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Refined invariants of flopping curves and

finite-dimensional Jacobi algebras

Ben Davison

Abstract

We define and study refined Gopakumar–Vafa invariants of contractible curves in
complex algebraic threefolds, alongside the cohomological Donaldson–Thomas theory
of finite-dimensional Jacobi algebras. These Gopakumar–Vafa invariants can be con-
structed one of two ways: as cohomological BPS invariants of contraction algebras
controlling the deformation theory of these curves, as defined by Donovan and We-
myss, or by feeding the moduli spaces that Sheldon Katz used to define genus zero
Gopakumar–Vafa invariants into the machinery developed by Joyce et al. The con-
jecture that the two definitions give isomorphic results is a special case of a kind of
categorified version of the strong rationality conjecture due to Pandharipande and
Thomas, that we discuss and propose a means of proving. We prove the positivity of
the cohomological/refined BPS invariants of all finite-dimensional Jacobi algebras. This
result supports this strengthening of the strong rationality conjecture, as well as the
conjecture of Brown and Wemyss stating that all finite-dimensional Jacobi algebras for
appropriate symmetric quivers are isomorphic to contraction algebras.

1. Introduction

1.1 Refined Gopakumar–Vafa invariants

Let f : X → Y be a threefold flopping contraction, by which we mean that X is a smooth
quasi-projective 3-dimensional variety over C, Y is Gorenstein, and f is birational, with exactly
one exceptional fibre, isomorphic to a rational curve C. Associated with this seemingly innocu-
ous setup is a great deal of rich geometry, captured in part by various enumerative invariants,
amongst them the Gopakumar–Vafa invariants nC,1, nC,2, . . .. The length l(C) of C, see [CKM88,
Section 16.7], can be defined to be the length of the structure sheaf of C at the generic point of
Cred, and l(C) ⩽ 6; see [KM92, Section 1]. For r greater than l(C), we have nC,r = 0, so that the
invariants nC,r for r ∈ N provide an essentially finite list of enumerative invariants for the curve.

The above Gopakumar–Vafa invariants turn out to be instances of Donaldson–Thomas (DT)
invariants, introduced by Thomas as virtual counts of ideal sheaves in Calabi–Yau threefolds
[Tho97, Tho00]. The study of the DT invariants of a (noncompact) Calabi–Yau threefold X via
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virtual counts of moduli of A-modules, where A is a Jacobi algebra derived equivalent to X,
was pioneered by Szendrői in the case of the conifold [Sze08]. One of the attractive features of
this “noncommutative” approach to DT theory is that it lends itself very easily to refinement;
the virtual Euler characteristics appearing in the theory are equal to the alternating sums of the
dimensions of the hypercohomology of vanishing cycle sheaves, and a natural “categorification” of
the theory is provided by studying the hypercohomology itself. Moreover, this hypercohomology
carries a mixed Hodge structure, so that a natural q-refinement of noncommutative DT theory
is provided by the weight polynomial of these mixed Hodge structures.

Instead of studying the Gopakumar–Vafa invariants via the DT theory of an algebra A that
is derived equivalent to X, it turns out to be possible to access them via a much smaller Ja-
cobi algebra (that is, a finite-dimensional one), namely the contraction algebra of Donovan and
Wemyss [DW16]. For instance, in the case of the conifold (that is, the Atiyah flop), this corre-
sponds to replacing the infinite-dimensional Jacobi algebra appearing in [Sze08] with the ground
field C.

In this paper we study the noncommutative Donaldson–Thomas theory of finite-dimensional
Jacobi algebras in general, defining a sequence of cohomologically graded Gopakumar–Vafa in-
variants GVC,1,0,GVC,2,0, . . . ∈ Ob(MMHS) in the category of monodromic mixed Hodge struc-
tures in terms of Bogomol’nyi–Prasad–Sommerfield (BPS) cohomology of the contraction algebra
associated with the flopping curve C (see Definition 5.3).1

Theorem A. Each GVC,r,0 is concentrated entirely in cohomological degree zero and is Verdier
self-dual. The sequence GVC,1,0,GVC,2,0 . . . categorifies the Gopakumar–Vafa invariants, in the
sense that there are equalities dim(GVC,r,0) = nC,r.

The object GVC,r,0 is a monodromic mixed Hodge structure, and its dimension is a coarse
numerical invariant of it. By taking more sophisticated invariants (for example the weight poly-
nomial or Hodge spectrum), we define refined Gopakumar–Vafa invariants in the sense of mo-
tivic DT theory. The most refined cohomological invariant one might take is the class [GVC,r,0]
in the Grothendieck ring of monodromic mixed Hodge structures. Put in terms of this invari-
ant, the main content of Theorem A is that this invariant is effective since GVC,r,0 is a gen-
uine monodromic mixed Hodge structure, as opposed to a cohomologically graded complex of
them.

In the case l(C) = 1 the threefold X is either the Atiyah flop or one of Reid’s pagoda flops.
The refined DT invariants in these two cases were calculated in [MMNS12, DM17], respectively,
after which the refined DT theory for all higher-length flops seemed to be out of reach. Since
nC,r = 0 for r greater than the length of C, the effectiveness in Theorem A implies that the
refined Gopakumar–Vafa invariants also vanish for r > l(C), so that one can hope to completely
calculate the refined DT theory of any given higher-length flopping curve. In [vGa20] this result
is used to realise this hope and completely determine the refined DT theory of an infinite family
of length 2 flopping curves. Indeed, it is conjectured that this is the complete list of isomorphism
classes of length 2 flopping curves, so that these results provide the key to completely determining
the refined DT theory of such curves.

1In this paper we reserve the terminology “Gopakumar–Vafa invariant” for invariants of moduli of coherent sheaves
on threefolds and “BPS invariants” for invariants of Jacobi algebras; as we explain in Section 5.2, it is due to the
very simple nature of the Hilbert–Chow morphism for the moduli spaces of sheaves that we consider that these
two types of invariants coincide for categories of modules over contraction algebras.
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Flopping curves and finite-dimensional Jacobi algebras

1.2 Positivity of BPS invariants

The cohomological invariants in Theorem A are defined as vanishing cycle cohomology of inter-
section complexes, via the definition of BPS cohomology for Jacobi algebras formulated by the
author and Meinhardt in [DM20]. For this to make sense, we have to attach to the curve C ⊂ X
a Jacobi algebra, for which we take the contraction algebra Acon introduced by Donovan and
Wemyss, representing the noncommutative deformation theory of the coherent sheaf OCred

. The
agreement of the numerical invariant dim(GVC,r,0) and the rth Gopakumar–Vafa invariant is
then obtained by piecing together a string of equalities due to Behrend [Beh09, Theorem 4.18],
Katz [Kat08, Section 3.2], Hua and Toda [HT18, Theorem 4.4].

This paper was partly motivated by a conjecture of Brown and Wemyss, stating that all finite-
dimensional Jacobi algebras (for a select list of symmetric quivers) are isomorphic to contraction
algebras of flopping curves; see [BW21, Section 1.6] for an exact statement of this conjecture,
along with an updated discussion of its status. This conjecture implies that for any such finite-
dimensional Jacobi algebra A, the numerical BPS invariants ωA,1, . . . satisfy the same properties
as the genus zero Gopakumar–Vafa invariants arising from a flopping curve; for example they
should be positive.

