(1) a+uvp(p) ifl1<n<l, 2.1)
Un, = .
P=Vomlp)  ifne{0,0+1}.

There is a restriction map HO(U,, £) @ H(U,, M) — H°(A%, L,) @ H°(A%, M,,) for all
1 < n < ¢, the kernel of which consists of all tensors divisible by ¢, that is, all p with v,(p) > 1.

We denote the image of a tensor p under this homomorphism by p|4: ; this is nonzero if v, (p) = 0.

PROPOSITION 2.3. Let p € HY(C*, L) ®r H°(C*, M), and let n € [1,£]. If v,(p) = 0, then the
restriction p|a is nonzero. It satisfies vy, (plaz) = vn—1(p) and vg, (plaz) = vny1(p).

2.2 Adapted bases

Proposition 2.3 is plausible enough, but it requires a bit of algebra to prove. Namely, we make
use of a special type of basis for finite-dimensional subspaces of sections of line bundles on C*.

503



N. PFLUEGER

These bases play the role of the “compatible bases” used in [EH83, Lemma 1.2].

DEFINITION 2.4. In Situation 2.1, let £ be a line bundle on C, and suppose n € [0,¢ + 1]. Let
S C HY(C,L), and let V = span S. The set S is called adapted to A, if it is linearly independent
(over K) and for all a € Z, the set {co : c € K, 0 € S, vy(co) > a} generates the R-module
Vo={veV:y(v) >a}.

Adapted bases are convenient for evaluating valuations of sections since

Uy, (Z cmi) = min{v,(c;o:)} . (2.2)

LEMMA 2.5. Fix a finite-dimensional subspace V. C H°(C*, L), and let m,n € [0,£ + 1]. There
exists a basis of V that is adapted to both A,, and A,,.

Proof. Filtering by v,,, one can obtain a basis of V' adapted to A,,. Given two indices m,n, we
may choose bases adapted to A,, and A,, individually and form the change of basis matrix from
one to the other. By Gaussian elimination, being careful to multiply by constants that do not
lower valuation, we may modify the two bases until this matrix has only one nonzero element in
each row or column. O

LEMMA 2.6. Suppose p € H°(C*, L) @ H°(C*, M). If v, (p) > a and vy,(p) > b, then there exist
o1,...,on € H(C*, L) and 71,...,7y € H°(C*, M) such that

(i) p = Zai®7'i;
(i1) vm(0i) + vm(7) = a for all i, and

(iii) wp(0;) + vn(1i) = b for all i.

Proof. By the definition of v, (p), vn(p), there exist two expansions p = Y ar ® B = > 7k ® I
such that vy, (ak) +vm(Br) = a and vy, (k) + v, (0r) = b. We may choose bases {o;} of the span of
all a; and ;, and {7;} of the span of all 3; and ¢;, both adapted to both A,, and A,,. Expanding
in these bases gives p =) fi j 0; ® 75, where vp,(fi ;) + Vm(0i) + vm (1) = a for all 4, j. O

We now have the tools to prove Proposition 2.3.

Proof of Proposition 2.3. Suppose 1 < n < ¢ and that p € H(C*, L) ®r H°(C*, M) satisfies
vn(p) = 0. The claim that p|4« is nonzero was verified in the paragraph before the proposition.
By Lemma 2.6, there exists an expansion p = > 0; ® 7; such that v,—1(0;) + vp—1(73) = vp—1(p)
and v, (0;) + vp(r) = 0 for all i. Since v, (t) = 1, we may assume vy, (0;),vp(7;) = 0 for all i.
Thus we have well-defined restrictions ;)42 € H(A}, Ly) and 7]a: € HY(A}, My,), and pla: =
> (0ilaz)®(7i] ax ). The restriction of O¢(A;,—1) to A, is equal to O 4, (pn), and thus vy, (03] 4x) =
Un—1(03) and vp,, (73| a2 ) = Vp—1(7;). Therefore, v, (p|ax) = min; (Vp—1(0%) + vn-1(7i)) = vn-1(p),
as desired. The bound vy, (p|ax) = vny1(p) follows by replacing vy, 1 by vpy1. O

2.3 Injective coupling

This subsection establishes our basic inductive result. Suppose that C' — Spec(k) is a smooth
curve over a field, p, g are distinct rational points, and L, M are two line bundles on C'. Define

TEM = 3" HO(C, L(—ap — bg)) @ HO(C, M(ap + bg)),
a,beZ

and define the coupled multiplication map to be the combination of cup product maps

ppt: TEM — HO(C, L@ M), (2.3)
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VERSALITY OF BRILL-INOETHER FLAGS

We say that two line bundles L, M have injective coupling if uﬁ, ;;‘,]V[ is injective.

THEOREM 2.7. In Situation 2.1, let L, M be line bundles. If L,(—py), My, have injective coupling
on (An,pn,qn) for all 1 <n < ¢, then L,(—P,), M, have injective coupling on (C,, P, Qy).

Proof. Suppose that p € ker ( ) is nonzero and satisfies vp(p) > 1. We will demonstrate
<

Q
that vg(p) < 0. For each 1 < n < ¢, let p, = t~"»(P)p. Proposition 2.3 implies that pnlaz is
nonzero and satisfies v, (pnlaz) = vn—1(pn) and vy, (pnlaz) = Vni1(pn). Injective coupling on
A, implies that either v,_1(pp) < 1 or vp+1(pn) < 0. By equation (2.1), for 1 <n < ¢ —1,

ifn=1 ifn=2¢
Vn—1(pn) = veie) L and vaa(pn) = volv) L
Vn—1(p) = vn(p) ifn =2 vnt1(p) —vn(p) ifn<l-1.

