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Multiple cover formulas for complex
and refined invariants in abelian surfaces

Thomas Blomme

ABSTRACT

This paper deals with the computation of enumerative invariants of abelian surfaces
through the tropical approach. We develop a pearl diagram algorithm similar to the
floor diagram algorithm used in toric surfaces that concretely solves the tropical prob-
lem.

These diagrams can be used to prove specific cases of Oberdieck’s multiple cover
formula that reduce the computation of invariants for non-primitive classes to the
primitive case, getting rid of all diagram considerations and providing short explicit
formulas. The latter can be used to prove the quasi-modularity of generating series of
classical invariants, and the polynomiality of coefficients of fixed codegree in the refined
invariants.

1. Introduction

1.1 Preliminaries and problem setting

1.1.1 Abelian surfaces. A complex torus is constructed as the quotient of the algebraic torus
Nc= = N ® C*, where N is a lattice, by a second lattice A C Ng+. A complex torus is called
an abelian surface if it can be endowed with the choice of a positive line bundle. This im-
poses conditions on the complex torus known as Riemann bilinear relations, explained in [GH94,
Chapter 2.6]. Abelian surfaces form a family of complex manifolds that appear in many places
throughout algebraic geometry.

Their tropical counterparts, called tropical abelian surfaces, are real tori Ng/A, obtained by
quotienting a real vector space Ng containing a lattice N, by a second lattice A C Ng, such that
the result can also be endowed with a positive line bundle. This condition can be expressed in
term of the inclusion A C Ng: Taking a basis of N so that Ng = R? and a matrix S whose
columns span A C R2, the condition amounts to the existence of a matrix C, formally a map
A* — N, such that the matrix product CS7T is symmetric.

1.1.2 Curves in abelian surfaces. One way to understand a complex manifold is to study
the curves that it contains. To do this, one can count the curves of fixed degree and genus that
satisfy given conditions, for instance passing through the right number of points. In the case

Received 12 March 2023, accepted in final form 15 March 2024.
2020 Mathematics Subject Classification 14N10, 14T90, 11G10, 14K05, 14H99.
Keywords: enumerative geometry, tropical refined invariants, abelian surfaces, multiple cover formula, floor dia-
grams.
This journal is (©) Foundation Compositio Mathematica 2025. This article is distributed with Open Access under
the terms of the Creative Commons Attribution Non-Commercial License, which permits non-commercial reuse,
distribution, and reproduction in any medium, provided that the original work is properly cited. For commercial
re-use, please contact the Foundation Compositio Mathematica.

Research was supported in part by the SNSF grant 204125.


http://algebraicgeometry.nl
http://www.ams.org/msc/
http://algebraicgeometry.nl
http://creativecommons.org/licenses/by-nc/3.0/
http://algebraicgeometry.nl

T. BLOMME

of the projective plane, one can count degree d and genus g curves passing through 3d — 1+ ¢
points. In the complex case, the answer happens to depend only on the nature of the constraints
and not on the geometric choice of the constraints. In some cases, these invariants coincide with
Gromov—Witten invariants.

For abelian surfaces, we count curves of genus g realizing the class C' passing through g
points, where C' is represented by a 2 x 2 integer matrix that can be assumed to be diagonal with
positive entries. The result does not depend on the choice of the points or the abelian surface
as long as it contains curves in the class C. These invariants are denoted by N, c. They are
considered in [BL99] and [BOPY18]. Moreover, it is possible to fix not the homology class C
but rather the linear system to which the curves belong. This amounts to fixing a line bundle £
and looking for curves that are zero-loci of sections of £. As the Picard variety of an abelian
surface is of dimension 2 (it is in fact given by the dual complex torus), fixing the linear system
is a codimension 2 condition. Thus, we can count the number of genus g curves in a fixed linear
system passing through g — 2 points in general position. We also get an invariant, denoted this
time by N ; LS.

1.1.3 The tropical approach. As the number of curves of a fixed degree and genus does
not depend on the choice of the constraints, it is possible to try to compute this number by
choosing the constraints in a degenerated way, called the tropical limit. This approach was first
implemented in the case of toric surfaces by G. Mikhalkin [Mik05]. Close to the tropical limit,
complex solutions to the enumerative problem break into several pieces whose structure is en-
coded in a tropical curve, which is sufficient to recover the complex curves. The main result
of [Mik05] is the correspondence theorem: The count of complex curve solutions to the enumer-
ative problem is equal to the number of tropical solutions, provided that the latter are counted
with a suitable multiplicity. The correspondence theorem has since been generalized to different
settings with various techniques [Shu06, NS06, Tyol2, MR20].

One of the latest generalizations of the correspondence theorem is presented in [Nis20]. Using
the log-geometry techniques from the correspondence theorem by T. Nishinou and B. Siebert
[NS06], T. Nishinou gives a correspondence theorem for complex curves of genus g passing
through ¢ points in general position inside an abelian surface. This extends the tropical tech-
niques beyond the toric scope. His correspondence theorem yields a tropical way of computing
the invariant N, c. The multiplicity provided by [Nis20] is computed in [Blo24b]: If h: T' — TA
is a tropical curve passing through g points, its multiplicity is equal to épmr, where dr is the
ged of the weights of the edges of the tropical curve I' and mr is the usual product of vertex
multiplicities, as presented in [Mik05].

The correspondence theorem from [Nis20] is generalized in [Blo23b] to work for the enu-
merative problem consisting in counting the genus g curves in a fixed linear system that pass
through g — 2 points in general position, so that one gets the invariant N ; BS. The multiplicity of
a tropical curve h: I' — TA is now of the form (5FA1¥mp, where épr and mr are as before, and A%
is the index of the lattice spanned by the unmarked loops of I" inside H1(TA,Z). See Section 3
or [Blo23b] for more details.

1.1.4 Refined invariants. Correspondence theorems in tropical geometry provide multiplic-
ities to tropical curves so that their counts yield complex invariants. In our case, we have two
multiplicities, one for each of the enumerative problems, so that the counts of solutions using each

of them give the invariants Ny ¢ and N, ; gs_ The multiplicities provided by [Mik05] as well as the
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above multiplicities are products over the vertices of the tropical curves. In [BG16b], F. Block
and L. Gottsche proposed to replace the vertex multiplicities by their quantum analog:

Hmv is replaced by l_I(qmv/2 _ q—mv/Q) c Z[q:tl/Q] .
v v

This yields a refined multiplicity which is a Laurent polynomial in a new variable ¢q. Surprisingly,
the refined count is still invariant. This was proven by I. Itenberg and G. Mikhalkin [IM13] in
the toric setting. Several interpretations of these tropical invariants in the classical setting have
been provided, but they remain quite mysterious. See [Boul9] and [Mik17].

The existence of refined invariants in the abelian setting is proved in [Blo24b, Blo23b]. Count-
ing curves passing through g points, we prove that the counts using multiplicities mp = [[ my
and opmr are invariants. The corresponding invariant counts are denoted by M, o and N, c.
Each of these multiplicities is refined as follows:

Hmv is replaced by H(qu/2 — q—mv/2) c Z[qﬂ/z] 7

Vv 1%
ot Hmv is replaced by Z E*972 (k) H(qm\//% _ q*mv/%) c Z[qil/Z] :
14 k|6 1%

where ¢ is the Euler function. Notice that the second refinement is not the one used in [Blo24b]
and [Blo23b]. Its invariance follows from the fact that we have invariance counting curves with
a fixed dr, so that the recipe for the multiplicity may depend on the value of ér. The corresponding
invariant counts are denoted by BG4 ¢ and R, ¢, respectively. The BG stands for Block-Gottsche,
who introduced the refined multiplicity, while R stands for “refined.” The justification of such
a weird refinement comes from the formula satisfied in Theorem 4.10. The counts for curves in
a fixed linear system are also invariants and are denoted with an additional “FLS.”

1.1.5 Explicit computations and floor diagrams. The use of a correspondence theorem only
reduces a complex problem to a tropical one. The latter still needs to be resolved in order to get
concrete values or prove some regularity statements. The idea leading us from complex geometry
to tropical geometry can still be applied: When the constraints are chosen in a degenerated way,
the tropical curves break into several pieces whose structure can be encoded in an object called
a diagram, and the number of solutions encoded in a diagram can be recovered with only the
knowledge of the diagram.

This approach has been implemented for counting degree d and genus g curves passing through
3d—1+ g points in CP? (as well as several other toric surfaces) by E. Brugallé and G. Mikhalkin
[BMO7, BM09]. It was used to prove several regularity statements; see for instance [FM10].
The floor diagram algorithm in toric surfaces relies on the fact that it is possible to “project”
the problem onto a line, reducing the enumeration of tropical curves to the enumeration of
some specific tropical covers of the line. Tropical covers are maps between graphs that satisfy
a balancing condition. They were studied in [Capl4, CJM10]. Floor diagrams have since been
generalized to other settings; see for instance [BG16a].

In our problem, it is not possible to project the constraints onto a line, but it is possible
to do so onto a circle. We obtain circular diagrams. Such diagrams were already considered in
[BGM22b] and [BGM22a| to count covers of elliptic curves and curves in the trivial line bundle
over an elliptic curve. They also found a use to deal with Gromov—Witten invariants of bielliptic
surfaces [Blo24al]. In this paper, we have similar diagrams whose enumeration with different
multiplicities gives the desired invariants. However, their main interests consist in proving some
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multiple cover formulas. After that, one does not need the diagrams to compute the values of
the invariants.

Floor diagrams also carry a relation to operators on Fock spaces that has been studied by
Y. Cooper and R. Pandharipande [CP17], as well as F. Block and L. Gottsche [BG16a, BG16b],
where the connection to refined invariants is also dealt with. Fock spaces can for instance be used
to compute generating series of Hurwitz numbers and Gromov—Witten invariants of toric surfaces.
This is done by expressing the Gromov-Witten invariants as matrix elements of operators on
a Fock space. In the setting of circular diagrams such as in [BGM22al, it is possible to express the
invariants as the trace of an operator on the Fock space, as done in [CP17] for Gromov-Witten
invariants of the trivial line bundle over an elliptic curve. We do not provide such an approach
in our case although there might be one.

1.2 Results

1.2.1 Pearl diagram algorithm. The first contribution of the present paper is to provide an
algorithm that solves each of the tropical enumerative problems in a suitably chosen situation:
The abelian surface as well as the point constraints are chosen in a stretched way. This choice
reduces each tropical enumerative problem to an enumeration of finite decorated graphs with
some suitable multiplicity.

More precisely, let TA be a stretched tropical abelian surface, that is, coming from a lattice
spanned by (g 7 ) with L > [ > ¢, up to bounded coefficients depending on the chosen class of
curves. In other terms, it has a long horizontal direction and a small vertical direction. We prove
that tropical curves solution to our problem in TA have edges with horizontal slopes and that
the complements of these horizontal edges are subgraphs, each homeomorphic to a circle go-
ing around the vertical direction of the torus. Contracting these components, which amounts
to contracting the short vertical direction of TA, yields the combinatorial objects called pearl
diagrams. Conversely, given a pearl diagram, we explain how to recover the tropical curves it
encodes, which amounts to finding the vertical coordinates of the horizontal edges and the shape
of the components in their complements. This technical part is achieved in Propositions 4.3
and 5.3.
10

In the case of primitive classes of the form (), the enumeration of pearl diagrams is
completely straightforward, and these diagrams allow one to recover the explicit expressions for
the invariants that were already proved in [BL99].

The pearl diagrams have two drawbacks. First, their enumeration outside the primitive case
may be considered difficult. Furthermore, the multiplicities that we need to use to count pearl
diagrams are also quite complicated. This is due to the fact that it is not possible to get a grasp
on the ged of the tropical curves encoded in a diagram when performing the reconstruction from
Proposition 4.3. Thus, it is at first not possible to get the count of tropical curves using the
multiplicity épmrpr without performing additional manipulations, carried out in Section 4.3 for
the point case.

In total, there are a lot of diagrams to count, and those have obscure multiplicities. For these
reasons, there is probably no way to briefly present the algorithm, and we thus refer the interested
reader to the rest of the paper. The definition of pearl diagrams can be found in Section 2.3, and
the multiplicities are provided by Theorem 4.9 for the point case, and by Theorem 5.9 for the
FLS case. The good news is that, surprisingly, the two drawbacks previously mentioned cancel
each other in some sense: It is possible to use the diagrams to prove an easy formula so that one
can compute the invariants without having to know how to enumerate pearl diagrams.
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1.2.2 Multiple cover formulas. The pearl diagrams have a bidegree (dy,ds), and their enu-
meration is made over the pearl diagrams of a fixed bidegree. The main interesting property
is that pearl diagrams of bidegree (di,ds) can be used to enumerate curves in a class (%1 52
for any choice of a. Of course, this enumeration is made using different multiplicities. As the
counts are known to depend only on the equivalence class of (%1 ;2 ), we extract identities be-
tween enumerative invariants from relations between the different diagram multiplicities. More
precisely, taking a = 1, we obtain the curve count for the primitive class, but expressed as a sum
over the bidegree (di, d2) pearl diagrams with some suitable multiplicity. The miracle lies in the
small convolution formula that relates the multiplicities used to recover the counts in the classes
(%1 de ) and (%1 6?2 ), respectively. We thus derive the following formulas that enable an effective

computation of all the invariants.

THEOREM 4.10. We have the following multiple cover formulas:

NEY: _ k4gf4N :
) g’(a(l)l 6?2) klgcdz(dz,dz) 97((1) dldg/k2)
S N _ k93N ,
(ii) 97(d1 0 ) klg@%,dﬂ 97((1) dldg/k2>
i) BG _ k29 2BG "),
(iii) g’<d1 o) klgc%vdz) 9((1) dldg/k2>(q )

(iV) Rg,(dl 0) = Z ]{;29—1Rg’(1 0 )(qk)

2
klged(dy ,dz) 0 dida/k

Theorem 5.10 gives analogous results for invariants in a fixed linear system. The multiple
cover formula in Theorem 4.10(ii) is a particular case of the more general Oberdieck’s multiple
cover formula conjectured by G. Oberdieck in [Obe22] and dealing with reduced Gromov—Witten
invariants of abelian surfaces. The formula is as follows.

CONJECTURE 1.1 ([Obe22]). Let a be a tautological class in the cohomology ring H*(M, ) and
vi € H*(CA,R) be arbitrary insertions, where CA is an abelian surface. Then, one has

cA ~3+n—d €A
(o1, .. ,fyn)g,o = Z EP9—3tn N a; @k(’h), ) SDk(’Yn»g,(pZ(c/k) )
le;

where ¢i: H*(CA,R) — H*(CAg,Q) is a morphism of algebras that preserves the canonical
element and takes C/k to a primitive curve class of the same norm.

As it allows any cohomology class insertion, this formula is very general and is compatible
with expressions for the invariants computed in [BOPY18]. Oberdieck’s multiple cover formula
was conjectured following the multiple cover formulas for reduced Gromov-Witten invariants
of K3 surfaces, which have a slightly more ancient history. The g = 0 case of the latter goes back
to Aspinwall-Morrison and Yau-Zaslow in the 1990s and was finally proven in [KMPS10]. The
multiple cover formula where the class « is chosen to be a A-class insertion goes back to Katz—
Klemm—Vafa [KKV99] and was proven by R. Pandharipande and R. Thomas [PT16]. Using these
last families of examples, G. Oberdieck and R. Pandharipande proposed in [OP16] a multiple
cover formula for K3 surfaces, which is proven for the divisibility 2 case in [BB21] by Y. Bae and
T.-H. Buelles.