Positivity of BPS invariants is in turn one of the guiding questions in Donaldson–Thomas
theory and generally appears to have quite deep consequences. For instance, for Q a quiver,
the Kac polynomials [Kac83, Section 1.14] counting the number of absolutely indecomposable γ-
dimensional representations over a field of order q are given by −q−1/2ωA,γ

(
q−1/2

)
for A a certain

Jacobi algebra built out of Q, where the ωA,γ

(
q1/2

)
are the refined BPS invariants of this Jacobi

algebra [Moz11]. Adding to the intrigue, the Kac positivity conjecture [Kac83, Conjecture 2]
(proved in [HLR13]) is thus equivalent to the negativity of certain refined BPS invariants! As a
special instance of this phenomenon, the numerical (that is, unrefined) BPS invariants count-
ing zero-dimensional coherent sheaves on C3 are all −1; see [MNOP06, Theorem 1]. Note that
the Jacobi algebras A considered in this paragraph are all infinite-dimensional, so that these
observations are at least consistent with the Brown–Wemyss conjecture.

Putting all of this together, the Brown–Wemyss conjecture says something rather bold about
the DT theory of Jacobi algebras, and it was the original intention of this project to disprove
the conjecture by finding an example of a finite-dimensional Jacobi algebra with a negative BPS
invariant. Our main theorem shows that this hunt was doomed and provides strong evidence for
the Brown–Wemyss conjecture.

Theorem B. Let A be an algebraic or analytic finite-dimensional Jacobi algebra, for a quiver Q
with potential W . Then for all dimension vectors γ ∈ NQ0 , the cohomological BPS invariants
BPSA,γ are Verdier self-dual and concentrated in cohomological degree zero. In particular, the
numerical BPS invariants ωA,γ = χ(BPSA,γ) are all positive and vanish only if the respective
cohomological invariant vanishes. All but finitely many of the invariants ωγ do vanish, and there
is a weak inequality

dim(A) ⩾
∑

γ∈NQ0

|γ|2ωγ ,

which becomes an equality if A is an analytic Jacobi algebra.

The last statement of Theorem B mirrors a theorem of Toda concerning Gopakumar–Vafa
invariants of flopping curves [Tod15b, Theorem 1.1].

Since calculating BPSA,r by brute force for r ⩾ 4 (in particular, r = 7) is essentially impos-
sible, Theorem B seems to rule out using DT theory to disprove the Brown–Wemyss conjecture.
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1.3 Purity, monodromy, and deformation invariance

We denote by Cred the reduced curve underlying C, so Cred
∼= P1. The N -type of C is given by the

numbers (a, b), where NCred|X
∼= OC(a)⊕OC(b). There are only three possible N -types: (−1,−1),

(0,−2), and (1,−3). The first two types correspond to l(C) = 1, the third to 2 ⩽ l(C) ⩽ 6;
see [KM92] for details.

Up to analytic local isomorphism, there is only one flopping curve of type (−1,−1), the
Atiyah flop, given by blowing up the singularity Y = Spec(C[x, y, z, w]/⟨xy − zw⟩) along the
sheaf of ideals (x, z).

For N -type (0,−2), things become a little more interesting, as there are infinitely many
possible analytic local isomorphism classes. We can still explicitly write them down, and they
are parameterised, up to isomorphism, by a single integer. Up to analytic local isomorphism, we
may write

Y = Spec
(
C[x, y, z, w]/

〈
xy +

(
z − wd

)(
z + wd

)〉)
,

and p is obtained by blowing up along the sheaf of ideals (x, z − wd). Here d ⩾ 2 is the width
defined by Reid [Rei83, Section 5] – if we set d = 1, we recover the Atiyah flop, and we are back
in N -type (−1,−1).

We recall the “classical” definition of the Gopakumar–Vafa invariants for C, following [BKL01,
Section 2], to which we also refer for detailed references. By [Rei83, Section 1.14] a generic
hyperplane Y0 passing through 0 ∈ Y has a du Val singularity at 0, and the projection from the
proper transform X0 → Y0 is a partial resolution, through which the minimal resolution of Y0
factors. From this we obtain two pieces of combinatorial data: the Dynkin type of the du Val
singularity, and the node of the associated Dynkin diagram corresponding to the curve in the
minimal resolution Z0 → Y0 that is not contracted by the map Z0 → X0.

Letting Y → Def(Y0) be a semi-universal deformation of the singular surface Y0 and X →
Def(X0) be a semi-universal deformation of X0, from the defining equation of the surface Y0, we
obtain a map g : ∆ → Def(Y0) from an analytic disc, such that (analytically locally around the
isolated singularity) Y ∼= ∆×Def(Y0)Y and X ∼= ∆×Def(X0)X , defined via a lift f : ∆ → Def(X0)
of g. By deforming the map f , we deform the threefold X, and by taking a suitably generic
such deformation, we replace the curve C by a number of (−1,−1)-curves. The number nC,r

is the number of such curves to occur with homology class tending to r[C] as we deform back
to X.

We can illustrate the failure of refined DT theory to be fully deformation-invariant with the
aid of the (0,−2) curves considered above. In this case the contraction algebra which determines
the refined DT invariants is the Jacobi algebra

Acon
∼= C[t]/td ,

meaning that the cohomological BPS invariants are given by the vanishing cycle cohomology of
the function td+1 on A1. This cohomology is easy to calculate: it is given by the cohomology of
the nearby fibre, along with its monodromy operation (that is, the cohomology of d+ 1 distinct
points, with the cyclic permutation action), minus the cohomology of a point, with the trivial
action (for the central fibre). If we now deform the function g defining Y by replacing wd with
some generic degree d polynomial f(w), the calculation of the cohomological BPS invariants
instead becomes the calculation of the vanishing cycle cohomology of h(t) across all of its critical
values, where (∂/∂t)h(t) = f(t). As we (generically) deform away from h(t) = td+1, the critical
values disperse away from each other. The function h(t) : A1 → A1 still forms a branched cover,
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but now the monodromy around each critical value is a simple transposition, which from the
point of view of monodromic mixed Hodge structures is normalised away (and thus trivial); see
Section 2.1.

So after we deform Y so that it contains d (−1,−1) curves, each curve contributes 1 to
the refined Gopakumar–Vafa invariant, whereas for Y itself, the monodromies link up to form
a more complicated permutation matrix, so that if we work at some level of refinement that
remembers monodromy, the refined Gopakumar–Vafa invariant jumps for the function h(t) =
td+1. Nonetheless, the underlying vector space of the cohomological Gopakumar–Vafa invariant
does not jump, and moreover, since the monodromy is built by composing the transpositions
occurring for a generic deformation, it is (up to adding back in a summand corresponding to
the central fibre) given by a permutation matrix and is thus semisimple. Semisimplicity for the
monodromy transformation is equivalent to purity for the weight filtration on the monodromic
mixed Hodge structure GVC,r,0, by the definition of the weight filtration on vanishing cycle
cohomology [Sai88, Section 5.1.6.2, p. 956].

Putting these hints together, one might guess that while the monodromy transformation on
cohomological Gopakumar–Vafa invariants jumps as we deform the threefold Y , the underlying
vector space does not, nor does the weight filtration. Since the Gopakumar–Vafa invariants for
the Atiyah flop are pure, this last statement is equivalent to purity of cohomological Gopakumar–
Vafa invariants. Theorem B shows that the first of these hopes regarding deformation invariance
is true, and Conjecture 5.8 claims that the second is too.

1.4 Strong rationality

We start this subsection by returning to Theorem A. It turns out that there are several canon-
ical(!) cohomological lifts of the numbers nC,r (another one is closer to Sheldon Katz’s original
definition of the genus zero Gopakumar–Vafa invariants and is discussed in Section 5.1), given
by monodromic mixed Hodge structures BPSC,r,d for all choices of d, where now d records the
Euler characteristic of the coherent sheaves on X that this BPS cohomology corresponds to.
This is related to the fact that there are two different ways to define the numbers nC,r via DT
theory, one by considering sheaves with Euler characteristic 1, and one via sheaves with Euler
characteristic zero.