If vp(p) > 1, then vp11(p) < vp(p) for 1 < n < ¢ —1 by induction and vg(p) < 0. O
The following lemma is needed to apply Theorem 2.7 to the coupled Petri map.

LEMMA 2.8. Let (C,p,q) be a twice-marked smooth curve of any genus and L any line bun-
dle on C. The line bundles L and wc ® LY have injective coupling if and only if L(—p) and
we(p + q) ® LY have injective coupling.
Proof. By the Riemann—Roch theorem, for all a, b, either
H®(C, L(—ap — (b — 1)q)) = H"(C, L(~ap — bg))
or H°(C,we® LY(ap+bq)) = H*(C,we ® LY (ap+ (b—1)q)) .

\%
Therefore, TpL qwc@L =1, ( Jwo®L” By re-indexing the sum in the definition, we see that
plwe®LY _ pL(=p )wc(p+Q)®LV O
P.g = dpg

Proof of Theorem 2.2. In Situation 2.1, assume that each (A, pn, ¢n) satisfies the coupled Petri
condition. Let L be any line bundle on Cg; we will prove that Néﬁ;@ﬁ is injective.

First consider the case where L is defined over K, so that L may be regarded as a line bundle
on Cy. Since C is regular, this line bundle may be extended (nonuniquely) to a line bundle £
on C. Let M = we/p(P + Q) ® LY. Then M, = wa, (pn + ¢n) ® L,;, by adjunction [Liu02,
Theorem 9.1.37]. By assumption, L, and w4, ® L, have injective coupling; by Lemma 2.8, so
do Ly(—pn) and M,,. Now Theorem 2.7 implies that L(—P,) and M = we, (P, + @) ® L" have
injective coupling on Cj;, and Lemma 2.8 shows that L and we, ® LY do too. The same is true
after L is pulled back from C), to (5 since the global section functor commutes with flat base
extension.

For the general case, note that any line bundle L on Cy is defined over some finite extension
K' O K. We may extend R to a discrete valuation ring R’ with fraction field K’. After base
extension to R’ and resolving singularities, we obtain ¢’ — Spec(R’) with special fiber given
by replacing each node p, (2 < n < {) by a chain of rational curves; see for example [Liu02,
Corollary 3.25]. Rational curves have injective coupling (Example 1.3), so we may invoke the
first case to conclude that L has injective coupling on Cy. O

3. Flags and permutations

This section collects, without proofs, some basic facts about how permutations are used to record
the relative position of a pair of flags in a fixed vector space and to define degeneracy loci of
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flags within vector bundles. There are a variety of conventions in the literature, depending on
whether flags are indexed by dimension or codimension, whether indexing begins at 0 or 1, and
other choices, so it is useful to consolidate the facts that we need in our notation.

Fact 3.1. Let P°, Q° be two flags in a vector space H, with sets of coranks A and B, respectively,
and let n = dim H. There exists a unique permutation o of [0,n — 1] such that
(i) for all a € A,b € B, we have dim P* N Q* = #{i € [0,n — 1] : i > a and (i) > b};

(ii) for all @ € [0,n — 1] with a > 0 and a ¢ A, we have o(a) < o(a — 1); and
(iii) for all b € [0,n — 1] with b> 0 and b ¢ B, we have 0~ 1(b) < o= 1(b—1).
There exists a basis {vg,...,v,—1} of H such that for all a € A,b € B, the set {v; : i > a} is a
basis for P% and {v; : o(i) > b} is a basis for Q. Therefore, {v; : i > a,0(i) > b} is a basis for
PN Qb.

The permutation o is called the permutation associated with P°, QQ°. We call any permutation
of [0,n — 1] satisfying conditions (ii) and (iii) above compatible with coranks A, B. We will call
a basis as in Fact 3.1 adapted to P°, QQ°.

The association of a permutation with a pair of flags can also be reversed, to define degeneracy
loci for a pair of flags in a vector bundle. We follow the conventions of [CP23, §2]. Given
a permutation o of [0,n — 1], define the rank function r°: N> — N of o by

r7(a,b) = #{a' € [0,n—1]:d’ > a and o(a') > b} . (3.1)
If S is a scheme with a rank n vector bundle H and two complete flags P°, Q" in H, define
Dy(P5 Q") ={z € S :dim(P*), N (Q%), > r°(a,b) for all a,b € [0,n — 1]}. (3.2)

The equation above is only a set-theoretic definition. To give a scheme-theoretic definition, trans-
late each inequality into a bound on the rank of the bundle map Q% — H /P, trivialize this bundle
map locally, and consider the scheme defined by all the minors of appropriate size in the matrix
representation. Equivalently, one can bound the rank of the difference map P* @ Q¥ — H.

Although there are a priori d? inequalities imposed in equation (3.2), many of them are
redundant. A minimal set of rank conditions is provided by the essential set, defined in [Ful92]:

Ess(0) = {(a,b): 1< a,b<n, o(a—1) <b<o(a) and o lb—1)<a< J_l(b)} . (3.3)
The inequalities in equation (3.3) are equivalent to the equations and inequalities
r%(a—1,b) =1%(a,b—1) =1%(a,b) >r°(a+1,b) =r?(a,b+1), (3.4)

which make the redundancy more clear (cf. equation (1.4)). By [Ful92, Lemma 3.10], the scheme
defined in equation (3.2) is the same if we consider only (a,b) € Ess(c). A pleasant consequence
of this is that it is also possible to define D, for partial flags, provided that the flags have strata
of all coranks mentioned in Ess(o).