Taking @ = 1 (no class from M, ), n = g, and every 7; to be a point insertion, we get
formula (ii) in Theorem 4.10. The relation between tropical curves and pearl diagrams on one side
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and the correspondence theorem [Nis20] are enough to prove this particular case of Oberdieck’s
formula. This approach may provide a new perspective on the tackling of multiple cover formulas.
These are also arguments to support the validity of the more general formula.

1.2.3 Relation to other Gromov—Witten invariants. In the toric case, P. Bousseau proved in
[Boul9] that the tropical refined invariants are related to the Gromov—Witten invariants with
insertions of A-classes, which are the Chern classes of the Hodge bundle. The correspondence is
as follows: Consider the refined invariant BGg, 4(q) for genus go degree d curves in the projective
plane, and set ¢ = e™. Expanding in u yields the series of Gromov-Witten invariants with
3d — 1+ go point insertions and a \,_g4,-class insertion.

If in the conjectured multiple cover formula, we now take n = gy point insertions and a =
Ag—go, the multiple cover formula from [Obe22] makes the following prediction:

) _ 2g—342 )
</\g—goa ptg0>97c - Z k= 90 </\g—goa ptg0>g,(0/k)prim :
k|C
For a fixed choice of C' and gg, let
2g—2
Rgoc = Z (Ag—goi Pt)g,cu™",
9290
which is the generating series of the Gromov—Witten invariants with point insertions and a

A-class. Its first term is Ngo,cu290_2. Multiplying by 4292 and taking a sum over all g > go of
multiple cover relations, we get

Rao.c(t) = DY K2 g 00 D) g (k)i (F11)29 7
9290 k|C

= Z k2go_1Rgo,(C/k)prim (ku) .
k|C

Some of these invariants have been computed in [BOPY18] in the FLS case. However, as
[BOPY18, Proposition 2] allows one to trade the FLS condition for point constraints, we stay in
the case of point insertions. The values are already known in the following cases:

o (Ag—go; Pt9) 4 ¢ for any go if C' is primitive,
e (A\;_2;pt?), o for any curve class.

Furthermore, for the two cases above, through the change of variable ¢ = €™, one has

Rgo.c(uw) = (=1)* Ry, c(q)
and values are compatible with the multiple cover formula in the second case.

This suggests that [Boul9] can be generalized to the realm of abelian surfaces, where the
tropical multiple cover formula for refined invariants should be equivalent to the multiple cover
formula for Gromov—Witten invariants with insertions of A-classes. This also suggests that the
generalization of P. Bousseau’s correspondence result [Boul9] to the abelian surface case should
use the refinement 35 k290~ 20(k) I Ty (¢™v /2% — q*m‘//%) of or [[my rather than the naive

refinement op H(qu/ 2 _ g/ ?) used in [Blo24b, Blo23b], leading to the following conjec-
ture.

CONJECTURE 1.2. Through the change of variable ¢ = ¢™, one has
Rgo,c = (_1)90_1R90,C(Q) :
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The multiple cover formula for refined invariants (Theorem 4.10(iv)) can be seen as evidence
for both Conjectures 1.1 and 1.2 in the case of A-class insertions.

1.2.4 Regularity results. Using the multiple cover formulas, it is possible to prove the fol-
lowing regularity results. The first is about the generating series of the invariants. Let g and d be

fixed positive integers. We consider the generating series for the invariants Ny (4 4,) and N;(LCE dn)

o0 oo
Fg,d(y) = Z Ng,(ddn)yn ’ FgF:ZlJS (y) = Z NgF,%dS,dn)yn'

n=1 n=1
The generating series Fy; and F, ; {JS have already been computed in [BL99]. As they are a poly-
nomial in DGa(y), with G2 the first Eisenstein series and D = y(d/dy), they are quasi-modular
forms. Quasi-modularity is a desirable property since it for instance allows for a strong con-
trol of the coefficients. We generalize this result to the generating series for the non-primitive
case.

THEOREM 6.3. The series F, 4 and FgFIiS are quasi-modular forms for some finite-index subgroup
of SLy(Z) containing (}1). They have the following expressions:

2imT d 103 2im(T+1)/k?\\9—1
Fa@ ) =9 3 (2)7 (DGs(e Dl
kld
0<l|<k2
FLS [ 2imr d\*! 2im(r+1)/k2\\9—2 2 2im(r+1) /K>
@ = Y (9)7 e (e )*D%Go(e ).
kld
0<l|<k2

We finish proving an analog of the result of E. Brugallé and A. Puentes [BP22] in the abelian
setting. They prove a polynomiality statement for the refined invariants of Hirzebruch surfaces
and some weighted projective spaces. In the case of the projective plane, the result is as follows:
For any g and p, the coefficient (BGg.4(q)), of codegree p of the refined invariant BG, 4(q) is
a polynomial in d for d big enough. In the abelian setting, we prove the following.

THEOREM 6.7. The coefficient (R (4, 4,))p of codegree p in Ry (4, 4,) is a polynomial in dydy for
n > max(g — 1, 2p).

The result from [BP22] may be seen as a dual version of the Gottsche conjecture [G6t98]
(proved in [Tzel0O, KST11]). The latter asserts that the number of curves with a prescribed num-
ber of nodes J in a linear system L on a surface S passing through a given number of points is a
polynomial provided that the linear system is sufficiently ample. For fixed genus, we do not have
polynomiality, but thanks to [BP22], we recover some polynomiality when considering the refined
invariants. Furthermore, Gottsche’s conjecture asserts more: The polynomial is in some sense uni-
versal as it only depends on the numbers c2(S), K2, L?, and L-Kg of the pair (S, L). The obtained
polynomials are known as node polynomials. Such a universality property for polynomials from
[BP22] remains out of reach due to a lack of definition of the refined invariants in a general
setting. Expanding the range of examples is a first step to hint at a dual Gottsche conjecture.

1.3 Structure of the paper

The paper is organized as follows. Section 2 is independent of the rest of the paper and contains
considerations on the arithmetic convolution, some generalities on quasi-modular forms, and the
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definition of pearl diagrams, which are some decorated graphs. Section 3 gathers result from
[Blo24b, Blo23b] to recall the definition of the tropical invariants we compute. Sections 4 and 5
constitute the core of the paper and explain the correspondence between tropical curves and pearl
diagrams, and how to use them to prove the multiple cover formulas. In Section 6, we recover
the expression of the invariants for primitive classes using tropical geometry, and we prove the
quasi-modularity of the generating series and polynomiality for coefficients of refined invariants.

2. Little toolbox

2.1 A small digression on the arithmetic convolution

2.1.1 Classical convolution. The classical arithmetic convolution is defined as follows: For
functions u,v: N* — R, we set

(wxv)(n) =Y u(k)v(n/k).

k|n

This is an associative operation, with neutral element the Dirac function that takes value 1
at 1 and 0 elsewhere. A function is invertible if and only if its value at 1 is non-zero. We say
that a function u is multiplicative if whenever ged(n,m) = 1, we have u(nm) = u(n)u(m).
Such a function needs only to be defined on powers of prime numbers. The set of multiplicative
functions is stable by convolution. We introduce the following multiplicative functions:

e the sum of divisors o1(n) = > 4, d, and in particular o1(p") = 1 +p+ -+ +p" =
(P =1)/(p—1);

e the power functions e,(n) = n
and €1 = id;

@ and in particular, ¢y = 1, which is constant equal to 1,

r—l(

e the Euler function ¢(n) = chd(dm) 1 1, and in particular p(p") = p"~(p — 1), but also

ka ©(k) = n, or in other terms ¢ * 1 = id.

2.1.2 Deformed convolution. We consider the following variation on the arithmetic convo-
lution. If we now consider functions U,V : N* — Z[¢*'/?] with value in the ring of Laurent
polynomials, we set

k
(U V(@) = D Us(@)Vayu(d")
k|n
This operation is not commutative anymore, but it can be checked that it is still associative. This
deformation restricts to the usual arithmetic convolution on the set of constant polynomials.

2.1.3 N*-action and convolution. We finish with a last variant of the arithmetic convolution,
which is a way to define a module structure on some space of functions. Let X be a set endowed
with an action of the multiplicative monoid N*. In this paper, X is taken to be the set of curve
classes or the set of pearl diagrams. We say that an element x € X is divisible by n € N* if there
is an 2’ € X such that x = n - 2’. We assume that each element of x has only a finite number of
divisors and that the maps z — n - x are injective, so that we can speak of x/n if z is divisible
by n. Let u: N* = R be an arithmetic function and F': X — R be a function defined on X. We
define the convolution u * F': X — R of u with F' as follows:

(us F)(z) =Y u(n)F(z/n).

nlz
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This multiplication is associative in the sense that (uxv)* F = ux* (v F'). We proceed similarly if
the codomain is Z[qi1/2] rather than R to deform the convolution: If F': X — Z[qil/Q], we set

(w F)(2)(q) = )_u(n)F(z/n)(q").

nlx

2.2 About quasi-modular forms

Here we give some elementary results about quasi-modular forms; we refer to the literature for
a more complete introduction on the subject. See for instance [Ser70] or [Gun62].

2.2.1 Modular forms for SLa(Z). Modular forms are holomorphic functions on the Poincaré
half-plane H = {z € C | Im(z) > 0} that satisfy some transformation property under the action
of SLy(Z) by homography, that is, by maps of the form 7+ (ar + b)/(ct + d). More precisely, a
function f: H — C is a modular form of weight 2k if for any (CCL Z) € SLy(Z), we have

(E28) -

and this is bounded as Im(7) goes to co. As these functions are 1-periodic, setting y = €77,
they can be expressed as series in this new variable y. It can be shown that modular forms
for SLy(Z) are homogeneous polynomials in the Eisenstein series G4(y) and Gg(y) (see [Gun62,

Theorem IV.5]).

2.2.2 Quasi-modular forms for SLa(Z). Quasi-modular forms are functions that satisfy a dif-
ferent transformation law under the action of SLy(Z). It can be shown that quasi-modular forms
are exactly the polynomials in the Eisenstein series G2, G4, and Gg. Moreover, they form a ring
that is stable by the differential operator D = y(d/dy). Quasi-modularity is a desirable property
since it allows for a rather strong control of the coefficients. For instance, they have at most of
polynomial growth.

2.2.3 Modularity for congruence subgroups. The above considerations generalize as follows:
The transformation law may only be satisfied for a finite-index subgroup G of SLg(Z), in which
case we say that the function f is a (quasi-)modular form for G. Examples of such subgroups
are provided by the congruence subgroups

T(N) = {(24) €SLa(Z) | (2) = (§9) mod N} .

Conversely, for a given function f that is quasi-modular for some subgroup of SLo(Z), we denote
by I'(f) the maximal subgroup of matrices that satisfy the law transformation.

2.2.4 Constructing new quasi-modular forms out of old ones. We have the following lemma
that tells how affine transformations affect the modular group.

LEMMA 2.1. Let f be a (quasi-)modular form for some subgroup I'(f) of SLy(Z). Then for any
choice of (r,s) € Q* x Q, the function g(7) = f(rT + s) is (quasi-)modular and T'(g) contains

(Y7 =)D (51) N SLa(Z).

Proof. We prove the result for modular forms. The result for quasi-modular forms is obtained
with the same manipulations. Assume that f is a modular form for I'(f) of weight 2k. We have
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the following equality in SLa(R):

(6 5 (@ Dy (g )= (o e stz o S ).

If (2b) € (léT _51/”) I'(f) (5 1), then the above product lies in I'(f) and we can apply the
modular transformation law for f:

(IT+b>_ (aT—I—b )
g(m‘—l—d =/ Tc7‘+d+8

(G D ) o)

c s \2k
= (;(TT—FS)—Fd—;C) f(rT +s)
= (e +d)™g(7).

Thus, g is a modular form of weight 2k, and its modular group contains the elements of the
above subgroup. O

2.3 Abstract marked pearl diagrams

Pearl diagrams are similar to the floor diagrams introduced in [Blo23a] and also to the diagrams
considered in [Blo24a] or [BGM22a]. The main difference with [Blo23a] is that the stretching
direction loops on itself.

DEFINITION 2.2. A pearl diagram © (or just diagram) is a connected oriented weighted labeled
graph with the following properties:
(a) Vertices are labeled by elements of {1,..., g} and split into two disjoint families:

o the set V,(®) of flat vertices, which are bivalent and denoted with a circle o when
needed;

e the set V(D) of pearls, not necessarily bivalent, which are assigned a degree d, € Z~,
denoted by a square [J when needed.

(b) Each edge e is assigned a weight w, € Z~( such that the graph is balanced: The sum of the
incoming weights is equal to the sum of the outgoing weights.

(c) Each edge e with extremities labeled by if is assigned a length ¢, € Z( satisfying the
following;:

o If i <if, then ¢, > 0.
o If iy > i, then £, > 0.
(d) The complement of the flat vertices is connected and without cycle.
Choose 0 < 21 < --- < x4 < 1 yielding g points in R/Z. The choice of a pearl diagram
induces a map 7p: © — R/Z as follows:
e A vertex with label 1 < ¢ < g is mapped to x;.
e An edge e with extremities labeled i and i) and length /. is mapped to the path from T,
to x;+ that passes £ times over 0 € R/Z:
t€lzile+azs]—tER/L

The map 7p is a tropical cover in the sense of [BGM22a, Definition 3.1]: It is a graph map that
satisfies the balancing condition. Tropical covers are maps between graphs that satisfy a balancing
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condition. They were studied in [Capl4, CJM10]. We now define the genus of a pearl diagram.
As this quantity is already hidden in Definition 2.2, we give it inside a lemma rather than a
definition.

LEMMA 2.3. Let © be a pearl diagram. The genus of the pearl diagram is defined to be g(®) =
b1(®D) + |Vo(®)|. It matches the total number of vertices g.

Proof. The Euler characteristic of © is 1 — b1(®). By assumption, the complement of the flat
vertices is connected and without cycle. Thus, its Euler characteristic is 1:

(1=0:1(D)) + Vo(D)| =1,
using the fact that flat vertices are bivalent. We deduce that
b1(D) + Vo(@)| = [Vo(D)[ + Vo (D) = [V(D)| = ¢. O
Let © be a pearl diagram. Its bidegree (d;,ds2) is the following pair of integers:

o d| = ZeEE('D) wel, is the degree of the tropical cover mp;
o dy = EpEVD(’Q) dy is the sum of the degrees of the pearls.

We define the ged §p of © to be the ged of the edge weights and pearl degrees:
dn = ged((we)e, (dp)p) -

A diagram is said to be primitive if its ged is 1. Otherwise, it is possible to write D = dg -/CD\,
where D is a primitive diagram and - denotes the action of N* over the set of diagrams, multiplying
the weight of every edge and degree of every pearl by a common integer. Notice that the lengths /.
are unchanged.

Ezample 2.4. We depict several examples of pearl diagrams in Figure 1, up to the choice of dj, for
square vertices. The orientation of the graphs goes counterclockwise, and the graph is displayed
so that the map to R/Z is apparent. The weights are only marked if they are bigger than 2.
The lengths of the edges can be recovered as the number of times they intersect a half-line going
away from the center and passing between the marked vertices g and 1.

e The first diagram has genus 2, and the degree of the tropical cover is 2. Both edges have
length 1.

e The second diagram has genus 4, and the degree of the tropical cover is 3. The edges 4 — 1
and 1 — 3 have length 1.

e The last diagram has genus 7, the tropical cover has degree 3, and only the edge 7 — 1 has
length 1.

