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Inversion of adjunction for quotient singularities II:
Non-linear actions

Yusuke Nakamura and Kohsuke Shibata

ABSTRACT

We prove the precise inversion of the adjunction formula for quotient singularities. As an
application, we prove the semi-continuity of minimal log discrepancies for hyperquotient
singularities. This paper is a continuation of our work [Algebr. Geom. 9 (2022), no. 2,
214-251]; we generalize the previous results to non-linear group actions.

1. Introduction

The minimal log discrepancy is an invariant of singularities defined in birational geometry.
The importance of this invariant is that two conjectures on the invariant, the LSC (lower
semi-continuity) conjecture and the ACC (ascending chain condition) conjecture, imply the
termination of flips conjecture [Sho04]. This paper is a continuation of [NS22], and we focus
on the LSC conjecture. We always work over an algebraically closed field k£ of characteris-
tic zero.

The LSC conjecture was proposed by Ambro [Amb99]; it predicts that the minimal log dis-
crepancies satisfy the lower semi-continuity.

CONJECTURE 1.1 (LSC conjecture, [Amb99]). Let (X, a) be a log pair with an R-ideal a, and
let | X| be the set of all closed points of X for the Zariski topology. Then the function

| X| — RooU{—o0}, z+——mld;(X,a)

is lower semi-continuous.

The LSC conjecture was proved when dim X < 3 by Ambro [Amb99]. In [EMYO03], Ein,
Mustatad and Yasuda prove the conjecture when X is smooth. In [EMO04], Ein and Mustata
generalize the argument to the case where X is a locally complete intersection variety. In [Nak16],
the first author proves the conjecture when X has quotient singularities, more generally when
X has a crepant resolution in the category of Deligne-Mumford stacks. In [NS22], the authors
study the conjecture when X has hyperquotient singularities and prove the conjecture for the
following X:
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e Suppose that a finite subgroup G C GLy (k) acts linearly on AY freely in codimension 1.
Let Y := AY/G be the quotient variety. Let X C Y be a Kawamata log terminal (klt)
subvariety of codimension ¢ that is locally defined by ¢ equations in Y.

The main purpose of this paper is to generalize the result in [NS22] to non-linear group actions.
See Definition 8.1 for the definition of quotient singularities in this paper.

THEOREM 1.2 (= Theorem 9.2). Let Y be a variety with only quotient singularities. Let X be
a klt subvariety of Y of codimension ¢ that is locally defined by ¢ equations in Y. Let a be
an R-ideal sheaf on X. Then the function

| X| — RooU{—00}, z+— mld,(X,a)

is lower semi-continuous.

In this paper, we also treat the PIA (precise inversion of adjunction) conjecture.

CONJECTURE 1.3 (PIA conjecture, [Kol92, Conjecture 17.3.1]). Let (X, a) be a log pair, and
let D be a normal Cartier prime divisor. Let x € D be a closed point. Suppose that D is not
contained in the cosupport of the R-ideal sheaf a. Then we have

mld, (X, a0x(—D)) = mld,(D,aOp).

In [EMYO03], Ein, Mustata and Yasuda prove the PIA conjecture when X is smooth. In
[EMO04], Ein and Mustatd generalize the argument to the case where X is a locally complete
intersection variety. In [NS22], the authors prove the conjecture for the following X and D:

e Suppose that a finite subgroup G C GLy(k) acts linearly on A,]ﬂv freely in codimension 1.
Let Y := A{CV /G be the quotient variety, and let € Y be the image of the origin. Let X be
a subvariety of Y of codimension ¢ that has only klt singularities and is locally defined
by ¢ equations in Y at z. Let D be a Cartier prime divisor on X through z with a klt
singularity at x € D.

In this paper, this result from [NS22] is generalized to non-linear group actions.

THEOREM 1.4 (= Corollary 9.1). Suppose that a variety Y has a quotient singularity at a closed
point x € Y. Let X be a subvariety of Y of codimension c that is locally defined by ¢ equations
at x. Suppose that X is klt at x. Let a be an R-ideal sheaf on X. Let D be a prime divisor on X
through x that is klt and Cartier at x. Suppose that D is not contained in the cosupport of the
R-ideal sheaf a. Then it follows that

mld, (X, aOx(—D)) = mld,(D, aOp).

Due to Theorem 1.4, Theorem 1.2 can be reduced to the known case where X has quotient
singularities. Hence, this paper is mainly devoted to proving Theorem 1.4. If X has a quotient
singularity at a closed point € X, then the completion O X,z 18 isomorphic to k[[z1,...,zN]]¢
for some linear group action G C GLy(k). Therefore, Theorem 1.4 can be proved by extending
the proofs in [NS22] to the case of the formal power series ring. In what follows, we explain the
main differences with the proofs in [NS22] and the difficulties that arise when dealing with formal
power series rings.

The key ingredient of the proofs in [NS22] is the theory of arc spaces of quotient singular-
ities established by Denef and Loeser in [DL02]. Suppose that a finite group G C GLy(k) of
order d acts on A = Speck[z1,...,zn]. Let X C A be a G-invariant closed subvariety, and
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let X := X /G be its quotient. Let I C k[x1,...,2x5]% be the defining ideal of X C A/G. Each
~v € G can be diagonalized in some new basis a:l'y yee e ,a:%). Let diag(£°t,...,£°Y) be the diagonal
matrix with 0 < e¢; < d — 1, where £ is a primitive dth root of unity in k. Then we define the
ring homomorphism X:; by

X’;: klz1, ..., an]% — k[t][z1,...,zN], a:zw — tei/da:p),

and define a k[t]-scheme x by
X(W) = Spec(k[t] [z1,... ,:UN]/T(V)) ,

where 75 is the ideal generated by the elements of A +(I). Then the theory of Denef and Loeser
in [DLO2] allows us to compare the spaces Xoo and Lyeq Xoo X7 m [NS22], using this theory,
X is studied through each X | (7)

In this paper, we deal with the case of formal power series rings, A = Speck[[z1, ..., zn]].
Let G, v, X and X be as above. In this case, we take the e; above to satisfy 1 < e¢; < d. Then
we can define the two natural ring homomorphisms

Xi: kl[z1,...,an)]¢— klz1,..., zN][[t], ZL'E’Y) — tei/d:nz(.w ,
7/7*: kl[z1, ..., 2n]]9— k[t])][x1,- -, 2N]], :Ul(-v) — te"/d:vl(-v) ,

and we define k[t]-schemes

X = Spec(klz1, ..., zn][[)/T"), X' = Spec(k[t][lx1, ..., zn])/T"),
()

where ') is the ideal generated by )\ ( ). In this paper, we use both arc spaces X, and XQ)

to study Xo. We also explain below how to use X 7 and X o ‘o differently.

First, the theory of Denef and Loeser in [DL02] can be generalized to formal power series
rings, and X can be compared with X ] x . Indeed, we will see in Proposition 6.3 that )\ gives
a map |_|W€GX - X that is surjective outside a thin set. We note that it is not enough
to consider spaces X in this respect (see Remark 6.4 for the details).

On the other hand, the spaces X o(j ) will be used with the following motivation. In [NS22],
a k-arc B € XOZ) is called the “trivial arc” when it corresponds to the k[t]-ring homomorphism
B klt][z1, ..., xN] — k[[t]] satisfying 8*(z;) = O for each i. Another key point of the argument in
[NS22] is showing that the trivial arc always has a lift on a resolution W of X'’ The existence of
such a lift is proved by combining a result by Graber, Harris and Starr [GHS03] and the rational
chain connectedness of the fibers of the resolution proved by Hacon and McKernan [HMO7]. In
our formal power series ring setting, this argument does not work directly on X' because each
closed fiber X'/ — Spec k[t] over t = a € k™ is empty. However, the same argument works on
X' and proves that the trivial arc has a lift on a desingularization W' of X/(V (see Claim
8.4). It should be noted that it is not clear whether the results of [GHS03] and [HMO07] can be
applied to the formal power series ring setting. However, this difficulty can be avoided by using
the functorial desingularization due to Temkin [Tem12].

A large part of this paper (Sectlons 2, 4 and 5) is devoted to proving and listing the basic
facts for dealing with the arc spaces X and X . ') . Firstly, X 7 can be seen as the arc space
(Greenberg scheme) of a formal k[[t]]- scheme, and the theory developed by Sebag in [Seb04] can
be applied (cf. [CNS18, Yas24]). On the other hand, as far as we know, the arc spaces of the
form X " have not been fully discussed so far. In Section 5.1, we discuss the basic facts on the
arc spaces of k[t][[z1,...,xn]]-schemes of finite type. Furthermore, in Section 2, we discuss the
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theory of sheaves of special differentials introduced by de Fernex, Ein and Mustata in [dFEM11]
and the theory of derivations that are needed in Section 5. The theory of the arc spaces of
E[t][[x1, - - ., zN]]-schemes has the following technical difficulties (see Remark 5.16 for the details).
For a k-variety X, it is almost trivial that Z., is a thin set of X, for the closed subscheme Z C X
defined by the Jacobian ideal Jacx. This fact is also valid for k[t]-schemes X of finite type dealt
with in [NS22] and for formal k[[t]]-schemes of finite type dealt with in [Seb04]. However, it is not
clear to us whether the same statement is valid for k[t][[z1, ..., xn]]-schemes of finite type. To
avoid this difficulty, many propositions in Section 5.1.3 are proved under stronger assumptions.

The paper is organized as follows. In Section 2, we discuss the theory of sheaves of special
differentials introduced by de Fernex, Ein and Mustata in [{FEM11] and the theory of derivations.
In Section 3, we review some definitions on log pairs. In Section 4, we discuss the theory of arc
spaces of k[[x1, ..., zn]]-schemes and see that the formulas in [EMYO03] and [EMO09] representing
the minimal log discrepancies of k-varieties in terms of arc spaces can be generalized to the
formal power series ring setting (Theorem 4.11). In Section 5, we discuss the theory of arc spaces
for k[t][[x1, ..., xn]]-schemes and affine formal k[[t]]-schemes. In Section 6, we review the theory
of arc spaces of quotient varieties established by Denef and Loeser in [DL.02] in the formal power
series ring setting. In Section 7, we discuss the minimal log discrepancies of quotient singularities
and describe them by the codimension of cylinders in arc spaces of the k[t]-schemes using the
theories in Sections 5 and 6. In Section 8, we prove the PIA conjecture for quotient singularities,
where the group action may be non-linear (Theorem 8.2). In Section 9, we prove the main
theorems Corollary 9.1 and Theorem 9.2.

Notation

e We basically follow the notation and terminology in [Har77] and [Kol13].

e Throughout this paper, k is an algebraically closed field of characteristic zero. We say that
X is a variety over k or a k-variety if X is an integral scheme that is separated and of finite
type over k.

2. Sheaves of special differentials

Let Ry be a ring. In this section, following [dFEMI11, Appendix A], we define the sheaf €', /Ro
of special differentials for a scheme X of finite type over Spec Ry[[z1,...,znN]]. In [dFEMI11,
Appendix A], the sheaf Q' /Ro of special differentials is defined for Ry = k. This definition can
be generalized to an arbitrary ring Ry. We are interested in the case where Ry = k or Ry = k|t]
for later use.

Let R = Ro[[xl, ce ,ZENH.

DEFINITION 2.1 (cf. [dFEM11, Appendix A]). (1) Let M be an R-module. Then an Ry-deriva-
tion D: R — M is called a special Ro-derivation if D satisfies

for any f € R.

(2) For an R-algebra A and an A-module M, an Ry-derivation D: A — M is called a special
Ro-derivation if its restriction to R is a special Ro-derivation. We denote by Der’y (A, M) the
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set of all special Ro-derivations. Then Derp (A, M) is an A-submodule of Derg, (A, M).

LEMMA 2.2. Let M be an A-module that is separated for the (z1,...,zy)-adic topology; that
is, M satisfies (5, (71, - - ;N )M = 0. Then

Der’ (A, M) = Derg, (A, M).
In particular, it holds in the following two cases:
(1) when M is a finite R-module,
(2) when M = A and A is an integral domain such that (z1,...,zN)A # A.

Proof. By the definition of special derivations, it is sufficient to show that Der’RO(R, M) =
Derg, (R, M). Let D € Derg, (R, M). If we define D': R — M by D'(f) := Z?Ll(@f/@xi)D(:ci),
then D’ € Der (R, M). Hence it is sufficient to show that D = 0if D(x;) = 0 for all 4. Let f € R.
For any ¢ > 0, we may write f = fi + fo with f; € Ro[z1,...,2,] and fo € (z1,...,2,) 'R,
Then we have

D(f) = D(f1) + D(f2) = D(f2) € (21,...,20)" M.
This shows that D(f) € (N (21, - - can) M = 0.
In both cases (1) and (2), the A-module M is separated by [Mat89, Theorem 8.9]. O

PROPOSITION 2.3 (cf. [IFEM11, Appendix A]). For any R-algebra A, there exists an A-module
QA/RO with a special Ry-derivation d:4/R0: A— Q;‘/RO such that the induced map

Homa () p,, M) — Derlp (A, M), fr— fodyp,
is an isomorphism for any A-module M.
Proof. The same proof as in [{FEM11, Lemmas A.1-A.3 and Corollary A.4] works. O

An A-module @', /Ro satisfying Proposition 2.3 is unique up to an isomorphism commuting

with d', JRo’ and 0, R 18 called the module of special differentials. We sometimes abbrevi-

ate d’ /R, 1O d’ when no confusion can arise. We note that @', /Ro depends on the choice of R.
We list some properties on ', /Ro from [dFEM11, Appendix A].

PROPOSITION 2.4 (cf. [{FEM11, Appendix A]). (1) If A= R[y1,...,Ym], then Qi‘l/Ro is a free
A-module of rank N + m with basis

A yre (@) Ay (T), Ay (1), - Ay gy (Ym) -
(2) Let f: A— B be a homomorphism of R-algebras. Then we have an exact sequence
gy @4 B - Qg 5 Qs — 0

of B-modules, where the maps « and 3 are defined by a(d’A/RO (9)®1) = d’B/RO(f(g)) forg e A
and B(djg/RO(g)) = dB/A(g) for g € B.

(3) Let f: A — B be a surjective homomorphism of R-algebras with I = Ker f. Then we have
an exact sequence

1)1 25 Qg @4 B -5 Qg — 0
of B-modules, where the map § is defined by §(g) = d/A/RO (9)®1 forgeI.

(4) If S C A is a multiplicative system of A, then we have a canonical isomorphism

Vg-1a/R, = Ya/p, @4 S A.
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Proof. The same proofs as in [{FEM11, Lemmas A.1-3, A.6 and A.7] work. The exact sequences
in assertions (2) and (3) are derived from the corresponding exact sequences

0 — Der 4(B, M) —s Dery (B, M) —s Dery (A, M),
0 —> Der'y, (B, M) — Der’p (A, M) — Homp (I /1%, M)
for any B-module M. The isomorphism in assertion (4) is derived from the isomorphisms
HOH’IS—IA(Q{A/RO ®Aa S_IA,M) Hom 4 (Y, ARy M)
~ Der’p (A, M) ~ Derg, (5714, M)
for any S~ A-module M. O
Remark 2.5. (1) The usual module 4,p, of differentials is not a finite A-module in general
when A is an R-algebra of finite type. However, the module €/, /Ry of special differentials becomes

a finite A-module and has similar properties to the module of differentials defined for Rg-algebras
of finite type.

(2) The universal finite module of differentials is also a module defined with the same motivation
(see [Kun86, Section 11]). For an Ro-algebra A, a finite A-module Q4 /R, With an Rop-derivation
da/ry: A — Q A/R, 1s called the universal finite module of differentials if it satisfies the following
universal property:

e For any Ry-derivation D: A — M to a finite A-module M, there exists a unique homomor-
phism a: Q4/r, — M of A-modules satisfying D = aody/g,.

In other words, O A/R, and d A/R, satisfy

Homa (Qa/p,, M) — Derg, (4, M), a+— aodag,

for any finite A-module M. N
In contrast to the module Q' /Ro of special differentials, the universal finite module {4, g, of
differentials does not necessarily exist.

(3) A ring A is called an analytic Ro-algebra if there exists a ring R = Ry[[z1,. .., xn]] for some
N > 0 such that A is a finite R-algebra. If A is an analytic Ry-algebra, then the universal finite
module Q4 /R, of differentials exists. Furthermore, if A is a finite Ro[[z1, ..., 7y]]-algebra and if
QA/R is the module of special differentials with respect to R = Ry|[x1,...,2zn]], then we have

A/Ry ™~ ~ IRy’ This is because in this case, we have
Der’ (A, M) = Derg, (A, M)
for any finite A-module M by Lemma 2.2. Therefore, we can also see that €', /Ro does not depend
on the choice of R as long as A is finite as an R-module.

(4) Even if A is an algebra of finite type over R = Ry|[x1,...,2zn]], the module QA/RO does

not necessarily exist despite the fact that €', /Ry is a finite A-module. We will see that €2 A/k and
Q B/k do not exist for

A=k, B = klly]l/(L - ay) ~ k().

In fact, since

dimy((z) Dery, (k((@))) = dimp(z)) Homy(ay) (L /m: ¥(2)))
= trdegy, k((x)) = o0,
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Dery(B) is not a finite B-module, and hence Q B/k does not exist. Furthermore, since there is
a natural injective map Dery (B, B) — Dery (A, B), the set Dery (A, B) is not a finite A-module,
and hence {24/, does not exist (cf. [Kun86, Corollary 11.10]).

Remark 2.6. (1) Let A be a ring. For a non-negative integer ¢ and subsets F' C A and A C
Der(A), we denote by J;(F; A) the ideal of A generated by the determinants det(D;(f;))
of all the matrices (Di(fj))lgi,jge of size £ with D; € A and f; € F.

If I is an ideal of A generated by fi,..., f; and the A-submodule AA of Der(A) is generated
by D1,...,Ds as an A-module, then we have

(2) Let A be a regular ring, and let P be a prime ideal. For an ideal I of A such that I C P,
the following hold (cf. [Mat89, Theorem 30.4)):

(a) The inclusion J¢(I;Der(A)) C P holds for any ¢ > ht(IAp).

(b) The quotient Ap/IAp is regular if Jy(I; Der(A)) ¢ P for £ = ht(IAp).
Some regular rings satisfy the inverse implication of assertion (b), and such rings are said to
satisfy the weak Jacobian condition (WJ) (cf. [Mat89, Section 30]). Rings of finite type over k
are classically known to satisfy (WJ); this is known as the Jacobian criterion for regularity. Mat-
sumura proved in [Mat77] that R-algebras of finite type satisfy (WJ); when R = k[[z1, ..., zN]]
(see [Mat77, Theorem 9] for a more general result).

(¢) Let A = K[[z1,...,xn]][y1,---,Ym], and let P and @ be prime ideals of A such that

Q C P. Then A/Q is regular at P if and only if Jy(Q;Derg(A)) ¢ P for £ = ht Q.
Note that Dery(A) = Der}(A) for A = k[[z1,...,zN]][y1,- ., Ym] (cf. Lemma 2.2); this is a free
A-module generated by the 9/0z; and 0/0y;.

1<i,j<t

In [dFEM11, Proposition A.8], the local freeness of ¥/, Ik is proved for regular rings A when
Ry =k.