DEFINITION 3.2. Let P°, Q" be flags with coranks A, B, respectively, and let ¢ be a permutation
of [0,n — 1] such that Ess(c) C A x B. Define

Dy(P Q") = {z € S : dim(P"), N (Qb):C > r7(a,b) for all (a,b) € Ess(o)},

where the scheme structure is defined in the manner described above.

Permutations of [0,n — 1] have a partial order, the Bruhat order, in which o < 7 if and only
if r7 > r7. Therefore, 7 < o implies D,(P*; Q") C Dy(P*; Q’).

506



VERSALITY OF BRILL-INOETHER FLAGS

Denote by FI(A;n) the flag variety parameterizing flags V* of coranks A in k™. Taking V' to
be the tautological flag of coranks A on F1(A;n) and F* to be a fixed flag in k™ of coranks B,
we set

Xo(F') = Do (V5 F7) C Fl(A;m),

where o is any permutation compatible with coranks A, B. These are Schubert varieties, and
they are prototypical of all degeneracy loci of pairs of flags.

Fact 3.3. Fix a permutation ¢ compatible with coranks A, B and a fixed flag F* with coranks B
in k™. The Schubert variety X,(F") has codimension ¢(w,_10) in F1(A4;n). Its singular locus is
a union of Schubert varieties X, (F") for certain permutations 7 < o. All such 7 have {(w,—17) >
l(wp—10) + 2, so Schubert varieties are smooth in codimension 1.

If X-(F") C Xo(F")sing, we will say that 7 is singular in X,. A combinatorial description of
those o, 7 for which 7 is singular in X, was conjectured in [LS90] and proved independently by
several groups [BW03, Cor01, KLR03, Man01].

4. Versality of a pair of flags

This section gives a definition and some preliminary results about versality of flags, and applies
these results to Brill-Noether flags. We follow the point of view of [CP23] but do not assume that
the flags are complete, and we restrict attention to pairs of two flags. Throughout this section, let
S be a finite-type scheme over an algebraically closed field k of any characteristic, with a rank n
vector bundle H. Suppose further that two (partial or complete) flags P*, Q" are chosen, with
sets of coranks A, B respectively. We will reserve the letters a and b for elements of A and B,
respectively.

DEFINITION 4.1. Denote by f: Fr(#) — S the frame bundle of H and by F1(A;n) the flag variety
parameterizing flags F* of coranks A. The flags P*, Q" induce p: Fr(H) — Fl(A;n) x FI(B;n).
The pair P°, Q" is versal if p is a smooth morphism.

4.1 First-order deformations of a pair of flags
Fix a k-point = € S. For simplicity, denote by H, P*, Q* the fibers of H, P*, Q° over z. Define
M, = coker (End(H) -2 End(H)/ Fix(P") @ End(H)/ Fix(Q")) , (4.1)
where Fix(P*) denotes {¢ € End(H) : ¢(P*) C P° for all a € A} and A is the diagonal map.
Fix a point y € f~!(x). This amounts to an isomorphism £ =% H, which induces
Ty FI(A;n) x FI(B;n) — End(H)/ Fix(P") ® End(H)/ Fix(Q") .

Using this identification, we define a quotient map g, : Ty, F1(A;n) x F1(B;n) — M. The kernel
of g, is isomorphic to the image of the diagonal map from End(H) and may be identified with
the tangent space to the GL,, (k)-orbit of p(y). The following lemma follows from the discussion
in [CP23, § 3|, which generalizes with minor notation changes to the case of incomplete flags.

LEMMA 4.2. There is a linear map 0,: 1,5 — M,, independent of the choice of y, such that
the diagram below commutes. In this diagram, the rows are exact, GL, (k) is identified with the
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fiber f~Y(x), and the map to T, Fr(H) is the differential of the inclusion.

0 —— Tiq GLo(k) —— T, Fr(H) Y 15 0

| o L

0 —— End(H) —2— T, FI(A; d) x FI(B;d) —2 M, 0.

~

The flag pair P*, Q" is versal if and only if S is smooth over k and §, is surjective for all x € S.

We require a more concrete description of the map §, suitable to study Brill-Noether flags.
Let v € T,S, and regard v as a morphism v: Speck([g]) — S, where k[e| is the ring of dual
numbers. This gives an extension 0 - H — v*H — H — 0, where the first map is multiplication
by ¢ and the second is quotient modulo €. A choice of y € f~1(x) and w € df,; L(v) determines
a trivialization v*H = k[¢]", which determines a splitting s: v*H — H. Inductively construct
two (nonunique) splittings ¢p, ¢g: H — v*H of the quotient map such that ¢p(P*) C v*P* and
<Z>Q(Qb) C v*Qb for all a € A, b € B. These two maps precisely give the differential of p:

dpy(w) = (s o ¢p + Fix(P’), s o ¢pg + Fix(Q")) € End(H)/ Fix(P*) @ End(H)/ Fix(Q") . (4.2)
Now, applying the quotient g, to this formula, we obtain the following.

LEMMA 4.3. For any x € S and v € 1,5, let s: v"H — H be any k-linear splitting, and
ép,bg: H — v*H be any k-linear splittings such that ¢p(P?) C v*P* and ¢q(Q°) C v*QP for
alla € A, b€ B. Then 0,(v) = [so ¢p, s o ¢g|, where the brackets indicate the coset in M,.

4.2 A description of M)/

The dual vector space M,/ has a convenient description that will be well suited to relating it to
the coupled Petri map.

DEFINITION 4.4. For a € A, b € B, define rq;: M, — Hom(P* N Q°, H/(P* + Q")) by

rab([¥p, ¥Ql) = a0 (Vp — Q) lpange »
where ¢ denotes the quotient map H — H/ (P“ + Qb).