This invariance of BPS invariants under the choice of Euler characteristic zero or 1 arises
from a general conjecture on invariants of coherent sheaves in threefolds, going back to the work
of Pandharipande and Thomas in [PT09], called the strong rationality conjecture (see [Tod14]
for the passage between the invariance conjecture and the strong rationality conjecture).

We conjecture (Conjecture 5.9) that invariance under change of Euler characteristic lifts
to an isomorphism of BPS cohomology BPSC,r,d

∼= BPSC,r,d′ for all r, d, d′. The mysterious
aspect of any incarnation of the strong rationality conjecture is the claim that there should
be any connection between these invariants for d − d′ not a multiple of r (tensoring with line
bundles gives isomorphisms between stacks of semistable modules of class (r, d) and those of
class (r, d + tr), with t ∈ Z). We finish the paper by discussing an explicit morphism between
cohomological BPS invariants, constructed via Hecke operators in the Kontsevich–Soibelman
cohomological Hall algebra, which we propose as the required isomorphism:

BPSC,r,d
∼= BPSC,r,d+1 .
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1.5 Plan of the paper

Section 2 is a review of cohomological Donaldson–Thomas theory for quivers with potential,
providing the background for the positivity theorem (Theorem B), which we prove in Section 3.
In Section 4 we review and complement the known facts about the geometry of flopping curves,
with the aim of applying the results of Sections 2 and 3 to them. In Section 5 we put the two
theories together, defining cohomological Gopakumar–Vafa invariants and proving Theorem A.
We finish with some speculations and conjectures regarding cohomological Gopakumar–Vafa
invariants, and finally with the categorified version of the strong rationality conjecture.

2. Cohomological noncommutative Donaldson–Thomas theory

2.1 Monodromic mixed Hodge modules

We review briefly those aspects of the theory of mixed Hodge modules that we will need for this
paper. Given an analytic space Z, which we will assume to be separated and reduced,2 we refer
to [Sai90, Section 2] for the definition of the category MHM(Z) of mixed Hodge modules on Z as
well as proofs of the assertions below, up to the discussion of monodromic mixed Hodge modules.

The category MHM(Z) is an upgrade of Perv(Z), the subcategory of Db
c(Z,Q) of the derived

category of Q-sheaves on Z with analytically constructible cohomology sheaves, in the sense
that there are fully faithful functors MHM(Z) → Perv(Z) for all Z, commuting with direct and
inverse image functors, the Verdier duality functor DZ , and external tensor products.

Let f : Z → U be a morphism of analytic spaces, which we assume to be the analytification of
a morphism of complex algebraic varieties. In particular, this implies projective compactifiability,
as in [Sai90, Section 2.18], which is enough to define the cohomological direct image functors. So
there are functors Hif∗,Hif! from MHM(Z) to MHM(U); see [Sai90, Section 2.18]. In addition,
there are functors Hif∗ and Hif ! from MHM(U) to MHM(Z); see [Sai90, Proposition 2.19]. If
f is a closed embedding, then f∗ = f! is exact and Hif∗ = Hif! = 0 for i ̸= 0. If f is an open
embedding, then f∗ ∼= f ! is exact and Hif∗ = Hif ! = 0 for i ̸= 0. Finally, there are vanishing
and nearby cycle functors ϕf and ψf , respectively, associated with a given holomorphic function
f on Z, which upgrade the corresponding functors on perverse sheaves in the obvious sense.

We recall that L ∈ MHM(Z) comes with an ascending weight filtration W•L and L is called
pure of weight n if GrWi (L) = 0 for i ̸= n. A cohomologically graded mixed Hodge module L
will just be called pure if Hi(L) is pure of weight i. We denote by MHM(Z, n) the category of
pure polarisable weight n mixed Hodge modules. A polarisation of a weight n Hodge module
is given by an isomorphism L ∼= DZL ⊗ Ln[−2n] satisfying some extra conditions (see [Sai88,
Section 5]), where L := Hc

(
A1,Q

)
. The simple objects in the category of weight n polarisable

Hodge modules are provided by Saito’s intermediate extension complexes ICZ′(L), where L is
a polarisable weight n variation of Hodge structure on a locally closed analytic subvariety Z ′ ⊂ Z
(see [Sai88]). Moreover, the category MHM(Z, n) is semisimple.

Given two complex analytic spaces Z0 and Z1, there is an external tensor product

⊠ : MHM(Z0)×MHM(Z1) → MHM(Z0 × Z1)

taking pairs of objects F and G in MHM(Z0, n0) and MHM(Z1, n1), respectively, to objects in
MHM(Z0 × Z1, n0 + n1) – this is, for example, a consequence of Saito’s theorem identifying

2An unusually high proportion of the moduli spaces we deal with in this paper are nonreduced – we always consider
mixed Hodge modules on the reduced subspace.
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pure mixed Hodge modules with his intermediate extensions of variations of Hodge structure on
locally closed analytic subvarieties [Sai90, Sections 2.f and 3.21, Theorem 3.28].

For the purposes of Donaldson–Thomas theory, it turns out to be convenient to consider
mixed Hodge modules with a monodromy action, recording the usual monodromy operator on
sheaves of vanishing cycles. Fixing Z, we denote by BZ ⊂ MHM

(
Z × A1

)
the full subcategory

of graded-polarisable mixed Hodge modules L such that each restriction
(
z ×Gm ↪→ Z ×A1

)∗L
has locally constant cohomology sheaves, and we denote by CZ ⊂ BZ the full Serre subcategory
containing those mixed Hodge modules that are in the essential image of the functor(

Z × A1 → Z
)∗
[1] : MHM(Z) → BZ .

We define MMHM(Z) = BZ/CZ , the Serre quotient category.

Direct image along the closed embedding Z×{0} ↪→ Z×A1 defines a functor ι : MHM(Z) →
MMHM(Z). There is a monoidal product for monodromic mixed Hodge modules defined by
setting, for F ′ and F ′′ monodromic mixed Hodge modules on Z ′ and Z ′′, respectively,

F ′ ⊠ F ′′ := (idZ′×Z′′ ×+)!(F ′ ⊠MHM F ′′) ,

where the product ⊠MHM on the right-hand side is the usual exterior product of mixed Hodge
modules on Z ′ × A1 and Z ′′ × A1. If Z is equipped with finite morphisms ν : Z × Z → Z and
pt → Z making it into a monoid in the category of analytic spaces, then MMHM(Z) acquires
a monoidal structure defined by F ⊠ν G := ν∗(F ⊠ G), which is symmetric if ν is commutative,
via the results of [MSS11]. We only consider the case in which ν is commutative in this paper.
We write Symn

ν (F) for the nth symmetric power of F with respect to this symmetric monoidal
structure and define

Symν(F) :=
⊕
n⩾0

Symn
ν (F) (2.1)

when this infinite direct sum makes sense. Since we have made MMHM(Z) into a symmetric
monoidal category, the Grothendieck group K0(MMHM(Z)) acquires the structure of a lambda
ring in the usual way. We define

Exp([F ]) = [Symν(F)]

when the right-hand side is well defined.

We denote by MMHS the category of monodromic mixed Hodge structures on a point. If F is
a monodromic mixed Hodge module on a space Z and L is a monodromic mixed Hodge structure,
we denote by F ⊗ L the external product, considered as a monodromic mixed Hodge module
on Z.

Remark 2.1. The monodromy operator seems to play a key role in the cohomological Donaldson–
Thomas theory of flopping curves. As we will see, in quasi-homogeneous cases, the cohomological
BPS invariants are pure of weight zero. This means that when we pass from numerical DT
theory (involving numbers) to refined DT theory (involving polynomials in q), nothing interesting
happens: we replace numbers with the corresponding constant polynomials.