To deal with the invariants for curves in a fixed linear system (FLS), we need the following
adaptation of the notion of diagram, which we call a FLS-diagram. It differs with Definition 2.2
at the two points (a) and (d), replaced by the following:

(a') Vertices are labeled by {1,...,g — 2,00}, with the marking oo lying on a pearl.
(d) The complement of flat vertices is connected and contains a unique cycle yp = Y €ce,
where €. € {0,%1}.

For a FLS-diagram, its genus b1 (D) + |[Vo(D)] is equal to g. Let Ap = >, e.le be the absolute
value of the class realized by mp (7o) inside m (R/Z) ~ Z.
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-]

(a) (b) ()

Ficure 1. Examples of pearl diagrams, of respective genera 2, 4 and 7.

3. Tropical tori, tropical curves, enumeration, and multiplicities

This section recalls the results proven in [Blo24b, Blo23b], to make the present paper self-
contained.

3.1 Tropical tori and tropical curves

3.1.1 Tropical tori. Let N be a rank 2 lattice, which may be assumed to be Z2, and let
Nr = N ® R be the associated vector space. Let A C Nr be a rank 2 lattice, which amounts to
the choice of a 2 x 2 matrix, and let S: A < Ng be the inclusion.

DEFINITION 3.1. The quotient TA = Nr/A is called a tropical torus.

3.1.2 Tropical curves. An abstract tropical curve is a metric graph I'. It is irreducible if T’
is connected. The genus of an irreducible abstract tropical curve is its first Betti number. The
valency of a vertex is the number of adjacent edges.

DEFINITION 3.2. Let TA = Ng/A be a tropical torus. A parametrized tropical curve inside TA
is amap h: I' = TA, where I is an abstract tropical curve such that the following hold:

e The map h is affine with slope in N on each edge of I". The slope d.h of h along an edge e
takes the form weue, where we € N is called the weight of the edge and u. € N is some
primitive vector.

e The map h is balanced: At each vertex V', one has ) o5y Welte = 0.

The genus of the parametrized curve is the genus of I'.

Remark 3.3. Some authors include the data of a genus at the vertices of the curve. We do not
need the vertex genus for tropical curves in this paper. The vertex genus was present for the
pearls of a pearl diagram.

Taking each edge e with its slope O.h, a parametrized tropical curve realizes a 1-chain
> (0ch)e in TA with coefficients in N. Indeed, as the slope is reversed if the orientation is
reversed, the quantity (J.h)e does not depend on the choice of orientation of the e. The balanc-
ing condition states that this 1-chain is in fact a cycle. The class realized in Hy(TA, N) (first
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|

(a) (b) ()

FIGURE 2. Three examples of tropical curves in tropical tori of respective degrees (§9), (29),
and (31).

homology group with coefficients in V) is called the degree of the tropical curve. The homology
group H;(TA, N) is in fact the tropical homology group Hj 1(TA) as defined in [IKMZ19].

Using universal coefficients, we have that H;(TA, N) ~ A® N, so that the degree of a tropical
curve can be seen as a linear map A* — N. Choosing a basis of A and N, we can consider its
matrix C. We have a symmetric bilinear form on A ® N:

A@n, N @n' — dety(\, \)dety(n,n'),

where detp (respectively, dety) is the unique skew-symmetric bilinear form on A (respectively,
N), well defined up to sign, that is, choice of orientation. As N and A are both lattices in Ng, if
their orientation is induced by the same orientation of Ng, the above bilinear form is well defined
and is called the intersection form on H1(TA, N). Given two transverse tropical curves in TA of
respective degrees C, C’, the intersection number C - C’ is obtained by counting the intersection
points p with multiplicity |dety(u1(p), u2(p))|, where ui(p), uz(p) are the slopes of the edges of
the curves at p, as in the tropical Bézout theorem [BS14, Section 3.1]. For an element of A ® N
represented by a matrix C, its self-intersection is in fact C? = |det C|.

Having chosen some bases, the image of A < N is spanned by the columns of a matrix S.
The following propositions give a concrete way to compute the degree of a parametrized tropical
curve and give a condition for the existence of tropical curves of a given class C in the tropical
torus TA.

PROPOSITION 3.4. Let h: I' — TA be a parametrized tropical curve. Its degree, viewed as a map
A* — N, corresponds to the matrix that maps an element \* € A* to the sum of the slopes of
the edges oriented so that they intersect positively a path Poincaré dual to \*.

Concretely, taking a fundamental domain for TA, the columns of the matrix C' are obtained
by adding the slopes of the edges intersecting the right side and top side of the parallelogram,
respectively. This in fact amounts to computing the intersection numbers of C' with a basis of
Hy{(TA,N).

PROPOSITION 3.5. A class C € A® N is realizable by curves in TA if and only if the matrix C'ST
is symmetric.

Ezample 3.6. In Figure 2, we depict three tropical curves along with their respective degrees.

3.1.3 Simple tropical curves. The enumeration of curves solution to the enumerative prob-
lems that we consider only involves simple tropical curves, whose definition we now recall.
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DEFINITION 3.7. A parametrized tropical curve h: I' — TA is simple if I" is trivalent and h is
an immersion.

ProprosITION 3.8. The dimension of the deformation space of a simple tropical curve of genus g
is g. If the curve is not simple but h is still an immersion, the dimension is strictly less.

Let C be a class with C? # 0, and let TA be a generic tropical abelian surface with curves in
the class C. As in the classical case, any tropical curve in TA of degree TA has genus at least 2:
Rational curves are mapped to a constant, and elliptic curves only occur for non-generic choices
of TA.

3.1.4 Multiplicities. Let h: T' — TA be a simple tropical curve.

e The ged of the curve dr is defined to be the ged of the weights of its edges: dr = ged we.
If or = 1, the curve is called primitive. If dp # 1, the curve can be written as dr times
a primitive curve. In particular, the set of tropical curves is endowed with an N*-action,
and we can use definitions from Section 2.1.

mF:HmV7
\%

where the product is over the trivalent vertices of I' and my = |dety(ay, by)| is the deter-
minant of two out of the three outgoing edges.

e The usual multiplicity of the curve is

e The usual refined multiplicity is

m%ef _ H(qmv/2 - quV/Q) c Z[qil/Q] ,
%
obtained by replacing the vertex multiplicities by their quantum analog. It is a Laurent
polynomial multiplicity, used in [Blo24b, Blo23b], up to a denominator (ql/ 2_q VY 2)29 -2

e The second refined multiplicity is

My =Y k9 2p(k)ymi (¢'/%) ,
klor

where ¢ is the Euler function. This multiplicity is not used in [Blo24b, Blo23b] but is going
to be more useful. See Remark 3.9 below.

e If X C I is a subgraph of genus 2, let AF be the index of H;(X,Z) inside Hy(TA,Z) ~ A,
obtained by taking the determinant inside A between two loops of X.

Remark 3.9. In [Blo24b, Blo23b], up to the denominator (ql/2 - q*1/2)2972, we use the usual re-
fined multiplicity m%ef, obtained by replacing the vertex multiplicities by their quantum analogs.
Due to the lack of presence of dr, this multiplicity does not specialize to the complex multiplic-
ity dpmp provided by the correspondence theorem. To get a multiplicity that refines the complex
multiplicity, in [Blo24b], we take 5pm§ef. For reasons due to the multiple cover formula, we prefer
here to use the second refined multiplicity as a refinement of the complex multiplicity dpmr.
Once we divide by (q1/2 — q_1/2)2g_2, it indeed specializes to dpmr when ¢ goes to 1 since

> k| (k) = 4. Notice that both multiplicities coincide if the curve is primitive.

3.1.5 Tropical curves and linear systems. There exists a theory of tropical line bundles and
divisors over tropical abelian surfaces (or varieties), related to the theory of tropical #-functions.
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We refer the interested reader to [MZ08, Section 4] or to [Blo23b, Section 2.2]. For our purpose,
we only want a criterion to say when two tropical curves of the same degree belong to the same
linear system. Such a criterion is the content of [Blo23b, Theorem 2.21] and may here be taken
as a definition.

For ¢ = 1,2, let h;: I'; =& TA be two tropical curves of the same degree C. There exists
a covering map 7 : I; — T of I; such that h;om; can be lifted to Ng, yielding a periodic tropical
curve in Ng. Choose a point pp in the complement of hy (Fl) U ho (Fg), an element A € A C Ng,
and a path v: po ~ po+A transverse to hy (Fl) and ho (Fg). At each intersection point p between
and hi (Fl) (respectively, hs (Fg)), let u,, be the slope of the edge of hy (Fl) (respectively, ho (Fg))
oriented such that the intersection index with «y is positive (respectively, negative). We consider

Kpy(A) = Z det(p, up) ,

pEYN (1 (T1)Uh2(T2))

where for det(p,u,), p and u, are seen as element of the vector space Nr. The fact that the
above quantity does not depend on the choice of 7 is shown in [Blo23b]. The map K,,: A - R
is linear and thus defines an element of Ap. As we have an inclusion A C Ng, we also have
M = N* C Ay. The map K, does not depend on py up to the addition of an element of M.
The following definition is [Blo23b, Theorem 2.21], but we take it here as the definition of linear
equivalence.

DEFINITION 3.10. The tropical curves hy/: I'y 5 — TA of common degree C belong to the same
linear system if K,, € Ay belongs to the image of M, that is, takes integer values on elements
of N.

3.1.6 A finiteness technical result. The following lemma is similar to [Blo23a, Lemma 5.7]
and deals with the slopes of the edges of a tropical curve.

LEMMA 3.11. Consider a parametrized tropical curve h: I' — T A in a class C'. The slope of the
edges of (I', h) can only take a finite number of values.

Proof. The idea is to use the tropical Bézout theorem in TA to bound the coordinates of the
slopes. The tropical Bézout theorem states that given two transverse tropical curves hyj5: I'y o —
TA in the classes C/, we have

Ci-Co= > |det(ui(pr),uz(p2))l,
h1(p1)=h2(p2)

where u;(p;) is the slope of h; at p;. Consider a fixed preferred tropical curve I'y in TA in some
class Cy whose slope spans R2. Let eq, ez be edges of I'g and vy, vy their slopes, which form
an R-basis of Ng. Now, consider a curve h: I' — TA in the class C, and let u be the slope of
one of its edges e. It is possible to find two different translates of I'g such that e and e; (respec-
tively, es) intersect. Therefore, the intersection number C'- Cy is at least |det(v1, u)| (respectively,
|det(vg, u)|). In particular, the coordinates of u are bounded by C - Cy. Thus, u € N can only
take a finite number of values. O

3.2 Enumerative problems and invariants

We now recall the enumerative problems and the corresponding invariants.
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3.2.1 Curves passing through g points. The first enumerative problem is to count genus g
curves of degree C' € A® N that pass through a generic configuration P of g points inside TA. For
a generic choice, [Blo24b] states that the tropical curves passing through a generic configuration
of points P are simple, so that they have well-defined multiplicities. Moreover, if h: I' — TA is
any solution, the complement of P in I' is connected without cycle.

We consider the following counts that, according to [Blo24b], do not depend on the choice
of the point configuration P or the abelian surface TA, as long as these choices are generic, and
only depend on the class C' through its self-intersection C? and its divisibility:

e counts with fixed ged: Nycox = Z mr, BGgor = Z m%ef,
I'o>P I'opP
or=k or=k

e counts with true multiplicity: Nyc = Z dpmr, Ryc = Z M,
I'opP IopP

e counts with auxiliary multiplicity: M, c = Z mr, BGy o = Z mfﬂef.
I'oP ropr

The notation “N” is for the “N”umber of tropical curves counted with a multiplicity so that it
coincides with the complex count. The “M” was just close in the alphabet. The “BG” stands for
Block—Gottsche, who introduced the refined multiplicity, while the “R” stands for “R”efined as
we use a refined multiplicity, chosen so that we get a multiple cover formula.

Remark 3.12. The definition of the refined count R, ¢ differs from the definition in [Blo24b] since
we use the second refined multiplicity Mt as a refinement of the complex multiplicity rather than
the naive refinement (5Fmrref. For a fixed value of the ged of the curve, the multiplicity Mr depends
linearly on mlf?f. Thus, the invariance for the counts of genus g curves passing through P with
multiplicity Mr is implied by the invariance for counts of curves with a fixed ged.

We prove several relations between these invariants, seen as functions on the set of classes.
ProrosiTiON 3.13. For any class, we have
4g—4 k2
Nycwk =k"Nycpr, BGgeonr=BGgcma(d").

Furthermore, we have the following identities:

Mg,C = Z k4g_4Ng7C'/k71 ) BGg,C = ZBGQ7C/]€,1 (qu) ’

k|C k|C
— _ 2
Ngo =Y K'Y Ny cmi, Reo=> k9 %o(k)BGycm,(d™).
k|C lk|C

Proof. Given a tropical curve h: I' — TA in the class C with ged k, we obtain a primitive tropical
curve h: I' — TA in the class C /k that has the same image but where the weight of every edge
has been divided by k. The graphs are the same except that the lengths have been multiplied
by k. At each of the 2g — 2 vertices, if my and my denote the multiplicities in I" and f, we have
my = k*my. Thus, we deduce that

mr = k4g_4mf and mfﬂef(q) = m%ef (qu) .

There is a bijection between the set of genus ¢ tropical curves having ged k|C in the class C
passing through P, and the set of genus g tropical curve of ged 1 in the class C'/k: The images
are the same; only the weights (and thus lengths) are changed. We deduce the equalities of the
first row.
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The remaining identities are obtained by summing over all of the divisors of C. Only the last

is obtained differently:
gc_z Z ZkQQ 2 ref( 1/k)
8|C T:0p=5 k|6

_Z Z Zk2g 2 ref( 62/k)

8|C T:6p=1 k|5

=YY K (k) BGycpsa(a")

5|C K|

=" K 20(k)BGy cp1 (a KEY O
k|C

The last identities may be interpreted as convolution between the following functions over
the set of degrees:

Ng: C+— Nyo, My: Cr— Mge, NPP™:Cr— Nyci.
So the end of Proposition 3.13 can be written as

_ prim _ prim
Mg—€4gf4*Ng y Ng—€4g73*Ng .

3.2.2 Curves in a fixed linear system. The second enumerative problem is to count genus g
curves in a class in a fixed linear system that pass through a generic configuration P of g — 2
points inside TA. According to [Blo23b], tropical curves solution to our problem are simple, and
the complement of the marked points retracts onto a subgraph of genus 2 that we denote by 3.
We have the following counts that, according to [Blo23b], do not depend on the choice of the
point configuration P, the linear system, or the abelian surface TA, as long as these choices are
generic:

e count with fixed ged: NgFIéSk = Z AEmr, BGS’%%,C = Z AEmEE,
ror ropP
or=k or=k

e count with true multiplicity: NFLS = Z 5FA%mp, RFLS = Z A?MF,
IoP ropr

e count with auxiliary multiplicity: M FLS = Z AFmr, BG;%S = Z AFEmiet,
roP ropr

As in the case of curves passing through ¢ points, we use the second refined multiplicity
A?MF as a refinement of the complex multiplicity 6FA1¥mp rather than the naive refinement
5FA1¥mref The invariance using the second refined multiplicity follows from its relation to the
usual one.

