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Inversion of adjunction for quotient singularities II:

Non-linear actions

Yusuke Nakamura and Kohsuke Shibata

Abstract

We prove the precise inversion of the adjunction formula for quotient singularities. As an
application, we prove the semi-continuity of minimal log discrepancies for hyperquotient
singularities. This paper is a continuation of our work [Algebr. Geom. 9 (2022), no. 2,
214–251]; we generalize the previous results to non-linear group actions.

1. Introduction

The minimal log discrepancy is an invariant of singularities defined in birational geometry.
The importance of this invariant is that two conjectures on the invariant, the LSC (lower
semi-continuity) conjecture and the ACC (ascending chain condition) conjecture, imply the
termination of flips conjecture [Sho04]. This paper is a continuation of [NS22], and we focus
on the LSC conjecture. We always work over an algebraically closed field k of characteris-
tic zero.

The LSC conjecture was proposed by Ambro [Amb99]; it predicts that the minimal log dis-
crepancies satisfy the lower semi-continuity.

Conjecture 1.1 (LSC conjecture, [Amb99]). Let (X, a) be a log pair with an R-ideal a, and
let |X| be the set of all closed points of X for the Zariski topology. Then the function

|X| −→ R⩾0 ∪ {−∞} , x 7−→ mldx(X, a)

is lower semi-continuous.

The LSC conjecture was proved when dimX ⩽ 3 by Ambro [Amb99]. In [EMY03], Ein,
Mustaţǎ and Yasuda prove the conjecture when X is smooth. In [EM04], Ein and Mustaţǎ
generalize the argument to the case where X is a locally complete intersection variety. In [Nak16],
the first author proves the conjecture when X has quotient singularities, more generally when
X has a crepant resolution in the category of Deligne–Mumford stacks. In [NS22], the authors
study the conjecture when X has hyperquotient singularities and prove the conjecture for the
following X:
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• Suppose that a finite subgroup G ⊂ GLN (k) acts linearly on ANk freely in codimension 1.
Let Y := ANk /G be the quotient variety. Let X ⊂ Y be a Kawamata log terminal (klt)
subvariety of codimension c that is locally defined by c equations in Y .

The main purpose of this paper is to generalize the result in [NS22] to non-linear group actions.
See Definition 8.1 for the definition of quotient singularities in this paper.

Theorem 1.2 (= Theorem 9.2). Let Y be a variety with only quotient singularities. Let X be
a klt subvariety of Y of codimension c that is locally defined by c equations in Y . Let a be
an R-ideal sheaf on X. Then the function

|X| −→ R⩾0 ∪ {−∞} , x 7−→ mldx(X, a)

is lower semi-continuous.

In this paper, we also treat the PIA (precise inversion of adjunction) conjecture.

Conjecture 1.3 (PIA conjecture, [Kol92, Conjecture 17.3.1]). Let (X, a) be a log pair, and
let D be a normal Cartier prime divisor. Let x ∈ D be a closed point. Suppose that D is not
contained in the cosupport of the R-ideal sheaf a. Then we have

mldx
(
X, aOX(−D)

)
= mldx(D, aOD) .

In [EMY03], Ein, Mustaţǎ and Yasuda prove the PIA conjecture when X is smooth. In
[EM04], Ein and Mustaţǎ generalize the argument to the case where X is a locally complete
intersection variety. In [NS22], the authors prove the conjecture for the following X and D:

• Suppose that a finite subgroup G ⊂ GLN (k) acts linearly on ANk freely in codimension 1.
Let Y := ANk /G be the quotient variety, and let x ∈ Y be the image of the origin. Let X be
a subvariety of Y of codimension c that has only klt singularities and is locally defined
by c equations in Y at x. Let D be a Cartier prime divisor on X through x with a klt
singularity at x ∈ D.

In this paper, this result from [NS22] is generalized to non-linear group actions.

Theorem 1.4 (= Corollary 9.1). Suppose that a variety Y has a quotient singularity at a closed
point x ∈ Y . Let X be a subvariety of Y of codimension c that is locally defined by c equations
at x. Suppose that X is klt at x. Let a be an R-ideal sheaf on X. Let D be a prime divisor on X
through x that is klt and Cartier at x. Suppose that D is not contained in the cosupport of the
R-ideal sheaf a. Then it follows that

mldx
(
X, aOX(−D)

)
= mldx(D, aOD) .

Due to Theorem 1.4, Theorem 1.2 can be reduced to the known case where X has quotient
singularities. Hence, this paper is mainly devoted to proving Theorem 1.4. If X has a quotient
singularity at a closed point x ∈ X, then the completion ÔX,x is isomorphic to k[[x1, . . . , xN ]]

G

for some linear group action G ⊂ GLN (k). Therefore, Theorem 1.4 can be proved by extending
the proofs in [NS22] to the case of the formal power series ring. In what follows, we explain the
main differences with the proofs in [NS22] and the difficulties that arise when dealing with formal
power series rings.

The key ingredient of the proofs in [NS22] is the theory of arc spaces of quotient singular-
ities established by Denef and Loeser in [DL02]. Suppose that a finite group G ⊂ GLN (k) of
order d acts on A = Spec k[x1, . . . , xN ]. Let X ⊂ A be a G-invariant closed subvariety, and
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Inversion of adjunction for quotient singularities II

let X := X/G be its quotient. Let I ⊂ k[x1, . . . , xN ]
G be the defining ideal of X ⊂ A/G. Each

γ ∈ G can be diagonalized in some new basis x
(γ)
1 , . . . , x

(γ)
N . Let diag(ξe1 , . . . , ξeN ) be the diagonal

matrix with 0 ⩽ ei ⩽ d − 1, where ξ is a primitive dth root of unity in k. Then we define the
ring homomorphism λ

∗
γ by

λ
∗
γ : k[x1, . . . , xN ]

G −→ k[t][x1, . . . , xN ] , x
(γ)
i 7−→ tei/dx

(γ)
i ,

and define a k[t]-scheme X
(γ)

by

X
(γ)

= Spec
(
k[t][x1, . . . , xN ]/I

(γ))
,

where I
(γ)

is the ideal generated by the elements of λ
∗
γ(I). Then the theory of Denef and Loeser

in [DL02] allows us to compare the spaces X∞ and
⊔
γ∈GX

(γ)
∞ . In [NS22], using this theory,

X∞ is studied through each X
(γ)
∞ .

In this paper, we deal with the case of formal power series rings, A = Spec k[[x1, . . . , xN ]].
Let G, γ, X and X be as above. In this case, we take the ei above to satisfy 1 ⩽ ei ⩽ d. Then
we can define the two natural ring homomorphisms

λ
∗
γ : k[[x1, . . . , xN ]]

G−→ k[x1, . . . , xN ][[t]] , x
(γ)
i 7−→ tei/dx

(γ)
i ,

λ
′∗
γ : k[[x1, . . . , xN ]]

G−→ k[t][[x1, . . . , xN ]] , x
(γ)
i 7−→ tei/dx

(γ)
i ,

and we define k[t]-schemes

X
(γ)

= Spec
(
k[x1, . . . , xN ][[t]]/I

(γ))
, X

′(γ)
= Spec

(
k[t][[x1, . . . , xN ]]/I

′(γ))
,

where I
′(γ)

is the ideal generated by λ
′∗
γ (I). In this paper, we use both arc spaces X

(γ)
∞ and X

′(γ)
∞

to study X∞. We also explain below how to use X
(γ)
∞ and X

′(γ)
∞ differently.

First, the theory of Denef and Loeser in [DL02] can be generalized to formal power series
rings, and X∞ can be compared with X

(γ)
∞ . Indeed, we will see in Proposition 6.3 that λ

∗
γ gives

a map
⊔
γ∈GX

(γ)
∞ → X∞ that is surjective outside a thin set. We note that it is not enough

to consider spaces X
′(γ)
∞ in this respect (see Remark 6.4 for the details).

On the other hand, the spaces X
′(γ)
∞ will be used with the following motivation. In [NS22],

a k-arc β ∈ X(γ)
∞ is called the “trivial arc” when it corresponds to the k[t]-ring homomorphism

β∗ : k[t][x1, . . . , xN ]→ k[[t]] satisfying β∗(xi) = 0 for each i. Another key point of the argument in
[NS22] is showing that the trivial arc always has a lift on a resolutionW of X

(γ)
. The existence of

such a lift is proved by combining a result by Graber, Harris and Starr [GHS03] and the rational
chain connectedness of the fibers of the resolution proved by Hacon and McKernan [HM07]. In
our formal power series ring setting, this argument does not work directly on X

(γ)
because each

closed fiber X
(γ) → Spec k[t] over t = a ∈ k× is empty. However, the same argument works on

X
′(γ)

and proves that the trivial arc has a lift on a desingularization W ′ of X
′(γ)

(see Claim
8.4). It should be noted that it is not clear whether the results of [GHS03] and [HM07] can be
applied to the formal power series ring setting. However, this difficulty can be avoided by using
the functorial desingularization due to Temkin [Tem12].

A large part of this paper (Sections 2, 4 and 5) is devoted to proving and listing the basic
facts for dealing with the arc spaces X

(γ)
∞ and X

′(γ)
∞ . Firstly, X

(γ)
∞ can be seen as the arc space

(Greenberg scheme) of a formal k[[t]]-scheme, and the theory developed by Sebag in [Seb04] can
be applied (cf. [CNS18, Yas24]). On the other hand, as far as we know, the arc spaces of the
form X

′(γ)
have not been fully discussed so far. In Section 5.1, we discuss the basic facts on the

arc spaces of k[t][[x1, . . . , xN ]]-schemes of finite type. Furthermore, in Section 2, we discuss the
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theory of sheaves of special differentials introduced by de Fernex, Ein and Mustaţǎ in [dFEM11]
and the theory of derivations that are needed in Section 5. The theory of the arc spaces of
k[t][[x1, . . . , xN ]]-schemes has the following technical difficulties (see Remark 5.16 for the details).
For a k-variety X, it is almost trivial that Z∞ is a thin set of X∞ for the closed subscheme Z ⊂ X
defined by the Jacobian ideal JacX . This fact is also valid for k[t]-schemes X of finite type dealt
with in [NS22] and for formal k[[t]]-schemes of finite type dealt with in [Seb04]. However, it is not
clear to us whether the same statement is valid for k[t][[x1, . . . , xN ]]-schemes of finite type. To
avoid this difficulty, many propositions in Section 5.1.3 are proved under stronger assumptions.

The paper is organized as follows. In Section 2, we discuss the theory of sheaves of special
differentials introduced by de Fernex, Ein and Mustaţǎ in [dFEM11] and the theory of derivations.
In Section 3, we review some definitions on log pairs. In Section 4, we discuss the theory of arc
spaces of k[[x1, . . . , xN ]]-schemes and see that the formulas in [EMY03] and [EM09] representing
the minimal log discrepancies of k-varieties in terms of arc spaces can be generalized to the
formal power series ring setting (Theorem 4.11). In Section 5, we discuss the theory of arc spaces
for k[t][[x1, . . . , xN ]]-schemes and affine formal k[[t]]-schemes. In Section 6, we review the theory
of arc spaces of quotient varieties established by Denef and Loeser in [DL02] in the formal power
series ring setting. In Section 7, we discuss the minimal log discrepancies of quotient singularities
and describe them by the codimension of cylinders in arc spaces of the k[t]-schemes using the
theories in Sections 5 and 6. In Section 8, we prove the PIA conjecture for quotient singularities,
where the group action may be non-linear (Theorem 8.2). In Section 9, we prove the main
theorems Corollary 9.1 and Theorem 9.2.

Notation

• We basically follow the notation and terminology in [Har77] and [Kol13].

• Throughout this paper, k is an algebraically closed field of characteristic zero. We say that
X is a variety over k or a k-variety if X is an integral scheme that is separated and of finite
type over k.

2. Sheaves of special differentials

Let R0 be a ring. In this section, following [dFEM11, Appendix A], we define the sheaf Ω′
X/R0

of special differentials for a scheme X of finite type over SpecR0[[x1, . . . , xN ]]. In [dFEM11,
Appendix A], the sheaf Ω′

X/R0
of special differentials is defined for R0 = k. This definition can

be generalized to an arbitrary ring R0. We are interested in the case where R0 = k or R0 = k[t]
for later use.

Let R = R0[[x1, . . . , xN ]].

Definition 2.1 (cf. [dFEM11, Appendix A]). (1) Let M be an R-module. Then an R0-deriva-
tion D : R→M is called a special R0-derivation if D satisfies

D(f) =
N∑
i=1

∂f

∂xi
D(xi)

for any f ∈ R.
(2) For an R-algebra A and an A-module M , an R0-derivation D : A → M is called a special
R0-derivation if its restriction to R is a special R0-derivation. We denote by Der′R0

(A,M) the
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Inversion of adjunction for quotient singularities II

set of all special R0-derivations. Then Der′R0
(A,M) is an A-submodule of DerR0(A,M).

Lemma 2.2. Let M be an A-module that is separated for the (x1, . . . , xN )-adic topology; that
is, M satisfies

⋂
ℓ⩾1(x1, . . . , xN )

ℓM = 0. Then

Der′R0
(A,M) = DerR0(A,M) .

In particular, it holds in the following two cases:

(1) when M is a finite R-module,

(2) when M = A and A is an integral domain such that (x1, . . . , xN )A ̸= A.

Proof. By the definition of special derivations, it is sufficient to show that Der′R0
(R,M) =

DerR0(R,M). Let D ∈ DerR0(R,M). If we define D′ : R→M by D′(f) :=
∑N

i=1(∂f/∂xi)D(xi),
then D′ ∈ Der′R0

(R,M). Hence it is sufficient to show that D = 0 if D(xi) = 0 for all i. Let f ∈ R.
For any ℓ ⩾ 0, we may write f = f1 + f2 with f1 ∈ R0[x1, . . . , xn] and f2 ∈ (x1, . . . , xn)

ℓ+1R.
Then we have

D(f) = D(f1) +D(f2) = D(f2) ∈ (x1, . . . , xn)
ℓM.

This shows that D(f) ∈
⋂
ℓ⩾1(x1, . . . , xN )

ℓM = 0.

In both cases (1) and (2), the A-module M is separated by [Mat89, Theorem 8.9].

Proposition 2.3 (cf. [dFEM11, Appendix A]). For any R-algebra A, there exists an A-module
Ω′
A/R0

with a special R0-derivation d′A/R0
: A→ Ω′

A/R0
such that the induced map

HomA(Ω
′
A/R0

,M) −→ Der′R0
(A,M) , f 7−→ f ◦ d′A/R0

is an isomorphism for any A-module M .

Proof. The same proof as in [dFEM11, Lemmas A.1–A.3 and Corollary A.4] works.

An A-module Ω′
A/R0

satisfying Proposition 2.3 is unique up to an isomorphism commuting

with d′A/R0
, and Ω′

A/R0
is called the module of special differentials. We sometimes abbrevi-

ate d′A/R0
to d′ when no confusion can arise. We note that Ω′

A/R0
depends on the choice of R.

We list some properties on Ω′
A/R0

from [dFEM11, Appendix A].

Proposition 2.4 (cf. [dFEM11, Appendix A]). (1) If A = R[y1, . . . , ym], then Ω′
A/R0

is a free
A-module of rank N +m with basis

d′A/R0
(x1), . . . ,d

′
A/R0

(xN ), d
′
A/R0

(y1), . . . ,d
′
A/R0

(ym) .

(2) Let f : A→ B be a homomorphism of R-algebras. Then we have an exact sequence

Ω′
A/R0

⊗A B
α−→ Ω′

B/R0

β−→ ΩB/A −→ 0

of B-modules, where the maps α and β are defined by α
(
d′A/R0

(g)⊗ 1
)
= d′B/R0

(f(g)) for g ∈ A
and β

(
d′B/R0

(g)
)
= dB/A(g) for g ∈ B.

(3) Let f : A→ B be a surjective homomorphism of R-algebras with I = Ker f . Then we have
an exact sequence

I/I2
δ−→ Ω′

A/R0
⊗A B

α−→ Ω′
B/R0

−→ 0

of B-modules, where the map δ is defined by δ(g) = d′A/R0
(g)⊗ 1 for g ∈ I.

(4) If S ⊂ A is a multiplicative system of A, then we have a canonical isomorphism

Ω′
S−1A/R0

≃ Ω′
A/R0

⊗A S−1A .
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Proof. The same proofs as in [dFEM11, Lemmas A.1–3, A.6 and A.7] work. The exact sequences
in assertions (2) and (3) are derived from the corresponding exact sequences

0 −→ DerA(B,M) −→ Der′R0
(B,M) −→ Der′R0

(A,M) ,

0 −→ Der′R0
(B,M) −→ Der′R0

(A,M) −→ HomB

(
I/I2,M

)
for any B-module M . The isomorphism in assertion (4) is derived from the isomorphisms

HomS−1A

(
Ω′
A/R0

⊗A S−1A,M
)
≃ HomA(Ω

′
A/R0

,M)

≃ Der′R0
(A,M) ≃ Der′R0

(
S−1A,M

)
for any S−1A-module M .

Remark 2.5. (1) The usual module ΩA/R0
of differentials is not a finite A-module in general

when A is an R-algebra of finite type. However, the module Ω′
A/R0

of special differentials becomes
a finite A-module and has similar properties to the module of differentials defined for R0-algebras
of finite type.

(2) The universal finite module of differentials is also a module defined with the same motivation
(see [Kun86, Section 11]). For an R0-algebra A, a finite A-module Ω̃A/R0

with an R0-derivation
d̃A/R0

: A→ Ω̃A/R0
is called the universal finite module of differentials if it satisfies the following

universal property:

• For any R0-derivation D : A→ M to a finite A-module M , there exists a unique homomor-
phism α : Ω̃A/R0

→M of A-modules satisfying D = α ◦ d̃A/R0
.

In other words, Ω̃A/R0
and d̃A/R0

satisfy

HomA

(
Ω̃A/R0

,M
) ≃−→ DerR0(A,M) , α 7−→ α ◦ d̃A/R0

for any finite A-module M .
In contrast to the module Ω′

A/R0
of special differentials, the universal finite module Ω̃A/R0

of
differentials does not necessarily exist.

(3) A ring A is called an analytic R0-algebra if there exists a ring R = R0[[x1, . . . , xN ]] for some
N ⩾ 0 such that A is a finite R-algebra. If A is an analytic R0-algebra, then the universal finite
module Ω̃A/R0

of differentials exists. Furthermore, if A is a finite R0[[x1, . . . , xN ]]-algebra and if
Ω′
A/R0

is the module of special differentials with respect to R = R0[[x1, . . . , xN ]], then we have
Ω̃A/R0

≃ Ω′
A/R0

. This is because in this case, we have

Der′R0
(A,M) = DerR0(A,M)

for any finite A-moduleM by Lemma 2.2. Therefore, we can also see that Ω′
A/R0

does not depend
on the choice of R as long as A is finite as an R-module.

(4) Even if A is an algebra of finite type over R = R0[[x1, . . . , xN ]], the module Ω̃A/R0
does

not necessarily exist despite the fact that Ω′
A/R0

is a finite A-module. We will see that Ω̃A/k and
Ω̃B/k do not exist for

A = k[[x]][y] , B = k[[x]][y]/(1− xy) ≃ k((x)) .

In fact, since

dimk((x))Derk
(
k((x))

)
= dimk((x))Homk((x))

(
Ωk((x))/k, k((x))

)
= trdegk k((x)) =∞ ,
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Derk(B) is not a finite B-module, and hence Ω̃B/k does not exist. Furthermore, since there is
a natural injective map Derk(B,B)→ Derk(A,B), the set Derk(A,B) is not a finite A-module,
and hence Ω̃A/k does not exist (cf. [Kun86, Corollary 11.10]).

Remark 2.6. (1) Let A be a ring. For a non-negative integer ℓ and subsets F ⊂ A and ∆ ⊂
Der(A), we denote by Jℓ(F ; ∆) the ideal of A generated by the determinants det

(
Di(fj)

)
1⩽i,j⩽ℓ

of all the matrices
(
Di(fj)

)
1⩽i,j⩽ℓ of size ℓ with Di ∈ ∆ and fj ∈ F .

If I is an ideal of A generated by f1, . . . , ft and the A-submodule A∆ of Der(A) is generated
by D1, . . . , Ds as an A-module, then we have

Jℓ(I; ∆) + I = Jℓ({f1, . . . , ft}; {D1, . . . , Ds}) + I .

(2) Let A be a regular ring, and let P be a prime ideal. For an ideal I of A such that I ⊂ P ,
the following hold (cf. [Mat89, Theorem 30.4]):

(a) The inclusion Jℓ(I; Der(A)) ⊂ P holds for any ℓ > ht(IAP ).
(b) The quotient AP /IAP is regular if Jℓ(I; Der(A)) ̸⊂ P for ℓ = ht(IAP ).

Some regular rings satisfy the inverse implication of assertion (b), and such rings are said to
satisfy the weak Jacobian condition (WJ) (cf. [Mat89, Section 30]). Rings of finite type over k
are classically known to satisfy (WJ); this is known as the Jacobian criterion for regularity. Mat-
sumura proved in [Mat77] that R-algebras of finite type satisfy (WJ)k when R = k[[x1, . . . , xN ]]
(see [Mat77, Theorem 9] for a more general result).

(c) Let A = k[[x1, . . . , xN ]][y1, . . . , ym], and let P and Q be prime ideals of A such that
Q ⊂ P . Then A/Q is regular at P if and only if Jℓ(Q; Derk(A)) ̸⊂ P for ℓ = htQ.

Note that Derk(A) = Der′k(A) for A = k[[x1, . . . , xN ]][y1, . . . , ym] (cf. Lemma 2.2); this is a free
A-module generated by the ∂/∂xi and ∂/∂yi.

In [dFEM11, Proposition A.8], the local freeness of Ω′
A/k is proved for regular rings A when

R0 = k.

Proposition 2.7 ([dFEM11, Proposition A.8]). Suppose R0 = k. Let A be an R-algebra of finite
type, and let q be a prime ideal of A. If Aq is regular, then Ω′

Aq/k
is a free Aq-module of rank

dimAq + dimk(q)

(
Ω′
k(q)/k

)
.

In the proof of [dFEM11, Proposition A.8], the following statement is proved.

Proposition 2.8 ([dFEM11, Proposition A.8]). Suppose R0 = k. Let S := R[y1, . . . , ym], and
let P and Q be prime ideals of S with P ⊂ Q. Let A := S/P , and let q be the prime ideal of A
corresponding to Q. If Aq is regular, then the sequence

0 −→ PSQ/P
2SQ −→ Ω′

S/k ⊗S Aq −→ Ω′
Aq/k

−→ 0

induced by Proposition 2.4(3) is exact and splits.

Remark 2.9. (1) By Propositions 2.7 and 2.8, we have

dimS − htP = dimAq + dimk(q)

(
Ω′
k(q)/k

)
.

This shows that cohtP = dimS − htP is independent of the choice of S. Lemma 2.11(1) below
also proves this independence. Lemma 2.11(1) moreover gives a ring-theoretic interpretation of
this value without using Ω′.

(2) In Proposition 2.7, we note that the rank of Ω′
Aq/k

is not equal to dimA in general. If we set

S = k[[x]][y] and P = Q = (xy − 1) in Proposition 2.8, then we have Aq = A = k((x)). Part (1)
shows that the rank of Ω′

Aq/k
is equal to 1 even though dimA = 0.
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Definition 2.10. Suppose that R0 is a Noetherian domain. Let X be an irreducible scheme of
finite type over R, and let Xred be its underlying reduced subscheme. Let Xred → SpecR be
the structure morphism, and let p ∈ SpecR be the image of the generic point of Xred. Then we
define

dim′X := trdegk(p)K(Xred) + dimR− ht p ,

where k(p) := Rp/pRp and K(Xred) is the function field of Xred. When X = SpecA is an affine
scheme, we also write dim′A := dim′X.