So in order to extract interesting polynomial DT invariants, it is not sufficient to just con-
sider the weight filtration; one must also keep track of monodromy. Conjecture 5.8 states that
this is true even for potentials that are not quasi-homogeneous. In the general case, by the def-
inition of the weight filtration on vanishing cycle cohomology [Sai88, (5.1.6.2)], Conjecture 5.8
below is equivalent to the statement that the monodromy actions that we encounter are semisim-
ple.
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Consider the (cohomologically shifted) mixed Hodge module QGm
on Gm and its direct image

L = t∗QGm
along the map t : z 7→ z2. The (shifted) mixed Hodge module L carries an action

of Z/2Z, and we let L′ ⊂ L be the sign-isotypical component: it is a (shifted) variation of
mixed Hodge structure of rank 1, with monodromy around 0 acting by multiplication by −1. We
consider L = Hc(A1,Q) as a cohomologically graded monodromic mixed Hodge structure via the
embedding ι : MHS → MMHS. It is possible to show that((

j : Gm → A1
)
!
L′)⊗2 ∼= L , (2.2)

and so we define

L1/2 := j!L′ .

If Z is an irreducible analytic space with open dense regular subspace Zreg ⊂ Z, we define

ICZ := ICZ(QZreg)⊗ Ldim(Z)/2 ,

the weight zero pure Tate twist of the intersection complex for the constant variation of Hodge
structure on the regular locus. If Z =

∐
i Zi is a union of irreducible analytic spaces with open

dense regular subspaces, we define ICZ =
⊕

i ICZi .

If Z is a smooth connected stack, we define

H(Z,Q)vir := H(Z,Q)⊗ L− dim(Z)/2 ,

Hc(Z,Q)vir :=
(
H(Z,Q)⊗ L− dim(Z)/2

)∗
.

Given a holomorphic function f on an analytic space Z, we define

ϕmon
f := (Z ×Gm)!ϕf/u(Z ×Gm → Z)∗ : MHM(Z) → MMHM(Z) ,

where u is the coordinate on Gm. Note that this functor is exact.

If f : U → C is a holomorphic function, p : Z → U is a projective morphism of alge-
braic varieties, and F ∈ MHM(Z) is polarisable, then there is an isomorphism [Sai90, Theo-
rem 2.14]

ϕmon
f Hip∗F ∼= Hip∗ϕ

mon
fp F .

Below we will want to consider vanishing cycle cohomology of analytic functions on stacks.
Mindful of the fact that the reader may be somewhat unfamiliar with analytic stacks, we next
make concrete the construction of this cohomology.

Let q : Z → U be a (not necessarily projective) morphism of G-equivariant varieties, where G
is an affine algebraic group acting trivially on U , so that there is an induced morphism Z/G→ U
from the Artin quotient stack. Let U sp ⊂ Uan be an analytic subset, which for us will always be
the analytification of an algebraic subvariety, and let f be a holomorphic function defined on an
open analytic subset U ′ ⊂ U with U sp ⊂ U ′. Write Zsp = q−1(U sp). We will make the following
assumption.

Assumption 2.2. The subspace Zsp ∩ crit(fq) is open inside crit(fq), the critical locus of fq.

The assumption implies that restricting a mixed Hodge module that has support contained
in crit(fq) to Zsp ∩ crit(fq) gives a mixed Hodge module (as opposed to a complex).

Fix a cohomological degree i, and let V be a G-representation such that there is an open
sub–G-variety V ′ ⊂ V , acted on freely by G, with codimV (V \ V ′) ≫ 0. We define

Z̃ ′ :=
(
q−1(U ′)× V ′)/G (2.3)
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and define Z̃sp similarly. The G-action in (2.3) is the diagonal one. Denote by q̃ : Z̃ ′ → U ′ the
projection and by f̃ ∈ Γ

(
Z̃ ′) the function induced by f . Define

Hi
(
q∗
((
ϕmon
fq ICZ′/G

)
|Zsp/G

))
= Hi

(
q̃∗
((
ϕmon
f̃

Q
Z̃′

)
Z̃sp

)
⊗ L(dim(G)−dim(Z))/2

)
, (2.4)

Hi
(
q!
((
ϕmon
fq ICZ′/G

)
|Zsp/G

))
= Hi

(
q̃!
((
ϕmon
f̃

Q
Z̃′

)
Z̃sp

)
⊗ L−dim(V )+(dim(G)−dim(Z))/2

)
. (2.5)

Then as in [DM20, Section 4.1], the monodromic mixed Hodge modules on the right-hand sides
of (2.4) and (2.5) depend on the choice of pair V ′ ⊂ V only up to canonical isomorphism, and
so the MMHMs on the left-hand sides are well defined.

2.2 Refined invariants from monodromic mixed Hodge structures

Given a monodromic mixed Hodge structure L, the universal invariant (in the sense of taking
extensions to sums) is of course [L] ∈ K0(MMHS). We next discuss a few more manageable
refined invariants. In this paper “refined invariants” are taken to be any polynomials recovering
a known numerical invariant after setting all variables to 1.

We refer to [KS11, Section 4.4] for proofs of statements below regarding weight filtrations
and Serre polynomials for MMHSs.

Let D ⊂ MMHM(Gm) be the smallest full subcategory of polarisable mixed Hodge modules,
closed under extensions, containing all pure variations of Hodge structure – that is, those mixed
Hodge modules such that the underlying perverse sheaf is locally constant. Then the natural
map j! : D → MMHS is an equivalence of categories. Denote by G : MMHS → D an inverse
equivalence.

There is a version of the Serre polynomial for monodromic mixed Hodge structures. We let L
be a cohomologically graded MMHS, and we define

χmon
wt

(
L, q1/2

)
:=
∑
i,j∈Z

(−1)j rk
(
G
(
GriW

(
Hj(L)

)))
qi/2 .

The weight polynomial satisfies

χmon
wt

(
L ⊗ P, q1/2

)
= χmon

wt

(
L, q1/2

)
χmon
wt

(
P, q1/2

)
,

χmon
wt

(
L, q1/2

)
= χmon

wt

(
L′, q1/2

)
+ χmon

wt

(
L′′, q1/2

)
if 0 → L′ → L → L′′ → 0 is exact . (2.6)

Remark 2.3. A cohomologically graded MMHS is called pure if its ith cohomology is pure of
weight i. It follows from the definition that if L is such a pure cohomologically graded MMHS,
then χmon

wt

(
L, q1/2

)
∈ N

[(
−q1/2

)±1]
, and for a pure MMHS (that is, a complex concentrated in

cohomological degree zero), we have χmon
wt

(
L, q1/2

)
∈ N.

Example 2.4. The monodromic mixed Hodge structure L1/2 is pure, concentrated in cohomolog-
ical dimension 1, and we have

χmon
wt

(
L1/2, q1/2

)
= −q1/2 .

We define the forgetful functor

forg : MMHS → MHS , L 7→ (1 ↪→ Gm)∗G(L)[−1].

This functor does not respect the monoidal structures. It will sometimes be useful to consider
a less refined functor that does. Firstly, the usual forgetful functor taking a mixed Hodge module
to its underlying perverse sheaf induces a forgetful functor

rat : MMHS → BPerv/⟨QA1 [1]⟩⊕ ,
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where BPerv is the category of perverse sheaves on A1 that are locally constant away from 0 and
we have taken the quotient by the Serre subcategory of constant perverse sheaves. We give this
quotient the convolution monoidal product, so that rat is a symmetric monoidal functor. Let x
be a coordinate on A1. Then ϕx, the usual vanishing cycle functor for perverse sheaves, induces
a functor

F : BPerv/⟨QA1 [1]⟩⊕ → Vect

which is a monoidal functor by the Thom–Sebastiani isomorphism [Mas01], and furthermore
a symmetric monoidal functor by [DM20, Proposition 3.11]. We denote by

rforg : MMHS → Vect

the composition of functors F ◦ rat, and for F a monodromic mixed Hodge structure, we will
refer to rforg(F) as the underlying vector space of F .