PROPOSITION 3.14. For any k|C, we have
— 2
Ny & =k Nyoymr, BGy&k = KBGyopma(d”) -

Furthermore, we have the following identities:

FLS 4g—2 A7FLS QFLS 2 FLS k2
Mg e —Zkg Nocéki> B gC_Zk GgC/kl )
k|C k|lC
FLS 4g—1 A7FLS FLS 2 FLS kl2
No@® =D K97 'Nyehu.  Re =) kK9o(k)BGyg(d").
K|C kl|C
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Proof. The proof is similar to that of Proposition 3.13 with some small differences. A curve I
of genus g in the class C with ged k is obtained by multiplying by k£ a curve of ged 1 in the
class C/k. However, if I belongs to a fixed linear system L, then the curve I'/k belongs to one
of the k? linear system L such that E%Z)k = L. This is due to the torsion of the tropical Picard
group Pic(TA) = A% /M. This accounts for the additional k? for identities in the first row. The
remaining identities are obtained by adding the homogeneity relations of the first row for k|C as
in Proposition 3.13. O

3.3 Stretching in abelian surfaces

3.3.1 Complex setting for primitive classes. In [BL99], the authors compute the complex
invariants Ny ¢ for a primitive class C. As the answer does not depend on the chosen abelian
surface, they choose an abelian surface that is a product of two generic elliptic curves Fy x Fo
and then compute the invariants for the class [E1]+n[Es], corresponding to the matrix C = ({ 9)
in our setting. The computation is made possible by the fact that stable maps h: € — FE1 X FE»
of genus ¢ passing through ¢ points have a very special form: The projection onto the first
factor gives a degree 1 map from % to Ej. Thus, % is reducible and is the union of a fiber of
the projection to E» (that projects one-to-one onto Fj) and several covers of the fibers of the
projection to E1. The degree n has to be split among the various components. We get

g—1
Ng,(ég)zg Z Haial(ai)a

ar+-+ag—1=n i=1

g—2
N;?% 0y = Z a? o1 (o) H a;io1(a;),
0On a1+'~'+&572+aoo:n =1

where o1(a) = 3_,, d. However, the method does not apply for the classes di[E1] + d2|E»] since
solutions are not necessarily a union of elliptic curves.

3.3.2 Tropical rectangular abelian surfaces. Tropically, looking at a product of tropical el-
liptic curves means that we look at the “rectangular” abelian surface

TAp; = R?/ (Ley,les) = R/LZ x R/IZ.

In other words, the map S: A — R? ~ Ny is diagonal in the canonical basis of R?: (6 ?) The
computation of [BL99] does not translate well to the tropical setting since the curves in the
class (§ ) are of the form depicted on Figure 3(a): One has a horizontal component and several
vertical components with a splitting of n among the different fibers. In particular, the curves are

not simple and lack a well-defined multiplicity.

3.3.3 Stretched tropical abelian surfaces. The problem of “rectangular” abelian surfaces is
that they are not generic and thus not suited for the tropical computations. Already in the
above primitive case, it is not possible to compute the refined invariant since the curves are not
trivalent. One way to handle this problem is to slightly deform the tropical abelian surface, so
that the considered class stays realizable. Take a basis of A and N and choose A C Ng to be

the image of (d§£ df), with L,l,e € R. It contains curves in the class (d01 dOQ ) A fundamental

domain in R? of the torus TA can be taken to be an hexagon with pairs of opposite sides glued
together, as depicted on Figure 3(b). We see that the curve inside is now trivalent.

Consider instead the class (dol ;2 ) for some non-zero top-right coefficient. We later specifically
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(b)

FIGURE 3. A tropical curve realizing the class (1,6) admitting a pearl decomposition in a “rect-
angular” abelian surface (a) and inside a small deformation of it (b).

S

FIGURE 4. A tropical torus associated with the matrix (é l“/ld2 ) and a small deformation.

discuss the case a = 1. The matrices S satisfying that CS7T is symmetric are of the form
L la/d2>

(0 1) TE

If ¢ = 0, the corresponding abelian surface can be seen as the gluing of a rectangle as

depicted on Figure 4(a). Changing ¢ means slightly deforming the rectangle into an hexagon

whose opposite edges are glued together, as can be seen on Figure 4(b). We now come to the
stretching.

0 d1> .
(d2 0 with e,1, L € R.

DEFINITION 3.15. Let C = (%1 (fg) be a fixed class.

e A tropical abelian surface with a given curve class C is stretched if S: A — Ng is of the

form <d§a la/d2l+dla) , with L> 1> e.

e A point configuration P of g points inside a stretched tropical abelian surface is stretched if
the difference between the horizontal coordinates in the fundamental domain is far bigger
than [: Let (x;,y;) be the coordinates inside the hexagon; then this means that

Lz —zj|>1>c¢.

e A point configuration P of g — 2 points inside a stretched tropical abelian surface is doubly
stretched if the difference between the horizontal coordinates in the fundamental domain is
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[ |
FIGURE 5. Intersection between a genus 2 curve and the lift of an edge of some tropical curve in
Lemma 3.16.

far bigger than [ and far smaller than L:
L> |ZL‘¢*?L‘]“ >0>e.

3.3.4 Bounded lengths in stretched abelian surfaces. We finish this section with a lemma
concerning the lengths of the edges of tropical curves in a stretched abelian surface. It plays
a role similar to [Blo23a, Lemma 5.8]. Before going to the lemma, notice that in the above
stretched tropical abelian surfaces, the boundary of the hexagonal fundamental domain is in
fact the image of a genus 2 tropical curve: The slopes of the edges are respectively (%1 ) , ( 6?2 ),
and (g; ) We call this curve T'.

LEMMA 3.16. Let h: I' — TA be a parametrized tropical curve realizing the class C in the
stretched abelian surface TA. The length of a non-horizontal edge is bounded by a constant that
depends only on C and [, not on L or the curve.

Proof. Consider the genus 2 curve I'g in the class C. It has an horizontal edge eg. The preimage
of ho(I'y) by the covering map Ng — TA is a honeycomb lattice. By Lemma 3.11, we know that
the slopes may take a finite number of values. Let h: I' — TA be a curve in the class C, and
let e be an edge of I' with slope (Z), b # 0, and length £.. Consider a lift € of e by the covering
map Ng — TA. By stretching, we have that L > [, and hence L/l is big enough compared
to the finitely many possible slopes that the edges can take. Therefore, we have at least |b|(./l
intersection points between € and horizontal edges in the honeycomb lattice, as can be seen on
Figure 5, and each one yields an intersection point between e and ho(Ig). As |[b] > 1 and the
intersection index is at least 1, we have £, < [C?. O

4. Pearl diagrams for curves passing through g points

This section is comprised of four steps. The first step is how to get a pearl diagram from a tropical
curve in a stretched abelian surface. The second step is especially technical and consists in
recovering the set of tropical curves encoded in a fixed pearl diagram. With this data, in the
next step, we derive different multiplicities for the pearl diagrams, so that their counts using
these multiplicities give the desired invariants. Last, we prove the multiple cover formulas for the
punctual case.

4.1 From curves to pearl diagrams

Consider a stretched tropical abelian surface TA. Its first homology group A is endowed with
a natural basis (A1, \2), represented by paths going in the horizontal and vertical directions.
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D1 b2

b3 P4

FIGURE 6. Example of a tropical curve and the associated pearl diagram.

Let h: ' — TA be a genus g parametrized tropical curve in the class C passing through
a stretched configuration of g points P = {p1,...,ps} in TA. Let v C TA be a cycle in the
class Ao that passes between the marked points p, and p;. We now describe how to get a dia-
gram from (T, h):

e The edges of I' with horizontal slope are called horizontal edges. A component of the com-
plement of the horizontal edges is called a pearl.

e The diagram ® of I' is the quotient graph of I' where each pearl has been contracted to
a single vertex. It has two kinds of vertices: those coming from contraction of components
(also called pearls) and marked points lying on horizontal edges.

e Two vertices of ® are linked if the corresponding parts of I' are adjacent to the same
horizontal edge.

e The weight w, of an edge in ® is its weight as an edge of I, that is, the lattice length of the
slope of h on it. Each edge is oriented such that its slope has a positive coordinate in Z2.

e The length ¢, of an edge e is the number of times its image intersects the cycle v C TA.

e The degree d, of a pearl is obtained as follows: Take a path o in the class A1 transverse
to p, orient the edges of p so that they intersect positively, and add their slopes. The result
depend on the choice of a, but its vertical coordinate does not by the balancing condition.
This vertical coordinate is dj.

e The marked points {p1,...,py} induce a labeling of vertices of ® by {1,...,¢}, although
a priori, a pearl may receive several labels or none.

Ezxample 4.1. In Figure 6, we can see a tropical curve admitting a pearl decomposition and the
corresponding pearl diagram. The degrees of the pearls labeled 1, 3, 4 are, respectively, di = 1,
ds =3 and d4 = 2.

We now prove that the diagram obtained from a tropical curve passing through P is indeed
a pearl diagram of the right genus and degree.

PROPOSITION 4.2. Let h: I' = TA be a genus g parametrized tropical curve in the class (%1 ;2)

passing through the stretched configuration P of g points. Let © be the diagram obtained from
h: T — TA. Then ® is a pearl diagram of genus g and bidegree (dy,ds). Furthermore, each pearl
p C I' is homeomorphic to a circle.

Proof. The proof is similar to the proof of [Blo23a, Proposition 5.10]. We need to show that D
satisfies the constraints from Definition 2.2.

(a) Vertices are already split into pearls and flat vertices, which are bivalent. We need to
show that each pearl has a unique label.
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e Assume that a pearl has more than one label. This means that there is a pearl in I" containing
two marked points, and thus we have a path between p; # p; consisting only of non-
horizontal edges. By Lemmas 3.11 and 3.16, there is only a finite number of possible slopes,
and the lengths are bounded. As the point configuration P is stretched, it is not possible
to find such a path. Thus, there is at most one label per pearl.

e Assume that a pearl p has no label. Then, it is possible to deform I' and get a 1-parameter
family of curves passing through P by changing the lengths of the horizontal edges adjacent
to p, which amounts to slightly translating the images of the edges inside the pearl. This
contradicts the genericity of P for which we have a finite number of solutions. Thus, a pearl
has at least one label.

(b) We need to show the balancing condition, which is automatically satisfied at the flat
vertices. For a pearl p, at every vertex V € p C I, we have the balancing condition in V. Adding
the balancing conditions over all vertices yields the balancing condition for the horizontal edges
adjacent to p.

(c) The orientation on the edges ensures that an edge e going from a vertex with label i to
a vertex with label j satisfies £, > 0, and the strict inequality if ¢ > j.

(d) To conclude, we need to show that the complement of flat vertices is connected and
without cycle. To prove it, we use the fact that the complement of P in I' is connected without
cycle. Consider a pearl p C T

e As a subgraph of I', the pearl p has genus at most 1: It contains a unique point of P by
part (a), and the complement is without cycle since the complement of P in I' is without
cycle.

e Furthermore, the subgraph p is homeomorphic to a circle: No edge is disconnecting. To
see this, assume that there is a disconnecting edge e C p. Adding the balancing conditions
for vertices on one side of e, we see that the slope of e needs to be horizontal, which is
impossible. Thus, no edge is disconnecting. As the genus of p is at most 1, it is a circle.

This proves the last part of the proposition. As the complement of P in I' is connected, so is the
complement of flat vertices in ®. If there was a cycle in the complement of flat vertices, there
would be one in the complement of P in I" as well. As the genus of each pearl is 1, the diagram
® also has genus g.

To conclude, we need to show that the bidegree of © is (dy, d2).

e The sum of the slopes of the edges intersecting 7 is equal to (D, wele)er but is also by
definition equal to (%1 )

e By the definition of dj, the sum Zp dy is the vertical coordinate of the sum of the slopes
of the edges intersecting a path in the class A\;. As the latter is equal to (g4, ), we get

> dp = do. m

Notice that when we get a pearl diagram from a tropical curve in the class (%1 6?2 ), the value
a disappears. In particular, even if a curve is primitive, its pearl diagram may not be primitive.

4.2 From pearl diagrams back to tropical curves
We now explain how to recover the tropical curves in a class (%1 ;2) encoded by a pearl dia-

gram ©. This is achieved by the following main (and most technical) result.
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PROPOSITION 4.3. Let ® be a fixed pearl diagram. Let (ky) be a family such that ky|d, for each
pearl p. Each such choice is called loop data. Let

ged(we, kp) = ged({wete U {kplp) -
We set k, =1 if v € V,(D) is a flat vertex. If ged(we, ky) divides a, the diagram gives a number

of genus g tropical curves in the class (%1 ;2 ) and passing through the stretched configuration P

equal to
ged(we, ky) Hk‘;alp_l H We
P En(D)

where En(®) is the set of edges between two pearls. Moreover, the usual and refined multiplici-

ties mr and m{?f of these curves are all the same, and their respective values are

dP velp [{pee}| ref dP
mr = H <kp) Hwe and mp = H H [kp’we] )
p e p esp -

where we have set [a]_ = ¢®/? —q=*/2. If ged(we, ky) does not divide a, the number of curves is 0.

The loop data k, corresponds to the number of turns that the pearl p makes around the
vertical direction. It divides dp = ged(we,dp) but may not be equal to it, for instance if ky, = 1
for some p.

The pearl diagram approach does not allow one to easily recover the ged of the tropical curves
encoded in the diagram. Some of the curves might be primitive, but maybe not all of them. This
a priori justifies the use of the usual refined multiplicity mrpef since we do not have a grasp on
the ged of the curves. The count of solutions using the complex multiplicity dpmr or the second
refined multiplicity Mr can be recovered by considering a disjunction over the value of gcd. This

is the content of the next section.

Idea of the proof. To recover tropical curves from a pearl diagram %, one proceeds as follows:

e First, following Proposition 4.2, the subgraph associated with a pearl is a circle mapped
around the vertical direction of TA, realizing some class kyAa, where ky|dy. It can thus be
lifted under a degree ky cover that makes only one turn around the vertical direction.

e The complement of the flat vertices inside ® is a tree. The position of each flat vertex is
fixed by a point constraint. We then prune this tree to reconstruct the curve inductively.
As a neighborhood of a pearl p in the abelian surface is exactly an open set in a cylinder,
this step is analogous to what happens in [Blo23a], where we can use the Menelaus relation
[Blo23a, Theorem 3.18], a relation between the positions of the ends of a tropical curve on
a cylinder, which here become the horizontal edges adjacent to p.

e We now explain the pruning: For a pearl p, all of whose adjacent edges but one are fixed,
the pearl is recovered as follows. One chooses lifts of the edges under the covering map of
degree k, that make the pearl do only one turn around the vertical direction, as in [Blo23a].
Using the Menelaus relation between the edges, this determines the position of the remain-
ing edge e up to we-torsion. Accounting for deck transformations and a lift of the marked
point on the pearl, there are kzgalpfl lifting possibilities. The factor []p_g)we is for these
torsion choices.

e Depending on how we prune the branches, we end up at one of the following possibili-
ties:
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— Either we have an edge both of whose adjacent pearls have been pruned. The position
of the edge has thus been determined in two different ways that have to agree. The fact
that C is realizable ensures that the positions agree, but only up to torsion. Hence, it
might not be possible to glue.

— Or, we have to find a pearl all of whose adjacent edges are fixed. The fact that the
class C is realizable ensures that it is possible to find a pearl completing the curve,
ensuring that the Menelaus condition is satisfied mod I. However, when choosing lifts
under the degree k, cover, the Menelaus relation has to be satisfied mod kyl, so the
lifts might not be chosen independently, and it might not be possible to choose them
at all.