PROPOSITION 2.7 ([dFEM11, Proposition A.8]). Suppose Ry = k. Let A be an R-algebra of finite
type, and let q be a prime ideal of A. If Ay is regular, then Q/Aq/k is a free Ag-module of rank
dim Aq + dimyq) (Q;g(q)/k;)'

In the proof of [{FEM11, Proposition A.8|, the following statement is proved.

ProprosITION 2.8 ([dFEM11, Proposition A.8]). Suppose Ry = k. Let S := Ry, ...,Ym|, and
let P and @ be prime ideals of S with P C Q). Let A := S/P, and let q be the prime ideal of A
corresponding to Q). If Ay is regular, then the sequence
2 / /
0 — PSqg/P°Sqg — Qs Rs Ay — QAq/k —0
induced by Proposition 2.4(3) is exact and splits.
Remark 2.9. (1) By Propositions 2.7 and 2.8, we have
dim S — ht P = dim Aq + dimyq) (Qz(q)/k) .

This shows that coht P = dim S — ht P is independent of the choice of S. Lemma 2.11(1) below
also proves this independence. Lemma 2.11(1) moreover gives a ring-theoretic interpretation of
this value without using Q.

(2) In Proposition 2.7, we note that the rank of Q;lq /i 18 not equal to dim A in general. If we set
S = k[[z]][y] and P = Q = (xy — 1) in Proposition 2.8, then we have A; = A = k((x)). Part (1)
shows that the rank of Q’Aq Ik is equal to 1 even though dim A = 0.
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DEFINITION 2.10. Suppose that Ry is a Noetherian domain. Let X be an irreducible scheme of
finite type over R, and let X,.q be its underlying reduced subscheme. Let X..q — Spec R be
the structure morphism, and let p € Spec R be the image of the generic point of X,¢q. Then we
define

dim’ X := trdegk(p) K(Xied) +dim R —htp,
where k(p) := R, /pRy and K (Xeq) is the function field of X;eq. When X = Spec A is an affine
scheme, we also write dim’ A := dim’ X.

LEMMA 2.11. Suppose that Ry is a Noetherian domain. Let X = Spec A be an irreducible affine
scheme of finite type over R. Then the following hold:

(1) If A is a domain, then dim S — ht P = dim’ A for any representation A ~ S/P with S =
R[yi1,...,ym] and P a prime ideal of S.

(2) The inequality dim A < dim’ A holds.

(3) Suppose Ry = k and that A is a domain. Then dim’ A = dimK(Q’K/k) for K = Frac A.

(4) Suppose Ry = k or Ry = k[t]. Then dim’ A = dim A if A/m = k for some maximal ideal m
of A.

(5) Suppose that R is a universally catenary ring. If I = (fi,..., f.) is an ideal of A generated
by ¢ elements, then dim’(A/Q) > dim’ A — ¢ for any minimal prime Q of I.

(6) Suppose that R is a universally catenary ring. Let p and q be prime ideals of A such that
p C q. Let B := A/p and q := q/p € Spec B. Then we have htp = dim Aq — dim By =
dim’ A — dim’ B.

Proof. (1) Let p be the image of P by the map Spec S — Spec R. Then by [Mat89, Theorem 15.5]
(and the definition below in [Mat89]), it follows that
trdegpyac p(Frac ) — ht P = trdegy,,) (Frac(S/P)) —htp.

Therefore, the assertion follows from trdegp,.,. r(Frac.S) = m = dim S — dim R.

(2) This follows from item (1) and the inequality dim(S/P)+ht P < dim S. Item (3) follows
from item (1) and Remark 2.9(1).

(4) We prove this for Ry = k[t] (the case when Ry = k is similar). We may assume that A is
a domain. Take S and P as in item (1). Then it is sufficient to prove

dim S — ht P = dim(S/P).
Let M be the maximal ideal of S corresponding to m. Since S/M = k, the ideal M is of the form
M= (t—-a,x1,...,xN,y1 — b1, .., Ym — bm)

with a,b; € k. Therefore, we have dimS = N +m + 1 = ht M. Since S is a catenary ring, we
also have dim(S/P) = ht M — ht P, which proves dim S — ht P = dim(S/P).

(5) This follows from item (1) and Krull’s height theorem. Item (6) also follows from item (1).

O

PROPOSITION 2.12. Suppose Ry = k. Let A be a domain of finite type over R, and let q1 and qq
be prime ideals of A such that q C q2. Let B := A/q1 and §y := q2/q1 € Spec B. If both Ay,
and By, are regular, then the sequence

0— qlqu/q%qu — Q;Xq?/k: ®Aq2 Ba2 — Q/Baz/k —0

induced by Proposition 2.8(3) is exact and splits.
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Proof. By Proposition 2.8(3), the sequence
01 Aq, /91 Ag, — QA Lk @4, Ba, = QB N 0

is exact. Since Aq, and Bg, are regular, it follows from Proposition 2.7 that

~ B@ dim’ B

.~ pddim’ A /
B _Ba , QBH Ik~

/
QAQz/k ®Aq2
Therefore, Ker() is a free Bg,-module of rank equal to dim’ A — dim’ B. On the other hand,
since Aq, and By, are regular, q1Aq,/q; A, is also a free Bg,-module of rank equal to ht(q; ), which
is equal to dim’ A—dim’ B by Lemma 2.11(6). Hence, the induced surjective map q14q,/q5Aq, —
Ker(d) is an isomorphism. This completes the proof. O

DEFINITION 2.13. (1) Let X be a scheme over Spec R. Then due to Proposition 2.4(4), there
exists a quasi-coherent sheaf (0 /R, Satisfying 91 /Ro (U) ~ Q/OX(U) /Ro for any affine open subset
U C X. Note that Q' /R, 18 coherent by Proposition 2. 4(1),(3) when X is of finite type over
Spec R. The sheaf QX/R is called the sheaf of special differentials. We write €/ "X/Ry = A" QX/RO
for a non-negative integer n.

(2) Suppose Ry = k and that X is a scheme of finite type over Spec R. Let n be a non-
negative integer. Suppose that any irreducible component X; of X satisfies dim’ X; = n, where
dim’ X is defined in Definition 2.10. Then we write Jac’y, := Fitt" (2 /1,); it is called the special
Jacobian ideal of X (see [Eis95, Section 20.2] for the definition of the Fitting ideal). We note
that dim’ X; = dim X; if X; contains a k-point, by Lemma 2.11(4).

(3) Suppose Ry = k and that X is an integral normal scheme of finite type over Spec R. Let
n = dim’ X, and let i: Xieg — X be the inclusion map from the regular locus X,¢; of X. Then
the special canonical sheaf W/X/k is defined by w’X/k =i (Q’”Xreg/k).

(4) Under the same setting as in part (3), a Weil divisor Kx on X satisfying Ox (Kx)|x,., =~
Qm Xreg/k 18 called the canonical divisor on X. The canonical divisor Kx is defined up to linear
equivalence. Note that w’X/k ~ Ox(Kx) as usual. In fact, since codimx (X \ Xyeg) = 2 by the
normality of X, it follows that

I(V,0x(Kx)) =T (VN Xreg, Ox (Kx)) =T(V,i,i*Ox (Kx))

for any open subset V C X.

. . . .. r] ® ~
(5) Under the same setting as in part (3), we say that X is Q-Gorenstein if Wy g = (wX/Tk) ~
Ox(rKx) is an invertible sheaf for some r € Z~. In this case, we have a canonical map
) ®r ]
ms ()T —w wWx/k -

Since w X[ /}k is an invertible sheaf, an ideal sheaf n, x C Ox is uniquely determined by the equality

Im(n,) =1, x ®oy wX[/}k The ideal sheaf n, x is called the rth Nash ideal of X.

Remark 2.14. As with the usual Jacobian ideals for varieties over k, the special Jacobian ideal can
be locally described by the Jacobian matrix. Let S = R[yi, ..., ym]| with R = Ry[[z1,...,zN]],
and let A = S/I for some ideal I = (f1,...,fr) C S. Then by Proposition 2.4(3), we have an
exact sequence

I/1? — Qg p ©5 A —> Uy p — 0.
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Here, we have € TRy =S ON+m with basis the d’z; and d'y;. Furthermore, for f € I, we have

df= Z d’,+z

Therefore, we have
Fitt"(QA/RO) = (IN+m-n(I;Derg,(S)) +1)/1I.
Note that Derg,(S) = Der (S) is a free S-module generated by the 9/9z; and 9/dy;.
This observation shows that if Ry = k£ and X is an integral scheme of finite type over R, then
Jac'y ;. defines the singular locus of X by Remark 2.6(2)(c). Note that ht I = N +m — dim' X
by Lemma 2.11(1).

3. Log pairs

A log pair (X, a) consists of a normal Q-Gorenstein k-variety X and an R-ideal sheaf a on X.
Here, an R-ideal sheaf a on X is a formal product a = [[;_; a;*, where ai,...,a, are non-zero
coherent ideal sheaves on X and ri,...,Ts are positive real numbers. For a morphism ¥ — X
and an R-ideal sheaf a = []; on X we denote by aOy the R-ideal sheaf [[}_;(a;Oy)" on Y.

Let (X a=1[[_,a ) be a log pair. Let f: X’ — X be a proper birational morphism from
a normal variety X', and let E be a prime divisor on X’. We denote by Kx//x 1= Kx' — f*Kx
the relative canonical divisor. Then the log discrepancy of (X, a) at E is defined as

zlz

ap(X,a) :=1+ordg(Kx//x)—ordga,

where we set ordga := )7, r;ordga;. The image f(FE) is called the center of E on X; we
denote it by ¢x (E). For a closed point z € X, we define the minimal log discrepancy at x as
mld,(X,a):= inf ap(X, a)
ex (B)={z}

if dim X >2, where the infimum is taken over all prime divisors F over X with center cx (E)={z}.
It is known that mld,(X,a) € Ryo U {—oo} in this case (cf. [KM98, Corollary 2.31]). When
dim X = 1, we define mld, (X, a) := inf. (g)—{z} ap(X, a) if the infimum is non-negative, and we
define mld, (X, a) := —oo otherwise.

Let R = k[[z1,...,znN]]. By [dFEM11, Appendix A], we can extend the definition above to
normal R-schemes of finite type. Let X be an integral normal scheme of finite type over R. Then
the canonical divisor Kx is defined in Definition 2.13(4). Suppose that X is Q-Gorenstein, that is,
rKx is Cartier for some positive integer 7. Let f: Y — X be a proper birational morphism over R
from a regular scheme Y. Then the relative canonical divisor Ky, x of f is defined as the Q-divisor
supported on the exceptional locus of f such that 7Ky — f*(rKx) and rKy, x are linearly
equivalent. We note that Ky x is uniquely defined as a Q-divisor (cf. [IFEM11, Lemma A.11(ii)]).
Therefore, the log discrepancies and the minimal log discrepancies for k-varieties defined above
can be extended to Q-Gorenstein normal schemes of finite type over R, and we use the same
notation.

Remark 3.1. Let X be a normal k-variety, and let x € X be a closed point. Let @X@ be the
completion of the local ring Ox , at its maximal ideal. Let X := Spec((’)x,x), and let 7 € X be
the closed point. Then for the induced flat morphism f: XX , it follows that

J1(Kx) =Kz, ["(wx) =w ),
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by [dFEMT11, Proposition A.14]. Furthermore, for an integer r, if r Ky is Cartier, then so is 7K ¢.

Suppose further that X is Q-Gorenstein. Let a be an R-ideal sheaf on X. Then it follows
from [Kaw21, Remark 2.6] (cf. [{FEM11, Proposition 2.11]) that

mldz(X,d) = mld, (X, a),

where a := aOX.

4. Arc spaces of k[[x1,...,xN]]-schemes

In this section, we suppose Ry = k and R = k[[x1,...,zn]], and we discuss the jet schemes and
the arc spaces of R-schemes of finite type. We refer the reader to [EM09] and [CNS18] for the
theory of jet schemes and arc spaces of k-varieties. In this section, we see that the codimensions
of cylinders of arc spaces can be defined in the same way as with k-varieties.

Let X be a scheme over k. Let (Sch/k) be the category of k-schemes and (Sets) the category
of sets. For a non-negative integer m, we define a contravariant functor Fx : (Sch/k) — (Sets) by

EX(Y) = Homy, (Y Xspeck Speckl[t]/ ("), X) .
It is known that the functor F.X is always represented by a scheme X,, over k (cf. [CNSIS,

Chapter 3, Proposition 2.1.3]).

For m > n > 0, the canonical surjective ring homomorphism k[t]/(t™*) — k[t]/(¢")
induces a morphism 7%, : X,, — X,,, which is called the truncation morphism. We have the
projective limit and projections X, := l&nm X, and w%: Xoo — Xi; the projective limit X
is called the arc space of X. There is a bijective map

Homy (Spec K, Xoo) ~ Homyg (Spec K[[t]], X)

for any field K with k& € K. For m € Zso U {oco}, we denote by 7X : X,,, — X the canonical
truncation morphism. For m € Z>o U {oo} and a morphism f:Y — X of schemes over k, we
denote by f,: Yy — X, the morphism induced by f. We often abbreviate 7, 7 and ;X
tO Tmn, Tm and 1, respectively, when no confusion can arise.

If X is a scheme of finite type over k, then so is X,, (cf. [EM09, Proposition 2.2]). In this
paper, we deal with a scheme of finite type over R = k[[x1,...,zN]].

PRrROPOSITION 4.1 (cf. [Ish09, Corollary 4.2]). Let X be a scheme of finite type over the ring
R = K[[z1,...,zn]]. Then the following hold:

(1) The scheme X, is of finite type over R.
(2) For any m > n > 0, the truncation map Ty, : Xm;m — X, is a morphism of finite type.

Proof. We omit the proof because we will give a complete proof for Proposition 5.4, which deals
with a more complicated case. See also Remark 4.2 below. ]

Remark 4.2. The same arguments as in Lemmas 5.1 and 5.2 give a local description of X, as
follows:

(1) Let S :=Ek[[z1,...,zN]][y1-..,ym] and A := Spec S. Then we have A,, ~ Spec S,,, where

S = k[[xgo),...,xgg)]] [ac;-l),...,xg.m),y](.,o),...,yj(fl) |1<j<N,1<j' < M]

Furthermore, for m > n > 0, the truncation map 7,,,: A, — A, is induced by the ring
inclusion S,, < S,,.
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(2) Let X = Spec(S/I) be the closed subscheme of A defined by an ideal I = (f1,...,f,) C S
For 1 <i<rand 0 </ < m, we define F( ) e S as follows:

i <§: fgf)t ) Zx(z)te i tz, e i y](\?tf> = i Fi(é)tf (mod t™*1).
/=0

=0 £=0 =0
Let
Im = (F? |1<i<r, 0<s<m) C S
be the ideal of S,, generated by the Fi(s). Then we have X,,, ~ Spec(S,,/I,). Furthermore,

for m > n > 0, the truncation map my,: X, — X, is induced by the ring homomorphism
Sn/In = Sm/Im.

A subset C' C X, is called a cylinder if C = v,,1(S) for some m > 0 and a constructible
subset S C X,,. Typical examples of cylinders appearing in this paper are the contact loci
Cont™(a) and Cont”™(a) defined below.

DEFINITION 4.3. (1) For an arc v € X, and an ideal sheaf a C Ox, the order of a measured
by v is defined as follows:

ord,(a) :=sup{r € Z>o | v*(a) C (t")},

where v*: Ox — K][t]] is the ring homomorphism induced by «. Here K is a field extension of k.
(2) For m € Zs, we define Cont™(a), Cont®™(a) C X, as follows:
Cont™(a) := {y € X | ord,(a) =m},
Cont”™(a) := {y € Xo | ord,(a) = m}.

By definition, we have

Cont”™(a) = ¢t [(Z(a)m-1),
where Z(a) is the closed subscheme of X defined by the ideal sheaf a. Therefore, Cont™(a) and
Cont”™(a) are cylinders.
For m < n + 1, we define the subsets Cont™(a),, and Cont”™(a),, of X,, in the same way.
We denote by ox C Ox the ideal sheaf

0x = (:L‘l, L. ,:EN)OX C Ox
generated by x1,...,zxy € R. In this paper, we are interested in arcs contained in the contact
locus Cont®!(ox). Due to the following lemma, the contact locus Cont®!(ox),, is a scheme of

finite type over k.

LEMMA 4.4. Let X be a scheme of finite type over R = k[[z1,...,xyN]]. Then for each m > 0,
the contact locus Cont”! (o), C X, is a scheme of finite type over k.

Proof. The assertion follows from Proposition 4.1(2). O
For the proof of Lemma 4.7, we state Hensel’s lemma in several variables.

LEMMA 4.5. Let K be a field. Let N,s and r be non-negative integers with N + s > r.
Let fi,...,fr € K[[t]][[z1,...,zN]][*N+1,.-.,ZN4s), and let ai,...,an+s € K][t]]. Let S C
{1,...,N + s} be a subset with cardinality #S = r. Let m and e be non-negative integers with
m > e. Suppose that
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e aj,...,ay € (1),
e fi(ar,...,ants) € (tm+e+1) for each 1 <1 < r and
° det(afi/(‘)xj(al, - ’aNJFS))lgigr, jes ¢ (t8+1).
Then the following hold:
(1) There exist by, ...,byys € K[[t]] such that

e fi(b1,...,bn4s) =0 for each 1 < i < r and

e aj—bje (tm“) foreach1 < j < N +s.
Furthermore, for by, ...,bnys € K[[t] and b}, ..., by, € K[[t]] with the above two condi-
tions, if

® b - € (t™*2) holds for each j € {1,...,N + s} \ S,
then

o b -l € (¢™+2) also holds for each j € S.
(2) Moreover, for any sequence (a;- e K[[t]] | j €{1,...,N+s}\S) satisfying as—aj € (tm+h),
there exist by, ...,byys € K[[t]] satisfying the following conditions:
o fi(b1,...,bnts) =0 foreach 1 <i <,
® aj—bj€ (tm*2) for each j € {1,...,N + s} \ S and
e a;j —bj € (t™"?) for each j € S.
Proof. When N =0 and f1,..., fr € K[x1,...,x], the assertions follow from the proof of [DL.99,
Lemma 4.1] (cf. [EMO09, Proposition 4.1]). The same proof works in our setting. O

Remark 4.6. The same statement as in Lemma 4.5 holds even when we replace the ring
K[[t])[[z1, -, xn]][tN+1s - EN+s] With K[xni1, ..., 2N4s)[[t]]- This version will be used in the
proof of Proposition 5.31.

LEMMA 4.7. Let N, s and r be non-negative integers with N+s > r. Let R = k[[x1, ...,z N]], and
let S = Rly1,...,ys]. Let I = (F1,...,F,) be the ideal generated by elements Fy,..., F, € S,
and let M = Spec(S/I). Let o)y C Ops be the ideal sheaf generated by z1,...,zxy € R. Let
J = FittV +S_T’(Q'M /k). Then, for non-negative integers m and e with m > e, the following hold:

(1) We have
Y (Cont®(J) N Cont?! (0nr)) = Tmae;m (Cont®(J)mie N Cont”! (0ar)mte) -
(2) The truncation map mTpm1,m: Mmy1 — My, induces a piecewise-trivial fibration
Yt (Cont®(J) N Cont>1(oM)) — Py (Cont®(J) N Cont>1(oM))
with fiber AN+,

Proof. Let J := J,.(I;Dery(S)) C S. Then we have J = (J + I)/I by Remark 2.14. Note that
Dery(S) = Der,(S) is generated by the 9/0x; and 9/dy;. Therefore, item (1) follows from the
first assertion of Lemma 4.5(1). Furthermore, item (2) follows from Lemma 4.5(2) and the second
assertion of Lemma 4.5(1). O

The following proposition is a formal power series ring version of [EM09, Proposition 4.1].