The composition forg ◦ι is naturally isomorphic to the identity functor. For L a MMHS, we
define

dim(L) = dim(forg(L)) = dim(rforg(L))
to be the Q-dimension of the underlying mixed Hodge structure/vector space. In particular, this
number is always nonnegative. If L is a cohomologically graded MMHS, we define

χ(L) =
∑
i∈Z

(−1)i dim
(
Hi(forg(L))

)
.

Note that χmon
wt (L, 1) = χ(L). In particular, if L is a MMHS written as j!L′[1] for some variation

of Hodge structure on Gm, then dim(L) is simply the dimension of the fibre of L′ at any point
in Gm: it is insensitive to the monodromy around 0. So if f is a function on a smooth complex
manifold, there is an equality

χ
(
H
(
X,ϕfQX

[−1]
))

= χ
(
H
(
X,ϕmon

f Q
X

))
.

Proposition 2.5. Let L be a monodromic mixed Hodge structure, and let P = forg(L). Then
there is a decomposition of mixed Hodge structures P = P0 ⊕ P ̸=0 into summands for which
the underlying π1(Gm)-representations are unipotent or have no unipotent subrepresentation,
respectively. With respect to these, there is an equality

χmon
wt

(
L, q1/2

)
= χwt

(
P0, q1/2

)
+ q1/2 χwt

(
P ̸=0, q1/2

)
.

We have used χwt to denote the usual weight polynomial for (nonmonodromic) mixed Hodge
structures.

Proof. Since L is assumed graded-polarisable, as a mixed Hodge module on A1, the decomposition
of P according to eigenvalues (which are themselves roots of unity) is due to Borel; see [Sch73] –
this decomposition is induced by the decomposition demonstrated there of G = G(L) according
to generalised eigenvalues of the monodromy transformation. By additivity, see (2.6), it is then
enough to prove the statement for pure Hodge modules j!G, with G a simple polarised variation
of Hodge structure on C∗ for which the monodromy of G either does not have 1 as an eigenvalue
or is the identity. In the first case j!G ∼= j∗G is a pure intersection complex and simple in MMHS,
and the statement follows. In the second case we instead have j!G ∼=

(
0 ↪→ A1

)
∗Gx[−1] in MMHS,

where Gx is the fibre of G at any point x ∈ C∗ – this accounts for the shift of weights.

Remark 2.6. Let L be a cohomologically graded mixed Hodge structure. Then Proposition 2.5
implies that χmon

wt

(
ι(L), q1/2

)
= χwt

(
L, q1/2

)
.
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If Conjecture 5.8 is true, then Theorem A implies that the Serre polynomials of the rth
refined BPS/Gopakumar–Vafa invariants of flopping curves are equal to nC,r, considered as con-
stant polynomials. As such, they are conjectured to hold no new information above the classical
invariants. We therefore consider a more refined realisation of monodromic mixed Hodge struc-
tures called the Hodge spectrum. For L a cohomologically graded MMHS with quasi-unipotent
monodromy, with all generalised eigenvalues dth roots of unity, as in [KS08, Section 4.3] we define
P as in Proposition 2.5 and set

χmon
hsp (L, z1, z2) :=

∑
i,j,n∈Z

(−1)n dim
(
GrHi

(
GrjW Hn(P)

)0
C
)
zi1z

j−i
2

+
∑

1⩽α⩽d−1

∑
i,j,n∈Z

(−1)n dim
(
GrHi

(
GrjW Hn(P)

)α
C
)
z
i+α/d
1 z

j−i+(d−α)/d
2 .

The numbers {0, . . . , d − 1} in the superscripts keep track of the character of the action of µd,
the dth roots of unity, and so a generalised eigenvalue of the quasi-unipotent monodromy action.
We have tensored with C so that this decomposition into generalised eigenspaces makes sense.
Note that the exponents of this polynomial are rational, but we still have χmon

hsp

(
L, q1/2, q1/2

)
=

χmon
wt

(
L, q1/2

)
, by Proposition 2.5.

We arrange the various rings in which refined invariants live in order of descending “refine-
ment”:

Kµ̂
0 (Var / pt)

[
[A]±1/2

]χMMHS// K0(MMHS)

χwt

++

χ //

χmon
hsp

// Z
[
za1z

b
2 | a+ b ∈ Z

]
z1,z2 7→q1/2

// Z
[
q±1/2

]
q1/2 7→1

��
Z .

On the left we have also included one further ring, the naive Grothendieck ring of µ̂-equivariant
motives. As an Abelian group this is generated by symbols [X], where X carries a µn-action for
some n, and we impose the cut-and-paste relations, identify equivariant varieties up to isomor-
phism, and use a product that is analogous to the convolution product on monodromic mixed
Hodge structures. We refer to [DM15b, Section 4] for the remaining relations in this ring and a
thorough account of its properties. Here we only define the ring homomorphism χMMHS:

χMMHS : [µn ↷ X] 7→ −
[(
X ×µn C∗ (x,z)7→zn−−−−−−→ A1

)
!
Q

X×µnC∗

]
,

where X ×µn C∗ is the mapping torus, that is, the quotient of X ×C∗ by the action ω · (x, z) =(
ω ·x, zω−1

)
. The fact that this morphism respects the relations in Kµ̂

0 (Var /pt)
[
L1/2

]
is easy to

show, and the fact that it respects the product and λ-ring structures follows from the fact that
these structures in both rings are provided by convolution (see [DM15b] for details). Note that
if the µn-action on X is trivial, then

χMMHS([X]) = −
[(
X × C∗ (x,z)7→z−−−−−→ A1

)
!
Q

X×C∗

]
=
[(
X

x 7→0−−−→ A1
)
!
Q

X

]
= [ι(H(X,Q))] ,

where the second equality follows from the existence of the distinguished triangle(
X × C∗ ↪→ X × A1

)
!
Q

X×C∗ → Q
X×A1 →

(
X × {0} ↪→ X × A1

)
!
Q

X

and the isomorphism
(
X × A1

πA1−−→ A1
)
!
Q

X×A1
∼= 0 in Db(MMHS).
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2.3 Quivers and potentials

Throughout, Q will denote a finite quiver, that is, a pair of finite sets Q1 and Q0 (the arrows
and vertices, respectively), along with two maps s, t : Q1 → Q0 taking an arrow to its source and
target, respectively. We fix P to be the set of paths in Q, including, by convention, a path ei of
length zero for each i ∈ Q0, beginning and ending at i. For p ∈ P, let |p| be the length of p.

For a field K, which we give the discrete topology, we denote by KQ the free path algebra
of Q over K. This is the algebra having as basis the set P, with multiplication defined on this
basis by concatenation, where possible, and zero otherwise. The vector space KQ⩾N spanned by
paths of length at least N is a two-sided ideal in KQ. We call a left KQ-module M nilpotent
if for all m ∈ M there exists an N ∈ N such that KQ⩾N · m = 0. We denote by K[[Q]] the
topological algebra obtained by completing with respect to the ideal KQ⩾1. The inclusion of
underlying algebras

KQ→ K[[Q]]

induces a fully faithful embedding of categories

K[[Q]] -mod → KQ -mod

which induces an equivalence of categories between the category of finite-dimensional continuous
K[[Q]]-modules and the category of finite-dimensional nilpotent KQ-modules. For K a normed
field (for instance, C with its usual norm), we define as in [Tod18, Section 2.2]

K{Q} ⊂ K[[Q]]

to be the subalgebra consisting of formal linear combinations
∑

p∈P app such that |ap|< C |p| for
some constant C ∈ R+ that is independent of p.