PROPOSITION 4.5. There is an isomorphism

¢ Y (PN @ (PPNQY) — MY
a€AbEB
such that for all a, b, the induced map (Pa+Qb)J'®(PaﬂQb) — M, is equal to'r, ;. Here, L is the
annihilator subspace, and (P“+Qb)L® (PaﬂQb) is identified with Hom (PaﬂQb, H/ (P“+Qb))v.
Proof. First, we claim that the product map
r=]]ree: Mo — [] Hom(P*n@’ H/(P*+Q%)
a,b acA,beB

is injective. Choose a basis B adapted to P*, @ (see Fact 3.1). Let [¢,0] € M, be any element
of ker(r). We will show that [¢,0] = 0 by constructing ¢; € Fix(P*) and 9y € Fix(Q") such
that ¢ = 1 — 1)9. For each v € B, choose a € A, b € B maximal such that v € P* N Q°.
Then v = v1 — vy for some v; € P% and ve € Q° since [¢),0] € ker(ry ). Define 11 (v) = v; and
9 (v) = vy. Then [, 0] = [t)1,12] = 0 € M,. This establishes that Ha,b Tqp is injective.
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Ta,5002 (V)

pPenQb
dp®PQ
/‘\

0 — > P@eQ) —— v'P*@v* Q) —— P QR —— 0

L

0 7 —— Y H 0
q
H/(P"+ Q")
0

FIGURE 3. The composition 744 0 d,(v) as a snake map.

Now, define A: End(H) — [[,, Hom(P* N Q°, H/(P* + Q%)) to be the diagonal map and
m: End(H) — M, to be the map ¢ — [¢,0]. Then r o m = A. Since r is injective and 7 is
surjective, we obtain an isomorphism ¢: im*A = M. Identifying im ‘A with )~ , (Pa—i—Qb)J‘ ®
(P* N Q") gives the desired isomorphism. It follows from the construction that Cap ="rap. O

The isomorphism ¢ demonstrates that the map &, may be conveniently studied via the compo-
sitions 74, 00,, which record first-order deformations of the pair P, QY of subspaces. These maps
have a convenient cohomological description, which is shown in Figure 3. Consider the difference
morphism P® @ QY — H given by (a, ) — a — 8. Given a tangent vector v € T,.S, we obtain a
map of short exact sequences shown in the figure. The snake map P*N Q> — H / (Pa + Qb) can
be described explicitly as g o s o (¢pp — ¢g) o ¢, which is also equal to r,p o d,. This proves the
following.

LEMMA 4.6. Let v € T,,S be a tangent vector. For alla € A, b € B, the map r,, 0 0,(v) is equal
to the snake map described above and shown in Figure 3.

4.3 First-order deformation of Brill-Noether flags

We now specialize to our intended application: Let (C, p, q) be a twice-marked smooth curve over
an algebraically closed field k, S = Picd(C) for some integer d > 2g—1, and consider the degree-d
Brill-Noether flags P}, Q;, in the vector bundle H,4. For convenience, let n = d+1—g = rank(Hg).

Fix a point [L] € Pic?(C). In the notation of this section, we have H = H°(C,L), P* =
HO(C, L(—ap)), Q* = H°(C, L(—bq)), PN Q" = H°(C, L(—ap — bq)), and the sets of coranks
are A= B =0,d—2g+1]. For all a € A, b € B, there is an exact sequence of O¢-modules

0 — L(—ap — bq) — L(—ap) ® L(—-bg) — L — 0, (4.3)

where the second map is given by (s,t) — s — t on sections. Taking cohomology, and using the
fact that L, L(—ap), and L(—bq) are nonspecial line bundles, gives an isomorphism

hap: H/(P*+ Q%) = H'(C,L(—ap — bg)).
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Dualizing these maps and using the functoriality of the long exact sequence gives an isomor-
phism

0: > H'(C,L(—ap—bg))’ @ H'(L(—ap—bg)) == > (P*+Q") " ® (P*NQY). (4.4)

0<a,b<n 0<a,b<n
Using Serre duality and identifying the domain of 6 with T}%q|[0,n]2 gives an isomorphism
Co0: Tyyliomz = M.
Identifying the cotangent space TS = H'(C,O¢)Y with H(C,w¢), regard tém as a map
"oy Mjyy — H(C,wo) .
We may finally link versality of Brill-Noether flags to the coupled Petri map.

PROPOSITION 4.7. The map n = té[L} o ( o is equal to the [0, n]?-coupled Petri map /‘ze,q|[07n]2'

Proof. Let 4 = not denote the restriction of n to H(C, L(—ap—bq))@ H® (C, wc®LV(ap+bq)).
Then “nqp =100 0 0 i) = hap o rap 0 0ir) = hap © 5, Where s is examined in Lemma 4.6: It
is the map

s: Tjp Pic?(C) — Hom(HO(C, L(—ap — bq)), HY(C, L(—ap — bq)))

such that for all v € Ty Pic?(C), the map s(v) is equal to the snake map in Lemma 4.6. That

snake diagram has a cohomological interpretation. Fix v € T Picd(C') corresponding to an
extension 0 - L — £ — L — 0 of L to a line bundle on C xj, Spec(kfe]), and consider the
following map of short exact sequences:

0 —— L(—ap) ® L(—bq) —— L(—ap) ® L(—bq) —— L(—ap) ® L(—bg) —— 0

| | |

0 > L L L 0.