PROPOSITION 4.8. Let X be an integral scheme of finite type over R = k[[z1,...,zN]] with
dim X = n. Then there exists a positive integer ¢ such that the following hold for non-negative
integers m and e with m > ce:
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(1) We have
Um (Conte (Jac’X/k) N COH‘G?l(Ox)) = Tm+tem (Conte (JaCIX/k)m+e N Cont>1(ox)m+e) )
(2) The truncation map Tpm41,m: Xm41 — Xm induces a piecewise-trivial fibration
Vma1 (Conte (Jacfx/k) N Cont>1(0X)) — Ym (Conte (Jac'X/k) N Cont21(ox))
with fiber A™.

Proof. We omit the proof. See the proof of Proposition 5.9 for how it can be reduced to the
complete intersection case proved in Lemma 4.7. Note that we may assume that X has a k-point,
and hence we have dim’ X = dim X = n by Lemma 2.11(4). Otherwise, we have Cont!(0x) = ()
(cf. Lemma 4.4), and the assertions are clear. O

Remark 4.9. Proposition 4.8 is a formal power series ring version of [EM09, Proposition 4.1].
Note that in [EMO09, Proposition 4.1], they prove that ¢ = 1 satisfies the statement. However,
the weaker statement as in Proposition 4.8 using ¢ is enough for our later use.

DEFINITION 4.10. Let X be an integral scheme of finite type over R = k[[z1,...,zn]], and let
C C X be a cylinder contained in Cont=!(0x).

(1) Assume C' C Cont® (Jac/X/k) for some e € Z=g. Then we define the codimension of C in X
as

codim(C) := (m + 1) dim X — dim(¢,,(C))
for any sufficiently large m. This is well defined by Proposition 4.8.

(2) In general, we define the codimension of C' in X, as

codim(C) := min codim(C N Cont* (Jaclx/k)) :

6€Z;0

By convention, codim(C') = oo if C'N Cont® (Jac’X/k) = () for any e > 0.

The following theorem is a formal power series ring version of [EM09, Theorem 7.4].

THEOREM 4.11. Let X be a Q-Gorenstein integral normal scheme of finite type over R =
kl[x1,...,zN]]. Let x be a k-point of X, and let m, C Ox be the corresponding maximal ideal
sheaf. Let r be a positive integer such that r Kx is Cartier. Let a be a non-zero ideal sheaf on X
and § a positive real number. Then we have

mld, (X, a5) = iIéfZ {codim(C’wm) — % — 5w}
w,m >0
o . . ’ _ @ _
= w7%%%>o{cod1m(0w7m) " 5w} ,

where
Cu,m = Cont”(a) N Cont™(n, x) N Cont”!(m,),
Clym = Cont=*(a) N Cont™ (n,x) N Cont”' (my) .

Proof. The assertions are formal power series ring versions of [EM09, Theorem 7.4 and Re-
mark 7.5], and their proofs also work in this setting by making the following modifications:

e Replace _, with Qi/k and Jac_y;, with Jaci/k,

e Consider cylinders C' contained in Cont>!(ox).
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Theorem 7.4 in [EMO09] is a consequence of [EM09, Lemma 7.3]. The key ingredients of the proof
of that lemma are

e Theorem 6.2 and Corollary 6.4 in [EM09] and
e Proposition 5.11 in [EMOY].

Theorem 6.2 and Corollary 6.4 in [EM09] give the codimension formula as in Proposition 5.43.
They are formal consequences of [EM09, Proposition 4.4(i)], which is still valid in our setting
when we replace Qx with Q' /> due to Lemma 2.2 (see Lemma 5.13 for the detailed argument).

Proposition 5.11 in [EMO09] is a proposition on codimensions like Proposition 5.36. It is a
consequence of [EM09, Lemma 5.1 and Corollary 5.2] (Corollary 5.2 is a corollary of Lemma 5.1).
The proof of [EM09, Lemma 5.1] still works in our setting when we replace Jac_, with Jac” Ik
The only important point is that the ideal Jacy /k defines the singular locus of X even when X
is an integral scheme of finite type over R (cf. Remark 2.14).

Besides, [EM09, Lemma 6.1] is used in the proof of [EM09, Lemma 7.3], and [EM09, Proposi-
tion 3.2] is used in the proof of [EM09, Corollary 5.2]. Proposition 3.2 and Lemma 6.1 in [EM09]
are formal consequences of the valuative criterion of properness, and their proofs work in our
setting. O

5. Arc spaces of k[t]-schemes

In this section, we deal with the arc spaces of k[t]-schemes. Let X be a scheme over klt]. For
a non-negative integer m, we define a contravariant functor F.X : (Sch/k) — (Sets) by

Fn)f(Y) = HOmk[t] (Y XSpec k Spec k[t]/(tm+1) ) X) :

By the same argument as in [CNS18, Chapter 4, Theorem 3.2.3], we can see that the functor FX
is always represented by a scheme X,, over k. We use the same symbols X, Tmn, ¥m and m,,
as in Section 4 for this setting.

In this section, we deal with the following two categories of k[t]-schemes:

(1) The scheme X is of finite type over k[t][[z1,...,zN]].
(2) The scheme X is affine, of the form X = Spec(k[z1,...,zn][[t]/]).

We note that in [DLO02], Denef and Loeser extend the theory of arc spaces of k-varieties to the
case where

(3) the scheme X is of finite type over k[t].

In [NS22], we dealt with the arc spaces of X in case (3). However, in this paper, we need to
work on the arc spaces of X in cases (1) and (2). We also note that Sebag in [Seb04] deals with
formal k[[t]]-schemes of finite type, and this theory can be applied to cases (2) and (3) (see also
[CNS18] for this theory).

In Section 5.1, we discuss case (1). In Section 5.2, we discuss case (2), where we will not deal
with formal k[[t]]-schemes in general but only deal with affine schemes in a minimal way.

5.1 Arc spaces of k[t][[x1,...,xN]]-schemes

In this subsection, we suppose Ry = k[t] and R = k[t][[z1, ..., zn]], and we discuss the arc spaces
of R-schemes of finite type.
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5.1.1 Arc spaces. First, we prove that if X is a scheme of finite type over R, then so is X,,.

LeEMMA 5.1. Let S := E[t][[z1,...,zN]][y1,--.,ym], and let A := Spec S. Then we have A, ~
Spec Sy, where
S = k[0, Q) [, a0 < <N 1< < M.

Furthermore, for m > n > 0, the truncation map T,y : Am — Ay is induced by the ring inclusion
Sp = S

Proof. Let Y := Spec C be an affine scheme over k. We will give a natural bijective map
®: Homy (S, C[t]/ (™)) — Homy(Sm, C).
For each 0 < ¢ < m, we denote by p; the projection
pi: CIt]/ (") — C, coteat+ - +emt™ — ¢

For oo € Homyy (S, C[t]/(t™11)), we define ®(a) € Homy,(Sp,, C) as follows. First, we define the
ring homomorphism «f,: Sy — C' as the composition

So — S -5 C[t)/ (™) 2% C.

Then we define o/: S,,, — C as the ring homomorphism uniquely determined by the following

conditions:

'O‘() af(f) for any f € So,

o o/ (&) = py(a(z))) forall 1< j < N and 1< s <m,
'O‘(yg()) ps(a(y;j)) forall 1 < j < M and 1 < s < m.

Then we set ®(a) = .

Next, we define the inverse map

U: Homy(Sm,C) — Homyy (S, C[]/ (t"11)) .

We set
S, k[51),...,:65-7")\1<j§N][[a:107” 207],
Sr,;z3:]‘?[[95&0a--.,xg\e)ﬂ[xg-l),... (m) j< }

We define a ring homomorphism Aj: k[t][z1, ..., l‘N] g [t]/(tm+1) v

Since the inclusion Aq ((a:l, e, T N)) (a;(lo), ce acg\?), t) holds, A1 induces a ring homomorphism

Ag: k[t][[z1, ..., zn]] — SL,[t]/(¢™Fh). Note that its image is contained in S} [¢]/(¢™*1). Fur-
thermore, Sy [t]/(t™*!) is a subring of Sp,[t]/(¢™*1). Therefore, we have a ring homomorphism
Ag: k[t][[z1,...,zn]] = Sw(t]/(t™T). Then we define A: S — S, [t]/ (™) as the ring homo-
morphism uniquely determined by the following conditions:

o A(f) =As(f) for any f € k[t][[z1,...,zN]],

e Ay;) = j(O) + y}l)t+ e —l—y](-m)tm for each 1 < 7 < M.

Then A is a k[t]-ring homomorphism.
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For 8 € Homy (S, C), we define ¥(3) € Homy, (S, C[t]/(tm“)) as the composition

S i} Sm[t]/(tm+1) i> C[t]/(tm+1) 7

where Sp,[t]/(t™ ) — C[t]/(t™!) is the k[t]-ring homomorphism induced by 3: Sy, — C.
By the construction of ® and U, if o/ = ®(a) and ' = ¥(), then they satisfy the following:

ops((-))—a(())foralll jJ<Nand 0<s<

m,

o ps(afy;)) = ( )foralll j<Mand 0<s<m,

o ps(f () = ( )foralllgjgNand()ésgm,

ops(ﬁ’(J)) ( )foralll\ngandogsgm
Therefore, we have ¥ o ® = id and ® o ¥ = id. Hence, FTﬁ is represented by Spec Sy,. The second
assertion follows from the construction of A,,. O

LEMMA 5.2. We use the notation of Lemma 5.1. Let X = Spec(S/I) be the closed subscheme of

A defined by an ideal T = (f1,..., ) C S. For 1 <i<r and 0 < { < m, we define F\") € S, as
follows:

(=0 =0 (=0 =0
Let
L= (FY [1<i<r,0<s<m)C Sy,
be the ideal of S,, generated by the Fi(s). Then we have X, ~ Spec(Sy,/I,). Furthermore,

for m > n > 0, the truncation map Ty, : X;m — X, Is induced by the ring homomorphism
Sn/ILn = S/ Im.

Proof. Let Y := Spec C' be an affine scheme over k. We can see that the bijective map ® in the
proof of Lemma 5.1 induces the bijective map Homy (S/I1, C[t]/(t™+1)) — Homy (S /Im, C).
Therefore, the functor Fx is represented by Spec(Sy,/I). The second assertion follows from the
construction of X,,. O

Remark 5.3. More precisely,
- l - l - l - l
fi (Z xg )tz, A Z xgv)tg, Z yg )tg, e Z yg\/l)té>
(=0 (=0 =0 =0
in Lemma 5.2 is defined as A(f;) € Sp[t]/(t™"!), where A is defined in the proof of Lemma 5.1.

PROPOSITION 5.4. Let X be a scheme of finite type over R = k[t][[x1,...,xn]|. Then the following
hold:

(1) The scheme X,, is of finite type over R.

(2) For any m > n > 0, the truncation map Ty, : X, — X, is a morphism of finite type.

Proof. Take an affine cover X = U; U---UU,. Then, F,ff is represented by the scheme obtained
by gluing the schemes (U;),, constructed in Lemma 5.2 (cf. [EM09, Proposition 2.2]). Therefore,
the assertions follow from Lemma 5.2. O
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In this setting, cylinders and the contact loci
Cont™(a), Cont®™(a) C Xoo, Cont™(a),,Cont”"(a), C X,

are defined in the same way. We denote by ox C Ox the ideal sheaf ox := (x1,...,2n5)Ox C Ox
generated by x1,...,xy € R. From the next subsection, we basically work on arcs contained in
the contact locus Cont®!(0x). Due to the following lemma, the contact locus Cont=!(0x),, is
a scheme of finite type over k.

LEMMA 5.5. Let X be a scheme of finite type over R = kl[t][[x1,...,znN]]. Then the following
hold:

(1) For each m > 0, the contact locus Cont”!(0x),, C X, is a scheme of finite type over k.

(2) Any k-arc of X is contained in Cont”!(0x).

Proof. (1) This follows from Proposition 5.4.

(2) Let v € X be a k-arc. We may assume that X is affine and write X = Spec A with
A = S/I, where S := k[t][[x1,...,zN]][y1,---,Ym] and I is an ideal of S. Let v*: A — k[[t]]
be the corresponding k[t]-ring homomorphism. Let M be the kernel of the composite map S —

A5 k[[t]] — k. Since S/M = k, the kernel M is of the form (¢, z1,..., TN, Y1 — A1, -, Ym — am)
for some a; € k. This shows that 7*(0x) C (t) and hence v € Cont>! (o). O

LEMMA 5.6. Let n be a non-negative integer, and let X be a scheme of finite type over R =
k[t][[x1,-..,xN]]. Suppose that each irreducible component X; of X has dim’ X; > n + 1 (see
Definition 2.10). Let v € X be a k-arc with ord, (Fitt" (Q/X/k:[t]>) < oo. Then we have

¥V Ly /T 2 k([
where T is the torsion part of 'y*Q’X/k[t].
Proof. We may assume that X is affine, and we may write X = Spec A with A = S/I, where
S = E[t)[[x1, .- 2n]] YL, Ym)]
and [ is an ideal of S. If P is a minimal prime of I, then we have
ht P = dim S — dim’(S/P) < (N+m+1)—(n+1)=N+m—n

by Lemma 2.11(1). Therefore, we have ht I < N +m — n.

Let v*: A — k[[t]] be the corresponding k[t]-ring homomorphism, and let 7*: A — k((¢)) be
its composition with k[[t]] — k((¢)). Let ¢ C A be the kernel of 4v* and @) C S the corresponding
prime ideal. Since 7* factors through A, it is sufficient to show that Q%q Jk(t] ®Aq k((t)) has
dimension n as a k((t))-vector space.

Let wi,...,wy € I be generators of I. Let M € Mpypme(Aq) be the Jacobian matrix
with respect to wy,...,w; € I and the derivations 9/0x; and 0/dy;. Then M defines a map
M: Aé — Aé\”m, and its cokernel is isomorphic to Q/Aq/k[t] by Proposition 2.4(3),(4). Since
ord, (Fitt™ (Q’X/k[ﬂ)) < 00, the matrix M has an (N 4 m —n)-minor that is not contained in qA,
(cf. Remark 2.14). Furthermore, since we have

ht(ISo) <htI < N +m—n,

any (N +m —n + 1)-minor of M is contained in qAq by Remark 2.6(2)(a) (cf. [Mat89, Theo-
rem 30.4]). Therefore, the image of M in My (k((t))) has rank N +m — n, and it follows
that Q’Aq/k[t] ®4, k((t)) has dimension n as a k((t))-vector space. O
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LEMMA 5.7. Let n and e be non-negative integers, and let X be a scheme of finite type over
R = k[t][[z1,...,zN]]. Suppose that each irreducible component X; of X has dim’ X; > n + 1.
Let € Cont® (Fitt™ (Q’X/k[ﬂ)) be a k-arc. Then we have

Y Q= kI ® @ k[t]/ ()

as k[[t]]-modules with )", e; = e.

Proof. The same proof as in [NS22, Lemma 2.13(1)] works due to Lemma 5.6. O

5.1.2 Cylinders and codimension. In this subsection, we define and discuss the codimensions
of cylinders of the arc space of an R-scheme X of finite type. We define the codimension only for
cylinders contained in the contact locus Cont>1(o x), where ox C Oy is the ideal sheaf generated
by x1,...,xny € R. Due to Lemma 5.5, the contact locus Cont>1(ox)m C X,, is a scheme of
finite type over k, and hence cylinders contained in Cont®!(ox) are easier to handle than general
cylinders.

First, we prove Proposition 5.9, which is necessary for defining the codimension of cylinders.

LEMMA 5.8. Let N, s and r be non-negative integers with N + s > r. Let R = k[t][[x1,...,zN]],
and let S = R[y1,...,ys|. Let I = (Fy,..., F,.) be the ideal generated by elements F}, ..., F, € S,
and let M = Spec(S/I). Let opy C Opr be the ideal sheaf generated by xi,...,zy € R. Let
J = FittV s (Q/J\/[/k[t])‘ For non-negative integers m and e with m > e, the following hold:

(1) We have
Y (Cont®(J) N Cont™ (0ar)) = Tmtem (Cont®(T)mie N Cont™! (01s)mte ) -
(2) The truncation map Ty41,m: Mpyy1 — Mp, induces a piecewise-trivial fibration
Y1 (Cont®(J) N Cont™! (0ar)) — 1 (Cont®(J) N Cont (0ar))

with fiber AN+,
Proof. Let J := J,(I; Dergy(S)) € S. Then we have J = (J + I)/I by Remark 2.14. Note that
Deryy(S) = Derk[t](S) is generated by the 0/0x; and 0/0y;. Therefore, statement (1) follows

from the first assertion of Lemma 4.5(1). Furthermore, statement (2) follows from Lemma 4.5(2)
and the second assertion of Lemma 4.5(1). O

PROPOSITION 5.9. Let n be a non-negative integer, and let X be a scheme of finite type over
R = k[t][[z1,...,zN]]. Suppose that each irreducible component X; of X has dim’ X; > n + 1.
Then there exists a positive integer ¢ such that the following hold for non-negative integers m
and e with m > ce:

(1) We have
Y (Cont® (Fitt" 'X/km )) N Cont™! (o))
= 7Tm+e,m (COHte (Flttn (Ql)(/k[t] ))
(2) The truncation map Tpm41,m: Xm41 — Xm Induces a piecewise-trivial fibration
Va1 (Conte (Fitt”( ’X/k[t])) N Cont>! (OX)) — Y (Conte (Fitt"( 'X/k[t])) N Cont>! (OX))
with fiber A™.

N Cont”! (0.x )im-re) -

m-e
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Proof. The same proof as in [NS22, Proposition 2.17] works. We give a sketch of the proof.
We may assume that X is affine and write X = Spec(S/Ix), where
S = k[t)[[z1, - an]][y1, - Y]
and Ix is an ideal of S. By the assumption and Lemma 2.11(1), we have
ht P =dim S — dim’(S/P) < (N+m+1)—(n+1)=N+m—n

for any minimal prime P of Ix. We set 7 := N +m — n.
Let f1,..., fq be generators of I'x. For 1 < i < r, we set F; := Z;-lzl ai; f; for general a;; € k.
Let M C Spec S be the closed subscheme defined by the ideal In := (F1, ..., F,). We set

Ixi:i=(Iy:Ix) C S, J:=7(In;Deryy(S)) C S.
Here, we claim that
JC\Ix+1Ixr. (5.1)

We note that if (5.1) is true, then the assertions for X can be reduced to those for M by the
same argument as in [NS22, Proposition 2.17]. Therefore, the assertions follow from Lemma 5.8.

Let p be a prime ideal satisfying Ix + Ix» C p. To prove (5.1), it is sufficient to show that
S/Iy is not regular at p. Indeed, if S/Iys is not regular at p, then we have

J = jT(IM;DeI‘k[t](S)) C jr(IMQDerk(S)) cp

by ht(I»rSp) < 7 and the Jacobian criterion of regularity (Remark 2.6(2)(a),(b)).