Lemma 2.11. Suppose that R0 is a Noetherian domain. Let X = SpecA be an irreducible affine
scheme of finite type over R. Then the following hold:

(1) If A is a domain, then dimS − htP = dim′A for any representation A ≃ S/P with S =
R[y1, . . . , ym] and P a prime ideal of S.

(2) The inequality dimA ⩽ dim′A holds.

(3) Suppose R0 = k and that A is a domain. Then dim′A = dimK(Ω′
K/k) for K = FracA.

(4) Suppose R0 = k or R0 = k[t]. Then dim′A = dimA if A/m = k for some maximal ideal m
of A.

(5) Suppose that R is a universally catenary ring. If I = (f1, . . . , fc) is an ideal of A generated
by c elements, then dim′(A/Q) ⩾ dim′A− c for any minimal prime Q of I.

(6) Suppose that R is a universally catenary ring. Let p and q be prime ideals of A such that
p ⊂ q. Let B := A/p and q := q/p ∈ SpecB. Then we have ht p = dimAq − dimBq =
dim′A− dim′B.

Proof. (1) Let p be the image of P by the map SpecS → SpecR. Then by [Mat89, Theorem 15.5]
(and the definition below in [Mat89]), it follows that

trdegFracR(FracS)− htP = trdegk(p)(Frac(S/P ))− ht p .

Therefore, the assertion follows from trdegFracR(FracS) = m = dimS − dimR.

(2) This follows from item (1) and the inequality dim(S/P )+htP ⩽ dimS. Item (3) follows
from item (1) and Remark 2.9(1).

(4) We prove this for R0 = k[t] (the case when R0 = k is similar). We may assume that A is
a domain. Take S and P as in item (1). Then it is sufficient to prove

dimS − htP = dim(S/P ) .

Let M be the maximal ideal of S corresponding to m. Since S/M = k, the ideal M is of the form

M = (t− a, x1, . . . , xN , y1 − b1, . . . , ym − bm)

with a, bi ∈ k. Therefore, we have dimS = N +m + 1 = htM . Since S is a catenary ring, we
also have dim(S/P ) = htM − htP , which proves dimS − htP = dim(S/P ).

(5) This follows from item (1) and Krull’s height theorem. Item (6) also follows from item (1).

Proposition 2.12. Suppose R0 = k. Let A be a domain of finite type over R, and let q1 and q2
be prime ideals of A such that q1 ⊂ q2. Let B := A/q1 and q2 := q2/q1 ∈ SpecB. If both Aq2

and Bq2 are regular, then the sequence

0 −→ q1Aq2/q
2
1Aq2 −→ Ω′

Aq2/k
⊗Aq2

Bq2 −→ Ω′
Bq2

/k −→ 0

induced by Proposition 2.8(3) is exact and splits.
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Proof. By Proposition 2.8(3), the sequence

q1Aq2/q
2
1Aq2 −→ Ω′

Aq2/k
⊗Aq2

Bq2

δ−→ Ω′
Bq2

/k −→ 0

is exact. Since Aq2 and Bq2 are regular, it follows from Proposition 2.7 that

Ω′
Aq2/k

⊗Aq2
Bq2 ≃ B

⊕ dim′ A
q2

, Ω′
Bq2

/k ≃ B
⊕ dim′B
q2

.

Therefore, Ker(δ) is a free Bq2-module of rank equal to dim′A − dim′B. On the other hand,
since Aq2 and Bq2 are regular, q1Aq2/q

2
1Aq2 is also a free Bq2-module of rank equal to ht(q1), which

is equal to dim′A−dim′B by Lemma 2.11(6). Hence, the induced surjective map q1Aq2/q
2
1Aq2 →

Ker(δ) is an isomorphism. This completes the proof.

Definition 2.13. (1) Let X be a scheme over SpecR. Then due to Proposition 2.4(4), there
exists a quasi-coherent sheaf Ω′

X/R0
satisfying Ω′

X/R0
(U) ≃ Ω′

OX(U)/R0
for any affine open subset

U ⊂ X. Note that Ω′
X/R0

is coherent by Proposition 2.4(1),(3) when X is of finite type over
SpecR. The sheaf Ω′

X/R0
is called the sheaf of special differentials. We write Ω′n

X/R0
:=

∧nΩ′
X/R0

for a non-negative integer n.

(2) Suppose R0 = k and that X is a scheme of finite type over SpecR. Let n be a non-
negative integer. Suppose that any irreducible component Xi of X satisfies dim′Xi = n, where
dim′X is defined in Definition 2.10. Then we write Jac′X/k := Fittn(Ω′

X/k); it is called the special

Jacobian ideal of X (see [Eis95, Section 20.2] for the definition of the Fitting ideal). We note
that dim′Xi = dimXi if Xi contains a k-point, by Lemma 2.11(4).

(3) Suppose R0 = k and that X is an integral normal scheme of finite type over SpecR. Let
n = dim′X, and let i : Xreg → X be the inclusion map from the regular locus Xreg of X. Then
the special canonical sheaf ω′

X/k is defined by ω′
X/k = i∗

(
Ω′n

Xreg/k

)
.

(4) Under the same setting as in part (3), a Weil divisor KX on X satisfying OX(KX)|Xreg ≃
Ω′n

Xreg/k is called the canonical divisor on X. The canonical divisor KX is defined up to linear
equivalence. Note that ω′

X/k ≃ OX(KX) as usual. In fact, since codimX(X \ Xreg) ⩾ 2 by the
normality of X, it follows that

Γ
(
V,OX(KX)

)
= Γ

(
V ∩Xreg,OX(KX)

)
= Γ

(
V, i∗i

∗OX(KX)
)

for any open subset V ⊂ X.

(5) Under the same setting as in part (3), we say that X is Q-Gorenstein if ω
′ [r]
X/k :=

(
ω′⊗r
X/k

)∗∗ ≃
OX(rKX) is an invertible sheaf for some r ∈ Z>0. In this case, we have a canonical map

ηr :
(
Ω′n
X/k

)⊗r −→ ω
′ [r]
X/k .

Since ω
′ [r]
X/k is an invertible sheaf, an ideal sheaf nr,X ⊂ OX is uniquely determined by the equality

Im(ηr) = nr,X ⊗OX
ω
′ [r]
X/k. The ideal sheaf nr,X is called the rth Nash ideal of X.

Remark 2.14. As with the usual Jacobian ideals for varieties over k, the special Jacobian ideal can
be locally described by the Jacobian matrix. Let S = R[y1, . . . , ym] with R = R0[[x1, . . . , xN ]],
and let A = S/I for some ideal I = (f1, . . . , fr) ⊂ S. Then by Proposition 2.4(3), we have an
exact sequence

I/I2 −→ Ω′
S/R0

⊗S A −→ Ω′
A/R0

−→ 0 .
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Here, we have Ω′
S/R0

≃ S⊕N+m with basis the d′xi and d′yj . Furthermore, for f ∈ I, we have

d′f =

N∑
i=1

∂f

∂xi
d′xi +

m∑
j=1

∂f

∂yj
d′yj .

Therefore, we have

Fittn
(
Ω′
A/R0

)
=

(
JN+m−n(I; DerR0(S)) + I

)
/I .

Note that DerR0(S) = Der′R0
(S) is a free S-module generated by the ∂/∂xi and ∂/∂yj .

This observation shows that if R0 = k and X is an integral scheme of finite type over R, then
Jac′X/k defines the singular locus of X by Remark 2.6(2)(c). Note that ht I = N +m − dim′X

by Lemma 2.11(1).

3. Log pairs

A log pair (X, a) consists of a normal Q-Gorenstein k-variety X and an R-ideal sheaf a on X.
Here, an R-ideal sheaf a on X is a formal product a =

∏s
i=1 a

ri
i , where a1, . . . , as are non-zero

coherent ideal sheaves on X and r1, . . . , rs are positive real numbers. For a morphism Y → X
and an R-ideal sheaf a =

∏s
i=1 a

ri
i on X, we denote by aOY the R-ideal sheaf

∏s
i=1(aiOY )ri on Y .

Let
(
X, a =

∏s
i=1 a

ri
i

)
be a log pair. Let f : X ′ → X be a proper birational morphism from

a normal variety X ′, and let E be a prime divisor on X ′. We denote by KX′/X := KX′ − f∗KX

the relative canonical divisor. Then the log discrepancy of (X, a) at E is defined as

aE(X, a) := 1 + ordE(KX′/X)− ordE a ,

where we set ordE a :=
∑s

i=1 ri ordE ai. The image f(E) is called the center of E on X; we
denote it by cX(E). For a closed point x ∈ X, we define the minimal log discrepancy at x as

mldx(X, a) := inf
cX(E)={x}

aE(X, a)

if dimX⩾2, where the infimum is taken over all prime divisors E overX with center cX(E)={x}.
It is known that mldx(X, a) ∈ R⩾0 ∪ {−∞} in this case (cf. [KM98, Corollary 2.31]). When
dimX = 1, we define mldx(X, a) := infcX(E)={x} aE(X, a) if the infimum is non-negative, and we
define mldx(X, a) := −∞ otherwise.

Let R = k[[x1, . . . , xN ]]. By [dFEM11, Appendix A], we can extend the definition above to
normal R-schemes of finite type. Let X be an integral normal scheme of finite type over R. Then
the canonical divisorKX is defined in Definition 2.13(4). Suppose thatX is Q-Gorenstein, that is,
rKX is Cartier for some positive integer r. Let f : Y → X be a proper birational morphism over R
from a regular scheme Y . Then the relative canonical divisor KY/X of f is defined as the Q-divisor
supported on the exceptional locus of f such that rKY − f∗(rKX) and rKY/X are linearly
equivalent. We note thatKY/X is uniquely defined as aQ-divisor (cf. [dFEM11, Lemma A.11(ii)]).
Therefore, the log discrepancies and the minimal log discrepancies for k-varieties defined above
can be extended to Q-Gorenstein normal schemes of finite type over R, and we use the same
notation.

Remark 3.1. Let X be a normal k-variety, and let x ∈ X be a closed point. Let ÔX,x be the

completion of the local ring OX,x at its maximal ideal. Let X̂ := Spec
(
ÔX,x

)
, and let x̂ ∈ X̂ be

the closed point. Then for the induced flat morphism f : X̂ → X, it follows that

f∗(KX) = K
X̂
, f∗(ωX) = ω′

X̂/k
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by [dFEM11, Proposition A.14]. Furthermore, for an integer r, if rKX is Cartier, then so is rK
X̂
.

Suppose further that X is Q-Gorenstein. Let a be an R-ideal sheaf on X. Then it follows
from [Kaw21, Remark 2.6] (cf. [dFEM11, Proposition 2.11]) that

mldx̂
(
X̂, â

)
= mldx(X, a) ,

where â := aO
X̂
.

4. Arc spaces of k[[x1, . . . , xN ]]-schemes

In this section, we suppose R0 = k and R = k[[x1, . . . , xN ]], and we discuss the jet schemes and
the arc spaces of R-schemes of finite type. We refer the reader to [EM09] and [CNS18] for the
theory of jet schemes and arc spaces of k-varieties. In this section, we see that the codimensions
of cylinders of arc spaces can be defined in the same way as with k-varieties.

Let X be a scheme over k. Let (Sch/k) be the category of k-schemes and (Sets) the category
of sets. For a non-negative integer m, we define a contravariant functor FXm : (Sch/k)→ (Sets) by

FXm (Y ) = Homk

(
Y ×Spec k Spec k[t]/

(
tm+1

)
, X

)
.

It is known that the functor FXm is always represented by a scheme Xm over k (cf. [CNS18,
Chapter 3, Proposition 2.1.3]).

For m ⩾ n ⩾ 0, the canonical surjective ring homomorphism k[t]/
(
tm+1

)
→ k[t]/

(
tn+1

)
induces a morphism πXmn : Xm → Xn, which is called the truncation morphism. We have the
projective limit and projections X∞ := lim←−mXm and ψXm : X∞ → Xm; the projective limit X∞
is called the arc space of X. There is a bijective map

Homk(SpecK,X∞) ≃ Homk(SpecK[[t]], X)

for any field K with k ⊂ K. For m ∈ Z⩾0 ∪ {∞}, we denote by πXm : Xm → X the canonical
truncation morphism. For m ∈ Z⩾0 ∪ {∞} and a morphism f : Y → X of schemes over k, we
denote by fm : Ym → Xm the morphism induced by f . We often abbreviate πXmn, π

X
m and ψXm

to πmn, πm and ψm, respectively, when no confusion can arise.

If X is a scheme of finite type over k, then so is Xm (cf. [EM09, Proposition 2.2]). In this
paper, we deal with a scheme of finite type over R = k[[x1, . . . , xN ]].

Proposition 4.1 (cf. [Ish09, Corollary 4.2]). Let X be a scheme of finite type over the ring
R = k[[x1, . . . , xN ]]. Then the following hold:

(1) The scheme Xm is of finite type over R.

(2) For any m ⩾ n ⩾ 0, the truncation map πmn : Xm → Xn is a morphism of finite type.

Proof. We omit the proof because we will give a complete proof for Proposition 5.4, which deals
with a more complicated case. See also Remark 4.2 below.

Remark 4.2. The same arguments as in Lemmas 5.1 and 5.2 give a local description of Xm as
follows:

(1) Let S := k[[x1, . . . , xN ]][y1 . . . , yM ] and A := SpecS. Then we have Am ≃ SpecSm, where

Sm := k
[[
x
(0)
1 , . . . , x

(0)
N

]][
x
(1)
j , . . . , x

(m)
j , y

(0)
j′ , . . . , y

(m)
j′ | 1 ⩽ j ⩽ N, 1 ⩽ j′ ⩽M

]
.

Furthermore, for m ⩾ n ⩾ 0, the truncation map πmn : Am → An is induced by the ring
inclusion Sn ↪→ Sm.
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(2) Let X = Spec(S/I) be the closed subscheme of A defined by an ideal I = (f1, . . . , fr) ⊂ S.
For 1 ⩽ i ⩽ r and 0 ⩽ ℓ ⩽ m, we define F

(ℓ)
i ∈ Sm as follows:

fi

( m∑
ℓ=0

x
(ℓ)
1 tℓ, . . . ,

m∑
ℓ=0

x
(ℓ)
N tℓ,

m∑
ℓ=0

y
(ℓ)
1 tℓ, . . . ,

m∑
ℓ=0

y
(ℓ)
M tℓ

)
≡

m∑
ℓ=0

F
(ℓ)
i tℓ (mod tm+1) .

Let

Im :=
(
F

(s)
i | 1 ⩽ i ⩽ r, 0 ⩽ s ⩽ m

)
⊂ Sm

be the ideal of Sm generated by the F
(s)
i . Then we have Xm ≃ Spec(Sm/Im). Furthermore,

for m ⩾ n ⩾ 0, the truncation map πmn : Xm → Xn is induced by the ring homomorphism
Sn/In → Sm/Im.

A subset C ⊂ X∞ is called a cylinder if C = ψ−1
m (S) for some m ⩾ 0 and a constructible

subset S ⊂ Xm. Typical examples of cylinders appearing in this paper are the contact loci
Contm(a) and Cont⩾m(a) defined below.

Definition 4.3. (1) For an arc γ ∈ X∞ and an ideal sheaf a ⊂ OX , the order of a measured
by γ is defined as follows:

ordγ(a) := sup{r ∈ Z⩾0 | γ∗(a) ⊂ (tr)} ,

where γ∗ : OX → K[[t]] is the ring homomorphism induced by γ. Here K is a field extension of k.

(2) For m ∈ Z⩾0, we define Contm(a),Cont⩾m(a) ⊂ X∞ as follows:

Contm(a) := {γ ∈ X∞ | ordγ(a) = m} ,
Cont⩾m(a) := {γ ∈ X∞ | ordγ(a) ⩾ m} .

By definition, we have

Cont⩾m(a) = ψ−1
m−1(Z(a)m−1) ,

where Z(a) is the closed subscheme of X defined by the ideal sheaf a. Therefore, Contm(a) and
Cont⩾m(a) are cylinders.

For m ⩽ n+ 1, we define the subsets Contm(a)n and Cont⩾m(a)n of Xn in the same way.

We denote by oX ⊂ OX the ideal sheaf

oX := (x1, . . . , xN )OX ⊂ OX
generated by x1, . . . , xN ∈ R. In this paper, we are interested in arcs contained in the contact
locus Cont⩾1(oX). Due to the following lemma, the contact locus Cont⩾1(oX)m is a scheme of
finite type over k.

Lemma 4.4. Let X be a scheme of finite type over R = k[[x1, . . . , xN ]]. Then for each m ⩾ 0,
the contact locus Cont⩾1(oX)m ⊂ Xm is a scheme of finite type over k.

Proof. The assertion follows from Proposition 4.1(2).

For the proof of Lemma 4.7, we state Hensel’s lemma in several variables.

Lemma 4.5. Let K be a field. Let N, s and r be non-negative integers with N + s ⩾ r.
Let f1, . . . , fr ∈ K[[t]][[x1, . . . , xN ]][xN+1, . . . , xN+s], and let a1, . . . , aN+s ∈ K[[t]]. Let S ⊂
{1, . . . , N + s} be a subset with cardinality #S = r. Let m and e be non-negative integers with
m ⩾ e. Suppose that
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• a1, . . . , aN ∈ (t),

• fi(a1, . . . , aN+s) ∈
(
tm+e+1

)
for each 1 ⩽ i ⩽ r and

• det
(
∂fi/∂xj(a1, . . . , aN+s)

)
1⩽i⩽r, j∈S ̸∈

(
te+1

)
.

Then the following hold:

(1) There exist b1, . . . , bN+s ∈ K[[t]] such that

• fi(b1, . . . , bN+s) = 0 for each 1 ⩽ i ⩽ r and
• aj − bj ∈

(
tm+1

)
for each 1 ⩽ j ⩽ N + s.

Furthermore, for b1, . . . , bN+s ∈ K[[t]] and b′1, . . . , b
′
N+s ∈ K[[t]] with the above two condi-

tions, if

• bj − b′j ∈
(
tm+2

)
holds for each j ∈ {1, . . . , N + s} \ S,

then

• bj − b′j ∈
(
tm+2

)
also holds for each j ∈ S.

(2) Moreover, for any sequence
(
a′j ∈ K[[t]] | j ∈ {1, . . . , N+s}\S

)
satisfying a′j−aj ∈

(
tm+1

)
,

there exist b1, . . . , bN+s ∈ K[[t]] satisfying the following conditions:

• fi(b1, . . . , bN+s) = 0 for each 1 ⩽ i ⩽ r,
• a′j − bj ∈

(
tm+2

)
for each j ∈ {1, . . . , N + s} \ S and

• aj − bj ∈
(
tm+2

)
for each j ∈ S.

Proof. When N = 0 and f1, . . . , fr ∈ K[x1, . . . , xs], the assertions follow from the proof of [DL99,
Lemma 4.1] (cf. [EM09, Proposition 4.1]). The same proof works in our setting.

Remark 4.6. The same statement as in Lemma 4.5 holds even when we replace the ring
K[[t]][[x1, . . . , xN ]][xN+1, . . . , xN+s] with K[xN+1, . . . , xN+s][[t]]. This version will be used in the
proof of Proposition 5.31.

Lemma 4.7. Let N , s and r be non-negative integers with N+s ⩾ r. Let R = k[[x1, . . . , xN ]], and
let S = R[y1, . . . , ys]. Let I = (F1, . . . , Fr) be the ideal generated by elements F1, . . . , Fr ∈ S,
and let M = Spec(S/I). Let oM ⊂ OM be the ideal sheaf generated by x1, . . . , xN ∈ R. Let
J = FittN+s−r(Ω′

M/k). Then, for non-negative integers m and e with m ⩾ e, the following hold:

(1) We have

ψm
(
Conte(J) ∩ Cont⩾1(oM )

)
= πm+e,m

(
Conte(J)m+e ∩ Cont⩾1(oM )m+e

)
.

(2) The truncation map πm+1,m : Mm+1 →Mm induces a piecewise-trivial fibration

ψm+1

(
Conte(J) ∩ Cont⩾1(oM )

)
−→ ψm

(
Conte(J) ∩ Cont⩾1(oM )

)
with fiber AN+s−r.

Proof. Let J := Jr
(
I; Derk(S)

)
⊂ S. Then we have J = (J + I)/I by Remark 2.14. Note that

Derk(S) = Der′k(S) is generated by the ∂/∂xi and ∂/∂yj . Therefore, item (1) follows from the
first assertion of Lemma 4.5(1). Furthermore, item (2) follows from Lemma 4.5(2) and the second
assertion of Lemma 4.5(1).

The following proposition is a formal power series ring version of [EM09, Proposition 4.1].

Proposition 4.8. Let X be an integral scheme of finite type over R = k[[x1, . . . , xN ]] with
dimX = n. Then there exists a positive integer c such that the following hold for non-negative
integers m and e with m ⩾ ce:
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(1) We have

ψm
(
Conte

(
Jac′X/k

)
∩ Cont⩾1(oX)

)
= πm+e,m

(
Conte

(
Jac′X/k

)
m+e
∩ Cont⩾1(oX)m+e

)
.

(2) The truncation map πm+1,m : Xm+1 → Xm induces a piecewise-trivial fibration

ψm+1

(
Conte

(
Jac′X/k

)
∩ Cont⩾1(oX)

)
−→ ψm

(
Conte

(
Jac′X/k

)
∩ Cont⩾1(oX)

)
with fiber An.

Proof. We omit the proof. See the proof of Proposition 5.9 for how it can be reduced to the
complete intersection case proved in Lemma 4.7. Note that we may assume that X has a k-point,
and hence we have dim′X = dimX = n by Lemma 2.11(4). Otherwise, we have Cont⩾1(oX) = ∅
(cf. Lemma 4.4), and the assertions are clear.

Remark 4.9. Proposition 4.8 is a formal power series ring version of [EM09, Proposition 4.1].
Note that in [EM09, Proposition 4.1], they prove that c = 1 satisfies the statement. However,
the weaker statement as in Proposition 4.8 using c is enough for our later use.

Definition 4.10. Let X be an integral scheme of finite type over R = k[[x1, . . . , xN ]], and let
C ⊂ X∞ be a cylinder contained in Cont⩾1(oX).

(1) Assume C ⊂ Conte
(
Jac′X/k

)
for some e ∈ Z⩾0. Then we define the codimension of C in X∞

as

codim(C) := (m+ 1) dimX − dim(ψm(C))

for any sufficiently large m. This is well defined by Proposition 4.8.

(2) In general, we define the codimension of C in X∞ as

codim(C) := min
e∈Z⩾0

codim
(
C ∩ Conte

(
Jac′X/k

))
.

By convention, codim(C) =∞ if C ∩ Conte
(
Jac′X/k

)
= ∅ for any e ⩾ 0.

The following theorem is a formal power series ring version of [EM09, Theorem 7.4].

Theorem 4.11. Let X be a Q-Gorenstein integral normal scheme of finite type over R =
k[[x1, . . . , xN ]]. Let x be a k-point of X, and let mx ⊂ OX be the corresponding maximal ideal
sheaf. Let r be a positive integer such that rKX is Cartier. Let a be a non-zero ideal sheaf on X
and δ a positive real number. Then we have

mldx
(
X, aδ

)
= inf

w,m∈Z⩾0

{
codim(Cw,m)−

m

r
− δw

}
= inf

w,m∈Z⩾0

{
codim(C ′

w,m)−
m

r
− δw

}
,

where

Cw,m := Contw(a) ∩ Contm(nr,X) ∩ Cont⩾1(mx) ,

C ′
w,m := Cont⩾w(a) ∩ Contm(nr,X) ∩ Cont⩾1(mx) .