Given a subset S ⊂ K[[Q]], we denote by K[[Q]]/S the quotient by the topological closure
of S (still with respect to the KQ⩾1-adic topology), and we denote by ⟨S⟩ the two-sided ideal
generated by S. Let

∏n
i=1 ai ∈ KQcyc := KQ/[KQ,KQ] be a single cyclic path in KQ, that is,

ai ∈ Q1 for all i. Then we define

∂W/∂a =
∑
ai=a

ai+1 · · · ana1 · · · ai−1

and extend to maps ∂/∂a from KQcyc and K[[Q]]cyc := K[[Q]]/[KQ,KQ] to KQ and K[[Q]],
respectively, by linearity and continuity. Let W ∈ K[[Q]]cyc; then we define

K[[Q,W ]] := K[[Q]]/⟨∂W/∂a | a ∈ Q1⟩

and define K(Q,W ) = KQ/⟨∂W/∂a | a ∈ Q1⟩ if W is algebraic, that is, it is in the image of
the inclusion KQcyc → K[[Q]]cyc. We say that W is analytic if it is in the image of the inclu-

sion K{Q}cyc := K{Q}/([KQ,KQ] ∩K{Q}) → K[[Q]]cyc, and for an analytic potential W , we
likewise define

K{Q,W} := K{Q}/(⟨∂W/∂a | a ∈ Q1⟩ ∩K{Q}) .

Definition 2.7. An algebraic Jacobi algebra A is an algebra isomorphic to an algebra K(Q,W )
as defined above. An analytic Jacobi algebra is one that is isomorphic to K{Q,W} as defined
above.

2.4 Spaces of semistable quiver representations

In this subsection we set the ground field to be C. A CQ-module M is defined by the tuple of
complex vector spaces (Mi := ei ·M)i∈Q0 and the linear maps (a· : Ms(a) →Mt(a))a∈Q1 between
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them. We define dim(M) ∈ NQ0 to be the tuple of numbers (dim(Mi))i∈Q0
.

For γ ∈ NQ0 we define

AQ,γ :=
∏
a∈Q1

Hom
(
Cγs(a) ,Cγt(a)

)
, GLγ :=

∏
i∈Q0

GLγi(C) .

Then there is an isomorphism

AQ,γ/GLγ → Mγ(Q) , (2.7)

where the target is the stack of γ-dimensional CQ-modules. We write πγ : AQ,γ → Mγ(Q) for
the Gγ-bundle projection. Denote by Mγ(Q) the coarse moduli space of the stack Mγ(Q). Then

Mγ(Q) ∼= Spec
(
Γ(AQ,γ)

Gγ
)
,

and for a field extension K ⊃ C, the K-points of MQ,γ correspond to γ-dimensional semisimple
KQ-modules. We denote by pγ : Mγ(Q) → Mγ(Q) the affinisation map. The affinisation is
a coarse moduli space of semisimple representations and the GIT moduli space associated with
the trivial linearisation.

Let ncHilbγ(Q) be the fine moduli scheme of pairs (M, v ∈M) such thatM is a γ-dimensional
CQ-module and v generates M under the action of CQ. This is constructed as an example of
a fine moduli space of stable CQ′-modules for Q′, the framed quiver obtained by adding one
vertex ∞ to Q, adding one arrow from ∞ to each of the original vertices of Q, and extending
the dimension vector by setting the dimension vector at ∞ to be 1; see [Kin94] for the general
construction of GIT moduli spaces of quiver representations, and see [MR19, Section 2.2] for the
particular examples that we consider here. In particular, the forgetful map

qγ : ncHilbγ(Q) → Mγ(Q) (2.8)

is projective, as there is an identification between the coarse moduli spaces of semisimple CQ-
modules and CQ′-modules, and so (2.8) is a GIT quotient map.

More generally, we denote by Mn fr
γ (Q) the moduli stack of pairs{

(M,h : Cn →M) |M a γ-dimensional CQ-module, h ∈ HomVect(Cn,M)
}
. (2.9)

As in (2.7), there is an isomorphism

Mn fr
γ (Q) ∼= AQ′,(γ,n)/GLγ .

We define Mn sfr
γ ⊂ Mn fr

γ to be the substack defined by the condition that image(h) generates M
as a CQ-module. This substack is in fact a scheme and the fine moduli space of stable pairs (2.9).
Then the forgetful map qnγ : Mn sfr

γ (Q) → Mγ(Q) is again a GIT quotient map, and so it is proper.
These maps play a key role in cohomological Donaldson–Thomas theory. In brief: just as we can
approximate the cohomology of the stack Mγ(Q) via the schemes Z̃ in Section 2.1, for fixed i
we have isomorphisms

Hipγ,∗ϕ
mon
Tr(W )QMγ(Q)

∼= Hiqnγ,∗ϕ
mon
Tr(W )QMn sfr

γ (Q)
, (2.10)

Hipγ,!ϕ
mon
Tr(W )QMγ(Q)

∼= Hi
(
qnγ,!ϕ

mon
Tr(W )QMn sfr

γ (Q)
⊗ L−n|γ|)

for n ≫ 0. So, in particular, the objects on the left-hand side of (2.10) enjoy the properties we
expect of direct images along a proper map. We say that pγ is approximated by proper maps. See
[DM20, Section 4.1] for more details of this notion, and see [DM20] more generally for applications
of this concept.
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Convention 2.8. We continue the convention from [DM20] that whenever a space or morphism
is defined with a dimension vector as a subscript, we omit the subscript to denote the union
across all dimension vectors. So for example

q : ncHilb(Q) → M(Q)

is the locally projective morphism from the fine moduli scheme of all finite-dimensional cyclically
generated CQ-modules to the coarse moduli space. The same convention applies to sheaves and
mixed Hodge modules: if

⊕
γ Fγ is a mixed Hodge module with each Fγ supported on some

space Mγ , we abbreviate the direct sum to F .

There is a morphism

⊕ : Mγ′(Q)×Mγ′′(Q) → Mγ′+γ′′(Q) (2.11)

which at the level of points takes pairs of semisimple modules to their direct sum. This is a finite
morphism by [MR19, Lemma 2.1]. We define a symmetric monoidal structure on MMHM(M(Q))
by setting

F ′ ⊠⊕ F ′′ := ⊕∗(F ′ ⊠ F ′′) .

The closed points of each Mγ(Q) correspond to semisimple γ-dimensional CQ-modules, and
so there is a distinguished point given by the module

⊕
i S

γi
i – this is the module M given by

setting Mi = Cγi for all i ∈ Q0 and letting all paths of length greater than zero act via the zero
map. We denote this point by 0γ ∈ Mγ(Q). The following is proved in [Tod18, Lemma 2.15 and
Section 2.6].

Proposition 2.9. Let W ∈ K{Q}cyc be an analytic potential, and let γ be a dimension vector.
Then there is an analytic neighbourhood Uγ of 0γ ∈ Mγ(Q) such that Tr(W ) converges absolutely
on Uγ and on π−1

γ p−1
γ (Uγ).

2.5 Stacks of nilpotent modules

Let A be a finitely generated C-algebra, with m ⊂ A a two-sided ideal. We do not assume in
this subsection that ∩n∈Nm

n = 0. Let Â be the completion of A with respect to m. Setting
Mn(A) to be the stack of n-dimensional A-modules, we let Mn,nilp(A) be the reduced substack
defined by the equations Tr(a) = 0 for a ∈ m. A geometric point of Mn(A) corresponding to an
A⊗C K-module ρ is in Mn,nilp(A) if and only if every element of m⊗C K acts nilpotently on ρ.

Definition 2.10. Given a commutative C-algebra B, a flat family of m-nilpotent A-modules
over B is a finite projective B-module with an action of A/mn for some n ∈ N.