Suppose to the contrary that M is regular at p. Since any minimal prime P of Iy satisfies
ht P < r and the a;; € k are general, for any irreducible component Xy of X, there exists an
irreducible component My of M such that Xo C My and (X¢)red = (Mo)red- Therefore, since
Iy C Ix Cp and M is regular at p, we have (Inr), = (Ix)p. This shows that

(Ix)p = (I : Ix)p = ((In)p : (Ix)p) = Sy,
which contradicts Iy, C p. This completes the proof of (5.1). O

For an R-scheme X, a subset C C X is called a cylinder if C' = .1(S) for some m > 0
and a constructible subset S C X,,.

PROPOSITION 5.10. Let n be a non-negative integer, and let X be a scheme of finite type over
R = k[t][[z1,...,2zN]]. Suppose that each irreducible component X; of X has dim’ X; > n + 1.
Let C be a cylinder in Xo, which is contained in Cont”'(ox) N Cont® (Fitt" (Q’X/k[t])) for some
e > 0. Then its image ¢, (C) C X,, is a constructible subset for any m > 0.

Proof. Let S C Xy be a constructible subset such that wzl(S) = C. For m > ¢, we have
Trt(8) N (C) = ¢ (C) = 7,1, (S) N (Xoo) -
By the assumption C C Cont”!(0x) N Cont® (Fitt" (Q’X/k[t])), we also have

UYm (C) = ﬂ;%le(S) N Y (Cont>1(ox) N Cont® (Fitt"( 'X/k[t]))) )

Let ¢ be the positive integer appearing in Proposition 5.9. Then the constructibility of ,,(C)
follows from Proposition 5.9(1) if m > max{ce,¢}. When m < max{ce, ¢}, the constructibility
follows from that for m = max{ce, ¢} and Chevalley’s theorem. O

We define the codimensions of cylinders C' when they satisfy C' C Cont”!(ox).
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DEFINITION 5.11. Let n be a non-negative integer, and let X be a scheme of finite type over
R = k[t][[z1,...,zN]]. Suppose that each irreducible component X; of X has dim’ X; > n + 1.
Let C' C Xo be a cylinder contained in Cont”!(ox).

(1) Assume C C Cont®(Fitt™ (€ /k[t])) for some e € Z>o. Then we define the codimension of
Cin X, as

codim(C) := (m + 1)n — dim (¢, (C))
for any sufficiently large m. This is well defined by Proposition 5.9(2).

(2) In general, we define the codimension of C' in X, as follows:

codim(C) := min codim(C N Cont®(Fitt"™ ( /X/km))) :

eEZ;o
By convention, codim(C) = oo if C'N Cont®(Fitt" (Q’X/k[t])) = () for any e > 0.

Remark 5.12. The definition of the codimension above depends on the choice of n. In Sec-
tion 5.1.3, we fix a non-negative integer n, and we use the codimension defined for this n.

LEMMA 5.13. Let X be a scheme of finite type over R = k[t][[x1,...,zn]]. Let p and m be
non-negative integers with 2p+1 > m > p. Let v € X,,(k) be a jet. Ifw,;}p(’y) # (), it follows that

”;w}p(’Y) = Homk[t]/(tp+l)('Y*Q/X/k[t]’ (tp“)/(tmﬂ)) _

Proof. We may assume that X is affine, and we may write X = Spec A with an R-algebra A of
finite type. Let v*: A — k[t]/(t"*1) be the corresponding k|[t]-ring homomorphism to . Take any
a € W;L}p(v). Let o*: A — k[t]/(t™*1) be the corresponding k[t]-ring homomorphism. Then for
the same reason as in the case of k-schemes (cf. [EM09, Proposition 4.4]), we have an isomorphism
W;}p(’y) ~ Deryy (A, (tpH)/(tm“)) , Br— B —a".
Here, (tpH) / (th) on the right-hand side has an A-module structure via y*. Then the assertion
follows from the isomorphisms
Deryyy (A, (8771) /(£711)) = Dexjyy (4, (#7)/(#71))
~ 1 +1
~ Hom (O, (#777)/(¢777)) -

The first equality follows from Lemma 2.2. O

5.1.3 Thin and very thin cylinders. We fix a non-negative integer n throughout this subsec-
tion.

DEFINITION 5.14. Let X be a scheme of finite type over R = kl[t][[z1,...,2n]]. Suppose that
each irreducible component X; of X has dim’ X; > n + 1. A subset A C X is called thin if
A C Z for some closed subscheme Z of X with dim Z < n. A subset A is called very thin if
A C Z, for some closed subscheme Z of X with dimZ < n — 1.

The term “very thin” is used only in this paper. In Question 5.15(1) and Remark 5.16(1), we
explain the motivation to introduce this terminology.

Question 5.15. Let R and X be as in Definition 5.14.

(1) Suppose that C' is a thin cylinder of X. Then, does C' N Cont® (Fitt” (Q’X/k[
for any e > 07

q)) = 0 hold
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(2) Suppose that X is an integral scheme and Y C X is the closed subscheme defined by the
ideal Fitt" (Q’X/k[t]). Then, is Yo a thin set of X7

(3) Let S = E[t][[x1,.--,zN]][Y1,---,Ym], and let P be a prime ideal of S of height r. Suppose
that P N k[t] = (0). Then, does J;.(P; Dery(S)) ¢ P hold?

Remark 5.16. (1) Note that Question 5.15(1) is true for the arc spaces of k-varieties X:

e If C is a thin cylinder of X, then C' N Cont®(Jacx/;) = @ for any e > 0 (cf. [EMOY,
Lemma 5.1]).

The same statement is true for schemes X of finite type over k[[x1,...,zn]], as can be seen by
replacing Jacx ;, with J ac’y /.. Furthermore, Question 5.15(1) is also true for schemes X of finite
type over k[t] (cf. [NS22, Lemma 2.23]). However, the same proofs do not work for schemes X of
finite type over R = k[t][[x1, ..., zn]], and hence it is not clear to us whether Question 5.15(1) is
true for this setting (see also the discussion in item (3) below). This is why we introduce the term
“very thin” and we will prove weaker statements instead in Lemma 5.18 for very thin cylinders
and Proposition 5.23 for X with an additional assumption.

(2) Due to the proof of [EM09, Lemma 5.1], part (1) of Question 5.15 can be reduced to part (2)
by Noetherian induction on the dimension. Furthermore, part (3) implies part (2).

(3) Question 5.15(3) is related to the weak Jacobian condition (WJ) explained in Remark 2.6(2).
Indeed, if N = 0, then Question 5.15(3) can be proved using Remark 2.6(2)(c) as follows. We
denote by

S = (RN {0 S = k(B)[y1, -+ Y]
the localization. Then by the assumption P N k[t] = (0), we have PS’ # S’, and hence PS’ is a
prime ideal of height 7. Since S’ satisfies (WJ)y (), we have

jr (P; Derk[t](S))S’ + PSI = jr (PSI; Derk(t) (S/)) + PS/ §Z PSI s
which proves 7, (P; Derk[t](S)) ¢ P. Note that the same proof does not work when N > 0
because we have
S = (RN A0S # k() [[w1, - an]][yr, -, Y]
and it is not clear whether 7, (PS’; A) ¢ PS' for A = {8/(’“)@7 0/0y; | i,j}.
(4) Question 5.15(1) is also true for the arc spaces (Greenberg schemes) of formal k[[t]]-schemes

of finite type, which will be dealt with in Section 5.2 (see [CNS18, Chapter 6, Proposition 2.4.3]).
Actually, Question 5.15(3) is true for this setting:
o Let S =k[z1,...,zn][[t]], and let P be a prime ideal of S of height r. Suppose PNk[[t]] = (0).
Then we have ‘,77« (P, Derk[[tﬂ (S)) §Z P.

We denote by S’ := S; = k[z1,...,2n]((t)) the localization. We note that the assumption
P N K[[t]] = (0) is equivalent to ¢ ¢ P, and hence PS’ is a prime ideal of height r. Since S’
satisfies (WJ)()) by [Nag62, Theorem 46.3], the same proof as in item (3) above works, and we
have J, (P; Derk[[t”(S)) ¢ P. Note that both Deryy(S) and Dery(4))(S") are generated by the
0/0zx;.

In Lemmas 5.17 and 5.18 below, for a scheme X over R = k[t][[x1, ...,z n]], we also consider
the jet schemes and the arc space in the sense of Section 4. To avoid confusion, we denote them
by L,(X) and Lo (X); that is, £,,(X) is the scheme representing the functor

Fp: (Sch/k) — (Set), Y — Homy (Y Xgpeck Spec k:[t]/(tm+1),X) ,
and Lo (X) = Hm L, (X) is the projective limit.
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LEMMA 5.17. Let X be a scheme of finite type over R = k[t][[x1,...,zn]]. Then the following
hold:

(1) There exist natural closed immersions X,, — Ln(X) for m > 0 that commute with the
truncation morphisms.

(2) Let x € X be a k-point, and let @X@ be the completion of the local ring Ox , at its
maximal ideal. Let X' := Spec(Ox), and let 2/ € X' be the corresponding k-point.
Then for the truncation morphisms 7% : L,(X) — X and 7% : £,,(X') — X', we have

-1 N —1
() () = (X)) ().
Proof. We may assume that X is affine, and we may write X = Spec(S/I) with

S = k[t)[[z1, .. an]][y1, - - ym]
and I := (f1,..., fr) an ideal of S. We set A := Spec S.

Then, by the same argument as in Lemma 5.1, we have £,,(A) ~ SpecT,,,, where

I<j<N, 1<) <M,

T i= k[u®] (2", 2] [“(S),fﬂf)’%('f) 1<s<m, 0<s' <m

In the same way as in Lemma 5.1, we can define a ring homomorphism A’: S — T,,[t]/ (™)
that satisfies

o N(t) =u® oMt 4 ... 4yl

o N(zy) = xg-o) + $§1)t +- xém)tm for each 0 < j < N and
o N(y;) = y](-o) + yﬁl)t +-F yj(»m)tm for each 0 < 5 < M.
For1Sigrand0<£§m,wedeﬁneG§@ € T, by
N(f) =G (mod ¢+,
£=0

Let
T = (G [1<i<r,0<s<m)CTy
be the ideal generated by the GES). Then by the same argument as in Lemma 5.2, we have
L (X) ~ Spec(Ti/Im)-
Let S;, be the ring defined in Lemma 5.1. Let =Z: T},, — S, be a surjective ring homomorphism

defined by
(u(l)) =1 and E(u(s)) =0 for each s =0 and 2 < s < m,

(1]

[1]

° (a:(.s)) :az(s) foreach 1<j< Nand0<s<m,

J J
° E(y](-s)) = y](-s) foreach1<j<Mand 0<s<m.

We note that the ring homomorphism A: S — Sp,[t]/ (™) defined in the proof of Lemma 5.1
coincides with the composition

S A T/ () =5 Sl (Y

where T,,[t]/(t™1) — Sp[t]/(t™F1) is the k[t]-ring homomorphism induced by Z. Therefore,

Fi(s) in Lemma 5.2 coincides with E(GES)) for each ¢ and s.
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Let I, C Sy, be the ideal defined in Lemma 5.2. Then = induces a surjective ring homomor-
phism T}, /Jm — Spm/Inm. 1t gives a closed immersion
X =~ Spec(Sy,/In) — Spec(Tyn/Jm) ~ Ln(X),

which completes the proof of assertion (1).
Since x € X is a k-point, the corresponding maximal ideal of S is of the form

(t—a,ml,...,xN,yl — b1, YM —bM)
with a, by, ...,by € k. For simplicity, assume a = by = --- = by; = 0. Then (W,)Tf)fl(:):) C Ln(X)
is isomorphic to the closed subscheme of Spec T, defined by
T+ (@O, a0, ) -
On the other hand, we have
@A,m ~k[[t,z1,- ., TN, Y1, - YM]] -
We set A’ := Spec(@A,z) and
1<j<N,
T = k‘[[u(o),xgo), xg\,),ygo), ... ,yj(\g)]] ul®, 55),%(5) 1< <M,
1<s<m

Then by [Ish09, Proposition 4.1], we have £,,(A’) ~ SpecT,, . Furthermore, by [Ish09, Corol-
lary 4.2], we have L,,(X") ~ Spec(T),/JmT),). Therefore, (an(/)fl(x’) C L,(X') is isomorphic
to the closed subscheme of Spec T}, defined by

JmT;n + (u(o) xg ), .. xg\,),yg)), . ,y](\g))
Therefore, we have (777)5)_1(:1:) ~ (WT),(L')_ (2'), which completes the proof of assertion (2). O

LEMMA 5.18. Let X be a scheme of finite type over R = k[t][[x1,...,zN]]. Suppose that each
irreducible component X; of X has dim’ X; > n + 1. Let C C X, be a cylinder contained in
Cont”!(ox). If C is very thin, then C' N Cont® (Fitt" (Q’X/k[t])) = () for any e > 0.

Proof. Suppose to the contrary that C'N Cont® (Fitt” (Q’X Ik] t])) # () for some e > 0. By replacing

C with C N Cont® (Fitt" (Q/X/k[t])) we may assume () # C' C Cont® (Fitt" (Q,X/k[t})) Pick a k-arc

v € C. Let x := 7X(y) € X be the k-point of X. Then, by replacing C' with C' N ( )_1(1‘), we

may assume C' C ( o)g)_l(x)

Since C' is a very thin set, there exists a closed subscheme Z C X such that C' C Z
and dimZ < n — 1. Since v € Z, it follows that z € Z. Let (’)ZI be the completion of
the local ring Oz, at its maximal ideal. Let Z’ := Spec(OZx) and let 2’ € Z’ be the corre-
sponding k-point. Then, since C' C ( Oo)_l(l‘), we may identify C' with a subset of Lo,(Z’) by
Lemma 5.17(1),(2). Note that C C Lo(Z') is not necessarily a cylinder of L (Z’) under this
identification.

Let S be the set of the closed subschemes Y’ of Z' with the following condition:
e There exists a cylinder C” of X such that ) # C’' C C and C" C Lo (Y”).

Here, the inclusion ¢’ C L (Y’) is considered by the identifications Lo (Y') C Loo(Z’) and
C' C C C Lx(Z'). Let Y’ be a minimal element of S, and let C’ be a corresponding cylinder
of Xoo. Then Y’ is reduced by the minimality.
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We now prove that Y is irreducible. Suppose to the contrary that Y’ =Y/ U---UY/ is the
irreducible decomposition with ¢ > 2. By the minimality of Y”, it follows that C' ¢ L (Y7), and
hence we have

N —1 1
C" = C' 0 (7)) (LD (¥F1) ™ (Lga (¥7))) # 0
for some ¢ > —1, where we set (qu/)fl(/J ( )) oo(Z) for ¢ = —1 by abuse of notation.
Here, we have taken the intersection in the space Loo(Z’). Since C”" N Loo(Y{) = 0, we have
C" C O\ Lo(Y]) C LY\ Loo(Y]) C Lo(YaU---UY)).

To get a contradiction by the minimality of Y, it is sufficient to show that C” is a cylinder
of Xo. For this purpose, we show that Cy := C' N (wq ')71(£q(Y1’)) is a cylinder of X,. Under
the identifications

X (7)) — T Xy (7))
U U

Y/\—1
7rf1 ! ) (.T/) )
we can consider the intersection F' = Ly(Y{) N Zg N (nZ )71(30); it can be identified with a closed

subset of X, N (m; )_1( ). Then we have the equality Cy = (wX)_l( ) since C' C Zy
Therefore, C/ turns out to be a cylinder of X, and hence S0 is C’” Cy\Cypq- We have proved
that Y is 1ntegral

Let Y” C Y’ be the subscheme defined by Jacy, /i Since Y’ is reduced, we have Y C Y’ by the
Jacobian criterion of regularity (cf. Remark 2.6(2)(c)). By the minimality of Y/, we have C' ¢ Y|
and hence C’ N Cont® (Jac'y,/k) £ () for some ¢’ > 0. Take a k-arc 8 € C' N Cont® (Jac'y,/k). For
m = 0, we set

5= (0n) " (U (8) C Loo(Y), B i= () (¥m(B)) € Xoo.
Then by applying Proposition 4.8(2) to the map

¢m+1( ,5) — djm mﬁ {wm } )

we have dim( %/Jrl(Dm’g)) = dim Y’ for sufficiently large m. On the other hand, by applying
Proposition 5.9(2) to the map

Uins1(Bm,p) — Vi (Emg) = {Vm (8},
we have dim(¢;X 1 (Ep,3))) = n for sufficiently large m.

Loo(Y]) N (mad) ™M (@) —— L,(¥]) N

Since dimY” < dim Z < n—1, to get a contradiction, it is enough to show that E,,, 3 C Dy, 3
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for sufficiently large m. Since C’ is a cylinder of X, there exists a constructible subset V C X,
for some p > 0 such that ¢’ = (1/15()_1(1/). We will prove the inclusion E,, g C D,, g for any
m = p.

Let X' := Spec(@x,x). Then by Lemma 5.17(1),(2), we have the following diagram:

Xeo N (7X) @) C LooXNN (@) @) D LooY) N (xX) (@)

«pﬁl J X’ PY

X N (7)) C LaX)N (@) @) D La(Y) N (7)) ).

m m

Let By, := ;X (B). For m > p, we have

Emp = ()" (Bm) = X)) (Bm) N Xoo 0 (7X) (@) = (X)) " (Bm) N C".
On the other hand, we have

N —1 N —1 \—1
Ding = (Y )" (Brm) = (Vi )~ (Brm) N Loo(Y') O (m) ™ ().
Since C" C Loo(Y')N (77,};/)_1(37’), we have E,, g C Dy, g for m > p. This completes the proof. []
We prove a much weaker version of [NS22, Lemma 2.26(1)].

LEMMA 5.19. Let X be a scheme of finite type over R = kl[t][[z1,...,zn]]. For each a € k, we
denote by X, the closed subscheme of X defined by (t — a)Ox. Suppose that for any a € k*,
the scheme X, is integral regular and has dim’ X, = n. Then there exists a positive integer £
such that ordv(ox + Fitt"(Q’X/k[t])) < { for any k-arc v € Xo. In particular, if ~ satisfies

ord,(ox) = oo, then we have ord, ( Fitt" (Q’X/km)) < /.
Proof. We may assume that X is affine, and we may write X = Spec(S/I), where

S = k[t][[x1, .-, 2]y, - - s Ym)
and [ is an ideal of S. We set I, := (I 4+ (t —a))/(t — a), which is an ideal of the ring S/(t —a) ~
kl[x1, ... zN]][Y1s - - -, Ym]. We have ht(I,) = N +m — n for any a € k™ since dim’ X, = n.

We set

J = jNer,n(I; Derk[t](S)) cS.
Note that Dery(S) = Der;[t](S) is generated by the 0/0x; and 9/0y;. We have Fitt" (Q’X/km) =
(J 4+ 1I)/I by Remark 2.14. Let a € k*. Since ht(I,) = N +m — n, we have

Jac'Xa/k, =(J+I+({t—a)/(I+(t—a)).