Proof. The assertions are formal power series ring versions of [EM09, Theorem 7.4 and Re-
mark 7.5], and their proofs also work in this setting by making the following modifications:

• Replace Ω–/k with Ω′
–/k and Jac–/k with Jac′–/k,

• Consider cylinders C contained in Cont⩾1(oX).
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Theorem 7.4 in [EM09] is a consequence of [EM09, Lemma 7.3]. The key ingredients of the proof
of that lemma are

• Theorem 6.2 and Corollary 6.4 in [EM09] and

• Proposition 5.11 in [EM09].

Theorem 6.2 and Corollary 6.4 in [EM09] give the codimension formula as in Proposition 5.43.
They are formal consequences of [EM09, Proposition 4.4(i)], which is still valid in our setting
when we replace ΩX with Ω′

X/k, due to Lemma 2.2 (see Lemma 5.13 for the detailed argument).

Proposition 5.11 in [EM09] is a proposition on codimensions like Proposition 5.36. It is a
consequence of [EM09, Lemma 5.1 and Corollary 5.2] (Corollary 5.2 is a corollary of Lemma 5.1).
The proof of [EM09, Lemma 5.1] still works in our setting when we replace Jac–/k with Jac′–/k.
The only important point is that the ideal Jac′X/k defines the singular locus of X even when X
is an integral scheme of finite type over R (cf. Remark 2.14).

Besides, [EM09, Lemma 6.1] is used in the proof of [EM09, Lemma 7.3], and [EM09, Proposi-
tion 3.2] is used in the proof of [EM09, Corollary 5.2]. Proposition 3.2 and Lemma 6.1 in [EM09]
are formal consequences of the valuative criterion of properness, and their proofs work in our
setting.

5. Arc spaces of k[t]-schemes

In this section, we deal with the arc spaces of k[t]-schemes. Let X be a scheme over k[t]. For
a non-negative integer m, we define a contravariant functor FXm : (Sch/k)→ (Sets) by

FXm (Y ) = Homk[t]

(
Y ×Spec k Spec k[t]/

(
tm+1

)
, X

)
.

By the same argument as in [CNS18, Chapter 4, Theorem 3.2.3], we can see that the functor FXm
is always represented by a scheme Xm over k. We use the same symbols X∞, πmn, ψm and πm
as in Section 4 for this setting.

In this section, we deal with the following two categories of k[t]-schemes:

(1) The scheme X is of finite type over k[t][[x1, . . . , xN ]].

(2) The scheme X is affine, of the form X = Spec
(
k[x1, . . . , xN ][[t]]/I

)
.

We note that in [DL02], Denef and Loeser extend the theory of arc spaces of k-varieties to the
case where

(3) the scheme X is of finite type over k[t].

In [NS22], we dealt with the arc spaces of X in case (3). However, in this paper, we need to
work on the arc spaces of X in cases (1) and (2). We also note that Sebag in [Seb04] deals with
formal k[[t]]-schemes of finite type, and this theory can be applied to cases (2) and (3) (see also
[CNS18] for this theory).

In Section 5.1, we discuss case (1). In Section 5.2, we discuss case (2), where we will not deal
with formal k[[t]]-schemes in general but only deal with affine schemes in a minimal way.

5.1 Arc spaces of k[t][[x1, . . . , xN ]]-schemes

In this subsection, we suppose R0 = k[t] and R = k[t][[x1, . . . , xN ]], and we discuss the arc spaces
of R-schemes of finite type.
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5.1.1 Arc spaces. First, we prove that if X is a scheme of finite type over R, then so is Xm.

Lemma 5.1. Let S := k[t][[x1, . . . , xN ]][y1, . . . , yM ], and let A := SpecS. Then we have Am ≃
SpecSm, where

Sm := k
[[
x
(0)
1 , . . . , x

(0)
N

]][
x
(1)
j , . . . , x

(m)
j , y

(0)
j′ , . . . , y

(m)
j′ | 1 ⩽ j ⩽ N, 1 ⩽ j′ ⩽M

]
.

Furthermore, for m ⩾ n ⩾ 0, the truncation map πmn : Am → An is induced by the ring inclusion
Sn ↪→ Sm.

Proof. Let Y := SpecC be an affine scheme over k. We will give a natural bijective map

Φ: Homk[t]

(
S,C[t]/

(
tm+1

))
−→ Homk(Sm, C) .

For each 0 ⩽ i ⩽ m, we denote by pi the projection

pi : C[t]/
(
tm+1

)
−→ C , c0 + c1t+ · · ·+ cmt

m 7−→ ci .

For α ∈ Homk[t]

(
S,C[t]/

(
tm+1

))
, we define Φ(α) ∈ Homk(Sm, C) as follows. First, we define the

ring homomorphism α′
0 : S0 → C as the composition

S0 ↪−−→ S
α−→ C[t]/

(
tm+1

) p0−→ C .

Then we define α′ : Sm → C as the ring homomorphism uniquely determined by the following
conditions:

• α′(f) = α′
0(f) for any f ∈ S0,

• α′(x(s)j )
= ps

(
α(xj)

)
for all 1 ⩽ j ⩽ N and 1 ⩽ s ⩽ m,

• α′(y(s)j )
= ps

(
α(yj)

)
for all 1 ⩽ j ⩽M and 1 ⩽ s ⩽ m.

Then we set Φ(α) = α′.

Next, we define the inverse map

Ψ: Homk(Sm, C) −→ Homk[t]

(
S,C[t]/

(
tm+1

))
.

We set

S′
m := k

[
x
(1)
j , . . . , x

(m)
j | 1 ⩽ j ⩽ N

][[
x
(0)
1 , . . . , x

(0)
N

]]
,

S′′
m := k

[[
x
(0)
1 , . . . , x

(0)
N

]][
x
(1)
j , . . . , x

(m)
j | 1 ⩽ j ⩽ N

]
.

We define a ring homomorphism Λ1 : k[t][x1, . . . , xN ]→ S′
m[t]/

(
tm+1

)
by

Λ1(t) = t, Λ1(xj) = x
(0)
j + x

(1)
j t+ · · ·+ x

(m)
j tm .

Since the inclusion Λ1

(
(x1, . . . , xN )

)
⊂

(
x
(0)
1 , . . . , x

(0)
N , t

)
holds, Λ1 induces a ring homomorphism

Λ2 : k[t][[x1, . . . , xN ]] → S′
m[t]/

(
tm+1

)
. Note that its image is contained in S′′

m[t]/
(
tm+1

)
. Fur-

thermore, S′′
m[t]/

(
tm+1

)
is a subring of Sm[t]/

(
tm+1

)
. Therefore, we have a ring homomorphism

Λ3 : k[t][[x1, . . . , xN ]] → Sm[t]/
(
tm+1

)
. Then we define Λ: S → Sm[t]/

(
tm+1

)
as the ring homo-

morphism uniquely determined by the following conditions:

• Λ(f) = Λ3(f) for any f ∈ k[t][[x1, . . . , xN ]],

• Λ(yj) = y
(0)
j + y

(1)
j t+ · · ·+ y

(m)
j tm for each 1 ⩽ j ⩽M .

Then Λ is a k[t]-ring homomorphism.
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For β ∈ Homk(Sm, C), we define Ψ(β) ∈ Homk[t]

(
S,C[t]/

(
tm+1

))
as the composition

S
Λ−→ Sm[t]/

(
tm+1

) β−→ C[t]/
(
tm+1

)
,

where Sm[t]/
(
tm+1

)
→ C[t]/

(
tm+1

)
is the k[t]-ring homomorphism induced by β : Sm → C.

By the construction of Φ and Ψ, if α′ = Φ(α) and β′ = Ψ(β), then they satisfy the following:

• ps
(
α(xj)

)
= α′(x(s)j )

for all 1 ⩽ j ⩽ N and 0 ⩽ s ⩽ m,

• ps
(
α(yj)

)
= α′(y(s)j )

for all 1 ⩽ j ⩽M and 0 ⩽ s ⩽ m,

• ps
(
β′(xj)

)
= β

(
x
(s)
j

)
for all 1 ⩽ j ⩽ N and 0 ⩽ s ⩽ m,

• ps
(
β′(yj)

)
= β

(
y
(s)
j

)
for all 1 ⩽ j ⩽M and 0 ⩽ s ⩽ m.

Therefore, we have Ψ ◦Φ = id and Φ ◦Ψ = id. Hence, FAm is represented by SpecSm. The second
assertion follows from the construction of Am.

Lemma 5.2. We use the notation of Lemma 5.1. Let X = Spec(S/I) be the closed subscheme of

A defined by an ideal I = (f1, . . . , fr) ⊂ S. For 1 ⩽ i ⩽ r and 0 ⩽ ℓ ⩽ m, we define F
(ℓ)
i ∈ Sm as

follows:

fi

( m∑
ℓ=0

x
(ℓ)
1 tℓ, . . . ,

m∑
ℓ=0

x
(ℓ)
N tℓ,

m∑
ℓ=0

y
(ℓ)
1 tℓ, . . . ,

m∑
ℓ=0

y
(ℓ)
M tℓ

)
≡

m∑
ℓ=0

F
(ℓ)
i tℓ (mod tm+1) .

Let

Im :=
(
F

(s)
i | 1 ⩽ i ⩽ r, 0 ⩽ s ⩽ m

)
⊂ Sm

be the ideal of Sm generated by the F
(s)
i . Then we have Xm ≃ Spec(Sm/Im). Furthermore,

for m ⩾ n ⩾ 0, the truncation map πmn : Xm → Xn is induced by the ring homomorphism
Sn/In → Sm/Im.

Proof. Let Y := SpecC be an affine scheme over k. We can see that the bijective map Φ in the
proof of Lemma 5.1 induces the bijective map Homk[t]

(
S/I, C[t]/

(
tm+1

))
→ Homk(Sm/Im, C).

Therefore, the functor FXm is represented by Spec(Sm/Im). The second assertion follows from the
construction of Xm.

Remark 5.3. More precisely,

fi

( m∑
ℓ=0

x
(ℓ)
1 tℓ, . . . ,

m∑
ℓ=0

x
(ℓ)
N tℓ,

m∑
ℓ=0

y
(ℓ)
1 tℓ, . . . ,

m∑
ℓ=0

y
(ℓ)
M tℓ

)
in Lemma 5.2 is defined as Λ(fi) ∈ Sm[t]/

(
tm+1

)
, where Λ is defined in the proof of Lemma 5.1.

Proposition 5.4. LetX be a scheme of finite type overR = k[t][[x1, . . . , xN ]]. Then the following
hold:

(1) The scheme Xm is of finite type over R.

(2) For any m ⩾ n ⩾ 0, the truncation map πmn : Xm → Xn is a morphism of finite type.

Proof. Take an affine cover X = U1 ∪ · · · ∪Us. Then, FXm is represented by the scheme obtained
by gluing the schemes (Ui)m constructed in Lemma 5.2 (cf. [EM09, Proposition 2.2]). Therefore,
the assertions follow from Lemma 5.2.
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In this setting, cylinders and the contact loci

Contm(a),Cont⩾m(a) ⊂ X∞ , Contm(a)n,Cont
⩾m(a)n ⊂ Xn

are defined in the same way. We denote by oX ⊂ OX the ideal sheaf oX := (x1, . . . , xN )OX ⊂ OX
generated by x1, . . . , xN ∈ R. From the next subsection, we basically work on arcs contained in
the contact locus Cont⩾1(oX). Due to the following lemma, the contact locus Cont⩾1(oX)m is
a scheme of finite type over k.

Lemma 5.5. Let X be a scheme of finite type over R = k[t][[x1, . . . , xN ]]. Then the following
hold:

(1) For each m ⩾ 0, the contact locus Cont⩾1(oX)m ⊂ Xm is a scheme of finite type over k.

(2) Any k-arc of X is contained in Cont⩾1(oX).

Proof. (1) This follows from Proposition 5.4.

(2) Let γ ∈ X∞ be a k-arc. We may assume that X is affine and write X = SpecA with
A = S/I, where S := k[t][[x1, . . . , xN ]][y1, . . . , ym] and I is an ideal of S. Let γ∗ : A → k[[t]]
be the corresponding k[t]-ring homomorphism. Let M be the kernel of the composite map S →
A

γ∗−→ k[[t]]→ k. Since S/M = k, the kernelM is of the form (t, x1, . . . , xN , y1−a1, . . . , ym−am)
for some ai ∈ k. This shows that γ∗(oX) ⊂ (t) and hence γ ∈ Cont⩾1(oX).

Lemma 5.6. Let n be a non-negative integer, and let X be a scheme of finite type over R =
k[t][[x1, . . . , xN ]]. Suppose that each irreducible component Xi of X has dim′Xi ⩾ n + 1 (see
Definition 2.10). Let γ ∈ X∞ be a k-arc with ordγ

(
Fittn

(
Ω′
X/k[t]

))
<∞. Then we have

γ∗Ω′
X/k[t]/T ≃ k[[t]]

⊕n ,

where T is the torsion part of γ∗Ω′
X/k[t].

Proof. We may assume that X is affine, and we may write X = SpecA with A = S/I, where

S := k[t][[x1, . . . , xN ]][y1, . . . , ym]

and I is an ideal of S. If P is a minimal prime of I, then we have

htP = dimS − dim′(S/P ) ⩽ (N +m+ 1)− (n+ 1) = N +m− n

by Lemma 2.11(1). Therefore, we have ht I ⩽ N +m− n.
Let γ∗ : A→ k[[t]] be the corresponding k[t]-ring homomorphism, and let γ∗ : A→ k((t)) be

its composition with k[[t]]→ k((t)). Let q ⊂ A be the kernel of γ∗ and Q ⊂ S the corresponding
prime ideal. Since γ∗ factors through Aq, it is sufficient to show that Ω′

Aq/k[t]
⊗Aq k((t)) has

dimension n as a k((t))-vector space.

Let w1, . . . , wℓ ∈ I be generators of I. Let M ∈ MN+m,ℓ(Aq) be the Jacobian matrix
with respect to w1, . . . , wℓ ∈ I and the derivations ∂/∂xi and ∂/∂yi. Then M defines a map
M : Aℓq → AN+m

q , and its cokernel is isomorphic to Ω′
Aq/k[t]

by Proposition 2.4(3),(4). Since

ordγ
(
Fittn

(
Ω′
X/k[t]

))
<∞, the matrix M has an (N +m−n)-minor that is not contained in qAq

(cf. Remark 2.14). Furthermore, since we have

ht(ISQ) ⩽ ht I ⩽ N +m− n ,

any (N +m − n + 1)-minor of M is contained in qAq by Remark 2.6(2)(a) (cf. [Mat89, Theo-
rem 30.4]). Therefore, the image of M in MN+m,ℓ(k((t))) has rank N + m − n, and it follows
that Ω′

Aq/k[t]
⊗Aq k((t)) has dimension n as a k((t))-vector space.
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Lemma 5.7. Let n and e be non-negative integers, and let X be a scheme of finite type over
R = k[t][[x1, . . . , xN ]]. Suppose that each irreducible component Xi of X has dim′Xi ⩾ n + 1.
Let γ ∈ Conte

(
Fittn

(
Ω′
X/k[t]

))
be a k-arc. Then we have

γ∗Ω′
X/k[t] ≃ k[[t]]

⊕n ⊕
⊕
i

k[t]/(tei)

as k[[t]]-modules with
∑

i ei = e.

Proof. The same proof as in [NS22, Lemma 2.13(1)] works due to Lemma 5.6.

5.1.2 Cylinders and codimension. In this subsection, we define and discuss the codimensions
of cylinders of the arc space of an R-scheme X of finite type. We define the codimension only for
cylinders contained in the contact locus Cont⩾1(oX), where oX ⊂ OX is the ideal sheaf generated
by x1, . . . , xN ∈ R. Due to Lemma 5.5, the contact locus Cont⩾1(oX)m ⊂ Xm is a scheme of
finite type over k, and hence cylinders contained in Cont⩾1(oX) are easier to handle than general
cylinders.

First, we prove Proposition 5.9, which is necessary for defining the codimension of cylinders.

Lemma 5.8. Let N, s and r be non-negative integers with N + s ⩾ r. Let R = k[t][[x1, . . . , xN ]],
and let S = R[y1, . . . , ys]. Let I = (F1, . . . , Fr) be the ideal generated by elements F1, . . . , Fr ∈ S,
and let M = Spec(S/I). Let oM ⊂ OM be the ideal sheaf generated by x1, . . . , xN ∈ R. Let
J = FittN+s−r(Ω′

M/k[t]

)
. For non-negative integers m and e with m ⩾ e, the following hold:

(1) We have

ψm
(
Conte(J) ∩ Cont⩾1(oM )

)
= πm+e,m

(
Conte(J)m+e ∩ Cont⩾1(oM )m+e

)
.

(2) The truncation map πm+1,m : Mm+1 →Mm induces a piecewise-trivial fibration

ψm+1

(
Conte(J) ∩ Cont⩾1(oM )

)
−→ ψm

(
Conte(J) ∩ Cont⩾1(oM )

)
with fiber AN+s−r.

Proof. Let J := Jr
(
I; Derk[t](S)

)
⊂ S. Then we have J = (J + I)/I by Remark 2.14. Note that

Derk[t](S) = Der′k[t](S) is generated by the ∂/∂xi and ∂/∂yj . Therefore, statement (1) follows

from the first assertion of Lemma 4.5(1). Furthermore, statement (2) follows from Lemma 4.5(2)
and the second assertion of Lemma 4.5(1).

Proposition 5.9. Let n be a non-negative integer, and let X be a scheme of finite type over
R = k[t][[x1, . . . , xN ]]. Suppose that each irreducible component Xi of X has dim′Xi ⩾ n + 1.
Then there exists a positive integer c such that the following hold for non-negative integers m
and e with m ⩾ ce:

(1) We have

ψm
(
Conte

(
Fittn

(
Ω′
X/k[t]

))
∩ Cont⩾1(oX)

)
= πm+e,m

(
Conte

(
Fittn

(
Ω′
X/k[t]

))
m+e
∩ Cont⩾1(oX)m+e

)
.

(2) The truncation map πm+1,m : Xm+1 → Xm induces a piecewise-trivial fibration

ψm+1

(
Conte

(
Fittn

(
Ω′
X/k[t]

))
∩ Cont⩾1(oX)

)
−→ ψm

(
Conte

(
Fittn

(
Ω′
X/k[t]

))
∩ Cont⩾1(oX)

)
with fiber An.

461



Y. Nakamura and K. Shibata

Proof. The same proof as in [NS22, Proposition 2.17] works. We give a sketch of the proof.

We may assume that X is affine and write X = Spec(S/IX), where

S := k[t][[x1, . . . , xN ]][y1, . . . , ym]

and IX is an ideal of S. By the assumption and Lemma 2.11(1), we have

htP = dimS − dim′(S/P ) ⩽ (N +m+ 1)− (n+ 1) = N +m− n

for any minimal prime P of IX . We set r := N +m− n.
Let f1, . . . , fd be generators of IX . For 1 ⩽ i ⩽ r, we set Fi :=

∑d
j=1 aijfj for general aij ∈ k.

Let M ⊂ SpecS be the closed subscheme defined by the ideal IM := (F1, . . . , Fr). We set

IX′ := (IM : IX) ⊂ S , J := Jr
(
IM ; Derk[t](S)

)
⊂ S .

Here, we claim that

J ⊂
√
IX + IX′ . (5.1)

We note that if (5.1) is true, then the assertions for X can be reduced to those for M by the
same argument as in [NS22, Proposition 2.17]. Therefore, the assertions follow from Lemma 5.8.

Let p be a prime ideal satisfying IX + IX′ ⊂ p. To prove (5.1), it is sufficient to show that
S/IM is not regular at p. Indeed, if S/IM is not regular at p, then we have

J = Jr
(
IM ; Derk[t](S)

)
⊂ Jr

(
IM ; Derk(S)

)
⊂ p

by ht(IMSp) ⩽ r and the Jacobian criterion of regularity (Remark 2.6(2)(a),(b)).

Suppose to the contrary that M is regular at p. Since any minimal prime P of IX satisfies
htP ⩽ r and the aij ∈ k are general, for any irreducible component X0 of X, there exists an
irreducible component M0 of M such that X0 ⊂ M0 and (X0)red = (M0)red. Therefore, since
IM ⊂ IX ⊂ p and M is regular at p, we have (IM )p = (IX)p. This shows that

(IX′)p = (IM : IX)p =
(
(IM )p : (IX)p

)
= Sp ,

which contradicts IX′ ⊂ p. This completes the proof of (5.1).

For an R-scheme X, a subset C ⊂ X∞ is called a cylinder if C = ψ−1
m (S) for some m ⩾ 0

and a constructible subset S ⊂ Xm.

Proposition 5.10. Let n be a non-negative integer, and let X be a scheme of finite type over
R = k[t][[x1, . . . , xN ]]. Suppose that each irreducible component Xi of X has dim′Xi ⩾ n + 1.
Let C be a cylinder in X∞ which is contained in Cont⩾1(oX) ∩ Conte

(
Fittn

(
Ω′
X/k[t]

))
for some

e ⩾ 0. Then its image ψm(C) ⊂ Xm is a constructible subset for any m ⩾ 0.

Proof. Let S ⊂ Xℓ be a constructible subset such that ψ−1
ℓ (S) = C. For m ⩾ ℓ, we have

π−1
m,ℓ(S) ∩ ψm(C) = ψm(C) = π−1

m,ℓ(S) ∩ ψm(X∞) .

By the assumption C ⊂ Cont⩾1(oX) ∩ Conte
(
Fittn

(
Ω′
X/k[t]

))
, we also have

ψm(C) = π−1
m,ℓ(S) ∩ ψm

(
Cont⩾1(oX) ∩ Conte

(
Fittn

(
Ω′
X/k[t]

)))
.

Let c be the positive integer appearing in Proposition 5.9. Then the constructibility of ψm(C)
follows from Proposition 5.9(1) if m ⩾ max{ce, ℓ}. When m < max{ce, ℓ}, the constructibility
follows from that for m = max{ce, ℓ} and Chevalley’s theorem.

We define the codimensions of cylinders C when they satisfy C ⊂ Cont⩾1(oX).
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Definition 5.11. Let n be a non-negative integer, and let X be a scheme of finite type over
R = k[t][[x1, . . . , xN ]]. Suppose that each irreducible component Xi of X has dim′Xi ⩾ n + 1.
Let C ⊂ X∞ be a cylinder contained in Cont⩾1(oX).

(1) Assume C ⊂ Conte
(
Fittn

(
Ω′
X/k[t]

))
for some e ∈ Z⩾0. Then we define the codimension of

C in X∞ as

codim(C) := (m+ 1)n− dim(ψm(C))

for any sufficiently large m. This is well defined by Proposition 5.9(2).

(2) In general, we define the codimension of C in X∞ as follows:

codim(C) := min
e∈Z⩾0

codim
(
C ∩ Conte

(
Fittn

(
Ω′
X/k[t]

)))
.

By convention, codim(C) =∞ if C ∩ Conte
(
Fittn

(
Ω′
X/k[t]

))
= ∅ for any e ⩾ 0.

Remark 5.12. The definition of the codimension above depends on the choice of n. In Sec-
tion 5.1.3, we fix a non-negative integer n, and we use the codimension defined for this n.