The last steps of the algorithm suggest that all of the lifts should be chosen simultaneously.
Such information is contained in a map between real tori that we consider at the beginning of
the proof. O

Proof of Proposition 4.3. Step A: Formulation of the problem. For an oriented edge e, let e
and e_ be the vertices it contains, and for a flat vertex v € V,(®D), let e be the edges adjacent
to it. Recovering the tropical curves is done using the following map:

Orjz: P R/ke LRk 12 — P R/IZS P (R/I1Z)* & P R/kylZ

E(9) E(D) Vo (D) Vo(®)
(a7 2o v ((ac: ), ot ) (3 et ) .
Y Y esp p

The domain has rank equal to the number of flags, which are pairs (v,e) € V(D) x E(D) with
v € e. It measures the vertical coordinate of the horizontal edge of the flag in the degree k, cover
of R/IZ. The codomain is comprised of three terms:

e The first term is indexed by edges and is the difference between the vertical positions of its
flags in R/IZ. For the gluing to be possible, we need

af —x, =l dae.

If /. = 0, this amounts to saying that the vertical coordinates agree. If ¢, > 0, there is
a monodromy of dse in the vertical coordinate when going around the loop A1, yielding the

term f.dse.
e The second term is the vertical position of the flags adjacent to a flat vertex. Both are fixed
by the point constraints, so that we need to impose T = a;++ = 1Yy.

e The last term is the Menelaus condition at the pearl p There is a unique local tropical curve
doing ky turns around the direction Ay with the chosen vertical positions of edges in R/kylZ
if and only if we have

> twert =d, (dl+d15) modulo k! .
esp

The coordinate corresponding to a flag v € e is involved for the summands of the codomain
corresponding to v and e, where the terms of V,(®) have been doubled for each of its flags.

The number of tropical curves encoded in the diagram is equal to the number of preimages
of a point ((Eedgs)e, (Yo, Yo ) v, (dp (la/dz + dls))p), where the (y,), are chosen generically. To do
this, we have to determine if this point lies in the image of ®g/7 and what is the number of
preimages of a point in the image.

322



MULTIPLE COVER FORMULAS IN ABELIAN SURFACES

Step B: Image of the map P,z between tori. The map Pg/z can be written ¢ @ R/Z, where
® is the following lattice map:

o: (ZoZ)E® — 7E®) g 72V-(®) g 7V0(D)

(7,27 )e — ((ke+:c: —ke_x)e, (x;_,xt)v? (Z :I:wexei) ) .
v e'U p

In fact, ®g/z is a map between two real tori, and ® = H;(®Pg/z) is the map between their
first homology groups. The domain has rank 2|E(®)|, while the codomain has rank |[E(D)| +
2|Vo(®)| + |Va(®D)|. The difference between the ranks of the codomain and the domain is

(V@) - [E@)) +[Vo(D)[ =1,

This means that this map cannot be surjective. There is indeed a relation between the first
an?1 third coordinates of the image. Let ((ye)e, (yv, 3/;)1,7 (Mp)p) belong to the codomain of ®g/7,
and se

wR/Z((ye) (ymyv Zup ZweyeeR/ZZ

where p, € R/kylZ is reduced in R/IZ before taking the sum. We have that Im ®p 7 C ker ¢g 7.
Geometrically, it means the following: Interpreting the y. as flows on the graph, the sum of the
flows on the edges is equal to the sum of the divergence at the pearls.

The torus map gz may be expressed as ¢ ® R/Z, where ¢ = H1(ir/z) is the following

lattice map:
D ((e), (Y0, %), Z kplip — Zweye

This way, we see that 1) may not be primitive since w. and k:p may not be coprime. If § =
ged(we, ky ), then ker ¢ /7 has in fact § components. As Im ®p 7 is connected, we rather consider

= (1/0)%y and @ZR/Z = @Z@ R/Z, whose kernel is now connected:

JR/Z((?J@) (y’uay'u Zélup Z 5 —~ Ye >

where (1/6)py is well defined in R/(ky/0)IZ. We still have Im ®g /7 C ker JR/Z. Thus, assuming
that ® is injective (which follows from the computation of the index in Step C), both have the
same dimension, and we have equality. To determine if ((f dgz’:‘) (yv, yv) (d]J (la/ do + d1€)) p)
belongs to Im ®p 7, we just have to check that its image under ¢,z is 0:

-~ 1 e
Dryz ((zed25)e, (Yo, )., (dp (;21 n d15>) ) =>4 (CZZ n d15> -3 %deszS mod [
p p e

o 1 a dldgé‘

= gdg (dl + dla) 5 mod [
@
)

Thus, there are curves in the class ( v do ) if and only if ged(we, kp)|a.

Step C: Degree of ®rjz. Let n = 2[E(D)| so that n + 1 = |E(D)[ + 2|Vo(D)[ + [Va(D)|. The
map @,z is a group morphism between real tori coming from the (soon to be injective) lattice
map

o: 7" —s 7t
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Therefore, it is a covering map over its image. Choosing bases where it is in diagonal form, we
see that the number of preimages of an element (or degree of the covering) is equal to the lattice
index of Im @ inside the primitive lattice that contains it. This index can also be computed as
the integral length of the generator of the image of

A'®: A"Z" ~ 7, —s A7 ~ gt

The coefficients of this linear map are the cofactors of ®, so that we take their gcd, which we
now compute. If this ged is non-zero, one cofactor is non-zero, proving the injectivity of ®.

We start by formally splitting the flat vertices in two since they have two adjacent flags.
The complement of the flat vertices is a tree. The minors are obtained by deleting a row, thus
correspond to an edge, flag of a flat vertex, or a pearl. However, minors corresponding to a flag
of a flat vertex are 0 since we still have the relation between rows given by 1. Thus, choose an
edge or a pearl and the associated minor. We now explain the computation of the minors, as
outlined before the proof. We compute the minors inductively with the following two steps. Each
pruning step corresponds to an determinant expansion with respect to a row.

(1) Pruning of leaves. If a flag is the only one adjacent to a given vertex, the coefficient in
the row corresponding to the vertex is the only non-zero coefficient of the row since there
is a unique flag. We say that we have a leaf. Thus, we may expand with respect to the row
and delete the corresponding row/column. This coefficient is 1 for the flags adjacent to flat
vertices and w, for flags adjacent to a pearl. On the tree, we delete the flag.

(2) Pruning of lonely flags. After iterations of the first step, there are flags (p, e) for which the
other flag containing e has been deleted, called lonely flags. For such a flag, the only non-zero
element in the row corresponding to the edge e is the one coming from (p, e) since the other
has been deleted. We can thus expand with respect to the row, whose coefficient is &y, and
delete the flag from the graph.

We alternate the pruning of leaves and lonely flags. The process ends as follows:

e For the minor associated with a pearl pg, we end by pruning the adjacent flags, which at that
point have become lonely flags, and get

NS 11 eyt T w..
p#£po e€Eq(D)

e For the minor associated with an edge ey € Eq(®), we end by pruning both adjacent flags,
which at that point have become leaves, yielding

2 valp—1
weonP P H We .
p

e€Eq (D)
e#ep

e For the minor associated with an edge ey adjacent to a flat vertex, we end by pruning the
flag adjacent to a pearl, that has become a leaf at that point. We get

weOHk;’alp_l H We .
p

6€ED(©)

Taking the ged, we get
ged(we, ky) Hk:;alp_l H We .
b En(D)

This number is non-zero, so that ® is indeed injective. To get the number of tropical curves, one
has to divide by the deck transformations at each pearl since translation by a torsion element
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yields the same tropical curve, but we also have to account for the position of the marked point
located on each pearl, that can have k, different values. These cancel each other. Therefore, the
above formula gives the right result.

Step D: Multiplicities of the tropical curves. To finish, we deal with the multiplicities of the
tropical curve encoded by the diagram. Vertices of tropical curve are in bijection with flags (p, e)
of the diagram, with p € V(D) a pearl. If the pearl is a cover of degree k,, the vertex has
multiplicity my = (dy/ky)we. The multiplicity mpr and miet follow. O
Remark 4.4. For readers of [Blo24b] or [Blo23b], the computation of the number of tropical
curves encoded by a diagram may look like the computation of the complex multiplicity of a
tropical curve inside an abelian surface: In both cases, we take the gcd of the minors of a matrix.

More precisely, the ged is just a practical method to compute a lattice index: In each situation,
we have a lattice map given by a matrix ¢: Z" — Z"+!, with natural bases indexed by edges
or vertices, and the image is known to lie in a hyperplane with some explicit equation. Such
a lattice map appears because in both situation we are trying to put phases (that is, elements of
a group G with many torsion elements: R/Z, C*, or S* C C*) on the edges of a graph, with some
conditions: evaluation of some phases, or a balancing condition such as the Menelaus relation.
In any case, we wish to determine the number of preimages of a given point, that is, the kernel
of the group morphism ¢ ® G, which in our case is the lattice index of Im¢ inside the primitive
lattice it spans.

e In the tropical curve setting, phases are complex numbers that encode the position of the
nodes dual to the edges of the tropical curve.

e In the case of pearl diagrams, phases correspond to the second coordinates inside the tropical
abelian surface.

4.3 Recovering the invariants
4.3.1 First diagram multiplicities. For a diagram D, let m,(®) and M,(®) be the counts

of curves in the class (%1 ;2 ) encoded in ® with multiplicities mp and m%ef, respectively. To
simplify the notation, we set 1(e) to be 1 if e € E5(®) and 0 else, and we consider the product

of the number of curves for a fixed loop data with their (refined) multiplicity, up to the ged term:

valp— d e e
Eo(ky) = [[ " 11?2 [ wireet+toe
p e

Za(ky) = [[ 5™ (H [pre} ) II we.
P Ba@)

p esp

which are the products of the numbers of tropical curves encoded by a diagram for a given loop
data, and their common (refined) multiplicity. The term |[{p € e}| = 1 + 1(e) is the number of
pearls adjacent to e. Thus, in {p(ky), the exponent is either 1 or 3 depending on whether e is
adjacent to a flat vertex or not. Following Proposition 4.3, we have the following.

COROLLARY 4.5. One has

ma(®)= Y ged(ky,we)éo(ky) and M,(®)= > ged(ky, we)Zn(ky).
kP|dP kp|dp
ged(we,kp)|a ged(we,kp)|a
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In particular, for a = 0, the sum is over ky|d, without gcd condition, and for a = 1, the condition
is for the ged to be 1.

Proof. The formula for m, (respectively, M,) is obtained by taking the sum over all loop data
kp|dy that contribute solutions of the product between the common multiplicity mr (respectively,
miet) of the tropical curves and their number. Following Proposition 4.3, one needs ged(we, kp)la

for the loop data to contribute. O

4.3.2 Auziliary multiplicities. The presence of a gcd makes the computation of the sums
in Proposition 4.3 quite difficult. To help us give compact expressions of these multiplicities,
we introduce the following auxiliary multiplicities where we fix the value of ged(we, kp). These
expressions do not have an enumerative interpretation in terms of counts of tropical curves
encoded in the diagram ©. Only w; = m; and 2; = M; correspond to the counts of curves in

the class (dol dl2 ):

w@®) = &olky), QD) =D Ealky),

Ky |dp Ky |dyp
w(@) = Y. olk), U@ =Y. Eolk).
Ky |dp Ky |dyp
ged(we,kp)=k ged(we,kp)=k

The following proposition relates these various multiplicities through the arithmetic convolu-
tion.

PROPOSITION 4.6. We have the expressions

w(@) _ Hd;alpflo_l(dp) Hw\e{pEe}HﬂD(e) 7 Q(@) — H(Z kvalpfl H [i’:we} ) E];!D)we
e O

p P kldy esp -
and the identities
wi(D) = k5w (D/k), (@) = k930 (D/k) (dF)
W= €49-5 * W1, Q = egg_3 % {1y,
My = €494 * W1 , My = €g9—2 (11,

where the last two rows are equalities between functions on the set of diagrams and the convo-
lution is made over the divisors of a diagram, as explained in Section 2.1.

Proof. As both £ and = are expressed as products over the pearls, we can factor the ka| dy into
a product over all of the pearls p, which yields the first two identities.

The homogeneity relations are obtained as follows: Assume ged(we, ky) = k; then we can
write ky, = kkAp, dy = dep, and w, = kw,, and we now have ged(w, k:Ap) = 1. As we have divided
all by k, the sum is over the loop data with ged 1 for the diagram ©/k. We just have to determine
the power of k that comes out of the sum. Replacing the above in the expressions for £ and =,
we have

€©(k?p) = kzp(valp—l)-‘rze |{P€e}\+|ED(©)|§D/k (é;) |

E@(kp) _ kzp(valp—l)-*-lED(@)lé*@/k (]?p) (qk) )
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To conclude, we only need to see that
Y ovalp =Y [{peel|=2g-2, |Eo®) - @) =1.
p e

These easily come from the following relations for the graph ©:
e label of vertices: Vol + Vol =|V]|=g,
o flat vertices are bivalent: |E| — |Ea| = 2|Vs|
= |E| = [En| +2|Vol,

e complement without cycle:  |V| —|E|+ |Vo| =1

= |Eol+ Vo] =g -1

and |En| — [Vol = -1,
e count of flags: Zvalp +2|Vo| = 2|E|

p
= ) valp = 2|Ep| + 2|Vo| =29 — 2.

The identities in the last two rows of the proposition follow from writing the sums of w, my,
2, and My in terms of the value of ged(we, kp) and the homogeneity relation proven above:

W(®) =) wi(®) =D kY Wi (D/k) = €4g-5* wi(D),

o) o)
mo(D) =Y kwp(D) =Y kY wi(D/k) = eag_a * w1(D),
kD kD
QD) =) @) =D E0D/k) (") = €393 % (D),
o) o)
Mo(D) = k(@) =Y k720 (D/k) (") = ezgz * (D). D
) kD

4.3.3 Final multiplicities. Using the homogeneity of the curve multiplicities, we have already
seen the following convolution relations between the invariants counts of tropical curves, where

the invariants are seen as functions on the set of curve classes and we use the convolution from
Section 2.1:

My = €494 * N;rim , Ng=e49-3% N;rim.
As these relations come from a bijection between tropical curves, they can be passed to the level
of diagrams and be extended to the refined case. Let u(®) (respectively, T(®)) be the count of
curves in the class (g d%) encoded in the diagram © using multiplicity dpmr (respectively, Mr).

Similarly, let p1(D) (respectively, T1(D)) be the count of primitive curves in the class (¢ )
encoded in the diagram D using multiplicity dpmr (= mr) (respectively, Mp (= m}ef)).

ProprosiTION 4.7. We have the following equalities between functions on the space of diagrams:

mo = €xgakpi, Mo(®) =Y Ti(D/k)(d"),
kD
[= €493 * i1, T = (e2g-20) ¥ Mo .