Since X, is regular, we have J + I + (t — a) = S by the Jacobian criterion of regularity (cf.
Remark 2.6(2)(c)). Therefore, for any a € k*, we have (J + 1+ (t —a))S’ = S’, where S’ :=

S/(x1,...,xN) = k[t][y1,- -, Ym].- Then we have t* € J + I + (x1,...,2x) for some £ > 0, by
Hilbert’s nullstellensatz. This proves the assertions. ]

LEMMA 5.20. Let P be a prime ideal of S = k[[z1,...,zn]] of height r, and let I be an ideal
of S satisfying P C I. If S/P is regular, then J,1(I; Derg(S)) Z 1.

Proof. Note that Dery(S) = Der}(S) is generated by the §/0x;. First, we prove the assertion
when r = 0. Let f € I\ {0} be an element with the minimum order a. Suppose that x; appears
in the lowest-order term of f. Then it follows from the minimality of a that 0f/0z; ¢ I, which
proves the assertion when r = 0.
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Suppose r > 0. Since the quotient S/P is regular, by the Jacobian criterion of regularity (cf.
Remark 2.6(2)(c)), there exist Dy,..., D, € Dery(S) and f1,..., fr € P such that

w = det(D;(f;))1<ij<r € (T1,...,2N) -

Since S/P is a complete regular local ring with coefficient field k, the ring S/ P is isomorphic to
Elly1,--.,yn—r]]. Therefore, by what we have already proved, there exist D’ € Dery(S/P) and
f' € I/P such that D'(f") & I/P. Let fr41 € I be a lift of f’. By [Mat89, Theorem 30.8], there
exists a lift Dy41 € Derg(S) of D’ too. Since Dy41(P) = 0, we have

det(D;(f))1<ij<r+1 = uDrsa(fra1) €1,
which shows that J,41(I; Derg(S)) ¢ I. O

Remark 5.21. We are interested in the case where ht I = r + 1. If I is a prime ideal, then it is
true more generally that Jp(I;Derg(S)) ¢ I for £ = htI. It is true because S satisfies the weak
Jacobian condition (WJ); (cf. Remark 2.6(2)). If I is not a prime ideal, then Jy(I; Dery(S)) ¢ I
does not hold in general.

LEMMA 5.22. Let P be a prime ideal of S = k[[x1,...,zN]][y1,- ., Ym] of height r, and let I be
an ideal of S satisfying P C I. Suppose that S/P is regular and I + (x1,...,zy) # S. Then it
follows that Jy41(I; Der(5)) ¢ I.

Proof. Note that Dery(S) = Der}(S) is generated by the d/dz; and 0/dy;. Since we have
I+ (x1,...,xN) # S, there exists a maximal ideal m containing I of the form

m = ($17~--733N7yl _ala"'vym_am)a
vAvhere a; € k. Let S be the completion of S at m. Let Y; € S be the image of y; —a;. Then we have
S ~ kl[z1,...,xN,Y1,..., Y]], and Derk(S) is generated by the 9/0z; and 0/90Y;. Therefore,
we have
Jr11(I8; Dery(S)) + IS = Fri1(I; Dery(S))S + IS.

We also note that §/P§ is regular and PS - IS. Therefore, we have Tr+1 (I§; Derk(g)) ¢ IS
by Lemma 5.20; this shows the assertion J,4+1(I; Derg(S)) ¢ 1. O

PROPOSITION 5.23. Let X be a scheme of finite type over R = k[t][[x1,...,znN]]. Suppose that
each irreducible component X; of X has dim’ X; > n + 1. For each a € k, we denote by X,
the closed subscheme of X defined by (t — a)Ox. Suppose that for any a € k™, the scheme X,
is integral regular and has dim’ X, = n. Then, there is no thin cylinder C' of X, containing
a k-arc v with ord,(0x) = oo.

Proof. We may assume that X is affine, and we may write X = Spec A with A = S/I, where
S = k[t][[z1, ..., zN]][y1,- -, ym] and I is an ideal of S.

Suppose to the contrary that there exists a thin cylinder C' containing a k-arc v with
ord,(0x) = oo. Replacing C with C' N Cont”!(0x), we may assume C C Cont®!(ox). It fol-
lows by Lemma 5.19 that e := ord,y(Fitt" (Q’X /k[t])) < 0. By replacing C' with the intersection

C N Cont® ( Fitt" (Q’X/k[t])), we may assume () # C C Cont®( Fitt" (Q,X/k[t]))‘
Let S be the set of the closed subschemes W of X with the following condition:
e There exists a cylinder C” of X, such that v € C' € C and €' C W.

Let W be a minimal element of S, and let C’ be a corresponding cylinder of X. Then W is
reduced by the minimality. Let W = Wj U --- U Wy be its irreducible decomposition. Since C' is
thin, we may assume dim W < n. Here, we claim the following.
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Cram 5.24. (1) We have v € (W) for each 1 < i < £.
(2) We have dim W; = n for each 1 < i < /.

(3) Denote by Z; C W; the closed subscheme defined by Fitt™ ! (€]

wikg)- Then Zi © W; for
each 1 <1 < V.

First, we assume this claim and finish the proof. By Claim 5.24(3) and the minimality of W,
we have
C/§Z (ZlLJ'--UZg)OO Z(Zl)ooU-”U(Zg)oo.
Take a k-arc € C'\ ((Zl)OO U---u (Zg)oo). For each i, we denote by Iz, C A the ideal
corresponding to Z;, and we set g; := ordg(lz,) < co. Then
c":=0C"n ﬂ Cont? (Iz,)
i

is a non-empty cylinder of X,. By applying Proposition 5.9(2) to W; and its cylinder
C" N (Wi)oo C Cont® (Fitt" ™ (Qy: 41)) »

it follows that the truncation map ¥, 11 (C’”ﬂ(WZ-)OO) — U (C”H(Wi)oo) has (n—1)-dimensional
fibers for sufficiently large m. Therefore,

Um1(C") = U¢m+1(0" N (Wi)eo) — ¥m(C") = me (C"N(Wi)eo)

also has (n — 1)-dimensional fibers for sufficiently large m. However, by Proposition 5.9(2), it
should have n-dimensional fibers because () # C” C Cont®( Fitt" () /k:[t]))' We get a contradic-

tion. Therefore, it is sufficient to prove Claim 5.24(3). O

Proof of Claim 5.24. (1) Suppose to the contrary that v ¢ (Wi)eo. Let Iy, C A be the ideal
corresponding to Wi, and let ¢ := ord,(Iw,) < co. Then the cylinder C” := C’" N Cont?(Iyy,)
contains v and satisfies

C”CWOO\(Wl)OOC(WQU"-UWDOO,

which contradicts the minimality of W.

(2) Suppose to the contrary that dim Wy < n—1. Let W’ := WaU- - -UW,, and let Iyy» C A be
the ideal corresponding to W’. By the minimality of W, it follows that C’ ¢ W/ . Therefore, we
have C” := C' N Cont?(Iy+) # O for some ¢ > 0. Since C" N W, =0, we have C” C (W1)~, and
C” turns out to be a very thin cylinder of X. This contradicts (§ # C” C Cont®( Fitt" (Q/X/k[t]))
by Lemma 5.18.

(3) Let H be one of the W;. Let @ be the prime ideal of S corresponding to H. Since H
contains a k-arc, H contains a k-point. Therefore, by Lemma 2.11(4), we have

htQ = dim S — dim’' H = dimS —dimH =N +m —n+1.

First, we prove that

Q+ (r1,...,zn)+ (t —a) # S (5.2)
for some a € k™. Suppose to the contrary that @ + (z1,...,zn) + (t —a) = S for any a € k*.
Then by Hilbert’s nullstellensatz, it follows that t‘ € Q + (z1,...,2x) for some £ > 0. This
contradicts v € Hy, and ord, (0x) = oo, and we get (5.2) for some a € k*.

The inequality (5.2) implies @ + (t — a) # S. Furthermore, we have t — a € @ because Hy,
contains a k-arc. Therefore, we have ht(Q + (t —a)) =htQ+1=N+m —n+ 2.
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We set

S =S/t —a) ~k[[z1,...,zeN]][y1s- - Ym],

Io=(I+({t—-a))/t—a), Qu:=(Q+({t—a))/(t—a).
Then we have ht(Q,) = N + m — n + 1. Furthermore, we have ht(I,) = N +m — n by the
assumption dim’ X, = n. Therefore, it follows that Q, 2 I,. Let J := INtm—nt1 (Q; Derk[t](S)).

=

Then the ideal (J + (¢ — a))/(t — a) of S, coincides with JIn4m—nt1(Qa; Der(S,)). Note that

Sa/1, is regular, ht(l,) = N +m —n and @, 2 I,. Therefore, by Lemma 5.22, we have
(J+(t—a))/(t = a) = IN+m—n+1(Qa: Der(Sa)) ¢ Qu = (Q + (t —a))/(t —a).

In particular, we have J ¢ Q.

Since Fitt" ! (Q}{/k[t}) = (J + Q)/Q, this completes the proof of assertion (3). O

LeEMMA 5.25. Let R = k[t][[z1,...,zN]]. Let eq,...,en and d be integers satisfying 0 < e; < d
for each i. For each c € k*, let T.: R — R be the ring isomorphism defined by T.(t) = ¢~ and
T.(x;) = c®x;. Let I be an ideal of R that is T.-invariant (that is, T.(I) = I) for any ¢ € k*. Let
P be a minimal prime of I. Then P satisfies one of the following conditions:

(1) PNEk[t] # (0) and t € P;

(2) PNk[t]=(0) and P+ (t —a) # R for any a € k*;

(3) PN Ek[t] = (0), and there exists an f € P such that

- t S (t“_l.%'l, - ,t“_l.i(}N) + (xl, R ,IBN)EJ'—l
for some ¢ > 0.
Proof. First, we prove that P is also T,-invariant for any ¢ € k*. Let Py, ..., P, be the minimal
primes of I. Since T, is an isomorphism, it induces a permutation on Py, ..., Py,. Let p: k* — &,,

be the induced group homomorphism, where &,, is the symmetric group of degree m. For any
c € kX, we can take a b € k* such that ¢ = b™. Therefore, we have p(c) = p(b™) = (p(b))™ = 1.
This shows that T,.(P;) = P; for any ¢ € k* and 1 <1 < m.

Suppose PNk[t] # (0). Then t —a € P for some a € k. Since P is T,-invariant for any ¢ € k*,
it follows that a = 0. Therefore, P satisfies condition (1).

Suppose PN k[t] = (0) and P+ (t —a) = R for some a € k*. We will prove that P satisfies
condition (3). Since P is T,-invariant for any ¢ € k*, it follows that P + (t — a) = R for any
a € k*. Then by Hilbert’s nullstellensatz, it follows that

o t'! € P+ (x1,...,2n) for some £ > 0.

Therefore, there exists a g € P such that g — t* € (x1,...,2N).

Weset M := (x1,...,zn) C k[t][[z1, ..., zN]]. Since M is T.-invariant, T induces an automor-
phism on k[t][[z1, ..., zn]]/MF. Hence, k[t][[z1, ..., zn]]/M**! has a graded ring structure sat-
isfying degt = —d and deg x; = e;. Then (P+M E‘H) /M1 is a homogeneous ideal. Therefore, the
term g_qp of g with degree —d/ is contained in P4+ M**'. We may write g_g0 = f —h with f € P
and h € M*!. On the other hand, since g_g—t* € M, we see that g_qo—t* € ("1, ..., t T ley)
by looking at the degrees of its terms. Therefore, condition (3) holds for this f. O

Remark 5.26. Let I and P be as in Lemma 5.25. Then the following hold for Y := Spec(R/P):

e Yoo =0if P is of the form (1),
e Y, NCont”!(oy) = 0 if P is of the form (3).

471



Y. NAKAMURA AND K. SHIBATA

5.2 Arc spaces of affine formal k[[t]]-schemes

In this subsection, we discuss the arc space of X of the form X = Spec(k[z1,...,zn][[t]]/I). As
we will mention in Remark 5.27, the arc space of X can be seen as the Greenberg scheme of
the corresponding affine formal scheme. In this subsection, we do not deal with general formal
k[[t]]-schemes.

Remark 5.27. Sebag in [Seb04] investigates the theory of arc spaces of formal k[[t]]-schemes with
k a perfect field, and the theory can be applied to X = Spec(k[z1, ...,z n][[t]]/I), which is dealt
with in this subsection. The reader is also referred to [CNS18] for this theory.

With a scheme X = Spec(k[x1,...,2n][[t]/]), we can associate the formal affine scheme X =
Spf (k[z1,...,zn][[t]]/I). Then the Greenberg schemes Gry,(X) and Gr(X) defined in [Seb04] are
isomorphic to X, and X, respectively. Therefore, the theory of Greenberg schemes developed
in [Seb04] and [CNS18] can be applied to the arc space X of X.

DEFINITION 5.28 (cf. [CNSI8, Appendix 3.3]). Let I be an ideal of S = k[x1,...,zn][[t]], and
let A:=S/I. Then we denote by Q4 the completion of the A-module €24 /4] With respect
to the (t)-adic topology; that is,

Qasnir) = S (Qagmge /() Qasm) -

n

The canonical derivation d g g A — Qayk induces a derivation
dasrgens A — Qazugi)
We sometimes abbreviate d A/k[[]] tO d.
When X = Spec A, we denote by Q) the sheaf on X associated with the A-module
ﬁA/k[[tH'
Remark 5.29 (cf. [CNS18, Example 3.3.5 in the appendix]). (1) ﬁs/k[[t]] is a free S-module of

rank N with basis ag/k[[tﬂ(:vl), . ,as/k“tl](m]\;) . Furthermore, we have an exact sequence

1)1 =% Qpuginy ®5 A = Quajaggy — 0
of A-modules, where « is the map satisfying a(as/k“t” (9) ® 1) :AHA/,CM (g) for g € S, and 9 is
the map satisfying 0(g) = dg/k()(9) ® 1 for g € I. In particular, Q4 is a finite A-module.
(2) The canonical derivation d: A= Q A/k[i7)] has the following universal property:
(2-1) The induced map

HomA(ﬁA/k[[t]]aM) — Deryy (A, M), fr— f od

is an isomorphism for any A-module M that is complete with respect to the (¢)-adic
topology. In particular, this map is an isomorphism for any finite A-module (cf. [Mat89,
Theorem 8.7]).

This follows from the following general fact from [Gro64, (20.4.8.2)]:

(2-2) Let B be a topological ring and C' a topological B-algebra. Let N be a topological C-
module. Then we have an isomorphism

Hom (Qc)p, N) — Der(C,N), f+— fodop.

Here, HomCC(QC/ B, V) denotes the set of the continuous homomorphisms Qc/p = N of
C-modules, and Der%(C, N) denotes the set of the continuous B-derivations C' — N. The
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topology on Q2c/p =T /T? is defined as the quotient topology, where Z is the kernel of the
augmentation map C ®p C — C, a ® b — ab.

In our case, the topology on €4/ coincides with the (¢)-adic topology (cf. [Gro64, Proposi-
tion 20.4.5]). Therefore, we have

Homf4 (QA/k[[tﬂa M) = HomA (QA/k[[t]]a M) y Der‘,;[[t” (A, M) = Derk[[t” (A, M)

for any A-module M with the (¢)-adic topology. Hence, by assertion (2-2), we have an isomor-
phism

HOHIA (QA/]“W” y M) i> Derk[[t” (A, M)

for any A-module M. Moreover, if M is complete with respect to the (¢)-adic topology, then we
have an isomorphism

Hom a (Qa kg, M) — Homa (s, M),
which shows property (2-1).

(3) By part (2), it follows that Dery,;(S) is a free S-module of rank N generated by the 0/0z;.
Therefore, by the exact sequence in part (1), we have

Fitt" (Qa/nie) = (Tv—n (I Dergy)(S)) + 1) /1.

LEMMA 5.30. Let n and e be non-negative integers, and let X be an affine scheme of the form
X =Spec(klzy,...,zn][[t]/I). Suppose that each irreducible component X; of X has dim X; >

n+ 1. Let v € Cont® (Fitt" (ﬁx/k[[t“)) be a k-arc. Then we have
7 Qxyig) = Kl @ @k ()

as k[[t]]-modules with ), e; = e.

Proof. The same proofs as in Lemmas 5.6 and 5.7 work. Note that any minimal prime P of [
satisfies ht P < N — n. This is because

ht P =dim S —dim(S/P) < (N+1)—(n+1)=N —n,

where we set S := k[x1,...,znN][[t]]. The first equality follows from the facts that any maximal
ideal M of S has ht M = N 4+ 1 and S is a catenary ring. O

PRrOPOSITION 5.31. Let n be a non-negative integer, and let X be an affine scheme of the
form X = Spec(k[z1,...,2n][[t]]/I). Suppose that each irreducible component X; of X has
dim X; > n + 1. Then, there exists a positive integer ¢ such that the following hold for non-
negative integers m and e with m > ce:

(1) We have
W (Cont® (Fitt”™ (i) = Tomee,m (Cont® (Fitt™ (/i) ) oy -

(2) The truncation map Tp41,m: Xm41 — Xm Iinduces a piecewise-trivial fibration

Y1 (Cont® (Fitt™ (O ugey))) — m (Cont® (Fitt™ (O aa)))
with fiber A™.

Proof. The same proof as for Proposition 5.9 works (cf. Remark 4.6). O

473



Y. NAKAMURA AND K. SHIBATA

Remark 5.32. When X is flat over k[[t]], Proposition 5.31(1) is proved in [CNS18, Chapter 5,
Proposition 2.3.4], and Proposition 5.31(2) is proved in [Seb04, Lemme 4.5.4] (cf. [CNS18, Chap-
ter 5, Theorem 2.3.11]). We also note that Proposition 5.31(2) can be reduced to the flat case
by the argument in [NS22, Remark 2.14(3)].

We define cylinders and their codimensions.

DEFINITION 5.33. Let n be a non-negative integer, and let X be an affine scheme of the form
X = Spec(k[z1,...,zn][[t]]/I). Suppose that each irreducible component X; of X has dim X; >
n+ 1. A subset C C X, is called a cylinder if C = 1,}(S) for some m > 0 and a constructible
subset S C X,,,. We define the codimension of C' as follows:

(1) Assume C C Cont®(Fitt" (Qx/k[m])) for some e € Z>(. Then we define the codimension of
C in X as

codim(C) := (m + 1)n — dim(¢n, (C))
for any sufficiently large m. This is well defined by Proposition 5.31.

(2) In general, we define the codimension of C' in X, as follows:

codim(C) := min Codlm(C’ N Cont® (Fltt (Qx/k[[t”)))

€€Z>O
By convention, codim(C) = oo if C'N Cont® (Fitt" (Qx/k[[t]])) = () for any e > 0.

Remark 5.34. As in Remark 5.12, the definition of the codimension above depends on the
choice of n.

DEFINITION 5.35. Let n be a non-negative integer, and let X be an affine scheme of the form
X = Spec(klzy,...,zn][[t]/I). Suppose that each irreducible component X; of X has dim X; >
n+ 1. A subset A C X is called thin if A C Z, for some closed subscheme Z of X with
dim Z < n.