Lemma 5.13. Let X be a scheme of finite type over R = k[t][[x1, . . . , xN ]]. Let p and m be
non-negative integers with 2p+1 ⩾ m ⩾ p. Let γ ∈ Xp(k) be a jet. If π−1

m,p(γ) ̸= ∅, it follows that

π−1
m,p(γ) ≃ Homk[t]/(tp+1)

(
γ∗Ω′

X/k[t],
(
tp+1

)
/
(
tm+1

))
.

Proof. We may assume that X is affine, and we may write X = SpecA with an R-algebra A of
finite type. Let γ∗ : A→ k[t]/

(
tp+1

)
be the corresponding k[t]-ring homomorphism to γ. Take any

α ∈ π−1
m,p(γ). Let α

∗ : A → k[t]/
(
tm+1

)
be the corresponding k[t]-ring homomorphism. Then for

the same reason as in the case of k-schemes (cf. [EM09, Proposition 4.4]), we have an isomorphism

π−1
m,p(γ) ≃ Derk[t]

(
A,

(
tp+1

)
/
(
tm+1

))
, β 7−→ β∗ − α∗ .

Here,
(
tp+1

)
/
(
tm+1

)
on the right-hand side has an A-module structure via γ∗. Then the assertion

follows from the isomorphisms

Derk[t]
(
A,

(
tp+1

)
/
(
tm+1

))
= Der′k[t]

(
A,

(
tp+1

)
/
(
tm+1

))
≃ HomA

(
Ω′
A/k[t],

(
tp+1

)
/
(
tm+1

))
.

The first equality follows from Lemma 2.2.

5.1.3 Thin and very thin cylinders. We fix a non-negative integer n throughout this subsec-
tion.

Definition 5.14. Let X be a scheme of finite type over R = k[t][[x1, . . . , xN ]]. Suppose that
each irreducible component Xi of X has dim′Xi ⩾ n + 1. A subset A ⊂ X∞ is called thin if
A ⊂ Z∞ for some closed subscheme Z of X with dimZ ⩽ n. A subset A is called very thin if
A ⊂ Z∞ for some closed subscheme Z of X with dimZ ⩽ n− 1.

The term “very thin” is used only in this paper. In Question 5.15(1) and Remark 5.16(1), we
explain the motivation to introduce this terminology.

Question 5.15. Let R and X be as in Definition 5.14.

(1) Suppose that C is a thin cylinder of X∞. Then, does C ∩ Conte
(
Fittn

(
Ω′
X/k[t]

))
= ∅ hold

for any e ⩾ 0?
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(2) Suppose that X is an integral scheme and Y ⊂ X is the closed subscheme defined by the
ideal Fittn

(
Ω′
X/k[t]

)
. Then, is Y∞ a thin set of X∞?

(3) Let S = k[t][[x1, . . . , xN ]][y1, . . . , ym], and let P be a prime ideal of S of height r. Suppose
that P ∩ k[t] = (0). Then, does Jr

(
P ; Derk[t](S)

)
̸⊂ P hold?

Remark 5.16. (1) Note that Question 5.15(1) is true for the arc spaces of k-varieties X:

• If C is a thin cylinder of X∞, then C ∩ Conte(JacX/k) = ∅ for any e ⩾ 0 (cf. [EM09,
Lemma 5.1]).

The same statement is true for schemes X of finite type over k[[x1, . . . , xN ]], as can be seen by
replacing JacX/k with Jac′X/k. Furthermore, Question 5.15(1) is also true for schemes X of finite
type over k[t] (cf. [NS22, Lemma 2.23]). However, the same proofs do not work for schemes X of
finite type over R = k[t][[x1, . . . , xN ]], and hence it is not clear to us whether Question 5.15(1) is
true for this setting (see also the discussion in item (3) below). This is why we introduce the term
“very thin” and we will prove weaker statements instead in Lemma 5.18 for very thin cylinders
and Proposition 5.23 for X with an additional assumption.

(2) Due to the proof of [EM09, Lemma 5.1], part (1) of Question 5.15 can be reduced to part (2)
by Noetherian induction on the dimension. Furthermore, part (3) implies part (2).

(3) Question 5.15(3) is related to the weak Jacobian condition (WJ) explained in Remark 2.6(2).
Indeed, if N = 0, then Question 5.15(3) can be proved using Remark 2.6(2)(c) as follows. We
denote by

S′ := (k[t] \ {0})−1S = k(t)[y1, . . . , ym]

the localization. Then by the assumption P ∩ k[t] = (0), we have PS′ ̸= S′, and hence PS′ is a
prime ideal of height r. Since S′ satisfies (WJ)k(t), we have

Jr
(
P ; Derk[t](S)

)
S′ + PS′ = Jr

(
PS′; Derk(t)(S

′)
)
+ PS′ ̸⊂ PS′ ,

which proves Jr
(
P ; Derk[t](S)

)
̸⊂ P . Note that the same proof does not work when N > 0

because we have

S′ := (k[t] \ {0})−1S ̸= k(t)[[x1, . . . , xN ]][y1, . . . , ym] ,

and it is not clear whether Jr
(
PS′; ∆

)
̸⊂ PS′ for ∆ =

{
∂/∂xi, ∂/∂yj | i, j

}
.

(4) Question 5.15(1) is also true for the arc spaces (Greenberg schemes) of formal k[[t]]-schemes
of finite type, which will be dealt with in Section 5.2 (see [CNS18, Chapter 6, Proposition 2.4.3]).
Actually, Question 5.15(3) is true for this setting:

• Let S = k[x1, . . . , xN ][[t]], and let P be a prime ideal of S of height r. Suppose P ∩k[[t]] = (0).
Then we have Jr

(
P ; Derk[[t]](S)

)
̸⊂ P .

We denote by S′ := St = k[x1, . . . , xN ]((t)) the localization. We note that the assumption
P ∩ k[[t]] = (0) is equivalent to t ̸∈ P , and hence PS′ is a prime ideal of height r. Since S′

satisfies (WJ)k((t)) by [Nag62, Theorem 46.3], the same proof as in item (3) above works, and we
have Jr

(
P ; Derk[[t]](S)

)
̸⊂ P . Note that both Derk[[t]](S) and Derk((t))(S

′) are generated by the
∂/∂xi.

In Lemmas 5.17 and 5.18 below, for a scheme X over R = k[t][[x1, . . . , xN ]], we also consider
the jet schemes and the arc space in the sense of Section 4. To avoid confusion, we denote them
by Lm(X) and L∞(X); that is, Lm(X) is the scheme representing the functor

Fm : (Sch/k) −→ (Set) , Y 7−→ Homk

(
Y ×Spec k Spec k[t]/

(
tm+1

)
, X

)
,

and L∞(X) = lim←−m Lm(X) is the projective limit.
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Lemma 5.17. Let X be a scheme of finite type over R = k[t][[x1, . . . , xN ]]. Then the following
hold:

(1) There exist natural closed immersions Xm → Lm(X) for m ⩾ 0 that commute with the
truncation morphisms.

(2) Let x ∈ X be a k-point, and let ÔX,x be the completion of the local ring OX,x at its

maximal ideal. Let X ′ := Spec
(
ÔX,x

)
, and let x′ ∈ X ′ be the corresponding k-point.

Then for the truncation morphisms πXm : Lm(X) → X and πX
′

m : Lm(X ′) → X ′, we have(
πXm

)−1
(x) ≃

(
πX

′
m

)−1
(x′).

Proof. We may assume that X is affine, and we may write X = Spec(S/I) with

S := k[t][[x1, . . . , xN ]][y1, . . . , yM ]

and I := (f1, . . . , fr) an ideal of S. We set A := SpecS.

Then, by the same argument as in Lemma 5.1, we have Lm(A) ≃ SpecTm, where

Tm := k
[
u(0)

][[
x
(0)
1 , . . . , x

(0)
N

]][
u(s), x

(s)
j , y

(s′)
j′

∣∣∣∣ 1 ⩽ j ⩽ N, 1 ⩽ j′ ⩽M,
1 ⩽ s ⩽ m, 0 ⩽ s′ ⩽ m

]
.

In the same way as in Lemma 5.1, we can define a ring homomorphism Λ′ : S → Tm[t]/
(
tm+1

)
that satisfies

• Λ′(t) = u(0) + u(1)t+ · · ·+ u(m)tm,

• Λ′(xj) = x
(0)
j + x

(1)
j t+ · · ·+ x

(m)
j tm for each 0 ⩽ j ⩽ N and

• Λ′(yj) = y
(0)
j + y

(1)
j t+ · · ·+ y

(m)
j tm for each 0 ⩽ j ⩽M .

For 1 ⩽ i ⩽ r and 0 ⩽ ℓ ⩽ m, we define G
(ℓ)
i ∈ Tm by

Λ′(fi) =
m∑
ℓ=0

G
(ℓ)
i tℓ (mod tm+1) .

Let

Jm :=
(
G

(s)
i | 1 ⩽ i ⩽ r, 0 ⩽ s ⩽ m

)
⊂ Tm

be the ideal generated by the G
(s)
i . Then by the same argument as in Lemma 5.2, we have

Lm(X) ≃ Spec(Tm/Jm).

Let Sm be the ring defined in Lemma 5.1. Let Ξ: Tm → Sm be a surjective ring homomorphism
defined by

• Ξ
(
u(1)

)
= 1 and Ξ(u(s)) = 0 for each s = 0 and 2 ⩽ s ⩽ m,

• Ξ
(
x
(s)
j

)
= x

(s)
j for each 1 ⩽ j ⩽ N and 0 ⩽ s ⩽ m,

• Ξ
(
y
(s)
j

)
= y

(s)
j for each 1 ⩽ j ⩽M and 0 ⩽ s ⩽ m.

We note that the ring homomorphism Λ: S → Sm[t]/
(
tm+1

)
defined in the proof of Lemma 5.1

coincides with the composition

S
Λ′
−→ Tm[t]/

(
tm+1

) Ξ−→ Sm[t]/
(
tm+1

)
,

where Tm[t]/
(
tm+1

)
→ Sm[t]/

(
tm+1

)
is the k[t]-ring homomorphism induced by Ξ. Therefore,

F
(s)
i in Lemma 5.2 coincides with Ξ

(
G

(s)
i

)
for each i and s.
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Let Im ⊂ Sm be the ideal defined in Lemma 5.2. Then Ξ induces a surjective ring homomor-
phism Tm/Jm → Sm/Im. It gives a closed immersion

Xm ≃ Spec(Sm/Im) ↪−−→ Spec(Tm/Jm) ≃ Lm(X) ,

which completes the proof of assertion (1).

Since x ∈ X is a k-point, the corresponding maximal ideal of S is of the form(
t− a, x1, . . . , xN , y1 − b1, . . . , yM − bM

)
with a, b1, . . . , bM ∈ k. For simplicity, assume a = b1 = · · · = bM = 0. Then

(
πXm

)−1
(x) ⊂ Lm(X)

is isomorphic to the closed subscheme of SpecTm defined by

Jm +
(
u(0), x

(0)
1 , . . . , x

(0)
N , y

(0)
1 , . . . , y

(0)
M

)
.

On the other hand, we have

ÔA,x ≃ k[[t, x1, . . . , xN , y1, . . . , yM ]] .

We set A′ := Spec
(
ÔA,x

)
and

T ′
m := k

[[
u(0), x

(0)
1 , . . . , x

(0)
N , y

(0)
1 , . . . , y

(0)
M

]] u(s), x(s)j , y
(s)
j′

∣∣∣∣∣∣
1 ⩽ j ⩽ N,
1 ⩽ j′ ⩽M,
1 ⩽ s ⩽ m

 .

Then by [Ish09, Proposition 4.1], we have Lm(A′) ≃ SpecT ′
m. Furthermore, by [Ish09, Corol-

lary 4.2], we have Lm(X ′) ≃ Spec(T ′
m/JmT

′
m). Therefore,

(
πX

′
m

)−1
(x′) ⊂ Lm(X ′) is isomorphic

to the closed subscheme of SpecT ′
m defined by

JmT
′
m +

(
u(0), x

(0)
1 , . . . , x

(0)
N , y

(0)
1 , . . . , y

(0)
M

)
.

Therefore, we have
(
πXm

)−1
(x) ≃

(
πX

′
m

)−1
(x′), which completes the proof of assertion (2).

Lemma 5.18. Let X be a scheme of finite type over R = k[t][[x1, . . . , xN ]]. Suppose that each
irreducible component Xi of X has dim′Xi ⩾ n + 1. Let C ⊂ X∞ be a cylinder contained in
Cont⩾1(oX). If C is very thin, then C ∩ Conte

(
Fittn

(
Ω′
X/k[t]

))
= ∅ for any e ⩾ 0.

Proof. Suppose to the contrary that C ∩Conte
(
Fittn

(
Ω′
X/k[t]

))
̸= ∅ for some e ⩾ 0. By replacing

C with C ∩Conte
(
Fittn

(
Ω′
X/k[t]

))
, we may assume ∅ ≠ C ⊂ Conte

(
Fittn

(
Ω′
X/k[t]

))
. Pick a k-arc

γ ∈ C. Let x := πX∞(γ) ∈ X be the k-point of X. Then, by replacing C with C ∩
(
πX∞

)−1
(x), we

may assume C ⊂
(
πX∞

)−1
(x).

Since C is a very thin set, there exists a closed subscheme Z ⊂ X such that C ⊂ Z∞
and dimZ ⩽ n − 1. Since γ ∈ Z∞, it follows that x ∈ Z. Let ÔZ,x be the completion of
the local ring OZ,x at its maximal ideal. Let Z ′ := Spec

(
ÔZ,x

)
, and let x′ ∈ Z ′ be the corre-

sponding k-point. Then, since C ⊂
(
πZ∞

)−1
(x), we may identify C with a subset of L∞(Z ′) by

Lemma 5.17(1),(2). Note that C ⊂ L∞(Z ′) is not necessarily a cylinder of L∞(Z ′) under this
identification.

Let S be the set of the closed subschemes Y ′ of Z ′ with the following condition:

• There exists a cylinder C ′ of X∞ such that ∅ ≠ C ′ ⊂ C and C ′ ⊂ L∞(Y ′).

Here, the inclusion C ′ ⊂ L∞(Y ′) is considered by the identifications L∞(Y ′) ⊂ L∞(Z ′) and
C ′ ⊂ C ⊂ L∞(Z ′). Let Y ′ be a minimal element of S, and let C ′ be a corresponding cylinder
of X∞. Then Y ′ is reduced by the minimality.
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We now prove that Y ′ is irreducible. Suppose to the contrary that Y ′ = Y ′
1 ∪ · · · ∪ Y ′

ℓ is the
irreducible decomposition with ℓ ⩾ 2. By the minimality of Y ′, it follows that C ′ ̸⊂ L∞(Y ′

1), and
hence we have

C ′′ := C ′ ∩
((
ψZ

′
q

)−1
(Lq(Y ′

1)) \
(
ψZ

′
q+1

)−1
(Lq+1(Y

′
1))

)
̸= ∅

for some q ⩾ −1, where we set
(
ψZ

′
q

)−1
(Lq(Y ′

1)) = L∞(Z ′) for q = −1 by abuse of notation.
Here, we have taken the intersection in the space L∞(Z ′). Since C ′′ ∩ L∞(Y ′

1) = ∅, we have

C ′′ ⊂ C \ L∞(Y ′
1) ⊂ L∞(Y ′) \ L∞(Y ′

1) ⊂ L∞(Y ′
2 ∪ · · · ∪ Y ′

ℓ ) .

To get a contradiction by the minimality of Y ′, it is sufficient to show that C ′′ is a cylinder
of X∞. For this purpose, we show that C ′

q := C ′ ∩
(
ψZ

′
q

)−1
(Lq(Y ′

1)) is a cylinder of X∞. Under
the identifications

X∞ ∩
(
πX∞

)−1
(x)

ψX
q

// Xq ∩
(
πXq

)−1
(x)

Z∞ ∩
(
πZ∞

)−1
(x) //

⊂

Zq ∩
(
πZq

)−1
(x)

⊂

L∞(Z) ∩
(
πZ∞

)−1
(x) //

⊂
Lq(Z) ∩

(
πZq

)−1
(x)

⊂

C ′ ⊂ L∞(Z ′) ∩
(
πZ

′
∞
)−1

(x′)
ψZ′
q
//

≃

OO

Lq(Z ′) ∩
(
πZ

′
q

)−1
(x′)

≃

OO

L∞(Y ′
1) ∩

(
π
Y ′
1∞
)−1

(x′) //

⊂

Lq(Y ′
1) ∩

(
π
Y ′
1
q

)−1
(x′) ,

⊂

we can consider the intersection F = Lq(Y ′
1)∩Zq ∩

(
πZq

)−1
(x); it can be identified with a closed

subset of Xq ∩
(
πXq

)−1
(x). Then we have the equality C ′

q = C ′ ∩
(
ψXq

)−1
(F ) since C ′ ⊂ Z∞.

Therefore, C ′
q turns out to be a cylinder of X∞, and hence so is C ′′ = C ′

q \C ′
q+1. We have proved

that Y ′ is integral.

Let Y ′′ ⊂ Y ′ be the subscheme defined by Jac′Y ′/k. Since Y
′ is reduced, we have Y ′′ ⊊ Y ′ by the

Jacobian criterion of regularity (cf. Remark 2.6(2)(c)). By the minimality of Y ′, we have C ′ ̸⊂ Y ′′
∞,

and hence C ′ ∩Conte
′(
Jac′Y ′/k

)
̸= ∅ for some e′ ⩾ 0. Take a k-arc β ∈ C ′ ∩Conte

′(
Jac′Y ′/k

)
. For

m ⩾ 0, we set

Dm,β :=
(
ψY

′
m

)−1(
ψY

′
m (β)

)
⊂ L∞(Y ′) , Em,β :=

(
ψXm

)−1(
ψXm(β)

)
⊂ X∞ .

Then by applying Proposition 4.8(2) to the map

ψY
′

m+1(Dm,β) −→ ψY
′

m (Dm,β) =
{
ψY

′
m (β)

}
,

we have dim
(
ψY

′
m+1(Dm,β)

)
= dimY ′ for sufficiently large m. On the other hand, by applying

Proposition 5.9(2) to the map

ψXm+1(Em,β) −→ ψXm(Em,β) =
{
ψXm(β)

}
,

we have dim
(
ψXm+1(Em,β))

)
= n for sufficiently large m.

Since dimY ′ ⩽ dimZ ⩽ n− 1, to get a contradiction, it is enough to show that Em,β ⊂ Dm,β
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for sufficiently large m. Since C ′ is a cylinder of X∞, there exists a constructible subset V ⊂ Xp

for some p ⩾ 0 such that C ′ = (ψXp )−1(V ). We will prove the inclusion Em,β ⊂ Dm,β for any
m ⩾ p.

Let X ′ := Spec(ÔX,x). Then by Lemma 5.17(1),(2), we have the following diagram:

X∞ ∩
(
πX∞

)−1
(x)

ψX
m
��

⊂ L∞(X ′) ∩
(
πX

′
∞

)−1
(x′)

ψX′
m
��

L∞(Y ′) ∩
(
πY

′
∞
)−1

(x′)

ψY ′
m
��

⊃

Xm ∩
(
πXm

)−1
(x) ⊂ Lm(X ′) ∩

(
πX

′
m

)−1
(x′) Lm(Y ′) ∩

(
πY

′
m

)−1
(x′) .⊃

Let βm := ψXm(β). For m ⩾ p, we have

Em,β =
(
ψXm

)−1
(βm) =

(
ψX

′
m

)−1
(βm) ∩X∞ ∩

(
πX∞

)−1
(x) =

(
ψX

′
m

)−1
(βm) ∩ C ′ .

On the other hand, we have

Dm,β =
(
ψY

′
m

)−1
(βm) =

(
ψX

′
m

)−1
(βm) ∩ L∞(Y ′) ∩

(
πY

′
m

)−1
(x′) .

Since C ′ ⊂ L∞(Y ′)∩
(
πY

′
m

)−1
(x′), we have Em,β ⊂ Dm,β form ⩾ p. This completes the proof.

We prove a much weaker version of [NS22, Lemma 2.26(1)].

Lemma 5.19. Let X be a scheme of finite type over R = k[t][[x1, . . . , xN ]]. For each a ∈ k, we
denote by Xa the closed subscheme of X defined by (t − a)OX . Suppose that for any a ∈ k×,
the scheme Xa is integral regular and has dim′Xa = n. Then there exists a positive integer ℓ
such that ordγ

(
oX + Fittn

(
Ω′
X/k[t]

))
⩽ ℓ for any k-arc γ ∈ X∞. In particular, if γ satisfies

ordγ(oX) =∞, then we have ordγ
(
Fittn

(
Ω′
X/k[t]

))
⩽ ℓ.

Proof. We may assume that X is affine, and we may write X = Spec(S/I), where

S := k[t][[x1, . . . , xN ]][y1, . . . , ym]

and I is an ideal of S. We set Ia := (I +(t− a))/(t− a), which is an ideal of the ring S/(t− a) ≃
k[[x1, . . . , xN ]][y1, . . . , ym]. We have ht(Ia) = N +m− n for any a ∈ k× since dim′Xa = n.

We set

J := JN+m−n
(
I; Derk[t](S)

)
⊂ S .

Note that Derk[t](S) = Der′k[t](S) is generated by the ∂/∂xi and ∂/∂yi. We have Fittn
(
Ω′
X/k[t]

)
=

(J + I)/I by Remark 2.14. Let a ∈ k×. Since ht(Ia) = N +m− n, we have

Jac′Xa/k
= (J + I + (t− a))/(I + (t− a)) .

Since Xa is regular, we have J + I + (t − a) = S by the Jacobian criterion of regularity (cf.
Remark 2.6(2)(c)). Therefore, for any a ∈ k×, we have (J + I + (t − a))S′ = S′, where S′ :=
S/(x1, . . . , xN ) ≃ k[t][y1, . . . , ym]. Then we have tℓ ∈ J + I + (x1, . . . , xN ) for some ℓ ⩾ 0, by
Hilbert’s nullstellensatz. This proves the assertions.

Lemma 5.20. Let P be a prime ideal of S = k[[x1, . . . , xN ]] of height r, and let I be an ideal
of S satisfying P ⊊ I. If S/P is regular, then Jr+1(I; Derk(S)) ̸⊂ I.

Proof. Note that Derk(S) = Der′k(S) is generated by the ∂/∂xi. First, we prove the assertion
when r = 0. Let f ∈ I \ {0} be an element with the minimum order a. Suppose that xi appears
in the lowest-order term of f . Then it follows from the minimality of a that ∂f/∂xi ̸∈ I, which
proves the assertion when r = 0.
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Suppose r > 0. Since the quotient S/P is regular, by the Jacobian criterion of regularity (cf.
Remark 2.6(2)(c)), there exist D1, . . . , Dr ∈ Derk(S) and f1, . . . , fr ∈ P such that

u := det(Di(fj))1⩽i,j⩽r ̸∈ (x1, . . . , xN ) .

Since S/P is a complete regular local ring with coefficient field k, the ring S/P is isomorphic to
k[[y1, . . . , yN−r]]. Therefore, by what we have already proved, there exist D′ ∈ Derk(S/P ) and
f ′ ∈ I/P such that D′(f ′) ̸∈ I/P . Let fr+1 ∈ I be a lift of f ′. By [Mat89, Theorem 30.8], there
exists a lift Dr+1 ∈ Derk(S) of D

′ too. Since Dr+1(P ) = 0, we have

det(Di(fj))1⩽i,j⩽r+1 = uDr+1(fr+1) ̸∈ I ,

which shows that Jr+1(I; Derk(S)) ̸⊂ I.