As in [DMSS15, Remark 4.31], if B is finitely generated, a flat family of nilpotent A-modules
over B is just the same as a flat family of A-modules which is nilpotent at every geometric point.

Proposition 2.11. (1) If Â is finite-dimensional, the stack Mn,nilp(A) is an open and closed
substack of (Mn(A))red for every n.

(2) Alternatively, assume that A = C{Q,W} is an analytic Jacobi algebra, A is finite-dimen-
sional, and γ ∈ NQ0 is a dimension vector. Then Mγ,nilp(A) is the reduction of an open and
closed substack of crit(Tr(W ))∩ p−1(U), for U ∋ 0γ an analytic neighbourhood on which Tr(W )
converges.

Proof. We consider only part (1); the proof for part (2) is the same. The closedness follows from
the definitions, so we consider only the openness condition. The argument is essentially that of
the proof of [DMSS15, Proposition 4.28].
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Let Mn fr
n (A) be the moduli stack of pairs (ρ, h : Cn → ρ) of an n-dimensional A-module

and a homomorphism from the fixed vector space Cn, and consider the subscheme(!) Mn sfr
n (A)

defined by the open condition that the image of h generates ρ as an A-module. Then the forgetful
map π : Mn fr

n (A) → Mn(A) is the projection of a vector bundle, and each π−1(x) ∩Mn sfr
n (A) is

open and dense in π−1(x). Define

Q := Mn sfr
n (A)×Mn(A) Mn,nilp(A) .

Then openness of Mn,nilp(A) in (Mn(A))red is equivalent to openness of the subscheme Qred ⊂
Mn sfr

n (A)red.

Define Mn sfr
n,nilp(A) to be the functor taking a commutative C-algebra B to the set

(J , h)/isomorphisms of pairs , (2.12)

where J is a B-flat family of nilpotent A-modules over B and h : B⊕n → J is a morphism of
B-modules such that the induced map B⊕n ⊗A→ J is surjective.

Then we claim that there is a natural isomorphism of functors Mn sfr
n,nilp(A) → F , with F (B) =

colimQ∗(B) defined as in Lemma 2.12 via the inclusion Q ⊂ Mn sfr
n (A). This follows just as in

the proof of [DMSS15, Proposition 4.28]; both functors commute with filtered colimits, and so
it is enough to check the claim on finitely generated C-algebras. But then both sides are defined
by the condition of geometric points being sent to the closed subscheme Q.

Now assume that Â is finite-dimensional. Then a pair as in (2.12) is just a B-point of
GrassÂ -mod,n

(
Â⊕n

)
, so that this scheme represents the functor Mn sfr

n,nilp(A), and we deduce the
result from Lemma 2.12.

Lemma 2.12 ([DMSS15, Lemma 4.29]). Let Z ⊂ U be an inclusion of a closed subscheme inside
a scheme of finite type, and let

Z = Z1 ⊂ Z2 ⊂ · · · ⊂ U (2.13)

be the chain of inclusions defined by powers of the ideal IZ/U . Define the functor F from com-
mutative C-algebras to sets by

F (B) = colimZ∗(B) .

Then if F is represented by a scheme of finite type, the sequence (2.13) stabilises to a sub-
scheme ZN , and Zred ⊂ Ured is the inclusion of a union of connected components.

3. Cohomological BPS invariants for Jacobi algebras

3.1 Integrality

We will assume throughout this section that Q is a symmetric quiver, in the sense that for every
pair of vertices i, j ∈ Q0, there are as many arrows from i to j as from j to i. Everything up to
and including Definition 3.5 can be generalised to nonsymmetric quivers carrying King stability
conditions; see [MR19] and [DM15a, DM20] for details.

Define IC′
Mγ(Q) ∈ MMHM(Mγ(Q)) by

IC′
Mγ(Q) :=

{
ICMγ(Q) if there is a simple γ-dimensional CQ-module ,

0 otherwise .

In [MR19, Proposition 4.3 + Theorem 4.6] Meinhardt and Reineke prove the following.
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Theorem 3.1. There are equalities in the Grothendieck ring of algebraic mixed Hodge modules
on M(Q): [

qn! ICMn sfr(Q)

]
=

[
Sym⊕

(⊕
γ ̸=0

IC′
Mγ(Q)⊗H

(
CPn|γ|−1,Q

)
vir

)]
if n is even, and [

p! ICM(Q)

]
=

[
Sym⊕

(⊕
γ ̸=0

IC′
Mγ(Q)⊗Hc(pt /C∗,Q)vir

)]
.

See the discussion around (2.1) for the definition of Sym⊕.

Proposition 3.2. There are isomorphisms of analytic mixed Hodge modules on M(Q)an:

H
(
qn! ICMn sfr(Q)

) ∼= Sym⊕

(⊕
γ ̸=0

IC′
Mγ(Q)⊗H

(
CPn|γ|−1,Q

)
vir

)
(3.1)

if n is even, and

H
(
p! ICM(Q)

) ∼= Sym⊕

(⊕
γ ̸=0

IC′
Mγ(Q)⊗Hc(pt /C∗,Q)vir

)
. (3.2)

Proof. The analogous statement for algebraic mixed Hodge modules is proved as in the first part
of the proof of [DM20, Theorem 4.10] in the category of algebraic mixed Hodge modules. The
point is to show that the ith cohomologically graded pieces of both the left-hand side and the
right-hand side are pure, and then use the semisimplicity of the category of pure weight i mixed
Hodge modules to argue that if they have the same class in the Grothendieck group, they are
isomorphic. The equality is then provided by the Meinhardt–Reineke theorem (Theorem 3.1).

We refer to [HTT08, Section 4.7] for the required definition of the analytification functor
for D-modules. The salient points are that analytification commutes with taking the de Rham
functor (by definition) and with taking the direct image along proper morphisms [HTT08, Propo-
sition 4.7.2]. These facts, together with the projectivity of q and ⊕, and approximation of pγ
by proper maps qnγ , mean that the analytic versions of (3.1) and (3.2) follow by taking the
analytification of the algebraic versions.

We recall that a Serre subcategory S of an Abelian category A is a full subcategory satisfying
the condition that for every short exact sequence

0 →M ′ →M →M ′′ → 0

in A, the objects M ′ and M ′′ are objects of S if and only if M is.

Proposition 3.3. Let W ∈ CQcyc be an algebraic potential. Let M(Q)S ⊂ M(Q) be an inclu-
sion of varieties corresponding to the inclusion of a Serre subcategory S, satisfying the condition
that for all M ∈ S, the function Tr(W ) is zero when evaluated on M . For a cohomologically
graded mixed Hodge module F on M(Q), we denote by FS the restriction to M(Q)S . Then
there are isomorphisms of algebraic mixed Hodge modules on M(Q)an:

H
(
qn! ϕ

mon
Tr(W ) ICMn sfr(Q)

)
S = Sym⊕

(⊕
γ ̸=0

(
ϕmon
Tr(W ) IC

′
Mγ(Q)

)
S ⊗H

(
CPn|γ|−1,Q

)
vir

)
(3.3)
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if n is even, and

H
(
p!ϕ

mon
Tr(W ) ICM(Q)

)
S = Sym⊕

(⊕
γ ̸=0

(
ϕmon
Tr(W ) IC

′
Mγ(Q)

)
S ⊗Hc(pt /C∗,Q)vir

)
. (3.4)

Alternatively, let W ∈ C{Q}cyc be an analytic potential such that there exists an open analytic
subscheme U ′

γ ⊂ Mγ(Q) on which Tr(W ) defines an absolutely convergent function fγ such that
the reduced critical locus of fγπγ is the subvariety of nilpotent CQ-modules. Then there are
isomorphisms of analytic mixed Hodge modules

H
(
qn! ϕ

mon
Tr(W ) ICMn sfr(Q)|nilp

)
= Sym⊕

(⊕
γ ̸=0

ϕmon
Tr(W ) IC

′
Mγ(Q)|nilp⊗H

(
CPn|γ|−1,Q

)
vir

)
(3.5)

if n is even, and

H
(
p!ϕ

mon
Tr(W ) ICM(Q)|nilp

)
= Sym⊕

(⊕
γ ̸=0

ϕmon
Tr(W ) IC

′
Mγ(Q)|nilp⊗Hc(pt /C∗,Q)vir

)
. (3.6)

Proof. The algebraic statement is proved as [DM20, Theorem A], using the commutativity of
the vanishing cycles functor with direct image along proper maps and the Thom–Sebastiani
isomorphism. The condition on S is needed to apply the Thom–Sebastiani isomorphism.