PROPOSITION 5.36 (cf. [Seb04, Théoreme 6.3.5]). Let n be a non-negative integer, and let X
be an affine scheme of the form X = Spec(k[z1,...,zn][[t]]/I). Suppose that each irreducible
component X; of X has dim X; > n + 1. Let C be a cylinder in Xo,. Let {Cy\}xca be a set of
countably many disjoint subcylinders Cy C C. If C'\ (| |ycp Cx) C Xoo is a thin set, then we have

codim(C') = min codim(C)) .
AEA

Proof. This follows from [CNS18, Chapter 6, Lemma 3.4.1 and Example 3.5.2]. O

LEMMA 5.37 (cf. [CNS18, Chapter 5, Proposition 2.2.6]). Let X be an affine scheme of the form
X = Spec(k[z1,...,zN][[t ]]/I) Let p and m be non-negative integers with 2p + 1 > m > p. Let
v € X,(k) be aJet W1th T (7) # 0. Then we have

W;L,lp(’Y) =~ Homyy)/p+1) (V*QX/k[[t]], (tp+1)/(tm+l)) .

Proof. We set A := k[z1,...,2n][[t]]/]. For the same reason as in the proof of Lemma 5.13, we
have ;1 () ~ Deryy (A (tp+1) /(t™*1)). Furthermore, by the universal property of €4 k]
(cf. Remark 5.29(2)), we have

Deryey (A, (#74) /(1)) = Homa (Qayugey, (1) /(7))

which proves the assertion. O
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5.3 Codimension formulae
In this subsection, we discuss a k[t]-morphism f: X — Y of affine k[t]-schemes in the following
two cases:

(a) We have X = Spec(k[z1,...,zn][[t]]/I) and Y = Spec(k[z1, ..., zum][[t])/J]).

(b) We have X = Spec(k[z1,...,zap][[t]]/I) and Y = Spec(k[t][[z1, ..., zL]]/J). Furthermore,
f satisfies (z1,...,2.)Ox C (t).

LEMMA 5.38. In case (a) above, the canonical map f*ﬁy/k[[t“ — SA)X/k[[tH is induced. In case (b),
the canonical map f*Q'Y/k[t] — Qx/k[) 1s induced.

Proof. Let A = Ox and B = Oy be the corresponding rings and g: B — A the corresponding
k[t]-ring homomorphism.

First, we deal with case (a). Since g: B — A is a k[t]-ring homomorphism, Q A/k[[1]] 18 a com-
plete B-module with respect to the (t)-adic topology. Therefore, by the universal property of
ﬁB/k[[t]] (cf. Remark 5.29(2)), the derivation HA/k[[tH og: B— ﬁA/k[[t}] factors through QB/k[[t]]
This completes the proof in case (a).

Next, we deal with case (b). By the universal property of {2/, Ikl it is sufficient to show that
the composition

d _
B 5 A =5 Q)

is a special B-derivation. Note that 0 A/k[[f]] 18 @ complete f}\—module with respect to the (t)-
adic topology. Since g((z1,...,21)) C (¢) by assumption, 24 /k 18 a separated B-module
with respect to the (z1, ...,z )-adic topology. Therefore d 4,y © g is a special B-derivation by
Lemma 2.2. O

We define the order of the Jacobian for a morphism.

DEFINITION 5.39. (1) Let f: X — Y be a morphism of affine k[t]-schemes of the form (a)
above. Then f induces a homomorphism f*Qy/xis — Qx/k(y) by Lemma 5.38. Let v € Xoo be

o~

a k-arc, let v := foo (7). Finally, let S be the torsion part of 7 Qx k(- Then we define the order
ordy (jacf) of the Jacobian of f at  as the length of the k[[t]]-module

Coker (v Qyri) — 7" Qxua)/S) -

In particular, if ord, (jac f) < 00, then we have

Coker (v*Qy i — 7" Ly /S) = €D klt] /(1)

as k[[t]]-modules with some positive integers e; satisfying Y, e; = ord, (jacy).

(2) Let f: X — Y be a morphism of affine k[t]-schemes of the form (b) above. Then f in-
duces a homomorphism f*Qg//k[t} — Qx/k) by Lemma 5.38. Let v € Xoo be a k-arc, and let
v = foo(7). Finally, let S be the torsion part of V" Qx k- Then we also define the order
ordy (jacf) of the Jacobian of f at v as the length of the k[[t]]-module

COkeI‘(’y,*Qg//k[t] — V*QX/k[[t]]/S) .
(3) By abuse of notation, for e > 0, we define

Cont®(jacy) := {7y € X | ord, (jac;) = e}.
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LEMMA 5.40. Let n be a non-negative integer. Let f: X — Y be a morphism of affine k[t]-schemes
of the form (a) above. Let g: Y — Z be a morphism of affine k[t]-schemes of the form (b). Suppose
that each irreducible component W; of X, Y and Z has dimW; > n+ 1. Let v € X, be a k-arc,
and let ' := foo (7). Suppose

ord, (Fitt" (/i) < 00, ordy (Fitt™ (Qyeqp)) < oo
Then we have
ord, (jacgof) = ord, (jacf) + ord. (jacg) .
Proof. The same proof as in [NS22, Lemma 2.10] works due to Lemma 5.30. ]

Remark 5.41. The same statement holds if g is of the form (a).

Remark 5.42. We note in this remark that all propositions (Proposition 2.29, Lemmas 2.31
and 2.32, and Proposition 2.33) in [NS22, Section 2.6] can be seen to be true for a k[t]-morphism
f of the form (a) or (b) by making the following modifications:

e Replace the conditions (%), and (xx), in [NS22] on X with the following condition:
— “Each irreducible component X; of X has dim X; > n + 1.7
e Replace Q5 with ﬁ,/k[[tﬂ and Qi/k[t], and replacing Jac ;) with Fitt" (ﬁ,/k[[t”) and
Fitt" (1)
We note that [NS22, Proposition 2.29(2), Lemmas 2.31 and 2.32, and Proposition 2.33| are
formal consequences of [NS22, Proposition 2.29(1), Lemma 2.13(1) and Proposition 2.17]. The
formal power series ring versions of [NS22, Proposition 2.29(1), Lemma 2.13(1) and Proposi-

tion 2.17] are proved in Lemmas 5.13 and 5.37, Lemmas 5.7 and 5.30, and Propositions 5.9
and 5.31 in this paper.

Furthermore, [NS22, Lemma 2.34] is also true in the formal power series ring setting as can
be seen by replacing A = Speck[t][x1,...,xn] with Speck[z1,...,znN][[t]]. Indeed, the proof of
[NS22, Lemma 2.34] works in this setting.

PROPOSITION 5.43. Let n be a non-negative integer. Let f: X — Y be a morphism of affine
k[t]-schemes of the form (b) above. Suppose that each irreducible component W; of X and Y has
dimW; > n+1. Let e,e’,e" € Z>y. Let A C X be a cylinder, and let B = f(A). Assume

A C Cont®” (Fitt” (SA)X/k[[t”)) N Cont® (jacf) , B C Cont® (Fitt” (Qly/k[t])) .

Then, B is a cylinder of Y, contained in Cont>1(0y), where oy C Oy is the ideal sheaf generated
by 1,...,xr, € Oy. Moreover, if fx|4 is injective, then it follows that codim(A)+e = codim(B).

Proof. By Remark 5.42, the same proofs as in [NS22, Section 2.6] work by making the following
modifications:

e Replace QX/k[t] with ﬁX/k[[tH7 and QY/k[t] with Qg’/k[t]

e Replace JacX/k[t] with Fitt" (QX/kHt]])’ and Ja0y/k[t] with Fitt" (Q/Y/k[t]) ]
PROPOSITION 5.44. Suppose that a finite group G acts on the ring k[xi,...,zy] over k. Let

I C k[xy,...,zn]C[[t] be an ideal, and let I' C k[x1, ..., zN][[t] be the ideal generated by I. Set
X :=Spec(k[z1,...,zn][[t]]/I') and Y := Spec(k[z1,... ,ﬂ:N]G[[tH/I),
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and let f: X — X/G =Y be the quotient morphism. Suppose that each irreducible component
Wi of X and Y has dimW; > n+ 1. Let A C X be a G-invariant cylinder, and let B = fo(A).
Let e, €' e’ € Z~q. Assume

A C Cont®” (Fitt" (ﬁx/k[[t]})) N Cont® (jacf) , B C Cont” (Fitt” (ﬁy/k[[t]])) .

Then B is a cylinder of Yy, with codim(A) + e = codim(B).

Proof. Note that f is a morphism of the form (a). By Remark 5.42, the proof of [NS22, Propo-
sition 2.35] works. O

Remark 5.45. (1) Proposition 5.43 is also true for k[t]-morphisms of the form (a). Indeed, this
is known for morphisms f: X — Y of formal k[[t]]-schemes (not necessarily affine). When X is
smooth over k[[t]], this is proved in [Seb04, Lemme 7.1.3] (cf. [CNS18, Chapter 5, Theorem 3.2.2]).
The general case is proved in [Yas24, Lemmas 10.19 and 10.20]. We also note that Yasuda proves
it in the more general setting, for formal Deligne-Mumford stacks of arbitrary characteristics.

(2) Proposition 5.43 is also true for a k[t]-morphism f: X — Y of k[t][[x1,...,xn]]-schemes of
finite type (not necessarily affine) by making the following modification:

e Replace the condition “each irreducible component W; of X and Y has dimW,; > n + 17 in
Proposition 5.43 with “each irreducible component W; of X and Y has dim’ W; > n + 1.7

6. The theory of Denef and Loeser for quotient singularities

In this section, we review the theory of arc spaces of quotient varieties established by Denef and
Loeser [DL02] (cf. [Yas16], [NS22, Section 3]). We explain their theory in the formal power series
ring setting.

Let d be a positive integer and £ € k a primitive dth root of unity. Let G C GLy(k) be a
finite subgroup with order d that acts linearly on A := AY := Speck[[z1,...,zn]]. Let X C A
be a G-invariant subscheme. We denote by A := A/G and X := X /G the quotient schemes. Let
Z C A be the minimum closed subset such that A — A is étale outside Z.

Fix v € G. Since G is a finite group, v can be diagonalized in some new basis azp), e ,xg\?).

Let diag(£°,...,£°V) be the diagonal matrix with 0 < e; < d. Then we define a k[t]-ring
homomorphism

N ([, ]S — ko, an] O], ) s i)

where C, is the centralizer of v in G. Let i: klzy, ..., zn]9[t]] — klz1,...,28][[t] be the
inclusion map, and let /\i: =40 A} be the composite map.

Let Ix C k[[z1,...,2x]]¢ be the defining ideal of X in A. Let I C k[t][[z1,...,zn]]“ be the
ideal generated by Ix. Let

1O cklzy,...,anO ), TY € K1, ... an][H]]

be the ideals generated by \:(I%) and X;(I %), respectively. Then we have the following dia-
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gram:
X,
T
k[t”[wlv l . ’xN]]me)véf[xl’ s ICN]CVHISH E— k[xb . l’ xN]HtH
Ml - an]1C/ T~ Ko, - an] O )/ TS —— Ko, an] 1)/

We define k[t]-schemes Z(W), X and X as follows:
A .= Specklzi, ..., zn][t],
X0 .= Spec(kfz1, . . ., x| [1]/1S))
X7 = Spec(klzy, ..., zn][[1]/TY) -

Let Zg), )?CEZ) and YQ) be their arc spaces as k[t]-schemes, defined in Section 5. Then we have
the following diagram of arc spaces:

| ] |
X Fasd <
Fiy

™)

We denote by fi, and f., the restrictions of A, and X7 to X and Xﬁl’, respectively.

Remark 6.1. (1) Here, we have used the fact that the arc spaces of
Spee (Alfo1, -, an1)) s Spec(klAlfen, . ., an]I/ %)
as k[t]-schemes (defined in Section 5) are isomorphic to the arc spaces of A and X as k-schemes

(defined in Section 4).
(2) Furthermore, the vertical arrows are closed immersions. Under these identifications, we have

N (Xa) = X9, XX =X

~y oo
PROPOSITION 6.2 ([DL02, Section 2], cf. [NS22, Sections 3.1 and 3.2]). The ring homomor-
phism X} induces the maps A: (Z(V)/Cﬁy)o@ — A and Ay: Zg) — Ao, and the following
hold:

(1) There is a natural inclusion ZC(;Y,)/C7 — (Z(V)/Cv)oo'
(2) The composite map Zg/()’w — (ZM/CW)OO 2y A is injective outside Zn,.

(3) We have | |ycconj() (A (Zf;)) \ Zso) = Ao \ Zoo, where Conj(G) denotes the set of the
conjugacy classes of GG.
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Proof. In [DL02] and [NS22], the assertions are proved for the polynomial ring k[t][z1, ..., zN].
Their proofs also work in the formal power series ring setting. O

By Remark 6.1(2), we can deduce the same statement for X.

PROPOSITION 6.3 (cf. [NS22, Section 3.3]). The ring homomorphism A} induces the maps
JI%: )Z'C(,Z) — Xoo and i, Yg) — Xoo, and the following hold:

(1) There is a natural inclusion Y(W)/C < X

(2) The composite map X(7 /C’ — XW) 5 X is injective outside Zu

(3) We have L] )eConi(G) (“w( ) \ Z ) = Xoo \ Zoo

Remark 6.4. (1) In [NS22], the integer e; is taken to satisfy 0 < e; < d — 1. Note that the ring
homomorphism A} cannot be defined in this way in our formal power series ring setting.

(2) It is also natural to define a k[t]-ring homomorphism

X[y 2] — k(e an]], @l s /)
and schemes
A/('Y) = Spec k[t][[x1,...,zN]], /(7) = Spec(k‘[ [z, - - :UN]]/TI(V)) ,
where Y’}Q’ is the ideal of k[t][[z1,. .., znN]] generated by )\ “(I%). Then by the same argument as

in this section, X; induces maps
XAY A, 1 XY — X
However, as we can see in the discussion below, if Z(w and Y(W) are replaced by Z/(V) and Y/(v),

then Propositions 6.2 and 6.3 are no longer valid.
First, we note that

A ~ Spec(k[[7, ..., 20 [+, 28 |1 < s <m]),
A ~ Spec(k[z{,..., 28 |0 < s <m]),
and we have a natural morphism A" — A" induced by the ring inclusion
ke, a0 10<s <m) — k[0, 2O 2P 1< s <om].

Since the morphisms 4, ') — A( ”) are compatible with the truncation maps, they induce a map
—/

Ay 7 A(v) The map X o — X 7 is also induced, and we have the following commutative

dlagrams.

A A0 x X0
s <
Furthermore, by construction ZO(O) Ag) induces isomorphisms
AL A Cont>! (21 ):Z&Z)m(bm” ((z1,...,2N)),
X( N Cont”! (( (2 N)) Y(()Z) N Cont”! ((z1,...,2Nn)) -
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We also note that Z;(j) — Zg) induces injective maps

-/

oo oo oo
on k-points. However, these two maps are not surjective in general (see item (3) below).
(3) Suppose N =2 and G = (v), where v: k[[z1, z2]] = k[[z1, z2]] is the involution defined by
v(z;) = —x; for i € {1,2}. Then we have d = 2, e; = e> = 1 and k[[z1,22]]% = k[[2%, 3122, 23] ].
We denote by a € A the k-arc corresponding to the k[t]-ring homomorphism

o klt][[2], 2120, 23] ] — K[[t]], a2 —t, aima—t, 33—t

Then, « is contained in the image of A, : Zf,l) — Ao Indeed, if g € Zf;) is the k-arc defined by
B*: klry, zo[[t]] — K[[t], 11, x2+—1,

then we have o* = * OX: and hence o = A\, ().

On the other hand, « is not contained in the image of X/w: Z;(j) — Ao because there is no

Ek[t]-ring homomorphism £*: k[t][[z1, z2]] — E[[t]] satisfying 5*(x1) = B*(x2) = 1.

7. Arc spaces of hyperquotient singularities

In this section, we prove in Theorem 7.9 that [NS22, Theorem 4.8] is still valid in the formal
power series ring setting.

7.1 Minimal log discrepancies of hyperquotient singularities
Let d be a positive integer, and let £ € k be a primitive dth root of unity. Let G C GLy (k) be
a finite group with order d that acts linearly on A := Aé\/ = Speckl[z1,...,zN]]. We denote by
A := A/G the quotient scheme. Let Z C A be the minimum closed subset such that A — A
is étale outside Z. We assume codim Z > 2, and hence the quotient morphism A — A is étale
in codimension 1. We note that A is Q-Gorenstein (cf. Remark 3.1). We fix a positive integer r
such that w;l[;]k is invertible.

We fix v € G. Let C, be the centralizer of v in G. Since G is a finite group, v can be
diagonalized in a suitable basis x1,...,zy. Let diag(£°,...,£°V) be the diagonal matrix with
0 < e; < d. We define a k[t]-ring homomorphism

ALt k[t][[x, - aN]]¢ — ko, an] O], @ — 9
and define X:: E[t][[z1,...,2N]]¢ = E[z1,...,2xN][[t] as the composition of A and the inclusion
it klxy, .., 2N ] — k[x1, ..., zn][[H)-
Let fi,..., f. € k[[z1,...,zN]]¢ be a regular sequence. We set

B = Spec(k[[xl, - ,a;N]]G/(fl, .. ,fc)) ,
E = Spec(k[[xl, e ,{ENH/(fl, ey fc)) .

We denote by n := N — ¢ their dimensions.

Suppose that B is normal. Then it follows that B — B is also étale in codimension 1, and
B is also normal. Indeed, since codimy Z > 2, we have Aging = Z by the purity of the branch
locus (cf. [Nagh9]). Therefore, we have B N Z C Bsing since fi,..., fe is a regular sequence
(cf. [Sta24, Tag 00NU]). Then it follows that codimp(Z N B) > codimp(Bging) > 2 by the nor-
mality of B. Therefore, B — B is also étale in codimension 1, and hence B is also normal by
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Serre’s criterion of normality.

Note that w’ Ir]

B/k is invertible. Indeed, we have the adjunction formula

Wik det™ (I/1I?) o, Wk »
where I := (f1,..., f.) C k[[z1,...,2n]]¢, since the sequence
0—I/I" — Q) ®0, Op — Uy — 0
is exact at a regular point of B by Proposition 2.12.
We define ideals I’, I and v by
= (fi,.., fo) CE[A[[z1, ..., 2n]]7,
IO = (N5(f1), -, N5 (fe)) C Kl an] O[]
T = (R (f1)se - Mo (fe)) C Kl an][[H]).

Then we have the following diagram:

*

X’Y
/\)
kt][[z1, l N — 21, ... ,fN]CV[[tH K[z, .. fN][[t]]
Kl oo )1/ =2 o, o)/ T0) — Klay, o [1)/T0.
[

We define k[t]-schemes A’, A0 Z(v), B', B and B as follows:

A" = Spec k[t][[z1, ..., zN]], B’ := Spec(k[t][[z1, . ..,an]]/T"),
A :=Speckfar,..., el ()], BY :=Spee(kler,...,an) [0)/T7)
A7 = Specklzy,...,zn)[[t]], B :=Spec(klzy, ..., an][[H]/I7).

Then we have the following morphisms between the corresponding k|[t]-schemes:

Remark 7.1. (1) Note that

e A" and B’ are affine schemes of the form Spec(k[t]{[z1, ..., za]]/J), and

o A, Zm, B and B are of the form Spec(k[z1, ..., zum][[t])/J])-
We will use the notion of the sheaf Q' Jkl] of special differentials for X = A’, B’ defined in Sec-
tion 2 and use the notion of the sheaf ﬁX/k[[t” for X = A®) ) 2(7)7 E(V),E(W) defined in Section 5.2.
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Since I’, I and 7(7) are generated by ¢ elements, each irreducible component W; of B’, B
and B'" has dim W; > n+1. Therefore, we can apply lemmas and propositions from Sections 5.1
and 5.2 to their arc spaces.