Remark 5.21. We are interested in the case where ht I = r + 1. If I is a prime ideal, then it is
true more generally that Jℓ(I; Derk(S)) ̸⊂ I for ℓ = ht I. It is true because S satisfies the weak
Jacobian condition (WJ)k (cf. Remark 2.6(2)). If I is not a prime ideal, then Jℓ(I; Derk(S)) ̸⊂ I
does not hold in general.

Lemma 5.22. Let P be a prime ideal of S = k[[x1, . . . , xN ]][y1, . . . , ym] of height r, and let I be
an ideal of S satisfying P ⊊ I. Suppose that S/P is regular and I + (x1, . . . , xN ) ̸= S. Then it
follows that Jr+1(I; Derk(S)) ̸⊂ I.

Proof. Note that Derk(S) = Der′k(S) is generated by the ∂/∂xi and ∂/∂yi. Since we have
I + (x1, . . . , xN ) ̸= S, there exists a maximal ideal m containing I of the form

m = (x1, . . . , xN , y1 − a1, . . . , ym − am) ,

where ai ∈ k. Let Ŝ be the completion of S at m. Let Yi ∈ Ŝ be the image of yi−ai. Then we have
Ŝ ≃ k[[x1, . . . , xN , Y1, . . . , Ym]], and Derk

(
Ŝ
)
is generated by the ∂/∂xi and ∂/∂Yi. Therefore,

we have

Jr+1

(
IŜ; Derk

(
Ŝ
))

+ IŜ = Jr+1(I; Derk(S))Ŝ + IŜ .

We also note that Ŝ/P Ŝ is regular and PŜ ⊊ IŜ. Therefore, we have Jr+1

(
IŜ; Derk(Ŝ)

)
̸⊂ IŜ

by Lemma 5.20; this shows the assertion Jr+1(I; Derk(S)) ̸⊂ I.

Proposition 5.23. Let X be a scheme of finite type over R = k[t][[x1, . . . , xN ]]. Suppose that
each irreducible component Xi of X has dim′Xi ⩾ n + 1. For each a ∈ k, we denote by Xa

the closed subscheme of X defined by (t − a)OX . Suppose that for any a ∈ k×, the scheme Xa

is integral regular and has dim′Xa = n. Then, there is no thin cylinder C of X∞ containing
a k-arc γ with ordγ(oX) =∞.

Proof. We may assume that X is affine, and we may write X = SpecA with A = S/I, where
S := k[t][[x1, . . . , xN ]][y1, . . . , ym] and I is an ideal of S.

Suppose to the contrary that there exists a thin cylinder C containing a k-arc γ with
ordγ(oX) =∞. Replacing C with C ∩ Cont⩾1(oX), we may assume C ⊂ Cont⩾1(oX). It fol-
lows by Lemma 5.19 that e := ordγ

(
Fittn

(
Ω′
X/k[t]

))
< ∞. By replacing C with the intersection

C ∩ Conte
(
Fittn

(
Ω′
X/k[t]

))
, we may assume ∅ ≠ C ⊂ Conte

(
Fittn

(
Ω′
X/k[t]

))
.

Let S be the set of the closed subschemes W of X with the following condition:

• There exists a cylinder C ′ of X∞ such that γ ∈ C ′ ⊂ C and C ′ ⊂W∞.

Let W be a minimal element of S, and let C ′ be a corresponding cylinder of X. Then W is
reduced by the minimality. Let W = W1 ∪ · · · ∪Wℓ be its irreducible decomposition. Since C is
thin, we may assume dimW ⩽ n. Here, we claim the following.
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Claim 5.24. (1) We have γ ∈ (Wi)∞ for each 1 ⩽ i ⩽ ℓ.

(2) We have dimWi = n for each 1 ⩽ i ⩽ ℓ.

(3) Denote by Zi ⊂ Wi the closed subscheme defined by Fittn−1
(
Ω′
Wi/k[t]

)
. Then Zi ⊊ Wi for

each 1 ⩽ i ⩽ ℓ.

First, we assume this claim and finish the proof. By Claim 5.24(3) and the minimality of W ,
we have

C ′ ̸⊂ (Z1 ∪ · · · ∪ Zℓ)∞ = (Z1)∞ ∪ · · · ∪ (Zℓ)∞ .

Take a k-arc β ∈ C ′ \
(
(Z1)∞ ∪ · · · ∪ (Zℓ)∞

)
. For each i, we denote by IZi ⊂ A the ideal

corresponding to Zi, and we set qi := ordβ(IZi) <∞. Then

C ′′ := C ′ ∩
⋂
i

Contqi(IZi)

is a non-empty cylinder of X∞. By applying Proposition 5.9(2) to Wi and its cylinder

C ′′ ∩ (Wi)∞ ⊂ Contqi
(
Fittn−1

(
Ω′
Wi/k[t]

))
,

it follows that the truncation map ψm+1

(
C ′′∩(Wi)∞

)
→ ψm

(
C ′′∩(Wi)∞

)
has (n−1)-dimensional

fibers for sufficiently large m. Therefore,

ψm+1(C
′′) =

⋃
i

ψm+1

(
C ′′ ∩ (Wi)∞

)
−→ ψm(C

′′) =
⋃
i

ψm
(
C ′′ ∩ (Wi)∞

)
also has (n − 1)-dimensional fibers for sufficiently large m. However, by Proposition 5.9(2), it
should have n-dimensional fibers because ∅ ≠ C ′′ ⊂ Conte

(
Fittn

(
Ω′
X/k[t]

))
. We get a contradic-

tion. Therefore, it is sufficient to prove Claim 5.24(3).

Proof of Claim 5.24. (1) Suppose to the contrary that γ ̸∈ (W1)∞. Let IW1 ⊂ A be the ideal
corresponding to W1, and let q := ordγ(IW1) < ∞. Then the cylinder C ′′ := C ′ ∩ Contq(IW1)
contains γ and satisfies

C ′′ ⊂W∞ \ (W1)∞ ⊂ (W2 ∪ · · · ∪Wℓ)∞ ,

which contradicts the minimality of W .

(2) Suppose to the contrary that dimW1 ⩽ n−1. LetW ′ :=W2∪· · ·∪Wℓ, and let IW ′ ⊂ A be
the ideal corresponding to W ′. By the minimality of W , it follows that C ′ ̸⊂W ′

∞. Therefore, we
have C ′′ := C ′ ∩Contq(IW ′) ̸= ∅ for some q ⩾ 0. Since C ′′ ∩W ′

∞ = ∅, we have C ′′ ⊂ (W1)∞, and
C ′′ turns out to be a very thin cylinder of X∞. This contradicts ∅ ≠ C ′′ ⊂ Conte

(
Fittn

(
Ω′
X/k[t]

))
by Lemma 5.18.

(3) Let H be one of the Wi. Let Q be the prime ideal of S corresponding to H. Since H∞
contains a k-arc, H contains a k-point. Therefore, by Lemma 2.11(4), we have

htQ = dimS − dim′H = dimS − dimH = N +m− n+ 1 .

First, we prove that

Q+ (x1, . . . , xN ) + (t− a) ̸= S (5.2)

for some a ∈ k×. Suppose to the contrary that Q + (x1, . . . , xN ) + (t − a) = S for any a ∈ k×.
Then by Hilbert’s nullstellensatz, it follows that tℓ ∈ Q + (x1, . . . , xN ) for some ℓ ⩾ 0. This
contradicts γ ∈ H∞ and ordγ(oX) =∞, and we get (5.2) for some a ∈ k×.

The inequality (5.2) implies Q + (t − a) ̸= S. Furthermore, we have t − a ̸∈ Q because H∞
contains a k-arc. Therefore, we have ht(Q+ (t− a)) = htQ+ 1 = N +m− n+ 2.
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We set

Sa := S/(t− a) ≃ k[[x1, . . . , xN ]][y1, . . . , ym] ,
Ia := (I + (t− a))/(t− a) , Qa := (Q+ (t− a))/(t− a) .

Then we have ht(Qa) = N + m − n + 1. Furthermore, we have ht(Ia) = N + m − n by the
assumption dim′Xa = n. Therefore, it follows that Qa ⊋ Ia. Let J := JN+m−n+1

(
Q; Derk[t](S)

)
.

Then the ideal (J + (t − a))/(t − a) of Sa coincides with JN+m−n+1

(
Qa; Derk(Sa)

)
. Note that

Sa/Ia is regular, ht(Ia) = N +m− n and Qa ⊋ Ia. Therefore, by Lemma 5.22, we have

(J + (t− a))/(t− a) = JN+m−n+1

(
Qa; Derk(Sa)

)
̸⊂ Qa = (Q+ (t− a))/(t− a) .

In particular, we have J ̸⊂ Q.

Since Fittn−1
(
Ω′
H/k[t]

)
= (J +Q)/Q, this completes the proof of assertion (3).

Lemma 5.25. Let R = k[t][[x1, . . . , xN ]]. Let e1, . . . , eN and d be integers satisfying 0 < ei ⩽ d
for each i. For each c ∈ k×, let Tc : R→ R be the ring isomorphism defined by Tc(t) = c−dt and
Tc(xi) = ceixi. Let I be an ideal of R that is Tc-invariant (that is, Tc(I) = I) for any c ∈ k×. Let
P be a minimal prime of I. Then P satisfies one of the following conditions:

(1) P ∩ k[t] ̸= (0) and t ∈ P ;
(2) P ∩ k[t] = (0) and P + (t− a) ̸= R for any a ∈ k×;
(3) P ∩ k[t] = (0), and there exists an f ∈ P such that

f − tℓ ∈
(
tℓ+1x1, . . . , t

ℓ+1xN
)
+ (x1, . . . , xN )

ℓ+1

for some ℓ ⩾ 0.

Proof. First, we prove that P is also Tc-invariant for any c ∈ k×. Let P1, . . . , Pm be the minimal
primes of I. Since Tc is an isomorphism, it induces a permutation on P1, . . . , Pm. Let p : k

× → Sm

be the induced group homomorphism, where Sm is the symmetric group of degree m. For any
c ∈ k×, we can take a b ∈ k× such that c = bm!. Therefore, we have p(c) = p(bm!) = (p(b))m! = 1.
This shows that Tc(Pi) = Pi for any c ∈ k× and 1 ⩽ i ⩽ m.

Suppose P ∩k[t] ̸= (0). Then t−a ∈ P for some a ∈ k. Since P is Tc-invariant for any c ∈ k×,
it follows that a = 0. Therefore, P satisfies condition (1).

Suppose P ∩ k[t] = (0) and P + (t− a) = R for some a ∈ k×. We will prove that P satisfies
condition (3). Since P is Tc-invariant for any c ∈ k×, it follows that P + (t − a) = R for any
a ∈ k×. Then by Hilbert’s nullstellensatz, it follows that

• tℓ ∈ P + (x1, . . . , xN ) for some ℓ ⩾ 0.

Therefore, there exists a g ∈ P such that g − tℓ ∈ (x1, . . . , xN ).

We setM := (x1, . . . , xN ) ⊂ k[t][[x1, . . . , xN ]]. SinceM is Tc-invariant, Tc induces an automor-
phism on k[t][[x1, . . . , xN ]]/M

ℓ+1. Hence, k[t][[x1, . . . , xN ]]/M
ℓ+1 has a graded ring structure sat-

isfying deg t = −d and deg xi = ei. Then
(
P+M ℓ+1

)
/M ℓ+1 is a homogeneous ideal. Therefore, the

term g−dℓ of g with degree −dℓ is contained in P +M ℓ+1. We may write g−dℓ = f−h with f ∈ P
and h ∈M ℓ+1. On the other hand, since g−dℓ−tℓ ∈M , we see that g−dℓ−tℓ ∈ (tℓ+1x1, . . . , t

ℓ+1xN )
by looking at the degrees of its terms. Therefore, condition (3) holds for this f .

Remark 5.26. Let I and P be as in Lemma 5.25. Then the following hold for Y := Spec(R/P ):

• Y∞ = ∅ if P is of the form (1),

• Y∞ ∩ Cont⩾1(oY ) = ∅ if P is of the form (3).
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5.2 Arc spaces of affine formal k[[t]]-schemes

In this subsection, we discuss the arc space of X of the form X = Spec
(
k[x1, . . . , xN ][[t]]/I

)
. As

we will mention in Remark 5.27, the arc space of X can be seen as the Greenberg scheme of
the corresponding affine formal scheme. In this subsection, we do not deal with general formal
k[[t]]-schemes.

Remark 5.27. Sebag in [Seb04] investigates the theory of arc spaces of formal k[[t]]-schemes with
k a perfect field, and the theory can be applied to X = Spec

(
k[x1, . . . , xN ][[t]]/I

)
, which is dealt

with in this subsection. The reader is also referred to [CNS18] for this theory.

With a scheme X = Spec
(
k[x1, . . . , xN ][[t]]/I

)
, we can associate the formal affine scheme X =

Spf
(
k[x1, . . . , xN ][[t]]/I

)
. Then the Greenberg schemes Grm(X ) and Gr(X ) defined in [Seb04] are

isomorphic to Xm and X∞, respectively. Therefore, the theory of Greenberg schemes developed
in [Seb04] and [CNS18] can be applied to the arc space X∞ of X.

Definition 5.28 (cf. [CNS18, Appendix 3.3]). Let I be an ideal of S = k[x1, . . . , xN ][[t]], and
let A := S/I. Then we denote by Ω̂A/k[[t]] the completion of the A-module ΩA/k[[t]] with respect
to the (t)-adic topology; that is,

Ω̂A/k[[t]] := lim←−
n

(
ΩA/k[[t]]/(t

n)ΩA/k[[t]]
)
.

The canonical derivation dA/k[[t]] : A→ ΩA/k[[t]] induces a derivation

d̂A/k[[t]] : A −→ Ω̂A/k[[t]] .

We sometimes abbreviate d̂A/k[[t]] to d̂.

When X = SpecA, we denote by Ω̂X/k[[t]] the sheaf on X associated with the A-module

Ω̂A/k[[t]].

Remark 5.29 (cf. [CNS18, Example 3.3.5 in the appendix]). (1) Ω̂S/k[[t]] is a free S-module of

rank N with basis d̂S/k[[t]](x1), . . . , d̂S/k[[t]](xN ) . Furthermore, we have an exact sequence

I/I2
δ−→ Ω̂S/k[[t]] ⊗S A

α−→ Ω̂A/k[[t]] −→ 0

of A-modules, where α is the map satisfying α
(
d̂S/k[[t]](g)⊗ 1

)
= d̂A/k[[t]](g) for g ∈ S, and δ is

the map satisfying δ(g) = d̂S/k[[t]](g)⊗ 1 for g ∈ I. In particular, Ω̂A/k[[t]] is a finite A-module.

(2) The canonical derivation d̂ : A→ Ω̂A/k[[t]] has the following universal property:

(2-1) The induced map

HomA

(
Ω̂A/k[[t]],M

)
−→ Derk[[t]](A,M) , f 7−→ f ◦ d̂

is an isomorphism for any A-module M that is complete with respect to the (t)-adic
topology. In particular, this map is an isomorphism for any finite A-module (cf. [Mat89,
Theorem 8.7]).

This follows from the following general fact from [Gro64, (20.4.8.2)]:

(2-2) Let B be a topological ring and C a topological B-algebra. Let N be a topological C-
module. Then we have an isomorphism

Homc
C(ΩC/B, N)

≃−→ DercB(C,N) , f 7−→ f ◦ dC/B .

Here, Homc
C(ΩC/B, N) denotes the set of the continuous homomorphisms ΩC/B → N of

C-modules, and DercB(C,N) denotes the set of the continuous B-derivations C → N . The
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topology on ΩC/B = I/I2 is defined as the quotient topology, where I is the kernel of the
augmentation map C ⊗B C → C, a⊗ b 7→ ab.

In our case, the topology on ΩA/k[[t]] coincides with the (t)-adic topology (cf. [Gro64, Proposi-
tion 20.4.5]). Therefore, we have

Homc
A

(
ΩA/k[[t]],M

)
= HomA

(
ΩA/k[[t]],M

)
, Derck[[t]](A,M) = Derk[[t]](A,M)

for any A-module M with the (t)-adic topology. Hence, by assertion (2-2), we have an isomor-
phism

HomA

(
ΩA/k[[t]],M

) ≃−→ Derk[[t]](A,M)

for any A-module M . Moreover, if M is complete with respect to the (t)-adic topology, then we
have an isomorphism

HomA

(
Ω̂A/k[[t]],M

) ≃−→ HomA

(
ΩA/k[[t]],M

)
,

which shows property (2-1).

(3) By part (2), it follows that Derk[[t]](S) is a free S-module of rank N generated by the ∂/∂xi.
Therefore, by the exact sequence in part (1), we have

Fittn
(
Ω̂A/k[[t]]

)
=

(
JN−n

(
I; Derk[[t]](S)

)
+ I

)
/I .

Lemma 5.30. Let n and e be non-negative integers, and let X be an affine scheme of the form
X = Spec

(
k[x1, . . . , xN ][[t]]/I

)
. Suppose that each irreducible component Xi of X has dimXi ⩾

n+ 1. Let γ ∈ Conte
(
Fittn

(
Ω̂X/k[[t]]

))
be a k-arc. Then we have

γ∗Ω̂X/k[[t]] ≃ k[[t]]⊕n ⊕
⊕
i

k[t]/(tei)

as k[[t]]-modules with
∑

i ei = e.

Proof. The same proofs as in Lemmas 5.6 and 5.7 work. Note that any minimal prime P of I
satisfies htP ⩽ N − n. This is because

htP = dimS − dim(S/P ) ⩽ (N + 1)− (n+ 1) = N − n ,

where we set S := k[x1, . . . , xN ][[t]]. The first equality follows from the facts that any maximal
ideal M of S has htM = N + 1 and S is a catenary ring.

Proposition 5.31. Let n be a non-negative integer, and let X be an affine scheme of the
form X = Spec

(
k[x1, . . . , xN ][[t]]/I

)
. Suppose that each irreducible component Xi of X has

dimXi ⩾ n + 1. Then, there exists a positive integer c such that the following hold for non-
negative integers m and e with m ⩾ ce:

(1) We have

ψm
(
Conte

(
Fittn

(
Ω̂X/k[[t]]

)))
= πm+e,m

(
Conte

(
Fittn

(
Ω̂X/k[[t]]

))
m+e

)
.

(2) The truncation map πm+1,m : Xm+1 → Xm induces a piecewise-trivial fibration

ψm+1

(
Conte

(
Fittn

(
Ω̂X/k[[t]]

)))
−→ ψm

(
Conte

(
Fittn

(
Ω̂X/k[[t]]

)))
with fiber An.

Proof. The same proof as for Proposition 5.9 works (cf. Remark 4.6).
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Remark 5.32. When X is flat over k[[t]], Proposition 5.31(1) is proved in [CNS18, Chapter 5,
Proposition 2.3.4], and Proposition 5.31(2) is proved in [Seb04, Lemme 4.5.4] (cf. [CNS18, Chap-
ter 5, Theorem 2.3.11]). We also note that Proposition 5.31(2) can be reduced to the flat case
by the argument in [NS22, Remark 2.14(3)].

We define cylinders and their codimensions.

Definition 5.33. Let n be a non-negative integer, and let X be an affine scheme of the form
X = Spec

(
k[x1, . . . , xN ][[t]]/I

)
. Suppose that each irreducible component Xi of X has dimXi ⩾

n+ 1. A subset C ⊂ X∞ is called a cylinder if C = ψ−1
m (S) for some m ⩾ 0 and a constructible

subset S ⊂ Xm. We define the codimension of C as follows:

(1) Assume C ⊂ Conte
(
Fittn

(
Ω̂X/k[[t]]

))
for some e ∈ Z⩾0. Then we define the codimension of

C in X∞ as

codim(C) := (m+ 1)n− dim(ψm(C))

for any sufficiently large m. This is well defined by Proposition 5.31.

(2) In general, we define the codimension of C in X∞ as follows:

codim(C) := min
e∈Z⩾0

codim
(
C ∩ Conte

(
Fittn

(
Ω̂X/k[[t]]

)))
.

By convention, codim(C) =∞ if C ∩ Conte
(
Fittn

(
Ω̂X/k[[t]]

))
= ∅ for any e ⩾ 0.

Remark 5.34. As in Remark 5.12, the definition of the codimension above depends on the
choice of n.

Definition 5.35. Let n be a non-negative integer, and let X be an affine scheme of the form
X = Spec

(
k[x1, . . . , xN ][[t]]/I

)
. Suppose that each irreducible component Xi of X has dimXi ⩾

n + 1. A subset A ⊂ X∞ is called thin if A ⊂ Z∞ for some closed subscheme Z of X with
dimZ ⩽ n.

Proposition 5.36 (cf. [Seb04, Théorème 6.3.5]). Let n be a non-negative integer, and let X
be an affine scheme of the form X = Spec

(
k[x1, . . . , xN ][[t]]/I

)
. Suppose that each irreducible

component Xi of X has dimXi ⩾ n + 1. Let C be a cylinder in X∞. Let {Cλ}λ∈Λ be a set of
countably many disjoint subcylinders Cλ ⊂ C. If C \ (

⊔
λ∈ΛCλ) ⊂ X∞ is a thin set, then we have

codim(C) = min
λ∈Λ

codim(Cλ) .

Proof. This follows from [CNS18, Chapter 6, Lemma 3.4.1 and Example 3.5.2].

Lemma 5.37 (cf. [CNS18, Chapter 5, Proposition 2.2.6]). Let X be an affine scheme of the form
X = Spec

(
k[x1, . . . , xN ][[t]]/I

)
. Let p and m be non-negative integers with 2p+ 1 ⩾ m ⩾ p. Let

γ ∈ Xp(k) be a jet with π−1
m,p(γ) ̸= ∅. Then we have

π−1
m,p(γ) ≃ Homk[t]/(tp+1)

(
γ∗Ω̂X/k[[t]],

(
tp+1

)
/
(
tm+1

))
.

Proof. We set A := k[x1, . . . , xN ][[t]]/I. For the same reason as in the proof of Lemma 5.13, we
have π−1

m,p(γ) ≃ Derk[[t]]
(
A,

(
tp+1

)
/
(
tm+1

))
. Furthermore, by the universal property of Ω̂A/k[[t]]

(cf. Remark 5.29(2)), we have

Derk[[t]]
(
A,

(
tp+1

)
/
(
tm+1

))
≃ HomA

(
Ω̂A/k[[t]],

(
tp+1

)
/
(
tm+1

))
,

which proves the assertion.
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5.3 Codimension formulae

In this subsection, we discuss a k[t]-morphism f : X → Y of affine k[t]-schemes in the following
two cases:

(a) We have X = Spec
(
k[x1, . . . , xN ][[t]]/I

)
and Y = Spec

(
k[x1, . . . , xM ][[t]]/J

)
.

(b) We have X = Spec
(
k[x1, . . . , xM ][[t]]/I

)
and Y = Spec

(
k[t][[x1, . . . , xL]]/J

)
. Furthermore,

f satisfies (x1, . . . , xL)OX ⊂ (t).

Lemma 5.38. In case (a) above, the canonical map f∗Ω̂Y/k[[t]] → Ω̂X/k[[t]] is induced. In case (b),
the canonical map f∗Ω′

Y/k[t] → Ω̂X/k[[t]] is induced.

Proof. Let A = OX and B = OY be the corresponding rings and g : B → A the corresponding
k[t]-ring homomorphism.

First, we deal with case (a). Since g : B → A is a k[t]-ring homomorphism, Ω̂A/k[[t]] is a com-
plete B-module with respect to the (t)-adic topology. Therefore, by the universal property of
Ω̂B/k[[t]] (cf. Remark 5.29(2)), the derivation d̂A/k[[t]] ◦ g : B → Ω̂A/k[[t]] factors through Ω̂B/k[[t]].
This completes the proof in case (a).