Proof. A marked diagram ® encodes a set € (®) of tropical curves in the class (g d%). The
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count of these curves using the multiplicity mr is by definition m(®), while their count using
the multiplicity ml“ef gives My(®). We can group together the tropical curves according to the
value of their ged: If %r:(D) denotes the subset of curves with ged k, we have

D IR TCIED S ST
kD T'e6, (D) kD T'e6, (D)

Using the fact that myr = k% *mr and mzelf = m{ff (qlC ) we get

@) — Z k4g—4 E mr, MO Z Z mref (qu)
kD reé (®/k) kD ez (D/k)

which give the identities on the first row of the proposition. Multiplying the multiplicity by k,
we similarly get p1 = e44_3 * p1. Concerning the last identity, one has

(€2g 290 >l<]\4—0 ZkQQ 2 Z mf‘ef (qk)

) Fe%(D/k)
=Y K90k | D> > mi ) (¢
) 1D/k €% (D/k)
_ Z k?g 2 Z Z m%ef (qk;ﬂ)
o) 1D /kTe? (D/kl)
=SSR 20 YT miE(¢7VF) with 6 = ki
5D k|6 et (9/9)

:Z Z ZngfQ(p mrpef(quk)

5|D TE%s(D) k|6

Z My . O

re?¢(®
Taking the sum over the genus g bidegree (d, dn) diagrams, we get the following.

COROLLARY 4.8. One has
. 2
Mg = eag—ax NJ"™, BGyc = ZBGg,C/k,l (qk ) )
k|C
Ng = €493 * Nprlrn Rg’c == (629_290) * BGg’C .

These relations mean that in the classical case as well as in the refined case, knowing one
family of invariants is sufficient to determine the others. From the above identities, we have
simultaneously

mo = €4g—4 *m1  and Mgy = €494 * [i1 .

Thus, we get that m; = p;. This identity may appear as a miracle because taking the sum over
all diagrams, it asserts that the count of primitive curves in an arbitrary class <d01 (:?2 ) is equal
to the number of curves in the primitive class having same square: (é d 10d2 ) In particular, it only
depends on dids and not on the divisibility of the class.

We now give the main statement concerning the enumeration of curves via the diagrams.
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THEOREM 4.9. We have the following table giving a correspondence between the multiplicity
with which to count the pearl diagrams of genus g and bidegree (d1,dz), and the invariants that
their count gives:

Multiplicity Computed invariant Multiplicity | Computed invariant
mo M di 0 MO BG di 0
g’(O1 d2) g’(()ld2>
mismme) L N 1 ot )
m M d M, BG d
¢ o5 d) ' o9 i)
= = N T B
(= m =) 97(%1 d02>,1 ! Gm(% 6?2),1
I N /4 0 T R /4, 0
o5 a) 29 )
Proof. The theorem follows from the definition of the diagram multiplicities. O

4.4 The multiple cover formulas

The diagram multiplicities give an algorithm to compute the invariants. However, the numerous
relations between these multiplicities allow one to prove multiple cover formulas, which once
proven provide a far more effective algorithm for the computation of the invariants. One can
then forget about all of the diagram considerations.

THEOREM 4.10. We have the following multiple cover formulas:

) M _ KY9IN ’
(i) gv(%l dog) klgcdz(dz,dz) g,(é dldg/k2>
i) N - KN ’

D) b e

(iii) BGg’(dl 0) = Z kQQfQBG%(l 0 >(qk);

2
0 do Flgcd (dy d2) 0 dida/k

(iv) R di 0\ = Z k*~'R 1 0 (qk)
g’( 0 d2> klng(d1,d2) g’(o d1d2/k2)
Proof. (i) The first formula is obtained by taking the sum over all diagrams of the identity
Mg = €49—4 * M1, which is true since m; = wy. On the left side, we get M (dl 0 ), and on the
right side, N0 d2
N o 1 y=N 1 o
97( 10/ d2/k> 97(0 dldg/k2>

for each summand in the convolution.

(ii) The second formula follows from the identity p; = mq; both are equal to wy. The number

of primitive curves N /4, o ) in the class (%1 5?2) is thus equal to
g,( 0 do )’
o(0a) oloma)

The identity Ny = e49—3 * N§ M yields the desired relation.
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(iii) As M; = Qy, the relation My = €ezg—2 * €y summed over all of the pearl diagrams can
already be interpreted as a multiple cover formula.

(iv) Last, following Proposition 4.7, one has the relation T = (eag—2¢) * My among diagram
multiplicities. Thus, one has

T = (Egg_gtp) * €292 % Ml .
Moreover,

d 29—2
(e20-29) ne2ga(d) = SR 20(k) (£) 7 =023 k) = a1

k|d kld

As multiplicity T yields Ry ¢ and M; yields the count for the primitive class, the sum over all
pearl diagrams gives the second refined multiple cover formula. O

ref

Remark 4.11. The refined invariants introduced in [Blo24b] using the refined multiplicity opmj*
can also be recovered by convoluting the previous functions. However, they do not seem to satisfy
such a cover formula.

Using the correspondence theorem from [Nis20] stating N, o = Ny ¢, we immediately deduce
the following particular case of Conjecture 1.1 from G. Oberdieck.

COROLLARY 4.12. The complex invariants Ny ¢ satisfy the multiple cover formula

Ng,O = Z k4giSNg,wk(C/k) )

k|C

where ¢ (C/k) is a primitive class having the same square as C/k.

5. FLS-diagrams for curves in a linear system

We now adapt the setting from the previous section to work for the invariants dealing with curves
in a fixed linear system. We follow the exact same steps. Thus, we skip some of the details and
refer to the previous section for more.

5.1 From tropical curves to FLS-diagrams

We consider a stretched abelian surface TA with the corresponding curve class C' = (%1 ;2 ) and
a hexagonal chosen fundamental domain. Choose a doubly stretched configuration P of g — 2
points: Points are spread horizontally, but not in a uniform way as they stay close to the left of
the fundamental domain. Let 0 <! < 21 < --- < x4_2 = < L be their horizontal coordinates
in the fundamental domain, such that |z; — ;| > [ and L > z. Let v C TA be the vertical loop
in the class Ay that consists of the two left side of the hexagon. Recall that the boundary of the
hexagon is the image of a genus 2 tropical curve I'g in the class C. These choices are recapped in
Figure 7. We call the point zone the points in the fundamental domain with horizontal coordinate
in [x1/2;2z], the zero-zone those with first coordinate in [0;z1/2], and the far zone those with
horizontal coordinate in [2x; L].

If h: ' — TA is a genus g tropical curve in the class C passing through P and belonging
to the linear system of I'g, we get a diagram ® out of I' exactly as in the point case. The only
difference is that the labeling of vertices is indexed by P = {p1,...,pg—2}, and a pearl may
receive several labels or none. The following proposition is analogous to Proposition 4.2 for the
case of curves in a linear system.
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X ... X
v [ p1 Pg—2
- e >
0-zone point-zone far-zone

FI1GURE 7. Choice of constraints for the fixed linear system problem.

PROPOSITION 5.1. Let h: I' = TA be a genus g parametrized tropical curve in the class (%1 ;2)
and linear system of I'y passing through the doubly stretched configuration P of g — 2 points.
Let ® be the diagram obtained from h: I' — TA. Then there is a unique pearl without label in
the far zone or the zero zone. We label it with co. With this labeling, ® is a FLS-diagram of
genus g and bidegree (dy,ds). Furthermore, each pearl is homeomorphic to a circle.

Remark 5.2. The cycle in the complement of the marked points plays a role analogous to the
genus 2 graph 3 on which I'\P retracts. Similarly to the notation A?, we denote by Ag the class
realized by the cycle inside H; (S L Z).

Proof. We show that the diagram ® satisfies the definition of a FLS-diagram.

(a") The vertices are split into flat vertices and pearls. We need to show that each pearl has
a unique label, except one in the zero or far zone. As in the point case, since the point configu-
ration is stretched, by Lemmas 3.11 and 3.16, each pearl has at most one label. Furthermore, as
in the point case, pearls have no disconnecting edges and are at least of genus 1. We know that
the complement of the marked points on I' is connected and retracts onto a genus 2 subgraph
Y, with Hy(X,Z) — H1(TA,Z). Therefore, at most one pearl is without label.

There is unique pearl without label in the far zone: As I' is in the linear system of I'g, the
element K € Ay defined in Section 3.1.5 lies in the image of ST: M — Ag. Assume that there is
no pearl in the far zone, that is, every edge in the far zone is horizontal. We use the information
to bound K. Let A be a bound on the coordinates of the slopes of curves in C, provided by
Lemma 3.11. As + realizes the class \a, we have

[K(A) < ) |det(p,up)| < C*-A-1,
peyNT

where A bounds the coordinates of the slopes u,, and [ the coordinates of the intersection points
with 7, and C? the number of intersection points. As there are only horizontal edges in the far
zone, one can choose 71 in the class A1 such that all intersection points lie in the point zone.
Let p = (z(p),y(p)) € [0;x] x [0;] be an intersection point between such a y; and T', and let
up = (a(p), B(p)) be the slope, with 5(p) > 1. We have

det(p, up) = B(p)z(p) — a(p)y(p) < 24x.

Furthermore, we have det(p, u,) > B(p)x(p) — Al. Summing over the intersection points, we get
that

|K(\)| < C?-24r < L.

As K € M C A%, which is the image of ST = (la/d2L+dls dﬁs), and L > x > [, these two
inequalities force K to be of the form ST (ke}) for some integer k < z. In particular, we get that

K()\l) = kdoe < .

331



T. BLOMME

As det(p,up) > B(p)z(p) — Al, we get that

> Bp)a(p) < C*- Al + kdae < 1.
pelNy1

Hence, all of the non-horizontal edges (and hence all pearls) intersected by ~; lie in the zone
with first coordinate between 0 and x1/2, where there are no marked points. In this situation,
there are no pearls labeled by 1,...,g9—2, and thus every marked point lies on a horizontal edge.
Therefore, if this is not the case, then there is some non-horizontal edge in the far zone, and thus
some pearl, which cannot contain a marked point. In any case, we have a unique pearl without
label, which we can abstractly label co, which lies in the far zone or the zero-zone.

(b), (¢) As in the point case, pearls are balanced thanks to the balancing condition and
lengths are non-negative (positive if the edges intersect ).

(d") We need to show that the complement of the flat vertices is connected with a unique
cycle. We know that the complement of the marked points on I' is connected and retracts onto a
genus 2 subgraph ¥, with ¢: Hy(X,Z) — H;(TA,Z). Furthermore, by item (a’), there is a unique
pearl without label. Every cycle in a pearl realizes some class proportional to A. Thus, by the
injectivity of ¢, the pearl labeled oo cannot be of genus bigger than 2. Likewise, no labeled pearl
can be of genus bigger than 2, so that every pearl is thus homeomorphic to a circle. Finally, as
the complement of P in I' has genus 2, there is a unique cycle in the complement of the flat
vertices in ©, and it completes the cycle in the pearl co into a basis of H;(X%,7Z).

The genus and degree statements are proven as in the point case. ]

5.2 From FLS-diagrams to tropical curves

PROPOSITION 5.3. Let © be a FLS-diagram of genus g and bidegree (dy, dz2). Let Ap be the index
of mp (H1(® — V,)) C Hi(R/Z). Let kp|dy be a choice of loop data. If gcd(we, kp) divides a, the

diagram gives a number of genus g tropical curves in the class (%1 ;2) and fixed linear system

passing through the stretched conﬁguration P equal to

ged(we, kp) AQ Hkvalp YT we
Eg(®)

Moreover, for each one of them, one has

val
AIE = Apkp.,, mr= H (?) aP 1_[114“3{"@}| , and m‘llef = HH {pre}
b p

e p edp P -
If ged(we, ky) does not divide a, there are no curve encoded by the diagram.

Proof. We proceed as in the point case. For each pearl p of degree dj, choose ky|d,, the number
of rounds that the cycle in the pearl does.

Step A: Introduction of a lattice map. The tropical curves encoded by ® are determined by
the following map between real tori, playing the analog of ®g /7 in the point case:

Upz: D R/ke_IZS R/ IZ —R/IZS P R/IZS P (R/IZ) & P R/kIZ.
E(D) E(®) Vo (D) Vo(®)

A (Z lewers, (18 = 2 e (& _,x+ <Ziwe >p>

eNy#£0 esp
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As before, the domain corresponds to the position of flags in the degree &, cover associated with
the adjacent pearl (or R/IZ for a flat vertex). The codomain corresponds to a gluing of flags,
marked point evaluation, Menelaus relations for each pearl, and a new condition coming from
the fixed linear system condition. The latter is obtained as follows. The linear system condition
imposes two constraints:

e The first is on the sum of the det(p,u,) of the edges intersected by a loop going in the
horizontal direction. It says that the unmarked pearl p has dy_, possible positions.

e The second is on the sum of the moments of the edges intersected by a loop going in the
vertical direction, which we can assume to be «y. As the curves have a pearl decomposition,
we can assume that this loop only intersects horizontal edges. For each intersected edge,
we choose one of the adjacent pearls to measure its position, and we then take the sum of

the moments, yielding
Z lowex)

eny#£0
The map Vg7 is obtained from a map between lattices ¥ whose codomain has rank exactly
one more than the rank of its domain. We want to determine the number of preimages of a point
Yy = (0, (led2e)e, (Yo, Yoo, (dp (la/d2 + di€)) ).

Step B: Image of the map Vg 7 between tori. As in the case of curves passing through g points,
the image of Wy, is the kernel of the morphism g7, and we get that y is in the image of ¥g /7
if and only if ged(we, ky) divides a.

Step C: Degree of Yg,7. We now compute the number of tropical curves encoded in D for a fixed
choice of loop data. Notice that the unmarked pearl po, has d,_ possible positions because of
the linear system condition. Up to multiplication by d,_, the number of tropical curves is given
by the ged of the minors of the lattice map ¥ associated with g7

U @ 707 —s 7. ZE®) g 72V-(®) o 7V0(D)
E(®)

(v, 20 )e — ( Z ﬁeweke+xe+,(ke+xj—kefxe_),( ,,x + (Z:l:we > )
p

eNy##() e3p

The computation of the index is as in the point case. First, notice that the minor corresponding
to deleting the first row is 0 since v still vanishes on the image. Before starting, we do some
little modifications to simplify the computation of the minors. The first row of ¥ comes from the
edges e with e Ny # (). An edge in ® having length /. has /. intersection points with ~, whence
the factor /.

Let © be the genus 1 graph where the bivalent vertices have been separated and each remain-
ing edge has been subdivided. The first row of ¥ may be seen as a 1-cochain on ®, that is, an
element in C1(D, Z), associating with every edge the number of intersection points it has with 7.
Furthermore, the remaining rows of ¥ are actually indexed by the vertices of D: two per flat
vertex, one per edge and per pearl. The rows themselves are precisely the coboundaries by which
we quotient to get H1(D,Z) from CY(D,Z), up to the weights k, along each edge. Therefore,
as ® — V, contains a unique cycle, by adding a suitable linear combination of the remaining
rows, we may assume that there is a unique non-zero coefficient in the first row, corresponding
to a flag belonging to the cycle of ® — V,,. This amounts to deforming v so that it intersects the
cycle at a unique edge and the edges adjacent to bivalent vertices. Furthermore, as the intersec-
tion number with the cycle is preserved, the coefficient at the column corresponding to the flag
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is Apweke, . These are the only coordinates having a non-zero coefficient in the first row.
The computation of the minors is now carried out through the pruning algorithm, with a new
step.

(1) Pruning of leaves. Expand minors with respect to rows corresponding to flags adjacent to
a unique vertex.

(2) Pruning of lonely flags. Expand minors with respect to edges for which only one flag
remains.

(3) Opening the cycle. The first two steps allow one to cut branches of the complement of
flat vertices. However, the complement has one cycle, so that the pruning algorithm does
not terminate. Once every branch has been pruned, there is only one non-zero coefficient in
the first row, corresponding to a unique flag. We expand with respect to this coefficient and
delete the corresponding flag. The cycle is now open, and we can continue with Steps (1)
and (2) to prune it and finish the computation.