None of these sheaves has higher cohomology, so this diagram gives an acyclic resolution of
0 — L(—ap — bq) — L(—ap — bq) — L(—ap —bg) — 0. (4.5)

Taking global sections and forming the snake diagram gives the long exact cohomology sequence
of (4.5), and the snake map of Figure 3 is equal, up to hgp, to the boundary map

d: HY(C, L(—ap — bq)) — H(C, L(—ap — bq)) . (4.6)

In other words, 0 = hqp © T4 © djz)(v). On the other hand, 0 is also given by taking the cup
product with v, where we now regard v as an element of H'(C,O¢). In other words, the map

tna,b: T[L] PlCd(C) ~H' (Cv OC) - HOIH(HO(C, L(_ap - bQ))a H1(07 L(_ap - bQ)))
is given by 1, 4(v)(c) = v U 0. Dualizing and unwinding definitions, it follows that 7, is the

cup product map. Considering all the 7,5 together shows that n = :u]l;,q’[O,nP' O

COROLLARY 4.8. Let (C,p,q) be a twice-marked smooth curve over an algebraically closed
field k. The degree-d Brill-Noether flags of (C, p,q) are versal at [L] € Pic?(C) if and only if the
[0,d — 2g + 1]?-coupled Petri map /‘zﬁq [0,d—2g+1]2 1S injective.
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5. Proof of the versality theorem

We now have all the pieces in place to prove Theorem 1.4 on the S-coupled Petri condition and
the versality Theorem 1.1. All that remains is to use some properties of the moduli space of
curves to obtain the desired results for all algebraically closed fields.

Proof of Theorem 1.1. If m: C — B is a proper flat family of smooth curves with two disjoint
sections P, (), the degree-d Brill-Noether flags globalize to P;, Q7 in a vector bundle Hg on
Pic?(7) — B. Define a morphism Fr(Hy) — Fl(A;n) x FI(B;n) as in Definition 4.1. The locus
where this map fails to be smooth is a closed subscheme, as is its image in B. So the locus of
b € B where the degree-d Brill-Noether flags are versal is open. Since M, 7 is irreducible, we need
only verify the existence of a twice-marked curve of genus g with versal degree-d Brill-Noether
flags over some field in every characteristic. This can be done as follows: Find a twice-marked
elliptic curve (C,p,q) with p — ¢ nontorsion, chain g such curves together, and deform to an
arithmetic surface over a discrete valuation ring with fraction field of the desired characteristic.
By Theorem 2.2, the geometric general fiber satisfies the fully coupled Petri condition, so by
Corollary 4.8, its Brill-Noether flags (in every degree) are versal. O

Proof of Theorem 1.4. Fix a genus g, an algebraically closed field k£, and a finite set S C Z x Z.
Let ¥V C M, 2 denote the locus of twice-marked curves satisfying the S-coupled Petri condition,
and for all d € Z, let V; denote the locus of twice-marked curves for which every degree-d line
bundle has injective S-coupled Petri map. So V = (.5 Va. For all but finitely many d € Z, all
elements of {d+a+b: (a,b) € S} are either less than 0 or greater than 2g — 2; for line bundles L
of these degrees, the space TpL7q(S ) is trivial, so the S-coupled Petri map is injective. Therefore,
all but finitely many V,; are equal to all of M, o, so it suffices to fix a single integer d and verify
that V,; is Zariski dense.

For all N € Z, the S-coupled Petri map of a degree-d line bundle L is equal to the S’-coupled
Petri map of the degree-(d+2N) line bundle L(Np+Ngq), where S" = {(a+N,b+N) : (a,b) € S}.
For N sufficiently large, we have S’ C [0,d+2N —2g+1]2. By Corollary 4.8, the locus V; contains
the locus of twice-marked curves with versal degree-(d 4+ 2/N) Brill-Noether flags. This is dense
by Theorem 1.1; hence V, is dense for all d € Z. O

6. Brill-Noether degeneracy loci

This section analyzes the geometry of Brill-Noether degeneracy loci WE(C, P, q) using the versal-
ity of Brill-Noether flags and proves Theorem 1.7. Assume that we are in the following situation.

SITUATION 6.1. Let g, d be positive integers, (C,p, q) a twice-marked smooth curve of genus g,
and IT a dot array of size r + 1 with g — d 4+ 7 > 0. Also assume IT C [0, d]?.

The simplifying assumption IT C [0,d]? is harmless; see the proof of Theorem 1.7.

We begin by specifying the scheme structure on Wcll](C', p,q) and interpreting it as a degen-
eracy locus of Brill-Noether flags. First, we recall the construction of the scheme structure of
W (C) (see for example [ACGHS5, §IV.3]): The set-theoretic locus {[L] € Pic?(C) : h°(C, L) >
r+1} = {[L] € Pic4(C) : R*(C,L) > g — d + r} has a natural scheme structure given by the
(g — d + r)th Fitting ideal of R'v,L, where v: C' x Pic?(C) — Pic?(C) is the projection and £
is a Poincaré line bundle. The Fitting ideal may be computed as a determinantal locus using
any resolution by vector bundles. In particular, if we choose any two integers a,b > 2g — 1 —d
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O [®] [®] [®]
o o o o

g—d+r=2 g—d+r=1 g—d+7r=20 g—d+r=-1

FIGURE 4. Extension of a dot pattern with r 4+ 1 = |II| = 3 to a (d, g)-confined permutation, for
various values of d — g. The dot pattern in the last example is not (d, g)-confined. The dashed
squares are explained in Lemma 6.6.

and let d = d + a + b, we have a resolution Py & Qb — Hy — Rv.L — 0, and the Fitting
ideal is therefore equal to the determinantal ideal defining the standard scheme structure of
{z € Pic? (C) : dim(P%), N (Q%)z = 7 + 1}, as described in Section 3.