Next, we deal with case (b). By the universal property of Ω′
B/k[t], it is sufficient to show that

the composition

B
g−→ A

d̂A/k[[t]]−−−−−→ Ω̂A/k[[t]]

is a special B-derivation. Note that Ω̂A/k[[t]] is a complete A-module with respect to the (t)-
adic topology. Since g

(
(x1, . . . , xL)

)
⊂ (t) by assumption, Ω̂A/k[[t]] is a separated B-module

with respect to the (x1, . . . , xL)-adic topology. Therefore d̂A/k[[t]] ◦ g is a special B-derivation by
Lemma 2.2.

We define the order of the Jacobian for a morphism.

Definition 5.39. (1) Let f : X → Y be a morphism of affine k[t]-schemes of the form (a)
above. Then f induces a homomorphism f∗Ω̂Y/k[[t]] → Ω̂X/k[[t]] by Lemma 5.38. Let γ ∈ X∞ be

a k-arc, let γ′ := f∞(γ). Finally, let S be the torsion part of γ∗Ω̂X/k[[t]]. Then we define the order
ordγ

(
jacf

)
of the Jacobian of f at γ as the length of the k[[t]]-module

Coker
(
γ′∗Ω̂Y/k[[t]] −→ γ∗Ω̂X/k[[t]]/S

)
.

In particular, if ordγ
(
jacf

)
<∞, then we have

Coker
(
γ′∗Ω̂Y/k[[t]] −→ γ∗Ω̂X/k[[t]]/S

)
≃

⊕
i

k[t]/(tei)

as k[[t]]-modules with some positive integers ei satisfying
∑

i ei = ordγ
(
jacf

)
.

(2) Let f : X → Y be a morphism of affine k[t]-schemes of the form (b) above. Then f in-
duces a homomorphism f∗Ω′

Y/k[t] → Ω̂X/k[[t]] by Lemma 5.38. Let γ ∈ X∞ be a k-arc, and let
γ′ := f∞(γ). Finally, let S be the torsion part of γ∗Ω̂X/k[[t]]. Then we also define the order
ordγ

(
jacf

)
of the Jacobian of f at γ as the length of the k[[t]]-module

Coker
(
γ′∗Ω′

Y/k[t] −→ γ∗Ω̂X/k[[t]]/S
)
.

(3) By abuse of notation, for e ⩾ 0, we define

Conte
(
jacf

)
:= {γ ∈ X∞ | ordγ

(
jacf

)
= e} .
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Lemma 5.40. Let n be a non-negative integer. Let f : X → Y be a morphism of affine k[t]-schemes
of the form (a) above. Let g : Y → Z be a morphism of affine k[t]-schemes of the form (b). Suppose
that each irreducible component Wi of X, Y and Z has dimWi ⩾ n+1. Let γ ∈ X∞ be a k-arc,
and let γ′ := f∞(γ). Suppose

ordγ
(
Fittn

(
Ω̂X/k[[t]]

))
<∞ , ordγ′

(
Fittn

(
Ω̂Y/k[[t]]

))
<∞ .

Then we have

ordγ
(
jacg◦f

)
= ordγ

(
jacf

)
+ ordγ′

(
jacg

)
.

Proof. The same proof as in [NS22, Lemma 2.10] works due to Lemma 5.30.

Remark 5.41. The same statement holds if g is of the form (a).

Remark 5.42. We note in this remark that all propositions (Proposition 2.29, Lemmas 2.31
and 2.32, and Proposition 2.33) in [NS22, Section 2.6] can be seen to be true for a k[t]-morphism
f of the form (a) or (b) by making the following modifications:

• Replace the conditions (⋆)n and (⋆⋆)n in [NS22] on X with the following condition:

− “Each irreducible component Xi of X has dimXi ⩾ n+ 1.”

• Replace Ω–/k[t] with Ω̂–/k[[t]] and Ω′
–/k[t], and replacing Jac–/k[t] with Fittn

(
Ω̂–/k[[t]]

)
and

Fittn
(
Ω′
–/k[t]

)
.

We note that [NS22, Proposition 2.29(2), Lemmas 2.31 and 2.32, and Proposition 2.33] are
formal consequences of [NS22, Proposition 2.29(1), Lemma 2.13(1) and Proposition 2.17]. The
formal power series ring versions of [NS22, Proposition 2.29(1), Lemma 2.13(1) and Proposi-
tion 2.17] are proved in Lemmas 5.13 and 5.37, Lemmas 5.7 and 5.30, and Propositions 5.9
and 5.31 in this paper.

Furthermore, [NS22, Lemma 2.34] is also true in the formal power series ring setting as can
be seen by replacing A = Spec k[t][x1, . . . , xN ] with Spec k[x1, . . . , xN ][[t]]. Indeed, the proof of
[NS22, Lemma 2.34] works in this setting.

Proposition 5.43. Let n be a non-negative integer. Let f : X → Y be a morphism of affine
k[t]-schemes of the form (b) above. Suppose that each irreducible component Wi of X and Y has
dimWi ⩾ n+ 1. Let e, e′, e′′ ∈ Z⩾0. Let A ⊂ X∞ be a cylinder, and let B = f∞(A). Assume

A ⊂ Conte
′′(
Fittn

(
Ω̂X/k[[t]]

))
∩ Conte

(
jacf

)
, B ⊂ Conte

′(
Fittn

(
Ω′
Y/k[t]

))
.

Then, B is a cylinder of Y∞ contained in Cont⩾1(oY ), where oY ⊂ OY is the ideal sheaf generated
by x1, . . . , xL ∈ OY . Moreover, if f∞|A is injective, then it follows that codim(A)+e = codim(B).

Proof. By Remark 5.42, the same proofs as in [NS22, Section 2.6] work by making the following
modifications:

• Replace ΩX/k[t] with Ω̂X/k[[t]], and ΩY/k[t] with Ω′
Y/k[t].

• Replace JacX/k[t] with Fittn
(
Ω̂X/k[[t]]

)
, and JacY/k[t] with Fittn

(
Ω′
Y/k[t]

)
.

Proposition 5.44. Suppose that a finite group G acts on the ring k[x1, . . . , xN ] over k. Let
I ⊂ k[x1, . . . , xN ]G[[t]] be an ideal, and let I ′ ⊂ k[x1, . . . , xN ][[t]] be the ideal generated by I. Set

X := Spec
(
k[x1, . . . , xN ][[t]]/I

′) and Y := Spec
(
k[x1, . . . , xN ]

G[[t]]/I
)
,
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and let f : X → X/G = Y be the quotient morphism. Suppose that each irreducible component
Wi of X and Y has dimWi ⩾ n+1. Let A ⊂ X∞ be a G-invariant cylinder, and let B = f∞(A).
Let e, e′, e′′ ∈ Z⩾0. Assume

A ⊂ Conte
′′(
Fittn

(
Ω̂X/k[[t]]

))
∩ Conte

(
jacf

)
, B ⊂ Conte

′(
Fittn

(
Ω̂Y/k[[t]]

))
.

Then B is a cylinder of Y∞ with codim(A) + e = codim(B).

Proof. Note that f is a morphism of the form (a). By Remark 5.42, the proof of [NS22, Propo-
sition 2.35] works.

Remark 5.45. (1) Proposition 5.43 is also true for k[t]-morphisms of the form (a). Indeed, this
is known for morphisms f : X → Y of formal k[[t]]-schemes (not necessarily affine). When X is
smooth over k[[t]], this is proved in [Seb04, Lemme 7.1.3] (cf. [CNS18, Chapter 5, Theorem 3.2.2]).
The general case is proved in [Yas24, Lemmas 10.19 and 10.20]. We also note that Yasuda proves
it in the more general setting, for formal Deligne–Mumford stacks of arbitrary characteristics.

(2) Proposition 5.43 is also true for a k[t]-morphism f : X → Y of k[t][[x1, . . . , xN ]]-schemes of
finite type (not necessarily affine) by making the following modification:

• Replace the condition “each irreducible component Wi of X and Y has dimWi ⩾ n+ 1” in
Proposition 5.43 with “each irreducible component Wi of X and Y has dim′Wi ⩾ n+ 1.”

6. The theory of Denef and Loeser for quotient singularities

In this section, we review the theory of arc spaces of quotient varieties established by Denef and
Loeser [DL02] (cf. [Yas16], [NS22, Section 3]). We explain their theory in the formal power series
ring setting.

Let d be a positive integer and ξ ∈ k a primitive dth root of unity. Let G ⊂ GLN (k) be a
finite subgroup with order d that acts linearly on A := ÂNk := Spec k[[x1, . . . , xN ]]. Let X ⊂ A
be a G-invariant subscheme. We denote by A := A/G and X := X/G the quotient schemes. Let
Z ⊂ A be the minimum closed subset such that A→ A is étale outside Z.

Fix γ ∈ G. Since G is a finite group, γ can be diagonalized in some new basis x
(γ)
1 , . . . , x

(γ)
N .

Let diag(ξe1 , . . . , ξeN ) be the diagonal matrix with 0 < ei ⩽ d. Then we define a k[t]-ring
homomorphism

λ∗γ : k[t][[x1, . . . , xN ]]
G −→ k[x1, . . . , xN ]

Cγ [[t]] , x
(γ)
i 7−→ tei/dx

(γ)
i ,

where Cγ is the centralizer of γ in G. Let i : k[x1, . . . , xN ]
Cγ [[t]] → k[x1, . . . , xN ][[t]] be the

inclusion map, and let λ
∗
γ = i ◦ λ∗γ be the composite map.

Let IX ⊂ k[[x1, . . . , xN ]]G be the defining ideal of X in A. Let I ′X ⊂ k[t][[x1, . . . , xN ]]G be the
ideal generated by IX . Let

Ĩ
(γ)
X ⊂ k[x1, . . . , xN ]Cγ [[t]] , I

(γ)
X ⊂ k[x1, . . . , xN ][[t]]

be the ideals generated by λ∗γ(I
′
X) and λ

∗
γ(I

′
X), respectively. Then we have the following dia-
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gram:

k[t][[x1, . . . , xN ]]
G

λ∗γ

x
(γ)
i 7→tei/dx

(γ)
i

//

λ
∗
γ

++

����

k[x1, . . . , xN ]
Cγ [[t]]

����

// k[x1, . . . , xN ][[t]]

����

k[t][[x1, . . . , xN ]]
G/I ′X

µ∗γ
//

µ∗γ

33
k[x1, . . . , xN ]

Cγ [[t]]/Ĩ
(γ)
X

// k[x1, . . . , xN ][[t]]/I
(γ)
X .

We define k[t]-schemes A
(γ)

, X̃(γ) and X
(γ)

as follows:

A
(γ)

:= Spec k[x1, . . . , xN ][[t]],

X̃(γ) := Spec
(
k[x1, . . . , xN ]

Cγ [[t]]/Ĩ
(γ)
X

)
,

X
(γ)

:= Spec
(
k[x1, . . . , xN ][[t]]/I

(γ)
X

)
.

Let A
(γ)
∞ , X̃

(γ)
∞ and X

(γ)
∞ be their arc spaces as k[t]-schemes, defined in Section 5. Then we have

the following diagram of arc spaces:

A∞
(
A

(γ)
/Cγ

)
∞λγ

oo A
(γ)
∞oo

λγ

ww

X∞
?�

OO

X̃
(γ)
∞µγ

oo

?�

OO

X
(γ)
∞ .oo

?�

OO

µγ

gg

We denote by µγ and µγ the restrictions of λγ and λγ to X̃
(γ)
∞ and X

(γ)
∞ , respectively.

Remark 6.1. (1) Here, we have used the fact that the arc spaces of

Spec
(
k[t][[x1, . . . , xN ]]

G
)
, Spec

(
k[t][[x1, . . . , xN ]]

G/I ′X
)

as k[t]-schemes (defined in Section 5) are isomorphic to the arc spaces of A and X as k-schemes
(defined in Section 4).

(2) Furthermore, the vertical arrows are closed immersions. Under these identifications, we have

λ−1
γ (X∞) = X̃(γ)

∞ , λ
−1
γ (X∞) = X

(γ)
∞ .

Proposition 6.2 ([DL02, Section 2], cf. [NS22, Sections 3.1 and 3.2]). The ring homomor-

phism λ∗γ induces the maps λγ : (A
(γ)
/Cγ)∞ → A∞ and λγ : A

(γ)
∞ → A∞, and the following

hold:

(1) There is a natural inclusion A
(γ)
∞ /Cγ ↪→

(
A

(γ)
/Cγ

)
∞.

(2) The composite map A
(γ)
∞ /Cγ ↪→

(
A

(γ)
/Cγ

)
∞

λγ−→ A∞ is injective outside Z∞.

(3) We have
⊔

⟨γ⟩∈Conj(G)

(
λγ

(
A

(γ)
∞

)
\ Z∞

)
= A∞ \ Z∞, where Conj(G) denotes the set of the

conjugacy classes of G.
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Proof. In [DL02] and [NS22], the assertions are proved for the polynomial ring k[t][x1, . . . , xN ].
Their proofs also work in the formal power series ring setting.

By Remark 6.1(2), we can deduce the same statement for X.

Proposition 6.3 (cf. [NS22, Section 3.3]). The ring homomorphism λ∗γ induces the maps

µγ : X̃
(γ)
∞ → X∞ and µγ : X

(γ)
∞ → X∞, and the following hold:

(1) There is a natural inclusion X
(γ)
∞ /Cγ ↪→ X̃

(γ)
∞ .

(2) The composite map X
(γ)
∞ /Cγ ↪→ X̃

(γ)
∞

µγ−→ X∞ is injective outside Z∞.

(3) We have
⊔

⟨γ⟩∈Conj(G)

(
µγ(X

(γ)
∞ ) \ Z∞

)
= X∞ \ Z∞.

Remark 6.4. (1) In [NS22], the integer ei is taken to satisfy 0 ⩽ ei ⩽ d− 1. Note that the ring
homomorphism λ∗γ cannot be defined in this way in our formal power series ring setting.

(2) It is also natural to define a k[t]-ring homomorphism

λ
′∗
γ : k[t][[x1, . . . , xN ]]

G −→ k[t][[x1, . . . , xN ]] , x
(γ)
i 7−→ tei/dx

(γ)
i

and schemes

A
′(γ)

:= Spec k[t][[x1, . . . , xN ]] , X
′(γ)

:= Spec
(
k[t][[x1, . . . , xN ]]/I

′(γ)
X

)
,

where I
′(γ)
X is the ideal of k[t][[x1, . . . , xN ]] generated by λ

′∗
γ (I

′
X). Then by the same argument as

in this section, λ
′∗
γ induces maps

λ
′
γ : A

′(γ)
∞ −→ A∞ , µ′γ : X

′(γ)
∞ −→ X∞ .

However, as we can see in the discussion below, if A
(γ)

and X
(γ)

are replaced by A
′(γ)

and X
′(γ)

,
then Propositions 6.2 and 6.3 are no longer valid.

First, we note that

A
′(γ)
m ≃ Spec

(
k
[[
x
(0)
1 , . . . , x

(0)
N

]][
x
(s)
1 , . . . , x

(s)
N | 1 ⩽ s ⩽ m

])
,

A
(γ)
m ≃ Spec

(
k
[
x
(s)
1 , . . . , x

(s)
N | 0 ⩽ s ⩽ m

])
,

and we have a natural morphism A
′(γ)
m → A

(γ)
m induced by the ring inclusion

k
[
x
(s)
1 , . . . , x

(s)
N | 0 ⩽ s ⩽ m

]
↪−−→ k

[[
x
(0)
1 , . . . , x

(0)
N

]][
x
(s)
1 , . . . , x

(s)
N | 1 ⩽ s ⩽ m

]
.

Since the morphisms A
′(γ)
m → A

(γ)
m are compatible with the truncation maps, they induce a map

A
′(γ)
∞ → A

(γ)
∞ . The map X

′(γ)
∞ → X

(γ)
∞ is also induced, and we have the following commutative

diagrams:

A∞ A
(γ)
∞

λγ
oo X∞ X

(γ)
∞

µγ
oo

A
′(γ)
∞ ,

λ
′
γ

`` OO

X
′(γ)
∞ .

µ′γ

aa OO

Furthermore, by construction, A
′(γ)
∞ → A

(γ)
∞ induces isomorphisms

A
′(γ)
∞ ∩ Cont⩾1

(
(x1, . . . , xN )

)
≃ A(γ)

∞ ∩ Cont⩾1
(
(x1, . . . , xN )

)
,

X
′(γ)
∞ ∩ Cont⩾1

(
(x1, . . . , xN )

)
≃ X(γ)

∞ ∩ Cont⩾1
(
(x1, . . . , xN )

)
.
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We also note that A
′(γ)
∞ → A

(γ)
∞ induces injective maps

A
′(γ)
∞ (k) ↪−−→ A

(γ)
∞ (k) , X

′(γ)
∞ (k) ↪−−→ X

(γ)
∞ (k)

on k-points. However, these two maps are not surjective in general (see item (3) below).

(3) Suppose N = 2 and G = ⟨γ⟩, where γ : k[[x1, x2]] → k[[x1, x2]] is the involution defined by
γ(xi) = −xi for i ∈ {1, 2}. Then we have d = 2, e1 = e2 = 1 and k[[x1, x2]]

G = k
[[
x21, x1x2, x

2
2

]]
.

We denote by α ∈ A∞ the k-arc corresponding to the k[t]-ring homomorphism

α∗ : k[t]
[[
x21, x1x2, x

2
2

]]
−→ k[[t]] , x21 7−→ t , x1x2 7−→ t , x22 7−→ t .

Then, α is contained in the image of λγ : A
(γ)
∞ → A∞. Indeed, if β ∈ A(γ)

∞ is the k-arc defined by

β∗ : k[x1, x2][[t]] −→ k[[t]] , x1 7−→ 1 , x2 7−→ 1 ,

then we have α∗ = β∗ ◦ λ∗γ and hence α = λγ(β).

On the other hand, α is not contained in the image of λ
′
γ : A

′(γ)
∞ → A∞ because there is no

k[t]-ring homomorphism β∗ : k[t][[x1, x2]]→ k[[t]] satisfying β∗(x1) = β∗(x2) = 1.

7. Arc spaces of hyperquotient singularities

In this section, we prove in Theorem 7.9 that [NS22, Theorem 4.8] is still valid in the formal
power series ring setting.

7.1 Minimal log discrepancies of hyperquotient singularities

Let d be a positive integer, and let ξ ∈ k be a primitive dth root of unity. Let G ⊂ GLN (k) be
a finite group with order d that acts linearly on A := ÂNk = Spec k[[x1, . . . , xN ]]. We denote by
A := A/G the quotient scheme. Let Z ⊂ A be the minimum closed subset such that A → A
is étale outside Z. We assume codimZ ⩾ 2, and hence the quotient morphism A → A is étale
in codimension 1. We note that A is Q-Gorenstein (cf. Remark 3.1). We fix a positive integer r

such that ω
′ [r]
A/k is invertible.

We fix γ ∈ G. Let Cγ be the centralizer of γ in G. Since G is a finite group, γ can be
diagonalized in a suitable basis x1, . . . , xN . Let diag(ξe1 , . . . , ξeN ) be the diagonal matrix with
0 < ei ⩽ d. We define a k[t]-ring homomorphism

λ∗γ : k[t][[x1, . . . , xN ]]
G −→ k[x1, . . . , xN ]

Cγ [[t]] , xi 7−→ tei/dxi ,

and define λ
∗
γ : k[t][[x1, . . . , xN ]]

G → k[x1, . . . , xN ][[t]] as the composition of λ∗γ and the inclusion

i : k[x1, . . . , xN ]
Cγ [[t]]→ k[x1, . . . , xN ][[t]].

Let f1, . . . , fc ∈ k[[x1, . . . , xN ]]G be a regular sequence. We set

B := Spec
(
k[[x1, . . . , xN ]]

G/(f1, . . . , fc)
)
,

B := Spec
(
k[[x1, . . . , xN ]]/(f1, . . . , fc)

)
.

We denote by n := N − c their dimensions.

Suppose that B is normal. Then it follows that B → B is also étale in codimension 1, and
B is also normal. Indeed, since codimA Z ⩾ 2, we have Asing = Z by the purity of the branch
locus (cf. [Nag59]). Therefore, we have B ∩ Z ⊂ Bsing since f1, . . . , fc is a regular sequence
(cf. [Sta24, Tag 00NU]). Then it follows that codimB(Z ∩ B) ⩾ codimB(Bsing) ⩾ 2 by the nor-
mality of B. Therefore, B → B is also étale in codimension 1, and hence B is also normal by
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Serre’s criterion of normality.

Note that ω
′ [r]
B/k is invertible. Indeed, we have the adjunction formula

ω′
B/k ≃ det−1

(
I/I2

)
⊗OA

ω′
A/k ,

where I := (f1, . . . , fc) ⊂ k[[x1, . . . , xN ]]G, since the sequence

0 −→ I/I2 −→ Ω′
A/k ⊗OA

OB −→ Ω′
B/k −→ 0

is exact at a regular point of B by Proposition 2.12.

We define ideals I ′, Ĩ(γ) and I
(γ)

by

I ′ := (f1, . . . , fc) ⊂ k[t][[x1, . . . , xN ]]G ,

Ĩ(γ) :=
(
λ∗γ(f1), . . . , λ

∗
γ(fc)

)
⊂ k[x1, . . . , xN ]Cγ [[t]] ,

I
(γ)

:=
(
λ
∗
γ(f1), . . . , λ

∗
γ(fc)

)
⊂ k[x1, . . . , xN ][[t]] .

Then we have the following diagram:

k[t][[x1, . . . , xN ]]
G

λ∗γ

//

λ
∗
γ

++

����

k[x1, . . . , xN ]
Cγ [[t]]

����

i
// k[x1, . . . , xN ][[t]]

����

k[t][[x1, . . . , xN ]]
G/I ′

µ∗γ
//

µ∗γ

33
k[x1, . . . , xN ]

Cγ [[t]]/Ĩ(γ)
j
// k[x1, . . . , xN ][[t]]/I

(γ)
.

We define k[t]-schemes A′, Ã(γ), A
(γ)

, B′, B̃(γ) and B
(γ)

as follows:

A′ := Spec k[t][[x1, . . . , xN ]]
G , B′ := Spec

(
k[t][[x1, . . . , xN ]]

G/I ′
)
,

Ã(γ) := Spec k[x1, . . . , xN ]
Cγ [[t]] , B̃(γ) := Spec

(
k[x1, . . . , xN ]

Cγ [[t]]/Ĩ(γ)
)
,

A
(γ)

:= Spec k[x1, . . . , xN ][[t]] , B
(γ)

:= Spec
(
k[x1, . . . , xN ][[t]]/I

(γ))
.

Then we have the following morphisms between the corresponding k[t]-schemes:

A′ Ã(γ)
λγ
oo A

(γ)

q
oo

λγ

yy

B′?
�

σ

OO

B̃(γ)
?�

OO

µγ
oo B

(γ)
.

p
oo

µγ

ee

?�
τ

OO

Remark 7.1. (1) Note that

• A′ and B′ are affine schemes of the form Spec
(
k[t][[x1, . . . , xM ]]/J

)
, and

• Ã(γ), A
(γ)

, B̃(γ) and B
(γ)

are of the form Spec
(
k[x1, . . . , xM ][[t]]/J

)
.