(2) Lemma 7.3(3),(4) below shows that B has only one irreducible component that is flat
over k[[t]]. Furthermore, the component V has dimV =n + 1.

LEMMA 7.2. Let f: C; — Cy be a flat ring homomorphism of Noetherian rings. Then the
following hold:

(1) Let P be a prime ideal of Cy such that PCy # Cy. Then ht P = ht(PCy).
(2) Suppose that f is faithfully flat. If I C C is a proper ideal of C, then ht I = ht(1C3).

Proof. (1) Let @ be a minimal prime of PC5. Then by the going-down theorem, we have
P = QN C}. Therefore, we have ht Q = ht P by [Mat89, Theorem 15.1], which proves part (1).

(2) Note that ICy # Cs by the faithfully flatness. First, the inequality ht I < ht(IC5) follows
from the going-down theorem. We now prove the opposite inequality. Take a minimal prime P
of I such that ht I = ht P. Then by part (1), it follows that ht I = ht P = ht(PC%) > ht(IC>),
which completes the proof. O

LEMMA 7.3. We set F; := X::(fi) for each 1 < i < ¢. Consider the following ring diagram:
Sy = /-c[xl,.ﬁ. San[[t] ———» C1 = Kz, .. an][[t]]/(F, - -, Fe)

hi 91

Sy = k[x1, . ,eN|((t) ——» Ca :=klz1, ..., zn]((¢))/(F1, ..., F)

ha 92

Sy = k[z1,...,an]((tY?)) — C3 := k[z1, ..., an]((tY9)) /(FY, ... Fe)

h3 xthei/d$i g3 $i'—>t6i/dl?i

Sy=k[[z1,...,2N]] ————» Cy == K[[z1, ..., 2N]]/(f1, -, fo) -

We set I; :== (F1,...,F,) C S; fori € {1,2,3} and Iy := (f1,..., fc) C S4. Then the following
hold:

(1) The morphisms hy, hy and hs are regular, and hence so are g1, g2 and gs.

(

2) The morphisms hy and hs are faithfully flat, and hence so are gs and gs.
(3) The rings Cy and C3 are normal domains. In particular, I and I3 are prime ideals.
4)

(4) We have ht(I3) = ht(I3) = c.
Proof. (1),(2) Since h; is the localization by ¢ € Si, it is regular. Note that the inclusion map
Wy: Sy = k[zr, ... an] [t 7] — S = kla,...,an] [tV 71/

is étale and faithfully flat. Since hy is the base change — ®g; 52 of hl, it follows that ho is étale
(in particular, regular) and faithfully flat.

Let P be a prime ideal of Sy, and let @ be a prime ideal of S3 such that Q NSy = P. To see
that hg is regular, it is sufficient to show the following two conditions:

e We have ht(P(S3)g) = ht P.
e The quotient S3/PS3 is regular at Q.
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Note that the first condition is equivalent to the flatness by [Mat89, Theorem 23.1] since Sy is
regular and S3 is Cohen-Macaulay. We also note that the inequality ht(P(S3)q) < ht P always
holds by [Mat89, Theorem 15.1].

Let r := ht P. Since S4/P is regular at P, by the Jacobian criterion of regularity, there exist
Dy, ...,D, € Derg(Ss) and ai,...,a, € P such that ¢ := det(D;(a;))ij ¢ P. Since Dery(Ss) is
generated by the 0/0z;, we may assume that D; = 9/0x; holds for 1 < i < r by changing the
indices of ;. We note that 9/0z; defines a derivation on Ss; we denote it by D) € Dery(Ss).
Then we have

Dj(hs(ay)) = t/*h3(Di(ay)),
and hence we have

det(Dj(h3(a;))),; = t/"hs(c),
where ¢ := 3°7_, ¢;. Here, we have t*/?hz(c) ¢ Q since P = QN Sy and ¢ ¢ P. Therefore, it
follows that ht(P(S3)g) > r by [Mat89, Theorem 30.4(1)]. Hence, we have ht(P(S3)g) = r, and
S3/PS3 is regular at @ by [Mat89, Theorem 30.4(2)]. We have proved the regularity of hs.

To see the faithful flatness of hs, it is sufficient to show that mSs # S3 for the maximal ideal
m = (z1,...,xy) of Sy. This is clear because mSs C (z1,...,zn) # Ss.

(3) Note that C4 is normal by our assumption. Since the normality is preserved under
faithfully flat regular ring homomorphisms (cf. [Mat89, Theorem 32.2]), the rings Cy and C3 are
normal. Therefore, it is sufficient to show that C and ('3 are domains. In what follows, we only
prove that C5 is a domain since the same proof works for C3. Suppose to the contrary that Is has
minimal primes P} and Py with P; # P,. Then by the normality of Cy, we have P; + P, = So (cf.
[Eis95, Proposition 2.20]). Set Q1 := P;NS1 and Q2 := P,NSy. Since Py + P, = Sy, it follows that
t° € Q1 + Q2 for some s > 0. To get a contradiction, we prove that @1, Q2 C (xl, e ,:UN,tS"H).

Suppose to the contrary that there exist g € k[[t]] and h € (z1,...,zn) such that g+ h € Q4
and g € (t**1). Let 0 < a < s be the minimal a such that g & (¢*™'). Then g — bt* € (t**1) for
some b € k*. We may assume b = 1 by replacing g and h with b='g and b='h. For ¢ € kX, we
denote by T.: S1 — S the ring isomorphism

T.: k[z, ... an][[t]] — klz1, .. an][[t], t— %, z;j— ;.

Since I is Te-invariant, so is its minimal prime (1. Since the ideal (ts+1) of 51 is also T -invariant,
T. induces a ring isomorphism T : Sy /(t*T!) — S1/(¢°™!). Hence, S1/(¢*™!) has a graded ring
structure satisfying degt = —d and degz; = ¢;. Then (Q1 + (ts+1))/(ts+1) is a homogeneous
ideal. Therefore, the term f_4, of f := g+ h with degree —da is contained in @)1 + (ts‘H). Since
foda —t* € (z1,...,2N), We see that f_g, —t* € (tc”rl) by looking at the degrees of its terms.
Therefore, f_4q = t*(1+ f') for some f’ € (t). Since 1 + f € 57, we have t* € Q1 + (t**!), and
hence t* € Q1. Therefore, we have P, = So, and we get a contradiction.

Note that ht(I4) = ¢ by our assumption. Then, assertion (4) follows from assertion (2) and
Lemma 7.2. [

LEMMA 7.4. Let S; and h; be as in Lemma 7.3. Let ¢ C S{ be an ideal of S{. Let ¢; be the
ideal of Sy generated by the image of ¢ by the ring homomorphism S§ — S, z; tei/dy; . We
set ¢y := ¢1.52. Then we have ht(cy) = htc.

Proof. We define ¢3 := ¢S5 and ¢4 := ¢S4. Then we have ¢3 = ¢4.53. Since S4G — Sy is an integral
extension, we have ht ¢ = ht(¢Ss) = ht(c4). Furthermore, we have ht(c3) = ht(c4S3) = ht(cs) and
ht(cg) = ht(c253) = ht(ce) by Lemmas 7.3(2) and 7.2. This completes the proof. O
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DEFINITION 7.5. (1) We define sheaves wﬁq,/k[t]
ical sheaves «’, , and wi sy, defined in Section 2. Let A" — A and B’ — B be the morphisms
induced by the natural ring inclusions

on A" and W, Ik On B’ using the special canon-

k:[[:r:l,...,:L‘N]]G — k[t”[l’l,...,IL‘NHG,

kl[z1, ... an])]¢/T — k[t][[z1, ..., 2n])]¢/T .
Then, we define
W = Wagk @04 Our s Wy = wWpyy, ®0p Oy -
Note that they satisfy
ij'/k[t] ~ det_l(I’/I’Q) R0 J*wk,/k[t] .

Here, det ™ (I'/I"*) := (A\°(I'/I"®))" is an invertible sheaf on B'.

(2) The canonical map

Q) — Wikl

is induced by Q} B/k — wh Ik and the isomorphism €/, Ikl = ~ QO /k ©0p Op/. The canonical map

n
Q Ak — wA’/k[t] is also defined.

We define an ideal sheaf n, g C Op: by

n ®r [r] _ 11r]
Im((QSB’/k[t}) - wB’/k[t]) =B ®0p Wpr k) -
It satisfies n, pr = n, pOp.
(3) We define ideal sheaves JacB,/km JaCBW)/k[[t]] and Jacf(w)/k[[t” by

Jac%;,/k[t] = Flttn (QB’/k[t]) C OB’ ,
JaCBW)/k[[t}] = Fitt" (QE(”)/k[[tH) C Oz0 s
= Fitt" (Q

C OE(W) .

A0 g B i)

Here, we note that B®™ and BY are not necessarily equidimensional.

4) We define an invertible sheaf Lfm on E(V) by
(

-1 2 ¥ AN
Lo o= 5 (det™ (I'/T7)) ®@o_(,) T 20 gy
Then there exist canonical homomorphisms
on 1lr] [r]
QE("’)/k[[t]} — LEW , '“VWB’/k[] — LE(”

such that the following diagram commutes (cf. [NS22, Lemma 4.5(2)]):

n AN ®r
(QB’/k[t]) - (Q%m/k[[t”)

| |

—w 17 [r]
PyWpikg — 7 LE(’Y)

Furthermore, by the same argument as in [NS22, Lemma 4.5(1)], we have

Jac_

(0500 gy > Lp)) = 850 ) S0pen Ly
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(5) We define ideal sheaves 1}, and n’lﬁW on BY by

Im(p*Q%(V)/k[[tH — LE(’Y)) = n,Lp ®O§(’Y) LE(W) bl

I (73 — L) = ”ll,ﬁW B0y Ly -
(6) We define age’(y) := Zfil e;/d. Note that we took e; to satisfy 0 < e; < d. The age of v is
usually defined by age(y) = age/(y) — #{1 <i < N | ¢; = d}.

LEMMA 7.6. Let o € Eg) be a k-arc with ord, (Jacl_

B(”)/k[[t]]) < 00. Then the following hold:

(1) Orda (jacp) + OI‘da (Jaclg(w)/k“t”)

(2) Orda (jacﬁ»y) + Orda (Ja:C/E(’Y)/k[[tH)

= ord, (n’ljp),
= ord, (n’l,ﬁﬂ{) )

Proof. The same proof as in [NS22, Lemma 4.6] works due to Lemma 5.30. O
™)

o

LEMMA 7.7. Let a € B, be a k-arc. Set o := i, (). Suppose o & Zy,. Then it follows that

1
ordy (nll»ﬁw) = ordy (0, 5) + age' (7).
Proof. The same proof as in [NS22, Lemma 4.7] works. O

LEMMA 7.8. Let Iz C O4 be the ideal sheaf defining Z C A. Let J be one of the following ideal
sheaves on B'":

Jac! Ot 5

/
IZOE(’Y) , Jac B /K[ B

B k(1)

/ / /
Jacppy O s Myps Mg s epOpe)

Let W C B be the closed subscheme defined by J. Then Wy, is a thin subset of E(Q)).
Proof. We set

— o / . /
1= 12050, 2= Jache) s J33= JaCE0 g Op0r s

/ / /
Jo=Jacg y Ope s Jsi=my, Jo=mg . Jr=npOpe,

and we denote by W; C E(V) the closed subscheme defined by J;.
/r]

Since BN Z C Bging, we have (Wi)red C (Wi)rea. Since the map n,: (Q’él/k)@ — Wp
Definition 2.13(5) is an isomorphism on the regular locus Byeg, we have (W7)reqd C (Wi)rea. By
Lemma 7.7, we have

in

(WG)OO U (Wl)oo = (W7)oo U (WI)OO :
By Lemmas 7.6 and 5.40, we have

(W5)oo C (Wg)oo @] (Wg)oo @) (Wﬁ)oo .
Therefore, it is sufficient to show the assertion for

Jo = Jac_

B(V)/k[[t]] . J3=Jac O_t, Jo1= Jac%//km OE(”’) )

BM/k[[t)] ~ B
We set

S1 = k[aj‘l,. . .,.Z'N][[t]], Sy = ]6[.7}1,--- 7$N]( t))’
Ty = klzq, ... aLUN]CV[[tHa Ty == klzy, . .. 7mN]CW((t))'
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The ideal Jy =J ac’P corresponds to the ideal

O k1]
v=J (7(7); Derk[[t”(Sl)) + T(’Y) Cc 51

of S;. To show that (W2)s is a thin set, it is sufficient to show that ht(vS2) > ¢+ 1. Since
T(V)Sg is a prime ideal of height ¢ by Lemma 7.3(3),(4), it is sufficient to show that tSs ¢ 7(7)52.
Since S satisfies the weak Jacobian condition (WJ)y(()) over k((t)) by [Nag62, Theorem 46.3],
we have

\.70 (T(V), Derk[[t” (Sl)) SQ + T(W) SQ = jc (T(’Y)SQ; Derk((t)) (52)) + T(’Y)SQ ¢ 7(7) SQ .

Here, the first equality follows from the fact that both Dery,,(S1) and Dery,(4))(S2) are generated
by the derivations 0/dx;. This completes the proof of the assertion for Jo.

Let v C 171 be the ideal of 17 corresponding to Jac’ém IR cT /’Iv(v). Then it is sufficient
to show that ht(vS2) > ¢+ 1. Note that INT, = 7(7)5’2 N Ty. Therefore, IMNT, is a prime ideal
of height c¢. By the same argument as above, we have tTh ¢ I, and hence ht(vTh) > ¢+ 1.
Since Ty C S is an integral extension, we have ht(tS2) = ht(v7%) > ¢+ 1, which completes the
proof of the assertion for Js.

Let v C k[[z1,...,2n]]¢ be the ideal corresponding to Jacl y, C k[[z1, ... ,oN]]/1. Since
Jy = tOE(V), it is sufficient to show ht(tS2) > ¢ + 1. We have htt > ¢ + 2 by the normality
of B. Therefore, we have ht(tS2) = htt > ¢+ 2 by Lemma 7.4. This completes the proof of the
assertion for Jy. L]

THEOREM 7.9. Let © = 0 € B be the origin, and let m, C Op be the corresponding maximal
ideal. Let a C Op be a non-zero ideal sheaf and § a positive real number. Then

5 . .
mld,(B,a’) = w,b1EIZH;O,'yeG{COdlm(Cw’%bI) + age’(y) — by — dw}

—  inf dim(C’ '(4) — by — &
wyblelzrimeG{co im(Cy, . 4,) +age’(7) — by — 0w}

for
Cw,’y,ln = Contw (aOE(’Y)) n Cont>1 (mJ;OE(’Y)) N Contbl (Ja'clﬁ(’}’)/k[[tn) ?
vy = Cont™" (a0 ) N Cont™! (myO sy ) N Cont™ (Jacge /k[[t]l) '

Proof. The formula for C,, 3, is the formal power series ring version of [NS22, Theorem 4.8]. The
same proof as in [NS22, Theorem 4.8] works. First, [EM09, Theorem 7.4] plays an important role
in the proof of [NS22, Theorem 4.8]; it can be replaced by Theorem 4.11. Furthermore, [NS22,
Propositions 2.25, 2.33, 2.35, 3.4 and 3.8, and Lemmas 2.10, 4.6 and 4.7], which are also the key
ingredients of the proof of [NS22, Theorem 4.8], are replaced by Propositions 5.36, 5.43, 5.44 and
6.3, and Lemmas 5.40, 7.6 and 7.7 in this paper.

We also note that Proposition 5.36 is applied to Z, and W, where W is the closed subscheme
of BY corresponding to one of the following ideals:

Jac_

/ / / /
B(’Y)/k[[t” ) JaC 07(7> ’ JaCB//k[t] OE(W) ) an’ nl,ﬁ’y ? nT’,B/O§<’Y) .

B /k[[1)) B
By Lemma 7.8, they are actually thin sets.

The formula for C!, b1 is the formal power series ring version of [NS22, Corollary 4.9], and
the same proof works. ]
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0;

Remark 7.10. Theorem 7.9 can be easily extended to R-ideals a = [[;_, a;’, where ay, ..., a, are
non-zero ideal sheaves on B and 41, ..., J, are positive real numbers. In this setting, we have
T '
mld, (B, [Ta) = inf { codim(c +age'(y) — by — > dwi )
a:( 7}_]1: i ) Whyeotn b1 €50y EC ( WY ey w,«,’y,bl) g (7) 1 Zz; i Ws
T
= inf {codim C! age () — by — (5-w-}
wl,.‘.,’wr,b1€Z>o,’y€G ( wl,.,.,wr,'y,bl) + g (’7) 1 ; 7 Wi

for

Corroor by = ( Cont™” (aZ-OEm)) N Cont”! (mx(’)ﬁm) N Cont™ (Jac'E

Y

-
I
A

“)/kntn) ’

I
.fj\ﬁ

s
Il
—

/ .
C by

WL seeeyWryYy

Zw; (. 21 b
Cont (azOE(W))> N Cont (mm(’)g(w)) N Cont™ (Jaclﬁ(”)/k[[t]]) )

7.2 Properties of El(ﬂ

In the remainder of this section, we define a scheme B
will be used in Section 8.

™ and investigate its properties, which

We denote by X;* the k[t]-ring homomorphism

X k[ an))€ — B[, an]], e 29

We set
10 = (X (). Xy (80) € Rl vanl] . B i= Spec(kf]ffan...... o]}/ T)

Then B is a scheme of finite type over R = kl[t][[z1,...,2n]]. Let Qlﬁ“”/k[t} be the sheaf

of special differentials defined in Definition 2.13(1) with respect to R and Ry = k[t]. We set

/
Jac_,

. n{o/

©0)

First, we study the dimensions of the irreducible components of B,

LEMMA 7.11. We set F; := X;*(fi) for each 1 < i < ¢. Consider the following diagram of rings:

S1 = k[t”[{l,...,ﬂ?]\f“ —»(C = k[t][[xl,... ,a:N]]/(Fl,.. . ,FC)
h1 9
Sy 1= k[t,t_l]i[l'l, - ,xN]] —» (= k[t,t‘l][[xl, R ,HTN]]/(Fl, R ,Fc)
ha 92

Sy i= k[t =Y [[21, ..., aN]] —» C3 == k[t 7V [z, .. .,an])/(F1, ..., F)
~ | gyetoi/day > | gsti/ Ay

Sy = k[tY4 =Y (21, ..., an]] —» Cy = k[t Y [[z1, ..., an]]/(F1, .- feo)
hs g3

S5 = k[[z1, ..., zN]] Cs == k[[z1,...,oN]]/(f1,. -, fe) -
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We set I, .= (Fi,...,F,) CS; fori € {1,2,3} and I; := (fi1,..., fe) C S; fori € {4,5}. Then the
following hold:

(1) The morphisms hy, hy and hs are regular, and hence so are g1, g and gs.

(2) The morphisms hy and hs are faithfully flat, and hence so are gy and gs.

(3) The rings Ca, C3 and C4 are normal domains. In particular, I, Is and I, are prime ideals.
(4) We have ht(I3) = ht(I3) = ht(ly) = c.

(5) There exists only one minimal prime P of I; of the form (2) in Lemma 5.25. Furthermore,

it satisfiesht P = c and P = I, N S].