We get the following minors:
e For a pearl pg, we get
kyoPoAn [T % [ we-
p#po e€En (D)
e For an edge eg € Eq(D), we get

szAng;,’alp_l H We .
p

ecEn (’D)
e#eo

e For an edge ey adjacent to a flat vertex, we get

weOA@Hk;alp_l H We .
p

ecEn (@)
Taking the ged yields

gcd(we,k‘p)A@Hk;alp_l H We -
p e€En(D)

Finally, this time, we have to divide by the deck transformations of the unmarked pearl po, since
there is no marked point to distinguish the lifts that differ from a torsion element.

Step D: Multiplicities of the tropical curves. To conclude, we deal with the multiplicities of
the tropical curves. As in the case of curves passing through g points, each vertex has multiplic-
ity (dp/kp)we, yielding the formulas. Moreover, the graph ¥ onto which each curve retracts is
provided by the unmarked pearl po, that contains a unique cycle realizing the class ky_ A2, and
the unique cycle of the complement of marked edges in the diagram D, realizing the class A
inside H; (Sl, Z). We then have A% = Apkp.. O

5.3 Recovering the invariants

5.3.1 First diagram multiplicities. For a diagram ©, let mE"S(D) and MITS(D) be the
counts of curves in the class <d01 ;2 ) encoded in ® with multiplicities A%mp and A%m{ff, re-

spectively. To simplify the notation, for a chosen FLS-diagram ® and loop data (ky), let us
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set

valp— d e e
XS (ky) = AAdy., Hdp Ip 1]?:: lee{pe Hta(e) |
p e

—_ valp— d
ES(ky) = Addy,, [ e <H [kpwe} ) IT we.
P P T=/ By

esp

Following Proposition 5.3, we have the following.

COROLLARY 5.4. One has

mES@) = > ged(ky, we)eh 5 (k)
kp|dy
ged(we,kp)|a
MCLFLS(@): Z ng(kpawe)EgLs(kp)‘
kp|dy

ged(we,kp)|a

For a = 0, we have no gcd condition, and for a = 1, we only sum for ged equal to 1.

5.3.2 Auziliary multiplicities. We introduce the auxiliary counts

WD) = Y 5 (k) QD) = Y EGS(ky),
kpldp kyldyp
GBP@ = ) Gk, @)= Y =5k
kpldy kyldyp
ged(we,kp)=k ged(we,kp)=k
FLS

Only the formulas wi™ = mItS and Q'S = MFTS have an enumerative interpretation as
a count of curves; the others are just computation additives.

PROPOSITION 5.5. Factorizing the products, we have the expressions

wFLS(@) — A%dpoo H d;/alpflo_l (dp) Hw‘e{PEGHJrTlD(e) )
» e

QFLS(Q):A%dpwH<ZkV31”_1H{?we} ) IT we
-/ Eg(®)

P \kldy e3p
along with the identities

WIS (D) = K00 (D /), OFS(D) = K IOES(D/k) (¢")

FLS FLS FLS FLS
w =€gg-3%W] 7, Q = €gg—1 %27,

FLS FLS FLS FLS
my "~ = €492 ¥ Wy My ™ = €94 % Q7 7,

where the last two rows are convolutions on the set of functions on diagrams.

Proof. The proof can be taken verbatim from the point case, with different exponents appearing
due to the different shape of the multiplicity and the fact that the complement of flat vertices
has genus 1. O
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5.3.3 Final multiplicities. Using the homogeneity of the curve multiplicities, we have the
following relations between functions over the set of classes:

FLS _ prim,FLS FLS __ prim,FLS
Mg —64g—2*Ng N Ng —€4g_1*Ng .

These equalities come from a bijection at the level of the tropical curves and can be passed to
the pearl diagram level and have refined analogs. Let pFlS (respectively, TFLS) be the counts
of curves in the diagram ® using multiplicity dpAFmr (respectively, AF Mr). Similarly, let pftS

(respectively, TIS) be the count of primitive curves in the diagram © using the same multiplicity.

PROPOSITION 5.6. We have the following identities:

2
my S = eagoa xpy Mg (@) =Y KT (D/k)(¢"),
k|D
PP @) = eagrx (D), TS = (eq0) * My .
Proof. The proof can be taken verbatim from that of Proposition 4.7. 0

Taking the sum over all the genus g bidegree (di,dy) pearl diagrams, we get the following.

COROLLARY 5.7. One has
FLS im,FLS FLS k2
Mg = €492 * Ngrlm ) BGg,C = ZBGg,C/k,l (q ) )
k|C
FLS im,FLS FLS _
Ny ™" = eqg-1 % N;“m , R, & = (e29) * BGy o .

Remark 5.8. As in the g point case, the surprising identity ,ulf LS — mlfLS(: waS) that asserts
that the number of primitive curves solution of the problem in a class C' does not depend on the
divisibility of the class: It is equal to the number for a primitive class.

THEOREM 5.9. We have the following table giving a correspondence between the multiplicity
with which we count the FLS-diagrams of genus g and bidegree (dy,ds), and the invariants that
their counts give:

Multiplicity | Computed invariant Multiplicity | Computed invariant
mg" MFI(% o> Mg*s BGFL(Sd 0)
9, 01d2 9, 01 ds
FLS(_ , FLS FLS FLS FLS
my (= pp ) M <d1 1) My BG (dl 1)
9\ 0 da 9> 0 do
FLS
maFLS MgFI(fll a ) MaFLS BGg (d1 a )
N0 de N0 do
(LS (= ml'LS) NFLSd1 . YFLS BGFLSd o
a(4 o) a(§ o)
(FLS NFL%1 o YFLS RFLSd o
9’<0 dz) 97( 0 d2>

5.4 The multiple cover formulas

5.4.1 Tropical multiple cover formulas. From the identities between the pearl diagram mul-
tiplicities, we deduce the following cover formulas.
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THEOREM 5.10. We have the following multiple cover formulas:

v M;ESdol o) k|gc(%hd2)k4g_2N;Ez dudafi?)’
L) iz b ae)
(iii) BG;L(S%1 0= ma%l . ngBG;L(S(l) o (),
(iv) R;L(Sd& 0) = k|gc§:dl,d2) k29+1R§’LS; ) ().

Proof. (i) As we have meS = waS, the identity is obtained by taking the sum of the identity
mOFLS = €492 * m?LS over all diagrams.

(ii) As we have '™ = mIS which are both equal to w!

provides the result by taking the sum over all pearl diagrams.

(iii) As MF™S = QFLS| the identity My = €29 * Mj FLS vields the relation by taking the sum
over all diagrams.

FLS

FLS the relation pf™S = = €4g—1%My

(iv) The last formula is obtained as in the g points case. O

5.4.2 Complex multiple cover formulas. In [BL99], it is proven that the linear system con-
dition can be replaced by four insertions of 1-cycles whose classes form a basis of the homology
of CA. Taking n = g + 2 and 7, ...,74—2 to be points and the four remaining cycles to be such
a basis, the multiple cover formula predicts

NFL _ Z /C4g—1 NFL§ _
( 0 d2> k|ng(d1,d2) 950 dldg/k’z)
By the correspondence theorem asserting that NV FLS /\/ FLS this is equivalent to relation (ii)
in Theorem 5.10, which proves the multiple cover formula for this particular case.

We now insert a A-class and take go — 2 point insertions and four 1-cycle insertions forming
a basis of the first homology group. The multiple cover formula from [Obe22] predicts

. 2y FLS 2g—1+2 ) —2\FLS
Ng—go DI 2)g & = Y K20\ _g0i Dt %) (0B k)i
k|C
For a fixed choice of C' and gy, let
REEE = 3 Oy 10572,

907
9290

which is the generating series of the Gromov-Witten invariants with point insertions and a A-
class. Its first term is IV gFO Lgung—Q. As in the point case, the multiple cover formula predicts

Repo(uw) = Y > KM (N i pt?) 58 L (ku)®2
9290 k|C

=D KR ) an (R0)
KIC

The generating series RFLS have been computed in [BOPY18] for primitive classes and for any
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class if gg = 2. It is possible to check that if C is a primitive class, we in fact have
FLS -1
Rgo,C(U) = (=1)% Rgo,C’(Q)>
where ¢ = €™ is the same change of variable that occurs in [Boul9]. The same is true for any C
if go = 2. The multiple cover formula is thus equivalent to the refined tropical multiple cover
formula (iv) from Theorem 5.10. Thus, the multiple cover formula for invariants with a A-class

insertion is proven by Theorem 4.10 if the following conjecture analogous to the main theorem
of [Boul9] is true.

CONJECTURE 5.11. Through the change of variable ¢ = ', one has

RELS, = (—1)9 LRI (g).

6. Computations and regularity results

6.1 Computation in the primitive case
6.1.1 Explicit formulas for the primitive invariants. To compute the enumerative invariants,
we use the multiple cover formula to reduce their computation to the primitive classes. The

generating series of the invariants Ng (10) and N;I(J? 0) have already been computed in [BL99].
N0 n Aon
The result can be recovered using the pearl diagrams since the pearl diagrams of bidegree (1,n)

are especially simple.
PROPOSITION 6.1. We have

N

9,

g—1
0y =9 > Tao(a),

a1+-+ag—1=n i=1

Boy=9 X H@ZWZ)’

a1+--+ag-1=n =1 \kla;

1
0

g—1
N;?% 0) = Z ag—1 H aio1(ai) ,
n i=1

al+-+ag_1=n

g—1 w
Win- ¥ aall(Sime)
a1+tag_1=n i=1 \k|a;

Proof. A diagram of genus g has a unique flat vertex that has g possible labels and g — 1 pearls
whose labels are determined by this choice, as depicted on Figure 8(a). We add a factor g to
account for its marking. We then sum the diagram multiplicities over the partitions of n in g — 1
parts. The diagram being primitive, the multiplicities are provided by the formulas for w and €2,
yielding the expected formula.

For a FLS-diagram, there is no flat vertex, and there are g — 1 pearls with a unique possible
labeling. The counts are obtained by taking the sum of the diagram multiplicities over the
partitions of n into g — 1 parts. The multiplicities are this time provided by the formulas for
WS and QFLS| respectively. O

Remark 6.2. Concretely, the tropical curves are as follows: A horizontal edge that meets g — 1

loops that each make a certain number of loops around the vertical direction. This certain number
is actually the loop data.
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FIGURE 8. Primitive pearl diagram and FLS-diagram.

6.1.2 Generating series of the classical primitive invariants. If we denote by Ga(y) =
—1/24 + > " 01(n)y" the first Eisenstein series and by D the differential operator y(d/dy),
the generating series of the classical invariants are

DN, (r oy =g(DGa(w)" T DINTE 0" = (DGa(y)” D Caly).
1 1 n

We have recovered the expressions from [BL99].

6.1.3 Generating series of the refined primitive invariants. Setting

o0
n
S _ Ik 2. n h L 2 _ k 2 —k
(¢:y) sz[]fy ,  where [k]Z =¢ +q",
n=1 k|n
we get that the generating series of the refined invariants in the primitive case are

[e.9]

no_ g—1
Z;Rg,((l)g)y 95(a,y)"~",

> d
FLS no_ g—2,, =
EI:R%(% 0yy" = 5(¢,9) Yy (S(q,v)) -

We recover the expressions of [BOPY18] that give the generating series of the Gromov—Witten
invariants in a fixed linear system with point insertion and a A-class insertion, suggesting that in
this situation as well the refined invariants have a close relation to these specific Gromov—Witten
invariants.

6.2 Quasi-modularity of generating series

Let g and d be fixed positive integers. We consider the generating series for the invariants Ny (q,4n)

NFLS

and g.(ddn)’

00 00
Fg,d(y) = Z Ng,(d,dn)yn ’ F;Tgs(y) = Z N;%ds,dn)yn .
n=1 n=1

The generating series Fy, 1 and F; %S have already been computed in the previous section. As

they are polynomials in DGs(y), they are quasi-modular forms for SLy(Z). We generalize this
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result to the generating series for the non-primitive case.

THEOREM 6.3. The series Iy 4 and FgFlI;S are quasi-modular forms for some finite-index subgroup
of SLy(Z) containing (} 1), and they have the following expressions:

2irr d\*~° 2im(r+1) /K2y 9—1
(€M) =g > z (DGa(e D) A

F
k|d
0<iI<k?
iTT d ot i (T 2 -2 i (T 2
IS (e2inry = 3 (E) (DG T+ )92 2 (2im(r+D/K) |
k|d
0<i<k?

Proof. Taking the generating series of the invariants, the multiple cover formula (ii) from Theo-
rem 4.10 gives that
d 49g—3
Fg,d(y) = Z (k‘) Z Ng,(l,k2n)yn .
kld 1

Thus, we need to compute the partial generating series of Fj 1:

Z FgJ (T + l> Z ZN 217r(n/k2)(~r+l iNg,(l,an)e%ﬂ-nT )

0<i<k? 0<i<k2 n=1 n=1

Taking the sum over the divisors k of d and replacing Fj 1 by its expression yields the desired
expression. Moreover, it shows that the function is 1-periodic. According to Lemma 2.1, the
functions on the left are quasi-modular forms for some subgroup of SLy(Z). Intersecting their
modular groups over the divisors k£ of d proves that the sum is also quasi-modular. Thus, so
is F; 4. The fixed linear system case is treated similarly. O

6.3 Polynomiality of the coefficients of the refined invariants

We now investigate the refined invariants.

6.3.1 Degree and leading term. The explicit formulas from Section 6.1 easily yield the fol-
lowing.

PROPOSITION 6.4. The refined invariant R, (1 »)(q) is of degree n. Its leading coefficient is g( n-l )

Proof. The polynomial Ekl ok [%]3 is of degree a and its leading term is 1. Thus, the formula
for Ry (1) asserts that it is of degree n and its leading term is equal to g times the number of
partitions of n into g — 1 numbers bigger than 1. The latter is equal to the number of partitions
of n — g+ 1 into g — 1 non-negative numbers, equal to (("_94'91_)'2"(9_2) ), so writing n — g+ 1 as
1+1+---+ 1, we have to place g — 2 separations. O

Remark 6.5. The computation is similar for the fixed linear system case. The only difference is
that the leading term is now

n—(g—2) n—g+2
_ n—l—1
> %1—2%1 > 1= > ("5
a1+-+ag_1=n ag—1=1 a1+--+ag_2=n—ag—1 =1

It is also a polynomial in n for any choice of g.
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COROLLARY 6.6. The refined invariant Rg (g, a,)(q) is of degree didy. Its leading coefficient
is g (d1d2 1).

Proof. From the multiple cover formulas (iii) and (iv) in Theorem 4.10, we can see that the only
term from the cover formula that contributes is Ry (1 4,4,)- O

6.3.2 Coefficients of fized codegree. In [BP22], E. Brugallé and A. Puentes prove the follow-
ing regularity result for the refined invariants of specific toric surfaces. For simplicity, we state it
for the projective plane. If we cancel the denominators in the Block—Gottsche multiplicities, the
refined invariant BG, 4(¢) is an (anti-)symmetric Laurent polynomial of degree d?/2. For fixed p
and g, the coefficient in qu/ 2=P (codegree p) is asymptotically a polynomial in d. Moreover,
they give explicit bounds for the domain on which the coefficient is a polynomial. Here we prove
a similar result for the coefficients of our invariants R, c.