Now, we define the scheme structure on WE(C, P, q) by a scheme-theoretic intersection

b)—1
wilCp.q)= () tWaptvg (W 42H(C)) (6.1)
(a,b)eN2
This in turn may be rephrased as a degeneracy locus of Brill-Noether flags of larger degree. For
any two integers M, N > 2g — 1, we may define d = d + M + N and write equivalently

Wi (C,p,q) =
tw_nrp-ng({z € Pic? (C) : dim(PY*9), N (Qg‘”’)x > r'(a,b) for all a,b € [0,d]}). (6.2)

The bounds M, N > 2g — 1 ensure that M +a, N +b < d' —2g+1 for all a,b € [0,d], so that

the flag elements Pé\f,+“, Qé\,”“b exist.

Now, we wish to write this locus as a degeneracy locus Dy (P5; Qi) of the form discussed in
Section 3. To do so, we must convert the dot pattern II to a permutation. This requires a few
combinatorial preliminaries.

6.1 (d, g)-confined permutations

We wish to extend a dot pattern II C N x N to a dot pattern in Z X Z in the “most efficient
way,” so that a rank function for L may be translated into a rank function for L(Mp+ Ngq) that
results in the same degeneracy locus.

DEFINITION 6.2. A permutation 7: Z — 7Z is called (d, g)-confined if both 7 and 7~! are de-
creasing on (—o0o, —1] and wy_47 has finite length.

Note that the definition of (d, g)-confined actually depends only on the difference d — g. We
may extend equation (3.1) to (d, g)-confined permutations to define, for all a,b € Z,

r™(a,b) = #{d' > a:7(d) > b}, (6.3)

and the requirement that wq_y7 has finite length ensures that ™ (—a, —b) =d+a+b+1— g for
sufficiently large a, b, in accordance with the Riemann—Roch theorem.

LEMMA 6.3. Fix positive integers d, g. For every dot pattern II with |II| > d + 1 — g, there is
a unique (d, g)-confined permutation 7 such that Il = {(a,7(a)) : @ > 0 and 7(a) > 0}.
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(r+1)(g—d+r) Yoi_ola; —1) Yoio(bi —1) inversions within IT

FIGURE 5. The number of noninversions of 7 is g — py(d, IT).

Proof. We may construct m by choosing N > 0 and extending II to a dot array in the larger
square [—~N,d — g + N]? that is the graph of a permutation, and then extending beyond the
square by m(n) = d — g — n for all other n. This is illustrated in Figure 4. The extension of II
to a permutation of [-N,d — g + N] is described in [FP98, §1.2, p. 9]. This extension can be
done without adding any dots to [0, N]? provided that there is enough space in the two upper
quadrants to fill all empty columns, that is, N > d—g+ N +1—|II|, or equivalently |II| > d+1—g.
The fourth picture in Figure 4 illustrates a case where this inequality fails, and therefore the
extension cannot be done without adding a dot to II. ]

LEMMA 6.4. Let II be a dot pattern of size r + 1, and let ag, by be the minimum row and
column occurring in II. Let m be its (d, g)-confined permutation, where g — d + r > 0. Then
r(a,b) = r"(a,b) for all a,b > 0, and Ess(Il) = Ess(r) unless g —d +r =0 and ag = by = 0. In
the case g—d+r = 0,a9 = by = 0, we have instead (0,0) ¢ Ess(7) and Ess(II) = Ess(7)U{(0,0)}.

LEMMA 6.5. If the dot pattern IT has |II| > d+1—g and associated (d, g)-confined permutation ,
then py(d,Il) = g — l(wg—g™).

We omit the straightforward proofs of Lemmas 6.5 and 6.4. See Figure 5 for an illustration
of Lemma 6.5.

In the proof of Theorem 1.7, the replacement of a line bundle L by L(ap + bq) has the effect
of sliding the graph of @ down «a steps and to the right b steps. We will want to do this in such
a way that the portion in N x N is the graph of a permutation of [0, n] for some integer n. The
dashed squares in Figure 4 show what we are looking for: squares that enclose the graph of
a permutation. The following lemma formalizes how such squares can be found and follows from
examining the construction in the proof of Lemma 6.3.

LEMMA 6.6. Let 7 be the (d, g)-confined permutation associated with a dot pattern II of size
r + 1, and let a,, b, be the largest row and largest column occurring in 11, respectively. Then 7
restricts to a bijection [d — g — by, a,] — [d — g — a,,b,], and w(n) = d — g — n for all n such that
n<d—g—b. orn > a,. Also, 7 is decreasing on [a,,0), and 7! is decreasing on [b;, c0).

COROLLARY 6.7. Denote by «,, the “add m” permutation a,,(n) =m+n. If M > b, — (d — g)
and N > a,—(d—g), then the permutation ayma,;} restricts to a bijection from [0, M +N+d—g]
to itself that is decreasing on [a, + M, 00), and its inverse is decreasing on [b, + N, 00).

6.2 Geometry of Brill-Noether degeneracy loci

We now have what we need to study Brill-Noether degeneracy loci as degeneracy loci of Brill-
Noether flags. With an eye on equation (6.2), we add a bit more notation to Situation 6.1.
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SITUATION 6.8. In Situation 6.1, also fix integers M, N > 2g — 1, define d = d + M + N, and
define 7’ = « Nﬂa;/ll. For convenience, define n = d' + 1 — g (the rank of Hy).