Proof. (1) We only show the regularity of hs since the other two can be proved more easily.
Since the ring inclusion k[t,t~!] — k [tl/d, t_l/d} is étale, so is its base change

k[t, t_l][[xla ceey .Z'NH — k[t, t_l][[azl, R ,.Z‘NH [tl/d, t_l/d] .
Furthermore, the ring inclusion
k[t t [z, .. an]) [tV YY) — k[ TV ([, 2]

is regular since it can be seen as the completion at the prime ideal (z1,...,zy) and the ring
on the left side is an excellent ring, in particular a G-ring (cf. [Mat80, Theorem 79]). Therefore,
their composition hg turns out to be regular.

(2) Any maximal ideal M of Sy is of the form M = (t — a,z1,...,2y), where a € k™.
Therefore, we have M S35 # S3, and hence ho is faithfully flat. The same proof works for hs.

(3) Note that C5 is normal by our assumption. Therefore, the normality of Cy, C3 and Cy
follows from assertions (1) and (2) and the fact that the normality is preserved under faithfully flat
regular ring homomorphisms (cf. [Mat89, Theorem 32.2]). In what follows, we prove that Cy, C3
and Cy are domains. Since hy is faithfully flat, g, is injective (cf. [Mat89, Theorem 7.5]). Therefore,
it is sufficient to show that Cy is a domain. Let Py, ..., P, be the minimal primes of I;. Suppose to
the contrary that ¢ > 2. Since Cj is normal, we have P; + P» = Sy (cf. [Eis95, Proposition 2.20]).
Take maximal ideals M; and My of Sy such that P; C M; for each i € {1,2}. We may write
M; = (tl/d — i, X1, ,xN) with a; € k™. For each ¢ € k™, we denote by T, the ring isomorphism

Te: Sy — Sy, tl/dHctl/d, T — X .

Then, I is T.-invariant for any ¢ € k*. Therefore, its minimal primes P; and P, are also
T.-invariant for any ¢ € k*. Therefore, P, C M, and hence P; + P, C M>, so we have a
contradiction.

(4) Note that ht(I5) = ¢ by our assumption. Therefore, assertion (4) follows from assertion (2)
and Lemma 7.2.

(5) Let Py,..., Py be the minimal primes of I;. Then the inclusion Py N---N P/ C I; holds
for some aq,...,ap > 1. Since hy is flat, we have
I, =1159 D (Plal ﬂ---ﬁP;“)Sg = Pfngﬂ---ﬂPf‘Sg
by [Mat89, Theorem 7.4]. If P; is of the form (1) or (3) in Lemma 5.25, then we have P, Sy = Ss.
Since Iy # Sa, some P; has to be of the form (2) in Lemma 5.25.

Suppose that P is a minimal prime of I; of the form (2) in Lemma 5.25. Then P+ (t—a) # S1
for any a € k*, and hence we have PSy # Sy. Since we have ¢ = ht Is < ht(PS;) = ht P < ¢
by Lemma 7.2 and Krull’s height theorem, it follows that ht P = ¢ and Iy = P.S>. Since we have
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¢ =ht P < ht(I; N S1) < ht I, = ¢ by the going-down theorem, we have P = I N S1, which also
shows the uniqueness of P. ]

Remark 7.12. Let B = ViU--- UV, be the irreducible decomposition. By Lemma 7.11(5),
the scheme B'" has a unique irreducible component V' of the form (2) in Lemma 5.25, which
satisfies dimV = dim’V = n + 1. Furthermore, any irreducible component V' other than V
satisfies

V.. N Cont”! (050) =0
by Remark 5.26. Here, 00 C OE’(”) denotes the ideal sheaf generated by x1,...,xN.

Next, we show the relationship between E(OZ) and E;(J).

LEMMA 7.13. Let 0507 C OEW) and 0500 C OE’”) be the ideal sheaves generated by x1,...,TN.
Then the following hold:

)

(1) Form > 0, there exist canonical morphisms B,, AR B, B that commute with the truncation

morphisms. In particular, they induce B O(j ) — B(()Z).
=0 w0 . : :
(2) The map B, — B, induces an isomorphism
= ~
Bo(g) N Cont”! (UE/(W)) — B ( ) N Cont”! ( B”)) .

()

‘o) N Cont>! (oﬁlm) and the corresponding arc v’ € B,

(3) For a k-arcy € By,
it follows that

N Cont=! (UE(w ) ,

ord,, (Jac'ﬁ,w) ord, (Jacl

/k[t]) B”)/kutn)

Proof. Assertions (1) and (2) follow from the discussion in Remark 6.4(2). Assertion (3) follows
from Remarks 2.14 and 5.29(3). O

LEMMA 7.14. Let W C F( ”) be the closed subscheme defined by Jacf/m . Then the intersec-

tion W, N Cont=1 (UE,W)) is a thin subset of B, 0 /H
Proof. Let T.: k[t][[z1,...,zN]] — Kk[t][[z1,...,2N]] be the ring isomorphism defined in Lem-
5.25. Set
o /
J = JaCE’(”/k[t] ,
and let J C k[t][[x1,...,zn]] be the corresponding ideal. Since 77 i T-invariant, J is also

T.-invariant for each ¢ € k*. Therefore, by Lemma 5.25, each minimal prime P of J satisfies one
of the conditions in Lemma 5.25. By Remark 5.26, it is sufficient to show that ht P > c+ 1 =
N —n + 1 for P satisfying condition (2) in Lemma 5.25. Since P + (¢t — 1) # k[t][[z1,...,zN]]
in this case, it suffices to show that ht(P + (¢ — 1)) > N — n + 2. Under the identification
klt)[[z1, ..., an]])/(t = 1) = k[[z1,...,2N]], the ideal (J + (¢ —1))/(t — 1) corresponds to JaCB/k
Since B is normal and hence regular in codimension 1, it follows that ht(J + (t —1)) > N —n+3
by the Jacobian criterion of regularity. Therefore, we get the desired inequality for P. O

8. PIA formula for quotient singularities of non-linear action

In this section, we generalize [NS22, Theorem 5.1] to non-linear group actions (Theorem 8.2).
First, we clarify the definition of quotient singularities in this paper.
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DEFINITION 8.1. Let X be a variety over k and z € X a closed point. We say that X has a quotient
singularity at x if there exist a quasi-projective variety M over k, a finite subgroup G C Aut(M)
and a smooth closed point ¥ € M such that Ox, ~ Oy, where M := M /G is the quotient
variety and y € M is the image of 7.

THEOREM 8.2. Suppose that a variety X has a quotient singularity at a closed point x € X. Let Y
be a subvariety of X of codimension c that is locally defined by c equations hi,...,h. € mx
at x. Suppose that Y is kit at x. Let a C Ox be an ideal sheaf, and let 6 be a positive real
number. Suppose b := aOy # 0. Then we have

mld, (X, (hy - - he)a®) = mld, (Y, %) .

Proof. Since X has a quotient singularity at x, there exist a variety M with a smooth closed
point ¥ € M and a finite subgroup G' C Aut(M) such that Ox , ~ Oppy, where M’ := M /G’
and y' € M’ is the image of .

We denote by G := {g € G’ | g(y) = y} the stabilizer group of 7, by M := M /G the
quotient variety, and by y € M the image of 7. Then we note that M = M /G — M' = M /G" is
étale at y (cf. [Kol13, Section 3.17]). Furthermore, G acts on miﬂ, for each ¢ > 0, and hence the

projection s: Mgz — My / mQMy becomes a G-equivariant k-linear map. Let u be any k-linear
section of s. Then the map v’ := |G|™1 Y e g lowuog gives a G-equivariant k-linear section

ro 2 _ — /s : :
u': mM’y/mﬁg — My of s. Let N :=dim X. Then «' induces a ring homomorphism

kj[l‘l, . ,mN] — Oﬁ,y

that is étale. Furthermore, G acts linearly on k[z1,...,2y], and the ring homomorphism above
becomes G-equivariant. Since the ring homomorphism above is étale, we get an isomorphism
kl[z1,...,zN] = 6M,y' Note that k[[z1,...,zN]]% =~ k[[z1,...,2N]] for Gpr C G, where Gy
is the subgroup generated by the pseudo-reflections (cf. [Kol13, Section 3.18]). Hence M /G,y is
smooth at the image of 3. Therefore, by replacing G with G/Gp, and M with M /Gy, we may
assume that G does not contain a pseudo-reflection. Then we have the following ring diagram:

OX,:E
12

Onry

létale

OM,y C OMyy

O%@ C O%@ ~ k[[ml,...,xN]]G
N N N

OM,@ C OM, ~ k[[.ﬁCl,...,J}NH.

We denote by (W, y) C (M, y) the germ defined by the images of hy,...,h. € mx , in Oﬂg.
Let fi,..., fe € k[[z1,...,2n]]¢ be the images of hy,...,h. € mx,. Then we have an isomor-
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phism O, ~ k[[z1,...,zn]]/(f1,. .., fc). We set

A :=Speck[[zy,...,zN]]¢, B:= Spec(k[[z1, . .. ]9/ (fr, .. Jfe))

and let 2/ € A be the origin. Let a’ C O4 and b’ C Op be the ideal sheaves corresponding to
aC Ox and b C Oy. Since

mld, (X, (h1 -+ he)a®) = mldy (A, (fi -+ fo)a”), mld,(Y,6°) = mld, (B, b")
(cf. Remark 3.1), it is sufficient to show that
mld, (A, (f1- fo)a) = mld, (B, b”). (8.1)

Note that GG, A and B satisfy all assumptions in Section 7. Therefore, we use the notation of
that section. Since Y is klt at z, so is B. Since B — B is étale in codimension 1, it follows that
the germ (N,7) is also klt. This fact will be used in the proof of Claim 8.3.

The equality (8.1) is proved for k-varieties in [NS22, Theorem 5.1]. The key ingredients of the
proof of [NS22, Theorem 5.1] are [NS22, Corollary 4.9, Lemma 2.34 and Claim 5.2]. First, [NS22,
Corollary 4.9] can be replaced by Theorem 7.9 in the formal power series ring setting. Second,
[NS22, Lemma 2.34] is still true in our setting as can be seen by replacing kl[t|[x1,...,xN] by
klx1,...,zN][[t] (cf. Remark 5.42). On the other hand, the proof of [NS22, Claim 5.2] does not
work directly because they use the result on the rational connectedness proved by Hacon and
McKernan [HMO07], which is not clear for the formal power series ring setting. We also note the
lack of [NS22, Lemma 2.27] in our setting. It will be replaced by Proposition 5.23.

In what follows, we only prove [NS22, Claim 5.2] in the formal power series ring setting.

CrAM 8.3 (cf. [NS22, Claim 5.2]). Let C' C Zg) be a cylinder that is the intersection of finitely
many cylinders of the form Cont>* (COZ”))’ where ¢ C Oy is an ideal sheaf on A and ( is
a non-negative integer. Let C' be an irreducible component of C. Then C' N Bg) contains a k-
arc § such that ords(Jac’_, ) < oo

BV /k([t])
™)
oo

we set gf := o*(z;) € k[[t]], where a*: k[x1,...,xN][[t]] — E[[t] is the corresponding

Proof of Claim 8.3. First, we introduce a k-action on the arc space A’ as follows. For a k-arc

a € Zf;),
E[t]-ring homomorphism. For a € k, we define a - a € Zg) by g&®(t) := a%g(at). Then for
f € k[[x1,...,2N]]%, we have v(t) = u(at) for

ut) = a* (N (f)), o(t) = (a-a)* (A(f)) € k[t -

Therefore, we have ord, (Xi( f)) = ordaa (X:( f)) if a € k*. Hence, any cylinder of the form
Contﬂ(coz(w)) with an ideal ¢ € O4 = k[[z1,...,2N]]¢ is invariant under the k-action. There-
fore, C' in the statement and its irreducible component C’ are also invariant under the k-action.

We denote by 5 € Zg) the trivial arc determined by gf = 0 for each ¢. Note that 5 =0" «
for any k-arc o € ZOZ . Therefore, we have 8 € C’ and hence

el n Cont=! (UE(W)) #0.

By Lemma 7.13(1),(2), there exists a cylinder D C E;(O’Y) isomorphic to C’ N Cont>! (0§<v>) under
the map in Lemma 7.13(2). Then by Lemma 7.13(3), it is sufficient to show that D contains a
k-arc § such that ords (Jac/g,(v)/k[t]) < 00. Therefore, Claim 8.3 follows from Claim 8.4 below and

Lemma 7.14. O
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CrLAIM 8.4. Let D C B, ‘o be a Cylmder contained in Cont”! ( El(w)). If D contains the trivial
arc 3, then D is not a thm subset of B, (’Y)

Proof of Claim 8.4. Let T C E’(W) be the closed subscheme defined by 05/ First, we prove that

E’(’Y) /()

has a desingularization : W — B with the following conditions:

(1) For each a € k*, the closed subscheme W, C W defined by the ideal (t — a)Ow C Ow is
an integral regular scheme with dim’ W, = n.

(2) The restriction 7|7 : T’ — T has a section, where T" := r=(T).

We set F; := X:(fi) = fi(tel/dxl, e ,teN/d:pN). Then, for

V= El(v) = Spec(k[ Mzt .- 2n]]/(F1, .. 'aFC)) )

Vo := Spec(k[t,t '] [[z1,....an]]/(F1,..., FL)),
Vs = Spec( [ l/d l/d] "axNH/(fla-'wfc))a
Vy = Spec((’) [tl/d, _1/d]) )

V5 := Spec ((’) y)
we have following natural morphisms:

[Iﬂ—ﬁffei/d:l?i]
Vie—Votr——— Vg — V — Vs

Note that these four morphisms are regular (cf. Lemma 7.11(1)). Hence by the functorial desin-
gularization by Temkin [Tem12, Theorem 1.2.1], there exist desingularizations r;: W; — V; with
the following Cartesian diagram:

T1

W1 Vl
Wa = Va
W3 = Vs

W42W5X(A11§\{0})L>VZL:V5X (Allc\{o})

T5

W Vs.

We will prove that r; satisfies conditions (1) and (2) above.

(1) For each i € {1,2} and a € k™, we denote by (W;), C W; and (V;), C V; the closed
subschemes defined by (t — a)Ow, C Ow, and (t — a)Oy, C Oy, respectively. Similarly, for each
i € {3,4} and a € k*, we denote by (W;), C W; and (V;), C V; the closed subschemes defined
by (tl/ d_ a) Ow, C Ow, and (tl/ d_ a) Oy, C Oy, respectively. Then, the Cartesian diagram
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above induces the following Cartesian diagram for each a € k*:

(Wl)a E— (Vl)a

(W2)a E— (‘/2)(1

Upi—a (W3)o — Lpa—a (Va)o

Lpa—a (Wa)p —— Lpa—a(Va)s -

Here, by construction, we have (Vi), =~ (Va)s =~ (V3)p for any a,b € k* with b = a. Therefore,
we also have (W), ~ (Wa)q = (W3)p. Since Wy ~ W5 x (A \ {0}), the scheme (Wy), turns out
to be regular for any b € k*. Since (W3), — (Wa)y is a regular morpshism, (W3), is also regular
(cf. [Mat89, Theorem 32.2]). Note that the morphism (V3), — (Via)p =~ V5 is isomorphic to the
completion map
B= Spec(Oﬁg) — Spec(@N@) =V.

Since W5 — V5 is a birational map, so is (W3), — (V3)p. Since (V3), = B is integral, so is (W3),.
Furthermore, we have dim’(W3), = dim’(V3), = dim(V3), = n. Therefore, for any a € k*, the
scheme (W), is integral regular with dim’ (W), = n.

(2) Let T; C V; be the closed subschemes defined by the ideals (z1,...,x5)Oy; fori € {1,2,3}
and by the ideal mg Oy, for i = 4. Let T} := r; Y(T}). Then, we have the following Cartesian
diagram:

T T ~Al

2 C

T, —— Ty ~ Ap \ {0}

~

T)— Ty ~ AL\ {0}.

Since this diagram is Cartesian, any closed fiber of 75 — T3 is isomorphic to some fiber of
T, — Tj. Since the germ (N, y) is klt, so is V4. Therefore, Tj — T, has rationally connected
fibers by [HMO07, Corollary 1.7(1)], and so does T3 — T5. Consequently, T3 — T5 has a section
by [GHS03]. Hence by the properness of 1, the morphism 7] — T} also has a section. We have
proved that conditions (1) and (2) hold.

Note that T, = {8} consists of only one arc 3. By the above, there exists a 5’ € T, C W

such that 7o (") = . Suppose to the contrary that D is a thin subset of Eﬁfj). Since ' € r}(D)
satisfies ordg (oy) = 00, to get a contradiction by Proposition 5.23, it is sufficient to show that
r1(D) is also a thin subset of We.

(e o]

)

By Lemma 7.11(5), there exists a unique irreducible component U of B of the form (2)
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in Lemma 5.25. We also note that U, , N D = () for any other irreducible component U’ of BY
since D C Cont>! (UEM)) (cf. Remark 5.26). Therefore, since D is a thin set, there exists a closed
subscheme F' C U such that D C Fy, and dim F < n. Let W’ be the connected component
of W that dominates U. We note that dim W' = dimU = n + 1 by Lemma 7.11(5). We set
F':=r~Y(F)NnW'. Then we have r}}(D) C F!, and dim F’ < n, and hence 7 .}(D) is also a thin
set. This completes the proof of Claim 8.4. O

This complete the proof of Theorem 8.2. O

Remark 8.5. Theorem 8.2 can be generalized to R-ideals due to Remark 7.10. We have the
equality mld, (X, (hy--- hc)a) = mld, (Y, b) for an R-ideal a on X and b := aOy.

9. Proof of the main theorems

As a corollary of Theorem 8.2, we prove the PIA conjecture for quotients of locally complete
intersection singularities.

COROLLARY 9.1. Suppose that a variety X has a quotient singularity at a closed point © € X.
Let Y be a subvariety of X of codimension c that is locally defined by ¢ equations at x. Suppose
that Y is kIt at x. Let a be an R-ideal sheaf on Y. Let D be a prime divisor on Y through x that
is kIt and Cartier at x. Suppose that D is not contained in the cosupport of the R-ideal sheaf a.
Then we have

mld, (Y, a0y (—D)) = mld,(D,aOp) .

Proof. Take an R-ideal sheaf b on X such that a = bOy and local equations hi,...,h. € Ox
of Y in X at x. Furthermore, take g € Ox , such that its image g € Oy, defines D. Then we
have

mld, (Y, aOy (—D)) = mldy (X, (hy -+ he - g)b) = mld,(D,aOp)
by applying Theorem 8.2 twice. ]

THEOREM 9.2. Let X be a variety with only quotient singularities. Let Y be a klt subvariety
of X of codimension c that is locally defined by c equations in X. Let a be an R-ideal sheaf on'Y .
Then the function

Y| — RygU{—00}, z+— mld,(Y,a)
is lower semi-continuous, where we denote by |Y'| the set of all closed points of Y for the Zariski
topology.

Proof. We use the notation of the proof of Corollary 9.1. Then by Theorem 8.2, we have
mld, (Y, a) = mld, (X, (h1 - he)b). The assertion follows from the fact proved in [Nak16, Corol-
lary 1.3] that the lower semi-continuity holds for the variety X with only quotient singulari-
ties. 0
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