We will use the notion of the sheaf Ω′
X/k[t] of special differentials for X = A′, B′ defined in Sec-

tion 2 and use the notion of the sheaf Ω̂X/k[[t]] for X = Ã(γ), A
(γ)
, B̃(γ), B

(γ)
defined in Section 5.2.
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Since I ′, Ĩ(γ) and I
(γ)

are generated by c elements, each irreducible componentWi of B
′, B̃(γ)

and B
(γ)

has dimWi ⩾ n+1. Therefore, we can apply lemmas and propositions from Sections 5.1
and 5.2 to their arc spaces.

(2) Lemma 7.3(3),(4) below shows that B
(γ)

has only one irreducible component that is flat
over k[[t]]. Furthermore, the component V has dimV = n+ 1.

Lemma 7.2. Let f : C1 → C2 be a flat ring homomorphism of Noetherian rings. Then the
following hold:

(1) Let P be a prime ideal of C1 such that PC2 ̸= C2. Then htP = ht(PC2).

(2) Suppose that f is faithfully flat. If I ⊊ C1 is a proper ideal of C1, then ht I = ht(IC2).

Proof. (1) Let Q be a minimal prime of PC2. Then by the going-down theorem, we have
P = Q ∩ C1. Therefore, we have htQ = htP by [Mat89, Theorem 15.1], which proves part (1).

(2) Note that IC2 ̸= C2 by the faithfully flatness. First, the inequality ht I ⩽ ht(IC2) follows
from the going-down theorem. We now prove the opposite inequality. Take a minimal prime P
of I such that ht I = htP . Then by part (1), it follows that ht I = htP = ht(PC2) ⩾ ht(IC2),
which completes the proof.

Lemma 7.3. We set Fi := λ
∗
γ(fi) for each 1 ⩽ i ⩽ c. Consider the following ring diagram:

S1 := k[x1, . . . , xN ][[t]]� _

h1
��

// // C1 := k[x1, . . . , xN ][[t]]/(F1, . . . , Fc)

g1
��

S2 := k[x1, . . . , xN ]((t))� _

h2
��

// // C2 := k[x1, . . . , xN ]((t))/(F1, . . . , Fc)

g2
��

S3 := k[x1, . . . , xN ]
((
t1/d

))
// // C3 := k[x1, . . . , xN ]

((
t1/d

))
/(F1, . . . , Fc)

S4 := k[[x1, . . . , xN ]]
?�

h3 xi 7→tei/dxi

OO

// // C4 := k[[x1, . . . , xN ]]/(f1, . . . , fc) .

g3 xi 7→tei/dxi

OO

We set Ii := (F1, . . . , Fc) ⊂ Si for i ∈ {1, 2, 3} and I4 := (f1, . . . , fc) ⊂ S4. Then the following
hold:

(1) The morphisms h1, h2 and h3 are regular, and hence so are g1, g2 and g3.

(2) The morphisms h2 and h3 are faithfully flat, and hence so are g2 and g3.

(3) The rings C2 and C3 are normal domains. In particular, I2 and I3 are prime ideals.

(4) We have ht(I2) = ht(I3) = c.

Proof. (1),(2) Since h1 is the localization by t ∈ S1, it is regular. Note that the inclusion map

h′2 : S
′
2 := k[x1, . . . , xN ]

[
t, t−1

]
−→ S′

3 := k[x1, . . . , xN ]
[
t1/d, t−1/d

]
is étale and faithfully flat. Since h2 is the base change −⊗S′

2
S2 of h′2, it follows that h2 is étale

(in particular, regular) and faithfully flat.

Let P be a prime ideal of S4, and let Q be a prime ideal of S3 such that Q ∩ S4 = P . To see
that h3 is regular, it is sufficient to show the following two conditions:

• We have ht(P (S3)Q) = htP .

• The quotient S3/PS3 is regular at Q.
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Note that the first condition is equivalent to the flatness by [Mat89, Theorem 23.1] since S4 is
regular and S3 is Cohen–Macaulay. We also note that the inequality ht(P (S3)Q) ⩽ htP always
holds by [Mat89, Theorem 15.1].

Let r := htP . Since S4/P is regular at P , by the Jacobian criterion of regularity, there exist
D1, . . . , Dr ∈ Derk(S4) and a1, . . . , ar ∈ P such that c := det(Di(aj))ij ̸∈ P . Since Derk(S4) is
generated by the ∂/∂xi, we may assume that Di = ∂/∂xi holds for 1 ⩽ i ⩽ r by changing the
indices of xi. We note that ∂/∂xi defines a derivation on S3; we denote it by D′

i ∈ Derk(S3).
Then we have

D′
i(h3(aj)) = tei/dh3(Di(aj)) ,

and hence we have

det
(
D′
i(h3(aj))

)
ij
= te

′/dh3(c) ,

where e′ :=
∑r

i=1 ei. Here, we have te
′/dh3(c) ̸∈ Q since P = Q ∩ S4 and c ̸∈ P . Therefore, it

follows that ht(P (S3)Q) ⩾ r by [Mat89, Theorem 30.4(1)]. Hence, we have ht(P (S3)Q) = r, and
S3/PS3 is regular at Q by [Mat89, Theorem 30.4(2)]. We have proved the regularity of h3.

To see the faithful flatness of h3, it is sufficient to show that mS3 ̸= S3 for the maximal ideal
m = (x1, . . . , xN ) of S4. This is clear because mS3 ⊂ (x1, . . . , xN ) ̸= S3.

(3) Note that C4 is normal by our assumption. Since the normality is preserved under
faithfully flat regular ring homomorphisms (cf. [Mat89, Theorem 32.2]), the rings C2 and C3 are
normal. Therefore, it is sufficient to show that C2 and C3 are domains. In what follows, we only
prove that C2 is a domain since the same proof works for C3. Suppose to the contrary that I2 has
minimal primes P1 and P2 with P1 ̸= P2. Then by the normality of C2, we have P1+P2 = S2 (cf.
[Eis95, Proposition 2.20]). Set Q1 := P1∩S1 and Q2 := P2∩S1. Since P1+P2 = S2, it follows that
ts ∈ Q1 +Q2 for some s ⩾ 0. To get a contradiction, we prove that Q1, Q2 ⊂

(
x1, . . . , xN , t

s+1
)
.

Suppose to the contrary that there exist g ∈ k[[t]] and h ∈ (x1, . . . , xN ) such that g+ h ∈ Q1

and g ̸∈
(
ts+1

)
. Let 0 ⩽ a ⩽ s be the minimal a such that g ̸∈

(
ta+1

)
. Then g − bta ∈

(
ta+1

)
for

some b ∈ k×. We may assume b = 1 by replacing g and h with b−1g and b−1h. For c ∈ k×, we
denote by Tc : S1 → S1 the ring isomorphism

Tc : k[x1, . . . , xN ][[t]] −→ k[x1, . . . , xN ][[t]] , t 7−→ c−dt , xi 7−→ ceixi .

Since I1 is Tc-invariant, so is its minimal prime Q1. Since the ideal
(
ts+1

)
of S1 is also Tc-invariant,

Tc induces a ring isomorphism T ′
c : S1/

(
ts+1

)
→ S1/

(
ts+1

)
. Hence, S1/

(
ts+1

)
has a graded ring

structure satisfying deg t = −d and deg xi = ei. Then (Q1 +
(
ts+1

)
)/
(
ts+1

)
is a homogeneous

ideal. Therefore, the term f−da of f := g+ h with degree −da is contained in Q1 +
(
ts+1

)
. Since

f−da − ta ∈ (x1, . . . , xN ), we see that f−da − ta ∈
(
ta+1

)
by looking at the degrees of its terms.

Therefore, f−da = ta(1 + f ′) for some f ′ ∈ (t). Since 1 + f ′ ∈ S×
1 , we have ta ∈ Q1 +

(
ts+1

)
, and

hence ta ∈ Q1. Therefore, we have P1 = S2, and we get a contradiction.

Note that ht(I4) = c by our assumption. Then, assertion (4) follows from assertion (2) and
Lemma 7.2.

Lemma 7.4. Let Si and hi be as in Lemma 7.3. Let c ⊂ SG4 be an ideal of SG4 . Let c1 be the
ideal of S1 generated by the image of c by the ring homomorphism SG4 → S1, xi 7→ tei/dxi. We
set c2 := c1S2. Then we have ht(c2) = ht c.

Proof. We define c3 := c2S3 and c4 := cS4. Then we have c3 = c4S3. Since S
G
4 ↪→ S4 is an integral

extension, we have ht c = ht(cS4) = ht(c4). Furthermore, we have ht(c3) = ht(c4S3) = ht(c4) and
ht(c3) = ht(c2S3) = ht(c2) by Lemmas 7.3(2) and 7.2. This completes the proof.
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Definition 7.5. (1) We define sheaves ω′
A′/k[t] on A

′ and ω′
B′/k[t] on B

′ using the special canon-

ical sheaves ω′
A/k and ω′

B/k defined in Section 2. Let A′ → A and B′ → B be the morphisms
induced by the natural ring inclusions

k[[x1, . . . , xN ]]
G ↪−−→ k[t][[x1, . . . , xN ]]

G ,

k[[x1, . . . , xN ]]
G/I ↪−−→ k[t][[x1, . . . , xN ]]

G/I ′ .

Then, we define

ω′
A′/k[t] := ω′

A/k ⊗OA
OA′ , ω′

B′/k[t] := ω′
B/k ⊗OB

OB′ .

Note that they satisfy

ω′
B′/k[t] ≃ det−1

(
I ′/I ′2

)
⊗OB′ σ

∗ω′
A′/k[t] .

Here, det−1
(
I ′/I ′2

)
:=

(∧c(I ′/I ′2))∗ is an invertible sheaf on B′.

(2) The canonical map

Ω′n
B′/k[t] −→ ω′

B′/k[t]

is induced by Ω′n
B/k → ω′

B/k and the isomorphism Ω′
B′/k[t] ≃ Ω′

B/k ⊗OB
OB′ . The canonical map

Ω′n
A′/k[t] → ω′

A′/k[t] is also defined.

We define an ideal sheaf nr,B′ ⊂ OB′ by

Im
((
Ω′n
B′/k[t]

)⊗r −→ ω
′ [r]
B′/k[t]

)
= nr,B′ ⊗OB′ ω

′ [r]
B′/k[t] .

It satisfies nr,B′ = nr,BOB′ .

(3) We define ideal sheaves Jac′B′/k[t], Jac
′
B̃(γ)/k[[t]]

and Jac′
B

(γ)
/k[[t]]

by

Jac′B′/k[t] := Fittn
(
Ω′
B′/k[t]

)
⊂ OB′ ,

Jac′
B̃(γ)/k[[t]]

:= Fittn
(
Ω̂
B̃(γ)/k[[t]]

)
⊂ O

B̃(γ) ,

Jac′
B

(γ)
/k[[t]]

:= Fittn
(
Ω̂
B

(γ)
/k[[t]]

)
⊂ O

B
(γ) .

Here, we note that B̃(γ) and B
(γ)

are not necessarily equidimensional.

(4) We define an invertible sheaf L
B

(γ) on B
(γ)

by

L
B

(γ) := µ∗γ
(
det−1

(
I ′/I ′2

))
⊗O

B
(γ)
τ∗Ω̂N

A
(γ)
/k[[t]]

.

Then there exist canonical homomorphisms

Ω̂n
B

(γ)
/k[[t]]

−→ L
B

(γ) , µ∗γω
′ [r]
B′/k[t] −→ L

[r]

B
(γ)

such that the following diagram commutes (cf. [NS22, Lemma 4.5(2)]):

µ∗γ(Ω
′n
B′/k[t])

⊗r //

��

(
Ω̂n
B

(γ)
/k[[t]]

)⊗r
��

µ∗γω
′ [r]
B′/k[t]

// L
[r]

B
(γ) .

Furthermore, by the same argument as in [NS22, Lemma 4.5(1)], we have

Im
(
Ω̂n
B

(γ)
/k[[t]]

−→ L
B

(γ)

)
= Jac′

B
(γ)
/k[[t]]

⊗O
B
(γ)
L
B

(γ) .
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(5) We define ideal sheaves n′1,p and n′1,µγ on B
(γ)

by

Im
(
p∗Ω̂n

B̃(γ)/k[[t]]
−→ L

B
(γ)

)
= n′1,p ⊗O

B
(γ)
L
B

(γ) ,

Im
(
µ∗γΩ

′n
B′/k[t] −→ L

B
(γ)

)
= n′1,µγ ⊗O

B
(γ)
L
B

(γ) .

(6) We define age′(γ) :=
∑N

i=1 ei/d. Note that we took ei to satisfy 0 < ei ⩽ d. The age of γ is
usually defined by age(γ) = age′(γ)−#{1 ⩽ i ⩽ N | ei = d}.

Lemma 7.6. Let α ∈ B(γ)
∞ be a k-arc with ordα

(
Jac′

B
(γ)
/k[[t]]

)
<∞. Then the following hold:

(1) ordα
(
jacp

)
+ ordα

(
Jac′

B
(γ)
/k[[t]]

)
= ordα

(
n′1,p

)
,

(2) ordα
(
jacµγ

)
+ ordα

(
Jac′

B
(γ)
/k[[t]]

)
= ordα

(
n′1,µγ

)
.

Proof. The same proof as in [NS22, Lemma 4.6] works due to Lemma 5.30.

Lemma 7.7. Let α ∈ B(γ)
∞ be a k-arc. Set α′ := µγ∞(α). Suppose α′ ̸∈ Z∞. Then it follows that

ordα
(
n′1,µγ

)
=

1

r
ordα′(nr,B′) + age′(γ) .

Proof. The same proof as in [NS22, Lemma 4.7] works.

Lemma 7.8. Let IZ ⊂ OA be the ideal sheaf defining Z ⊂ A. Let J be one of the following ideal
sheaves on B

(γ)
:

IZOB(γ) , Jac′
B

(γ)
/k[[t]]

, Jac′
B̃(γ)/k[[t]]

O
B

(γ) ,

Jac′B′/k[t]OB(γ) , n′1,p , n′1,µγ , nr,B′O
B

(γ) .

Let W ⊂ B(γ)
be the closed subscheme defined by J . Then W∞ is a thin subset of B

(γ)
∞ .

Proof. We set

J1 := IZOB(γ) , J2 := Jac′
B

(γ)
/k[[t]]

, J3 := Jac′
B̃(γ)/k[[t]]

O
B

(γ) ,

J4 := Jac′B′/k[t]OB(γ) , J5 := n′1,p , J6 := n′1,µγ , J7 := nr,B′O
B

(γ) ,

and we denote by Wi ⊂ B
(γ)

the closed subscheme defined by Ji.

Since B ∩ Z ⊂ Bsing, we have (W1)red ⊂ (W4)red. Since the map ηr : (Ω
′n
B/k)

⊗r → ω
′ [r]
B/k in

Definition 2.13(5) is an isomorphism on the regular locus Breg, we have (W7)red ⊂ (W4)red. By
Lemma 7.7, we have

(W6)∞ ∪ (W1)∞ = (W7)∞ ∪ (W1)∞ .

By Lemmas 7.6 and 5.40, we have

(W5)∞ ⊂ (W2)∞ ∪ (W3)∞ ∪ (W6)∞ .

Therefore, it is sufficient to show the assertion for

J2 = Jac′
B

(γ)
/k[[t]]

, J3 = Jac′
B̃(γ)/k[[t]]

O
B

(γ) , J4 = Jac′B′/k[t]OB(γ) .

We set

S1 := k[x1, . . . , xN ][[t]] , S2 := k[x1, . . . , xN ]((t)) ,

T1 := k[x1, . . . , xN ]
Cγ [[t]] , T2 := k[x1, . . . , xN ]

Cγ ((t)) .
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The ideal J2 = Jac′
B

(γ)
/k[[t]]

corresponds to the ideal

r := Jc
(
I
(γ)

; Derk[[t]](S1)
)
+ I

(γ) ⊂ S1
of S1. To show that (W2)∞ is a thin set, it is sufficient to show that ht(rS2) ⩾ c + 1. Since

I
(γ)
S2 is a prime ideal of height c by Lemma 7.3(3),(4), it is sufficient to show that rS2 ̸⊂ I

(γ)
S2.

Since S2 satisfies the weak Jacobian condition (WJ)k((t)) over k((t)) by [Nag62, Theorem 46.3],
we have

Jc
(
I
(γ)

; Derk[[t]](S1)
)
S2 + I

(γ)
S2 = Jc

(
I
(γ)
S2; Derk((t))(S2)

)
+ I

(γ)
S2 ̸⊂ I

(γ)
S2 .

Here, the first equality follows from the fact that both Derk[[t]](S1) and Derk((t))(S2) are generated
by the derivations ∂/∂xi. This completes the proof of the assertion for J2.

Let r ⊂ T1 be the ideal of T1 corresponding to Jac′
B̃(γ)/k[[t]]

⊂ T1/Ĩ
(γ). Then it is sufficient

to show that ht(rS2) ⩾ c+ 1. Note that Ĩ(γ)T2 = I
(γ)
S2 ∩ T2. Therefore, Ĩ(γ)T2 is a prime ideal

of height c. By the same argument as above, we have rT2 ̸⊂ Ĩ(γ)T2 and hence ht(rT2) ⩾ c + 1.
Since T2 ⊂ S2 is an integral extension, we have ht(rS2) = ht(rT2) ⩾ c + 1, which completes the
proof of the assertion for J3.

Let r ⊂ k[[x1, . . . , xN ]]
G be the ideal corresponding to Jac′B/k ⊂ k[[x1, . . . , xN ]]

G/I. Since

J4 = rO
B

(γ) , it is sufficient to show ht(rS2) ⩾ c + 1. We have ht r ⩾ c + 2 by the normality

of B. Therefore, we have ht(rS2) = ht r ⩾ c+ 2 by Lemma 7.4. This completes the proof of the
assertion for J4.

Theorem 7.9. Let x = 0 ∈ B be the origin, and let mx ⊂ OB be the corresponding maximal
ideal. Let a ⊂ OB be a non-zero ideal sheaf and δ a positive real number. Then

mldx(B, a
δ) = inf

w,b1∈Z⩾0,γ∈G

{
codim(Cw,γ,b1) + age′(γ)− b1 − δw

}
= inf

w,b1∈Z⩾0,γ∈G

{
codim(C ′

w,γ,b1) + age′(γ)− b1 − δw
}

for

Cw,γ,b1 := Contw
(
aO

B
(γ)

)
∩ Cont⩾1

(
mxOB(γ)

)
∩ Contb1

(
Jac′

B
(γ)
/k[[t]]

)
,

C ′
w,γ,b1 := Cont⩾w

(
aO

B
(γ)

)
∩ Cont⩾1

(
mxOB(γ)

)
∩ Contb1

(
Jac′

B
(γ)
/k[[t]]

)
.

Proof. The formula for Cw,γ,b1 is the formal power series ring version of [NS22, Theorem 4.8]. The
same proof as in [NS22, Theorem 4.8] works. First, [EM09, Theorem 7.4] plays an important role
in the proof of [NS22, Theorem 4.8]; it can be replaced by Theorem 4.11. Furthermore, [NS22,
Propositions 2.25, 2.33, 2.35, 3.4 and 3.8, and Lemmas 2.10, 4.6 and 4.7], which are also the key
ingredients of the proof of [NS22, Theorem 4.8], are replaced by Propositions 5.36, 5.43, 5.44 and
6.3, and Lemmas 5.40, 7.6 and 7.7 in this paper.

We also note that Proposition 5.36 is applied to Z∞ andW∞, whereW is the closed subscheme
of B

(γ)
corresponding to one of the following ideals:

Jac′
B

(γ)
/k[[t]]

, Jac′
B̃(γ)/k[[t]]

O
B

(γ) , Jac′B′/k[t]OB(γ) , n′1,p , n′1,µγ , nr,B′O
B

(γ) .

By Lemma 7.8, they are actually thin sets.

The formula for C ′
w,γ,b1

is the formal power series ring version of [NS22, Corollary 4.9], and
the same proof works.
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Remark 7.10. Theorem 7.9 can be easily extended to R-ideals a =
∏r
i=1 a

δi
i , where a1, . . . , ar are

non-zero ideal sheaves on B and δ1, . . . , δr are positive real numbers. In this setting, we have

mldx
(
B,

r∏
i=1

aδii
)
= inf

w1,...,wr,b1∈Z⩾0,γ∈G

{
codim(Cw1,...,wr,γ,b1) + age′(γ)− b1 −

r∑
i=1

δiwi

}
= inf

w1,...,wr,b1∈Z⩾0,γ∈G

{
codim(C ′

w1,...,wr,γ,b1) + age′(γ)− b1 −
r∑
i=1

δiwi

}
for

Cw1,...,wr,γ,b1 :=
( r⋂
i=1

Contwi
(
aiOB(γ)

))
∩ Cont⩾1

(
mxOB(γ)

)
∩ Contb1

(
Jac′

B
(γ)
/k[[t]]

)
,

C ′
w1,...,wr,γ,b1 :=

( r⋂
i=1

Cont⩾wi
(
aiOB(γ)

))
∩ Cont⩾1

(
mxOB(γ)

)
∩ Contb1

(
Jac′

B
(γ)
/k[[t]]

)
.

7.2 Properties of B
′(γ)

In the remainder of this section, we define a scheme B
′(γ)

and investigate its properties, which
will be used in Section 8.

We denote by λ
′∗
γ the k[t]-ring homomorphism

λ
′∗
γ : k[t][[x1, . . . , xN ]]

G −→ k[t][[x1, . . . , xN ]] , xi 7−→ tei/dxi .

We set

I
′(γ)

:=
(
λ
′∗
γ (f1), . . . , λ

′∗
γ (fc)

)
⊂ k[t][[x1, . . . , xN ]] , B

′(γ)
:= Spec

(
k[t][[x1, . . . , xN ]]/I

′(γ))
.

Then B
′(γ)

is a scheme of finite type over R = k[t][[x1, . . . , xN ]]. Let Ω′
B

′(γ)
/k[t]

be the sheaf

of special differentials defined in Definition 2.13(1) with respect to R and R0 = k[t]. We set

Jac′
B

′(γ)
/k[t]

:= Fittn
(
Ω′
B

′(γ)
/k[t]

)
.

First, we study the dimensions of the irreducible components of B
′(γ)

.

Lemma 7.11. We set Fi := λ
′∗
γ (fi) for each 1 ⩽ i ⩽ c. Consider the following diagram of rings:

S1 := k[t][[x1, . . . , xN ]]� _

h1
��

// // C1 := k[t][[x1, . . . , xN ]]/(F1, . . . , Fc)

g1
��

S2 := k[t, t−1][[x1, . . . , xN ]]� _

h2
��

// // C2 := k[t, t−1][[x1, . . . , xN ]]/(F1, . . . , Fc)

g2
��

S3 := k
[
t1/d, t−1/d

]
[[x1, . . . , xN ]] // // C3 := k

[
t1/d, t−1/d

]
[[x1, . . . , xN ]]/(F1, . . . , Fc)

S4 := k
[
t1/d, t−1/d

]
[[x1, . . . , xN ]]

≃ xi 7→tei/dxi

OO

// // C4 := k
[
t1/d, t−1/d

]
[[x1, . . . , xN ]]/(f1, . . . , fc)

≃ xi 7→tei/dxi

OO

S5 := k[[x1, . . . , xN ]]
?�

h3

OO

// // C5 := k[[x1, . . . , xN ]]/(f1, . . . , fc) .

g3

OO
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We set Ii := (F1, . . . , Fc) ⊂ Si for i ∈ {1, 2, 3} and Ii := (f1, . . . , fc) ⊂ Si for i ∈ {4, 5}. Then the
following hold:

(1) The morphisms h1, h2 and h3 are regular, and hence so are g1, g2 and g3.