If a,, b, are the largest row and column occurring in II, the assumption II C [0,d] (from
Situation 6.1) ensures a,, b, < d. So Corollary 6.7 implies that 7’ restricts to a permutation of
[0,n—1] and that 7’ and its inverse are both decreasing on [d'—(2g—1),n—1]. Both flags P;,, Q:,
have corank sets [0,d —(2¢g—1)], so 7’ meets the monotonicity requirements of Definition 3.2, and
there is a well-defined degeneracy locus D/ (Py,; Q;; ). Furthermore, adding degeneracy conditions
for pairs (a, b) not in the essential set does not change the scheme structure, so equation (6.2),
Lemma 6.4, and the observation that Ess(n’) = Ess(m) 4+ (M, N) imply that

Wi (C,p,q) = tW_nip—Ng(Dr (Py; Q3)) - (6.4)

So Brill-Noether degeneracy loci are just degeneracy loci of Brill-Noether flags, hiding behind
a twist. We can now use the versality theorem to prove the local statements from Theorem 1.7,
including a stronger form of the smoothness statement.

THEOREM 6.9. In Situation 6.8, assume that (C,p,q) has versal degree-d’ Brill-Noether flags.

Let [L] be any point of Wi(C,p, q). The local dimension of WI(C, p,q) is py(d,II).
Furthermore, let L' = L(Mp + Ngq), and let 0 < 7 be the permutation associated with

the flags PfL,}, QEL,}. Then WCF(C,p, q) is singular at [L] if and only if o is singular in X,. If

[L] € WE(C’,p, q), then WE(C, p,q) is smooth at [L].

Proof. Since smooth morphisms preserve smoothness and the local codimension of subschemes,
the definition of versality allows us to transfer the study of [L] € WI(C,p,q) to that of a
corresponding point z € X,(F*) C X,/(F") in a flag variety. The local dimension statement
follows since X, has pure codimension {(w,—17") = g — py(d,II) in the flag variety. It remains to
show that o is in the smooth locus of X . It is tempting to say that 7’ = o, but unfortunately
this need not be true if the strata P4, QY with (a + M,b+ N) ¢ EssR(II) x EssC(II) meet
in dimension larger than r”’(a, b). One can resolve this by invoking a combinatorial description
of the singular locus of X/, but we can also accomplish it with a trick: Replace P}, Q, by
subflags P*, Q" in which we only retain the strata of coranks A = {a : 7/(a) > 7'(a — 1)}, B =
{b:7"71(b) > 7’~1(b—1)}. Observe that A x B D Ess(n’), so the degeneracy locus D (75, Q)
is well defined and equal to D./(P; Q;). Also, Lemma 6.4 implies that A C EssR(II) + M
and B C EssC(II) + N, so [L] € WCII](C,p, q) implies that the permutation associated with the
subflags (75, Q) is exactly 7’; thus [L'] is a smooth point of D, (75, Q), and [L] is a smooth
point of W(C,p, q). O

Remark 6.10. The proof above follows the techniques of [CP23, § 4], although we work here with
possibly partial flags. Using [CP23, Theorem 4.4] (with mild modifications for partial flags), one
can deduce much stronger results about the nature of the singularities of WE(C,]), q); roughly
speaking, they are isomorphic, étale-locally and up to products with affine space, to the singu-
larities of Schubert varieties. Together with the results of [BWO03, Cor01, KLR03, Man01], this
gives essentially a complete description of the singularities of WC}I(C, D,q).

6.3 The Chow class of W({[(C, D, q)

To obtain the existence and intersection-theoretic part of Theorem 1.7, we use the results
of [Ful92] about the intersection theory of degeneracy loci (see also the exposition in [FP98,
§§1-2]). We assume throughout this subsection that we are in Situation 6.8, and furthermore
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that WE(C, P, q) has the expected dimension pg4(d, IT) (for example, it suffices to assume that the
degree-d’ Brill-Noether flags are versal, by Theorem 6.9).

Translating our notation (indexed by codimension, starting at 0) into the notation of [Ful92]
(indexed by dimension, starting at 1), our permutation 7’ gives rise to a permutation w of [1, n]
via the formula

w(i@)=d+1-g—m(i—1) forl1<i<n.

Note that £(w) = ¢(wg—g7’) is the codimension of D/ (Py; Q).

Let z1,...,z, be Chern roots of the bundle H/P™, ordered such that prefixes of this se-
quence give Chern roots of H/P* for each a. Let yi,...,y, be Chern roots of H such that
prefixes of this sequence give Chern roots of QP for each b. Let &,, be the double Schubert
polynomial of Lascoux and Schiitzenberger. By [Ful92, Theorem 8.2], we have [D./(Py; Q5))] =
Suw(x1,...yTn; Y1,-..,Yn). The calculation in [ACGHS5, § VII.4] shows that all the bundles H,
P, QZ, have the same total Chern class e~ so the Chern roots simplify considerably: All x;
are 0, the elementary symmetric polynomials of the first g y; are ex(y1,...,y4) = (—1)*eF/k!,
and the remaining y,1, ..., yn are all 0. Since G, (z,y) = (—1)" &, -1 (y, r) and &,, has degree
l(w) (see, for example, [FP98, §1.3]),

(D (Py; Q)] = Syp-1(—vy1,.-.,—Y4,0,...,0;0,...,0). (6.5)
We may write this class more simply as a (single) Schubert polynomial &,,~1(—y1, ..., —¥g)-

LEMMA 6.11. Let w be a permutation of [1,n]| and g be an integer such that w(1) < --- < w(g)
and g < {(w). Let ey denote the elementary symmetric polynomial of degree k in g variables,
and let oy, ..., g, O be elements of a ring such that ey(aq, ..., aq) = ©%/k!. Then the Schubert
polynomial &, satisfies Gy (a1, . .., ay,0,...,0) = (0 /¢(w)!)|R(w)|, where R(w) denotes the
set of reduced words for w.