THEOREM 6.7. The coefficient (Rg, (4, 4,))p of codegree p in Ry (4, 4,) is a polynomial in dydy for
dydy > max(g — 1,2p).

Proof. The formula for Ry () is a sum over the partitions a; + - -+ + ag—1 of n of a product of
polynomials each only having terms of degree +a;/k; and 0 for every divisor k; of a;. Each term

is of degree n. Thus, to get a term of codegree p, we need to dispatch the codegree p among the
terms of each product:

(Ryamp=9 3. > H<ka>v

ai+-tag_1=npit+-+pg_1=p 1  kla;

where the p; are between 0 and p. For each a; and k|a; bigger than 1, we have a;/k; < a;/2.
Thus, if a; > 2p, the polynomial Zk‘ o klai/k]% has no term of codegree between 1 and p, and
the corresponding term in the product is 0. Therefore, for each choice of p1 +--- +py_1 = p, we
have a finite number of possibilities for the choice a; with p; # 0. Then, the remaining choice
for the other a; is the number of partitions of n — Zpi £0 @i into positive numbers. The latter is
a polynomial in n, given as some binomial coefficient.

In the non-primitive case, it is a consequence of the multiple cover formula from Theorem 4.10.
It asserts that
Rg,(d17d2) = Z kzg_lR%(l,dldz/kQ) (qk) :
klged(d1,d2)
The term in the sum is of degree dids/k. Thus, if dida > 2p, only the k = 1 term contributes to
the codegree p coefficient since none of the other terms has a sufficiently big degree. O

Ezample 6.8. Let us compute the coefficients of codegree 1 and 2 for R (1 ). The leading term
has already be computed. For the coefficient of codegree 1, we can have a; = 1 or 2 for exactly
one 17 since they are the only polynomials Zkl Lk (@¥* — 2+ ¢=%/*) with a non-zero codegree 1
term. Thus, the coefficient is

(Roim)1=9(g = 1) (373) (=2) +9(9 = 1) (325) 2
=—29(9 —1) (3=1) -
For the coefficient of codegree 2, we now have more possibilities:

e We have one a; equal to 1 and take the codegree 2 coefficient.

e We have one a; equal to 2 and take the codegree 2 coefficient.
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e We have two a; equal to 1, where we take the codegree 1 coefficients.
e We have two a; equal to 2, where we take the codegree 1 coefficients.

e We have one a; equal to 1 and one equal to 2, where we take the codegree 1 coefficients.

We thus get the following formula:

By )2 = 9o — 1) (72) (1) + glg — 1) (73) (=3) + g U= D=2 gy (o2

2
+g(g_1)2(g_2) (3=3)2%+glg—D(g—2) (5=1) (-2)

=glg—-D((375) -3(573)) +29(9 - D(g—2) (323) -

ACKNOWLEDGEMENTS

The author is grateful to R. Pandharipande and G. Oberdieck for pointing out the existence
of Oberdieck’s multiple cover formula as well as helpful discussions on the matter. The author
also thanks I. Itenberg for reviewing a first version of the paper, and the anonymous referee for
helpful remarks that helped greatly improve the paper.

REFERENCES

BB21 Y. Bae and T.-H. Buelles, Curves on K3 surfaces in divisibility 2, Forum Math. Sigma, 9
(2021), article no. €9; doi:10.1017/fms.2021.6.

BGl16a  F. Block and L. Gottsche, Fock spaces and refined Severi degrees, Int. Math. Res. Not. IMRN
2016 (2016), no. 21, 6553-6580; doi:10.1093/imrn/rnv355.

, Refined curve counting with tropical geometry, Compos. Math. 152 (2016), no. 1,

115-151; doi:10.1112/S0010437X1500754X.

Blo23a  T. Blomme, Floor diagrams and enumerative invariants of line bundles over an elliptic curve,
Compos. Math. 159 (2023), no. 8, 1741-1790; doi :10.1112/s0010437x23007285.

BG16b

Blo23b , Tropical curves in abelian surfaces II: Enumeration of curves in linear systems, Trans.
Amer. Math. Soc. 376 (2023), no. 8, 5641-5691; doi:10.1090/tran/8941.

Blo24a , Gromov—Witten invariants of bielliptic surfaces, 2024, arXiv:2401.01627.

Blo24b , Tropical curves in abelian surfaces I: enumeration of curves passing through

points, Math. Proc. Cambridge Philos. Soc. 177 (2024), no. 1, 109-148; doi:10.1017/
S0305004124000161.

BGM22a J. Bohm, C. Goldner, and H. Markwig, Counts of (tropical) curves in E x P! and Feynman
integrals, Ann. Inst. Henri Poincaré D 9 (2022), no. 1, 121-158; doi:10.4171/aihpd/115.

, Tropical mirror symmetry in dimension one, SIGMA Symmetry Integrability Geom.

Methods Appl. 18 (2022), article no. 046; doi:10.3842/SIGMA.2022.046.

BGM22b

Boul9 P. Bousseau, Tropical refined curve counting from higher genera and lambda classes, Invent.
Math. 215 (2019), no. 1, 1-79; doi:10.1007/s00222-018-0823~z.
BP22 E. Brugallé and A. Jaramillo Puentes, Polynomiality properties of tropical refined invariants,

Comb. Theory 2 (2022), no. 2, article no. 1; doi:10.5070/C62257845.
BMO07 E. Brugallé and G. Mikhalkin, Enumeration of curves via floor diagrams, C. R. Math. Acad.
Sci. Paris 345 (2007), no. 6, 329-334; doi:10.1016/j.crma.2007.07.026.
, Floor decompositions of tropical curves: the planar case, Proceedings of Gokova
Geometry-Topology Conference 2008 (Int. Press, Cambridge, 2009), 64-90.

BS14 E. Brugallé and K. Shaw, A bit of tropical geometry, Amer. Math. Monthly 121 (2014), no. 7,
563-589; doi:10.4169/amer.math.monthly.121.07.563.

BMO09

342


https://doi.org/10.1017/fms.2021.6
https://doi.org/10.1093/imrn/rnv355
https://doi.org/10.1112/S0010437X1500754X
https://doi.org/10.1112/s0010437x23007285
https://doi.org/10.1090/tran/8941
https://arxiv.org/abs/2401.01627
https://doi.org/10.1017/S0305004124000161
https://doi.org/10.1017/S0305004124000161
https://doi.org/10.4171/aihpd/115
https://doi.org/10.3842/SIGMA.2022.046
https://doi.org/10.1007/s00222-018-0823-z
https://doi.org/10.5070/C62257845
https://doi.org/10.1016/j.crma.2007.07.026
https://doi.org/10.4169/amer.math.monthly.121.07.563

BL99
BOPY18

Capl4

CJM10
CP17
FM10
Go6t98
GH94
Gun62
IKMZ19
IM13
KKV99

KMPS10

KST11

MR20

Mik05
Mik17
MZ08
Nis20
NS06
Obe22

OP16

MULTIPLE COVER FORMULAS IN ABELIAN SURFACES

J. Bryan and N. C. Leung, Generating functions for the number of curves on abelian surfaces,
Duke Math. J. 99 (1999), no. 2, 311-328; doi:10.1215/S0012-7094-99-09911-8.

J. Bryan, G. Oberdieck, R. Pandharipande, and Q. Yin, Curve counting on abelian surfaces
and threefolds, Algebr. Geom. 5 (2018), no. 4, 398-463; doi:10.14231/ag-2018-012.

L. Caporaso, Gonality of algebraic curves and graphs, in Algebraic and complex geometry,
Springer Proc. Math. Stat., vol. 71 (Springer, Cham, 2014), 77-108; doi:10.1007/978-3-319-
05404-9_4.

R. Cavalieri, P. Johnson, and H. Markwig, Tropical Hurwitz numbers, J. Algebraic Combin. 32
(2010), no. 2, 241-265; doi:10.1007/s10801-009-0213-0.

Y. Cooper and R. Pandharipande, A Fock space approach to Severi degrees, Proc. Lond. Math.
Soc. (3) 114 (2017), no. 3, 476-494; doi:10.1112/plms.12017.

S. Fomin and G. Mikhalkin, Labeled floor diagrams for plane curves, J. Eur. Math. Soc. (JEMS)
12 (2010), no. 6, 1453-1496; doi:10.4171/JEMS/238.

L. Géttsche, A conjectural generating function for numbers of curves on surfaces, Comm. Math.
Phys. 196 (1998)7 no. 3, 523-533; doi:10.1007/s002200050434.

P. Griffiths and J. Harris, Principles of algebraic geometry (reprint of the 1978 original), Wiley
Classics Lib. (John Wiley & Sons, Inc., New York, 1994); doi:10.1002/9781118032527.

R. C. Gunning, Lectures on modular forms, Ann. of Math. Stud., vol. 48 (Princeton Univ. Press,
Princeton, NJ, 1962); doi:10.1515/9781400881666.

I. Itenberg, L. Katzarkov, G. Mikhalkin, and 1. Zharkov, Tropical homology, Math. Ann. 374
(2019), no. 1-2, 963-1006; doi:10.1007/s00208-018-1685-9.

I. Ttenberg and G. Mikhalkin, On Block-Gdttsche multiplicities for planar tropical curves, Int.
Math. Res. Not. IMRN 2013 (2013), no. 23, 5289-5320; doi:10.1093/imrn/rns207.

S. Katz, A. Klemm, and C. Vafa, M-theory, topological strings and spinning black holes, Adv.
Theor. Math. Phys. 3 (1999), no. 5, 1445-1537; doi:10.4310/ATMP.1999.v3.n5.a6.

A. Klemm, D. Maulik, R. Pandharipande, and E. Scheidegger, Noether-Lefschetz theory and
the Yau-Zaslow conjecture, J. Amer. Math. Soc. 23 (2010), no. 4, 1013-1040; doi:10.1090/
S0894-0347-2010-00672-8.

M. Kool, V. Shende, and R. P. Thomas, A short proof of the Géttsche conjecture, Geom. Topol.
15 (2011), no. 1, 397-406; doi:10.2140/gt.2011.15.397.

T. Mandel and H. Ruddat, Descendant log Gromov-Witten invariants for toric varieties and
tropical curves, Trans. Amer. Math. Soc. 373 (2020), no. 2, 1109-1152; doi:10.1090/tran/
7936.

G. Mikhalkin, Enumerative tropical algebraic geometry in R?, J. Amer. Math. Soc. 18 (2005),
no. 2, 313-377; doi:10.1090/S0894-0347-05-00477-7.

, Quantum indices and refined enumeration of real plane curves, Acta Math. 219 (2017),
no. 1, 135-180; doi:10.4310/ACTA.2017.v219.n1.a5.

G. Mikhalkin and I. Zharkov, Tropical curves, their Jacobians and theta functions, in Curves
and abelian varieties, Contemp. Math., 465 (2008), vol. 465, (Amer. Math. Soc., Providence,
RI, 2008), 203-230; doi:10.1090/conm/465/09104.

T. Nishinou, Realization of tropical curves in abelian surfaces, 2020, arXiv:2007.16148.

T. Nishinou and B. Siebert, Toric degenerations of toric varieties and tropical curves, Duke
Math. J. 135 (2006), no. 1, 1-51; doi:10.1215/S0012-7094-06-13511-1.

G. Oberdieck, Gromov—Witten theory and Noether—Lefschetz theory for holomorphic-symplectic
varieties, Forum Math. Sigma, 10 (2022), article no. €21, 46 pp.; doi:10.1017/fms.2022.10.

G. Oberdieck and R. Pandharipande, Curve counting on K3 x E, the Igusa cusp form xio,
and descendent integration, in K3 surfaces and their moduli, Progr. Math., vol. 315, (Springer,
Cham, 2016), 245-278; doi:10.1007/978-3-319-29959-4_10.

343


https://doi.org/10.1215/S0012-7094-99-09911-8
https://doi.org/10.14231/ag-2018-012
https://doi.org/10.1007/978-3-319-05404-9_4
https://doi.org/10.1007/978-3-319-05404-9_4
https://doi.org/10.1007/s10801-009-0213-0
https://doi.org/10.1112/plms.12017
https://doi.org/10.4171/JEMS/238
https://doi.org/10.1007/s002200050434
https://doi.org/10.1002/9781118032527
https://doi.org/10.1515/9781400881666
https://doi.org/10.1007/s00208-018-1685-9
https://doi.org/10.1093/imrn/rns207
https://doi.org/10.4310/ATMP.1999.v3.n5.a6
https://doi.org/10.1090/S0894-0347-2010-00672-8
https://doi.org/10.1090/S0894-0347-2010-00672-8
https://doi.org/10.2140/gt.2011.15.397
https://doi.org/10.1090/tran/7936
https://doi.org/10.1090/tran/7936
https://doi.org/10.1090/S0894-0347-05-00477-7
https://doi.org/10.4310/ACTA.2017.v219.n1.a5
https://doi.org/10.1090/conm/465/09104
https://arxiv.org/abs/2007.16148
https://doi.org/10.1215/S0012-7094-06-13511-1
https://doi.org/10.1017/fms.2022.10
https://doi.org/10.1007/978-3-319-29959-4_10

PT16

Ser70

Shu06

Tyol2

TzelO

T. BLOMME

R. Pandharipande and R.P. Thomas, The Katz—Klemm—Vafa conjecture for K3 surfaces, Fo-
rum Math. Pi, 4 (2016), article no. e4; doi:10.1017/fmp.2016.2.

J.-P. Serre, Cours d’arithmétique, Collection SUP: “Le Mathématicien”, vol. 2 (Presses Univ.
France, Paris, 1970).

E. Shustin, A tropical approach to enumerative geometry, St. Petersburg Math. J. 17 (2006),
no. 2, 343-375; doi:10.1090/S1061-0022-06-00908-3.

I. Tyomkin, Tropical geometry and correspondence theorems via toric stacks, Math. Ann. 353
(2012), no. 3, 945-995; doi:10.1007/s00208-011-0702-z.

Y.-J. Tzeng, A proof of the Gottsche—Yau—Zaslow formula, Ph.D. thesis, Stanford Univ., 2010,
available at https://purl.stanford.edu/wj956tz0655.

Thomas Blomme thomas.blomme®@unine.ch
Université de Neuchatel, rue Emile Argan 11, Neuchatel 2000, Switzerland

344


https://doi.org/10.1017/fmp.2016.2
https://doi.org/10.1090/S1061-0022-06-00908-3
https://doi.org/10.1007/s00208-011-0702-z
https://purl.stanford.edu/wj956tz0655
mailto:thomas.blomme@unine.ch

	Introduction
	Preliminaries and problem setting
	Results
	Structure of the paper

	Little toolbox
	A small digression on the arithmetic convolution
	About quasi-modular forms
	Abstract marked pearl diagrams

	Tropical tori, tropical curves, enumeration, and multiplicities
	Tropical tori and tropical curves
	Enumerative problems and invariants
	Stretching in abelian surfaces

	Pearl diagrams for curves passing through g points
	From curves to pearl diagrams
	From pearl diagrams back to tropical curves
	Recovering the invariants
	The multiple cover formulas

	FLS-diagrams for curves in a linear system
	From tropical curves to FLS-diagrams
	From FLS-diagrams to tropical curves
	Recovering the invariants
	The multiple cover formulas

	Computations and regularity results
	Computation in the primitive case
	Quasi-modularity of generating series
	Polynomiality of the coefficients of the refined invariants

	References