(2) The morphisms h2 and h3 are faithfully flat, and hence so are g2 and g3.

(3) The rings C2, C3 and C4 are normal domains. In particular, I2, I3 and I4 are prime ideals.

(4) We have ht(I2) = ht(I3) = ht(I4) = c.

(5) There exists only one minimal prime P of I1 of the form (2) in Lemma 5.25. Furthermore,
it satisfies htP = c and P = I2 ∩ S1.

Proof. (1) We only show the regularity of h2 since the other two can be proved more easily.
Since the ring inclusion k[t, t−1]→ k

[
t1/d, t−1/d

]
is étale, so is its base change

k[t, t−1][[x1, . . . , xN ]] −→ k[t, t−1][[x1, . . . , xN ]]
[
t1/d, t−1/d

]
.

Furthermore, the ring inclusion

k[t, t−1][[x1, . . . , xN ]]
[
t1/d, t−1/d

]
−→ k

[
t1/d, t−1/d

]
[[x1, . . . , xN ]]

is regular since it can be seen as the completion at the prime ideal (x1, . . . , xN ) and the ring
on the left side is an excellent ring, in particular a G-ring (cf. [Mat80, Theorem 79]). Therefore,
their composition h2 turns out to be regular.

(2) Any maximal ideal M of S2 is of the form M = (t − a, x1, . . . , xN ), where a ∈ k×.
Therefore, we have MS3 ̸= S3, and hence h2 is faithfully flat. The same proof works for h3.

(3) Note that C5 is normal by our assumption. Therefore, the normality of C2, C3 and C4

follows from assertions (1) and (2) and the fact that the normality is preserved under faithfully flat
regular ring homomorphisms (cf. [Mat89, Theorem 32.2]). In what follows, we prove that C2, C3

and C4 are domains. Since h2 is faithfully flat, g2 is injective (cf. [Mat89, Theorem 7.5]). Therefore,
it is sufficient to show that C4 is a domain. Let P1, . . . , Pℓ be the minimal primes of I4. Suppose to
the contrary that ℓ ⩾ 2. Since C4 is normal, we have P1+P2 = S4 (cf. [Eis95, Proposition 2.20]).
Take maximal ideals M1 and M2 of S4 such that Pi ⊂ Mi for each i ∈ {1, 2}. We may write
Mi =

(
t1/d−ai, x1, . . . , xN

)
with ai ∈ k×. For each c ∈ k×, we denote by Tc the ring isomorphism

Tc : S4 −→ S4 , t1/d 7−→ ct1/d , xi 7−→ xi .

Then, I4 is Tc-invariant for any c ∈ k×. Therefore, its minimal primes P1 and P2 are also
Tc-invariant for any c ∈ k×. Therefore, P1 ⊂ M2, and hence P1 + P2 ⊂ M2, so we have a
contradiction.

(4) Note that ht(I5) = c by our assumption. Therefore, assertion (4) follows from assertion (2)
and Lemma 7.2.

(5) Let P1, . . . , Pℓ be the minimal primes of I1. Then the inclusion P a11 ∩ · · · ∩P
aℓ
ℓ ⊂ I1 holds

for some a1, . . . , aℓ ⩾ 1. Since h1 is flat, we have

I2 = I1S2 ⊃
(
P a11 ∩ · · · ∩ P

aℓ
ℓ

)
S2 = P a11 S2 ∩ · · · ∩ P aℓℓ S2

by [Mat89, Theorem 7.4]. If Pi is of the form (1) or (3) in Lemma 5.25, then we have PiS2 = S2.
Since I2 ̸= S2, some Pi has to be of the form (2) in Lemma 5.25.

Suppose that P is a minimal prime of I1 of the form (2) in Lemma 5.25. Then P+(t−a) ̸= S1
for any a ∈ k×, and hence we have PS2 ̸= S2. Since we have c = ht I2 ⩽ ht(PS2) = htP ⩽ c
by Lemma 7.2 and Krull’s height theorem, it follows that htP = c and I2 = PS2. Since we have
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c = htP ⩽ ht(I2 ∩ S1) ⩽ ht I2 = c by the going-down theorem, we have P = I2 ∩ S1, which also
shows the uniqueness of P .

Remark 7.12. Let B
′(γ)

= V1 ∪ · · · ∪ Vℓ be the irreducible decomposition. By Lemma 7.11(5),

the scheme B
′(γ)

has a unique irreducible component V of the form (2) in Lemma 5.25, which
satisfies dimV = dim′ V = n + 1. Furthermore, any irreducible component V ′ other than V
satisfies

V ′
∞ ∩ Cont⩾1

(
o
B

′(γ)
)
= ∅

by Remark 5.26. Here, o
B

′(γ) ⊂ O
B

′(γ) denotes the ideal sheaf generated by x1, . . . , xN .

Next, we show the relationship between B
(γ)
∞ and B

′(γ)
∞ .

Lemma 7.13. Let o
B

(γ) ⊂ O
B

(γ) and o
B

′(γ) ⊂ O
B

′(γ) be the ideal sheaves generated by x1, . . . , xN .
Then the following hold:

(1) Form ⩾ 0, there exist canonical morphisms B
′(γ)
m → B

(γ)
m that commute with the truncation

morphisms. In particular, they induce B
′(γ)
∞ → B

(γ)
∞ .

(2) The map B
′(γ)
∞ → B

(γ)
∞ induces an isomorphism

B
′(γ)
∞ ∩ Cont⩾1

(
o
B

′(γ)
) ≃−→ B

(γ)
∞ ∩ Cont⩾1

(
o
B

(γ)

)
.

(3) For a k-arc γ ∈ B′(γ)
∞ ∩Cont⩾1

(
o
B

′(γ)
)
and the corresponding arc γ′ ∈ B(γ)

∞ ∩Cont⩾1
(
o
B

(γ)

)
,

it follows that

ordγ
(
Jac′

B
′(γ)

/k[t]

)
= ordγ′

(
Jac′

B
(γ)
/k[[t]]

)
.

Proof. Assertions (1) and (2) follow from the discussion in Remark 6.4(2). Assertion (3) follows
from Remarks 2.14 and 5.29(3).

Lemma 7.14. Let W ⊂ B′(γ)
be the closed subscheme defined by Jac′

B
′(γ)

/k[t]
. Then the intersec-

tion W∞ ∩ Cont⩾1
(
o
B

′(γ)
)
is a thin subset of B

′(γ)
∞ .

Proof. Let Tc : k[t][[x1, . . . , xN ]] → k[t][[x1, . . . , xN ]] be the ring isomorphism defined in Lem-
ma 5.25. Set

J := Jac′
B

′(γ)
/k[t]

,

and let J ⊂ k[t][[x1, . . . , xN ]] be the corresponding ideal. Since I
′(γ)

is Tc-invariant, J is also
Tc-invariant for each c ∈ k×. Therefore, by Lemma 5.25, each minimal prime P of J satisfies one
of the conditions in Lemma 5.25. By Remark 5.26, it is sufficient to show that htP ⩾ c + 1 =
N − n + 1 for P satisfying condition (2) in Lemma 5.25. Since P + (t − 1) ̸= k[t][[x1, . . . , xN ]]
in this case, it suffices to show that ht(P + (t − 1)) ⩾ N − n + 2. Under the identification
k[t][[x1, . . . , xN ]]/(t− 1) ≃ k[[x1, . . . , xN ]], the ideal

(
J + (t− 1)

)
/(t− 1) corresponds to Jac′

B/k
.

Since B is normal and hence regular in codimension 1, it follows that ht
(
J+(t−1)

)
⩾ N −n+3

by the Jacobian criterion of regularity. Therefore, we get the desired inequality for P .

8. PIA formula for quotient singularities of non-linear action

In this section, we generalize [NS22, Theorem 5.1] to non-linear group actions (Theorem 8.2).
First, we clarify the definition of quotient singularities in this paper.
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Definition 8.1. LetX be a variety over k and x ∈ X a closed point. We say thatX has a quotient
singularity at x if there exist a quasi-projective variety M over k, a finite subgroup G ⊂ Aut(M)
and a smooth closed point y ∈ M such that OX,x ≃ OM,y, where M := M/G is the quotient
variety and y ∈M is the image of y.

Theorem 8.2. Suppose that a varietyX has a quotient singularity at a closed point x ∈ X. Let Y
be a subvariety of X of codimension c that is locally defined by c equations h1, . . . , hc ∈ mX,x

at x. Suppose that Y is klt at x. Let a ⊂ OX be an ideal sheaf, and let δ be a positive real
number. Suppose b := aOY ̸= 0. Then we have

mldx
(
X, (h1 · · ·hc)aδ

)
= mldx

(
Y, bδ

)
.

Proof. Since X has a quotient singularity at x, there exist a variety M with a smooth closed
point y ∈ M and a finite subgroup G′ ⊂ Aut(M) such that OX,x ≃ OM ′,y′ , where M

′ :=M/G′

and y′ ∈M ′ is the image of y.

We denote by G := {g ∈ G′ | g(y) = y} the stabilizer group of y, by M := M/G the
quotient variety, and by y ∈M the image of y. Then we note that M =M/G→M ′ =M/G′ is
étale at y (cf. [Kol13, Section 3.17]). Furthermore, G acts on mi

M,y
for each i ⩾ 0, and hence the

projection s : mM,y → mM,y/m
2
M,y

becomes a G-equivariant k-linear map. Let u be any k-linear

section of s. Then the map u′ := |G|−1
∑

g∈G g
−1 ◦ u ◦ g gives a G-equivariant k-linear section

u′ : mM,y/m
2
M,y
→ mM,y of s. Let N := dimX. Then u′ induces a ring homomorphism

k[x1, . . . , xN ] −→ OM,y

that is étale. Furthermore, G acts linearly on k[x1, . . . , xN ], and the ring homomorphism above
becomes G-equivariant. Since the ring homomorphism above is étale, we get an isomorphism
k[[x1, . . . , xN ]]

≃−→ ÔM,y. Note that k[[x1, . . . , xN ]]
Gpr ≃ k[[x1, . . . , xN ]] for Gpr ⊂ G, where Gpr

is the subgroup generated by the pseudo-reflections (cf. [Kol13, Section 3.18]). Hence M/Gpr is
smooth at the image of y. Therefore, by replacing G with G/Gpr and M with M/Gpr, we may
assume that G does not contain a pseudo-reflection. Then we have the following ring diagram:

OX,x

≃

OM ′,y′

étale

��

OM,y

=

⊂ ÔM,y

=

OG
M,y

⊂

⊂ ÔG
M,y

⊂

≃ k[[x1, . . . , xN ]]
G

OM,y ⊂ ÔM,y ≃ k[[x1, . . . , xN ]] .

⊂

We denote by
(
N, y

)
⊂

(
M,y

)
the germ defined by the images of h1, . . . , hc ∈ mX,x in OM,y.

Let f1, . . . , fc ∈ k[[x1, . . . , xN ]]G be the images of h1, . . . , hc ∈ mX,x. Then we have an isomor-
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phism ÔN,y ≃ k[[x1, . . . , xN ]]/(f1, . . . , fc). We set

A := Spec k[[x1, . . . , xN ]]
G , B := Spec

(
k[[x1, . . . , xN ]]

G/(f1, . . . , fc)
)

and let x′ ∈ A be the origin. Let a′ ⊂ OA and b′ ⊂ OB be the ideal sheaves corresponding to
a ⊂ OX and b ⊂ OY . Since

mldx
(
X, (h1 · · ·hc)aδ

)
= mldx′

(
A, (f1 · · · fc)a′δ

)
, mldx

(
Y, bδ

)
= mldx′

(
B, b′δ

)
(cf. Remark 3.1), it is sufficient to show that

mldx′
(
A, (f1 · · · fc)a′δ

)
= mldx′

(
B, b′δ

)
. (8.1)

Note that G, A and B satisfy all assumptions in Section 7. Therefore, we use the notation of
that section. Since Y is klt at x, so is B. Since B → B is étale in codimension 1, it follows that
the germ (N, y) is also klt. This fact will be used in the proof of Claim 8.3.

The equality (8.1) is proved for k-varieties in [NS22, Theorem 5.1]. The key ingredients of the
proof of [NS22, Theorem 5.1] are [NS22, Corollary 4.9, Lemma 2.34 and Claim 5.2]. First, [NS22,
Corollary 4.9] can be replaced by Theorem 7.9 in the formal power series ring setting. Second,
[NS22, Lemma 2.34] is still true in our setting as can be seen by replacing k[t][x1, . . . , xN ] by
k[x1, . . . , xN ][[t]] (cf. Remark 5.42). On the other hand, the proof of [NS22, Claim 5.2] does not
work directly because they use the result on the rational connectedness proved by Hacon and
McKernan [HM07], which is not clear for the formal power series ring setting. We also note the
lack of [NS22, Lemma 2.27] in our setting. It will be replaced by Proposition 5.23.

In what follows, we only prove [NS22, Claim 5.2] in the formal power series ring setting.

Claim 8.3 (cf. [NS22, Claim 5.2]). Let C ⊂ A(γ)
∞ be a cylinder that is the intersection of finitely

many cylinders of the form Cont⩾ℓ
(
cO

A
(γ)

)
, where c ⊂ OA is an ideal sheaf on A and ℓ is

a non-negative integer. Let C ′ be an irreducible component of C. Then C ′ ∩B(γ)
∞ contains a k-

arc δ such that ordδ
(
Jac′

B
(γ)
/k[[t]]

)
<∞.

Proof of Claim 8.3. First, we introduce a k-action on the arc space A
(γ)
∞ as follows. For a k-arc

α ∈ A(γ)
∞ , we set gαi := α∗(xi) ∈ k[[t]], where α∗ : k[x1, . . . , xN ][[t]] → k[[t]] is the corresponding

k[t]-ring homomorphism. For a ∈ k, we define a · α ∈ A(γ)
∞ by ga·αi (t) := aeigαi

(
adt

)
. Then for

f ∈ k[[x1, . . . , xN ]]G, we have v(t) = u(adt) for

u(t) := α∗(λ∗γ(f)) , v(t) := (a · α)∗
(
λ
∗
γ(f)

)
∈ k[[t]] .

Therefore, we have ordα
(
λ
∗
γ(f)

)
= orda·α

(
λ
∗
γ(f)

)
if a ∈ k×. Hence, any cylinder of the form

Cont⩾ℓ
(
cO

A
(γ)

)
with an ideal c ⊂ OA = k[[x1, . . . , xN ]]

G is invariant under the k-action. There-

fore, C in the statement and its irreducible component C ′ are also invariant under the k-action.

We denote by β ∈ A(γ)
∞ the trivial arc determined by gβi = 0 for each i. Note that β = 0 · α

for any k-arc α ∈ A(γ)
∞ . Therefore, we have β ∈ C ′ and hence

β ∈ C ′ ∩ Cont⩾1
(
o
B

(γ)

)
̸= ∅ .

By Lemma 7.13(1),(2), there exists a cylinder D ⊂ B′(γ)
∞ isomorphic to C ′ ∩ Cont⩾1

(
o
B

(γ)

)
under

the map in Lemma 7.13(2). Then by Lemma 7.13(3), it is sufficient to show that D contains a
k-arc δ such that ordδ

(
Jac′

B
′(γ)

/k[t]

)
<∞. Therefore, Claim 8.3 follows from Claim 8.4 below and

Lemma 7.14.
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Claim 8.4. Let D ⊂ B
′(γ)
∞ be a cylinder contained in Cont⩾1

(
o
B

′(γ)
)
. If D contains the trivial

arc β, then D is not a thin subset of B
′(γ)
∞ .

Proof of Claim 8.4. Let T ⊂ B′(γ)
be the closed subscheme defined by o

B
′(γ) . First, we prove that

B
′(γ)

has a desingularization r : W → B
′(γ)

with the following conditions:

(1) For each a ∈ k×, the closed subscheme Wa ⊂ W defined by the ideal (t − a)OW ⊂ OW is
an integral regular scheme with dim′Wa = n.

(2) The restriction r|T ′ : T ′ → T has a section, where T ′ := r−1(T ).

We set Fi := λ
′∗
γ (fi) = fi

(
te1/dx1, . . . , t

eN/dxN
)
. Then, for

V1 := B
′(γ)

= Spec
(
k[t][[x1, . . . , xN ]]/(F1, . . . , Fc)

)
,

V2 := Spec
(
k
[
t, t−1

]
[[x1, . . . , xN ]]/(F1, . . . , Fc)

)
,

V3 := Spec
(
k
[
t1/d, t−1/d

]
[[x1, . . . , xN ]]/(f1, . . . , fc)

)
,

V4 := Spec
(
ON,y

[
t1/d, t−1/d

])
,

V5 := Spec
(
ON,y

)
,

we have following natural morphisms:

V1 ←− V2

[
xi 7→t−ei/dxi

]
←−−−−−−−−−− V3 −→ V4 −→ V5 .

Note that these four morphisms are regular (cf. Lemma 7.11(1)). Hence by the functorial desin-
gularization by Temkin [Tem12, Theorem 1.2.1], there exist desingularizations ri : Wi → Vi with
the following Cartesian diagram:

W1
r1 // V1

W2
r2 //

OO

V2

OO

W3
r3 //

��

OO

V3

��

OO

W4 ≃W5 × (A1
k \ {0})

r4 //

��

V4 = V5 ×
(
A1
k \ {0}

)
��

W5
r5 // V5 .

We will prove that r1 satisfies conditions (1) and (2) above.

(1) For each i ∈ {1, 2} and a ∈ k×, we denote by (Wi)a ⊂ Wi and (Vi)a ⊂ Vi the closed
subschemes defined by (t− a)OWi ⊂ OWi and (t− a)OVi ⊂ OVi , respectively. Similarly, for each
i ∈ {3, 4} and a ∈ k×, we denote by (Wi)a ⊂ Wi and (Vi)a ⊂ Vi the closed subschemes defined
by

(
t1/d − a

)
OWi ⊂ OWi and

(
t1/d − a

)
OVi ⊂ OVi , respectively. Then, the Cartesian diagram
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above induces the following Cartesian diagram for each a ∈ k×:

(W1)a // (V1)a

(W2)a //

OO

(V2)a

OO

⊔
bd=a(W3)b //

��

OO

⊔
bd=a(V3)b

��

OO

⊔
bd=a(W4)b //

⊔
bd=a(V4)b .

Here, by construction, we have (V1)a ≃ (V2)a ≃ (V3)b for any a, b ∈ k× with bd = a. Therefore,
we also have (W1)a ≃ (W2)a ≃ (W3)b. Since W4 ≃W5 ×

(
A1
k \ {0}

)
, the scheme (W4)b turns out

to be regular for any b ∈ k×. Since (W3)b → (W4)b is a regular morpshism, (W3)b is also regular
(cf. [Mat89, Theorem 32.2]). Note that the morphism (V3)b → (V4)b ≃ V5 is isomorphic to the
completion map

B = Spec
(
ÔN,y

)
−→ Spec

(
ON,y

)
= V5 .

Since W5 → V5 is a birational map, so is (W3)b → (V3)b. Since (V3)b ≃ B is integral, so is (W3)b.
Furthermore, we have dim′(W3)b = dim′(V3)b = dim(V3)b = n. Therefore, for any a ∈ k×, the
scheme (W1)a is integral regular with dim′(W1)a = n.

(2) Let Ti ⊂ Vi be the closed subschemes defined by the ideals (x1, . . . , xN )OVi for i ∈ {1, 2, 3}
and by the ideal mN,yOV4 for i = 4. Let T ′

i := r−1
i (Ti). Then, we have the following Cartesian

diagram:

T ′
1

// T1 ≃ A1
k

T ′
2

//

OO

T2 ≃ A1
k \ {0}
?�

OO

T ′
3

//

��

OO

T3 ≃ A1
k \ {0}

≃
��

OOOO

T ′
4

// T4 ≃ A1
k \ {0} .

Since this diagram is Cartesian, any closed fiber of T ′
2 → T2 is isomorphic to some fiber of

T ′
4 → T4. Since the germ

(
N, y

)
is klt, so is V4. Therefore, T

′
4 → T4 has rationally connected

fibers by [HM07, Corollary 1.7(1)], and so does T ′
2 → T2. Consequently, T

′
2 → T2 has a section

by [GHS03]. Hence by the properness of r1, the morphism T ′
1 → T1 also has a section. We have

proved that conditions (1) and (2) hold.

Note that T∞ = {β} consists of only one arc β. By the above, there exists a β′ ∈ T ′
∞ ⊂ W∞

such that r∞(β′) = β. Suppose to the contrary that D is a thin subset of B
′(γ)
∞ . Since β′ ∈ r−1

∞ (D)
satisfies ordβ′(oW ) =∞, to get a contradiction by Proposition 5.23, it is sufficient to show that
r−1
∞ (D) is also a thin subset of W∞.

By Lemma 7.11(5), there exists a unique irreducible component U of B
′(γ)

of the form (2)

493



Y. Nakamura and K. Shibata

in Lemma 5.25. We also note that U ′
∞ ∩D = ∅ for any other irreducible component U ′ of B

′(γ)

since D ⊂ Cont⩾1
(
o
B

′(γ)
)
(cf. Remark 5.26). Therefore, since D is a thin set, there exists a closed

subscheme F ⊂ U such that D ⊂ F∞ and dimF ⩽ n. Let W ′ be the connected component
of W that dominates U . We note that dimW ′ = dimU = n + 1 by Lemma 7.11(5). We set
F ′ := r−1(F )∩W ′. Then we have r−1

∞ (D) ⊂ F ′
∞ and dimF ′ ⩽ n, and hence r−1

∞ (D) is also a thin
set. This completes the proof of Claim 8.4.

This complete the proof of Theorem 8.2.

Remark 8.5. Theorem 8.2 can be generalized to R-ideals due to Remark 7.10. We have the
equality mldx

(
X, (h1 · · ·hc)a

)
= mldx(Y, b) for an R-ideal a on X and b := aOY .

9. Proof of the main theorems

As a corollary of Theorem 8.2, we prove the PIA conjecture for quotients of locally complete
intersection singularities.

Corollary 9.1. Suppose that a variety X has a quotient singularity at a closed point x ∈ X.
Let Y be a subvariety of X of codimension c that is locally defined by c equations at x. Suppose
that Y is klt at x. Let a be an R-ideal sheaf on Y . Let D be a prime divisor on Y through x that
is klt and Cartier at x. Suppose that D is not contained in the cosupport of the R-ideal sheaf a.
Then we have

mldx
(
Y, aOY (−D)

)
= mldx(D, aOD) .

Proof. Take an R-ideal sheaf b on X such that a = bOY and local equations h1, . . . , hc ∈ OX,x
of Y in X at x. Furthermore, take g ∈ OX,x such that its image g ∈ OY,x defines D. Then we
have

mldx
(
Y, aOY (−D)

)
= mldx

(
X, (h1 · · ·hc · g)b

)
= mldx(D, aOD)

by applying Theorem 8.2 twice.

Theorem 9.2. Let X be a variety with only quotient singularities. Let Y be a klt subvariety
of X of codimension c that is locally defined by c equations in X. Let a be an R-ideal sheaf on Y .
Then the function

|Y | −→ R⩾0 ∪ {−∞} , x 7−→ mldx(Y, a)

is lower semi-continuous, where we denote by |Y | the set of all closed points of Y for the Zariski
topology.

Proof. We use the notation of the proof of Corollary 9.1. Then by Theorem 8.2, we have
mldx(Y, a) = mldx

(
X, (h1 · · ·hc)b

)
. The assertion follows from the fact proved in [Nak16, Corol-

lary 1.3] that the lower semi-continuity holds for the variety X with only quotient singulari-
ties.
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