Proof. We use a theorem of Billey, Jockusch, and Stanley. Let ¢ = ¢(w), denote by s, the
transposition of a and a+ 1, and identify the elements a € R(w) with ¢-tuples a = (a1, ag, ..., ay),
where w = 84,84, - - * 8¢, For each a € R(w), define the set K(a) to be the set of all sequences
i = (i1,...,1¢) of positive integers such that

i < <o <, (6.6)
ij < a; for1<j </, and (6.7)
ij < ij+1 if a; < aj41 - (6.8

With these definitions, [BJS93, Theorem 1.1] states that Su = > ,crw) 2ick(a) Tir """ Ti-
Split &, into a sum &, 1 + S, 2+ S,y 3 by partitioning K (a) into three sets as follows. Let K1 (a)
consist of those sequences ¢ € K(a) such that iy < --- < iy < g. Let Ka(a) consist of those se-
quences i € K(a) with ¢y < g but with at least one index repeated. Let K3(a) consist of all
i € K(a) such that iy > g. The assumption that w is increasing on 1,2,...,¢ implies that
S, is symmetric in the variables x1,...,z4 (see, for example, [Mac91, 4.3(iii)] or [Ful92, Corol-
lary 2.11]). The definitions of the three summands &1, Gy 2, Sy 3 imply that each one is
symmetric in the variables x1,...,24 as well; in particular, &, is an integer multiple of the
elementary symmetric polynomial e;, and &,,2 is a linear combination of monomial symmetric
polynomials with at least one exponent greater than 1.

Clearly, &, 3(a1,...,04,0,...,0) = 0. The expression & 2(av,...,aq4,0,...,0) may be com-
puted using the exponential substitution [Sta99, §7.8]. The fact that ey(ai,...,aq) = O /k!
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uniquely determines the value of all symmetric polynomials evaluated on ay, ..., aq. By [Sta99,
Proposition 7.8.4(b)], all monomial symmetric polynomials except the ey evaluate to 0. Therefore,
6w72(a1,...,a9,0,...,0) =0.

Finally, we claim that &,,1 = |R(w)|-e,. It suffices to show that for all a € R(w), the set K (a)

contains all /-element increasing subsequences of {1,2, ..., g}. Fix a reduced word a € R(w). For
all j € {1,...,¢}, define w; = 84,84y -+ S, Let x5 = wj(a;) and y; = wj(a; + 1). Since a is
a reduced word, x; > y;, and z; occurs before y; in each of w;, w;11,...,wy. The position w,;l(yj)
may increase by at most 1 at a time when k increases, so w™1(y;) < w]-_l(yj)+(€—j) =a;j+1-0—j.
Since w is assumed to be increasing on {1,..., g}, it follows that

a;j =2g+L+7. (6.9)
Now, let ¢ = (i1,...,7¢) be any sequence of positive integers such that 1 < i3 < -+ < iy < g.

Then ¢ automatically satisfies conditions (6.6) and (6.7). Also, for all j, the fact that 7 is strictly
increasing implies that i; < g — ¢ + j. equation (6.9) implies that i; < a;, so condition (6.7)

holds as well. Therefore, K;(a) includes all ¢-element increasing subsequences of {1,...,g}. The
reverse inclusion is clear from the definitions; it follows that &,,1 = |R(w)| - e, as claimed, and
the lemma follows. O

We can now prove the existence and intersection-theoretic part of Theorem 1.7.

THEOREM 6.12. In Situation 6.8, suppose that the degree-d’ Brill-Noether flags of (C,p,q) are
versal. Then in the Chow ring,

_ ‘R(wdfgﬁ)’

(W'(C.p,q)] = R

U wg—gm)!
Proof. In the notation above, we have £(wq_,m) = £(w). First consider the case {(w) > g. Then

by Theorem 6.9, WII(C, p,q) is empty, and the formula holds in this case. So assume /(w) < g.

Corollary 6.7 implies that 7/~! is decreasing on [d’ — (29 — 1), n — 1]; hence w™! is increasing

on [1, g]. We have verified the hypotheses of Lemma 6.11, and it follows via equation (6.4) that
(Wi(C,p,q)] = (@E(“’_l)/ﬁ(w_l)!) |R(w™!)|. Since w and w™! have the same length and there
is a bijection between their sets of reduced words, we obtain the desired formula. O

Proof of Theorem 1.7. Suppose that g, d are positive integers, k is an algebraically closed field,
and I1 is a dot array of size at least d4+1—g. By Theorem 1.1, a general twice-marked smooth curve
(C, p, q) has versal degree-(d-+4g—2) Brill-Noether flags. If IT Z [0, d]?, then either r''(d+1,0) > 0
or r1(0,d+1) > 0, so WI(C, p, q) is empty, which accords with the fact that py(d,II) < 0 in this
case since either the largest row a, or largest column b, in II exceeds d. So assume IT C [0, d]?.
Let M = N = 2g — 1 in Situation 6.8. If py(d,II) < 0, then ¢(wq—4m) > g and Theorem 6.12
implies that W(C, p,q) is empty. On the other hand, if py(d,II) > 0, then Theorem 6.12 shows
that WI(C, p, q) is nonempty of the claimed class. Theorem 6.9 shows that W3(C, p, ¢) has pure

dimension pgy(d,II) and that WE(C,p, q) is smooth. Since the complement of WC{[(C, p,q) is a
union of smaller-dimensional loci tw_ - ng (Do (P, Q)), the locus W (C,p, q) is dense. O
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