The statement involving analytic potentials follows from Proposition 3.2 via the same argu-
ment. Fix a dimension vector γ, and let U ′

γ be as in the statement of the theorem. Then by (3.1)
there is an isomorphism

ϕmon
Tr(W )H

(
qn! ICMn sfr(Q)

)∣∣
U ′
γ

∼= ϕmon
Tr(W ) Sym⊕

(⊕
γ ̸=0

IC′
Mγ(Q)⊗H

(
CPn|γ|−1

)
vir

)∣∣
U ′
γ

(3.7)

∼= ϕmon
Tr(W )

⊕
γ∈D(γ)

(
⊠⊕,i Sym

λi
⊕
(
IC′

Mγi (Q)⊗H
(
CPn|γi|−1

)
vir

))∣∣
U ′
γ
.

The right-hand side decomposes according to decompositions in

D(γ) :=

{(
γ1, γ2, . . . , γp, λ1, . . . , λp

)
| γi ∈ NQ0 , λi ∈ N, γi ̸= γj for i ̸= j,

∑
i

λiγ
i = γ

}
.

On the one hand, there is an isomorphism

ϕmon
Tr(W )H

(
qn! ICMn sfr(Q)

)
|U ′

γ
∼= H

(
qn! ϕ

mon
Tr(W ) ICMn sfr(Q)|(qnγ )−1(U ′

γ)

)
by the properness of qnγ . By our assumption on the spaces U ′

γ , the mixed Hodge module
ϕmon
Tr(W ) ICMn sfr(Q)|(qnγ )−1(U ′

γ)
is supported on the nilpotent locus. It follows that the same is true

of all summands on the right-hand side of (3.7). We fix analytic open subspaces U ′′
γi such that

⊕(∏
i

∏
j⩽λi

U ′′
γi

)
⊂ U ′

γ ,

where the direct sum is the map of analytic subspaces defined as in (2.11). We shrink each U ′′
γi

to be contained in U ′
γi if necessary. Then via the support conditions on the spaces U ′

γ′ and
the Thom–Sebastiani isomophism, we write the summand corresponding to the decomposi-
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tion γ as

ϕmon
Tr(W )

(
⊠⊕,i Sym

λi
⊕
(
ICMγi (Q)|U ′′

γi
⊗H

(
CPn|γi|−1

)
vir

))
∼=
(
⊠⊕,i Sym

λi
⊕
(
ϕmon
Tr(W ) ICMγi (Q)|U ′′

γi
⊗H

(
CPn|γi|−1

)
vir

))
.

Remark 3.4. For algebraic Jacobi algebras, in this paper we will always take S to be the maximal
Serre subcategory of C(Q,W )-modules satisfying the conditions of Proposition 3.3. In other
words, M is an object of S if every subquotient of M satisfies the condition that Tr(W ) is zero
when evaluated on M .

3.2 Cohomological BPS invariants

For the uninitiated, we should say something informal about why (3.6) is a surprising and useful
result. On the one hand, the statement tells us something that we could already guess: that
the left-hand side is very large. That is, on the right-hand side we take mixed Hodge modules
ϕmon
Tr(W ) IC

′
Mγ(Q) for each γ, restrict to the nilpotent locus, tensor them with H(pt /C∗)vir to obtain

something that is already infinite-dimensional, and then we take the symmetric algebra generated
by this infinite-dimensional object. The surprising thing is that the gigantic complex of mixed
Hodge modules H

(
p!ϕ

mon
Tr(W ) ICM(Q)|nilp

)
on the left-hand side is determined in this elementary

way by the much more manageable objects ϕmon
Tr(W ) IC

′
Mγ(Q).

We should also say something about why Section 3.1 goes by the name of “integrality”. The
numerical DT invariants of quivers with potential are calculated by considering Euler charac-
teristics of the hypercohomology of the right-hand side of (3.3) and are defined by a kind of
inclusion-exclusion–type formula that involves denominators [JS12, Section 7]. In particular, it
is not clear at all that they should be integers. Unwinding the definitions a little (see [DM15a,
Section 6.7]), we see that these numerical invariants are precisely equal to the hypercohomology
of
(
ϕmon
Tr(W ) IC

′
Mγ(Q)

)
S . In particular, integrality of numerical DT invariants follows from (3.3)

These remarks motivate the following definition.

Definition 3.5. Let (Q,W ) be a quiver with algebraic potential. We define the cohomological
BPS invariants for C(Q,W ) by setting

BPSC(Q,W ),γ := Hc

(
Mγ(Q)S , ϕ

mon
Tr(W ) IC

′
Mγ(Q)

)∗
,

the dual compactly supported cohomology of the sheaf ϕmon
Tr(W ) IC

′
Mst

γ (Q) restricted to the lo-

cus of points representing modules in S. If (Q,W ) is instead a quiver with analytic potential
W ∈ C{Q}cyc and finite-dimensional Jacobi algebra C{Q,W}, we define

BPSC{Q,W},γ := Hc

(
Mγ(Q), ϕmon

Tr(W ) IC
′
Mγ(Q)|nilp

)∗
.

For the relation between the above cohomological invariants and the motivic, or refined DT,
invariants studied in for example [KS08], see the appendix.

Remark 3.6. Assuming that C{Q,W} is finite-dimensional, by Proposition 2.11(2), the mon-
odromic mixed Hodge module ϕmon

Tr(W ) IC
′
Mγ(Q)|nilp is a direct summand of ϕmon

Tr(W ) ICU , for U ⊂
Mγ(Q) an analytic open subspace on which Tr(W ) converges. By the Verdier self-duality of the
intersection complex and the vanishing cycles functor, there is an isomorphism

BPSC{Q,W},γ ∼= H
(
Mγ(Q), ϕmon

Tr(W ) IC
′
Mγ(Q)|nilp

)
.
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If we assume that all C(Q,W )-modules are in S, then as in Remark 3.6, we deduce that there
is an isomorphism

BPSC(Q,W ),γ
∼= H

(
Mγ(Q), ϕmon

Tr(W ) IC
′
Mγ(Q)

)
.

Proposition 3.7. Let C(Q,W ) be a finite-dimensional algebraic Jacobi algebra. Then the sup-
port of ϕmon

Tr(W ) IC
′
Mγ(Q) (as a perverse sheaf ) is zero-dimensional, and so it is also a constructible

sheaf.

Proof. We first claim that the left-hand side of (3.3) is supported on points corresponding to
semisimple C(Q,W )-modules. Since Mn sfr(Q) is smooth, ϕmon

Tr(W ) ICMn sfr(Q) is supported on the

critical locus of Tr(W ), which is equal to the space of stable framed C(Q,W )-modules. The
morphism q takes a stable framed C(Q,W )-module to the semisimplification of the underly-
ing C(Q,W )-module, so the right-hand side is supported on the space of semisimple C(Q,W )-
modules, as claimed.

So in particular, ϕmon
Tr(W ) ICMγ(Q) is supported on points corresponding to semisimple C(Q,W )-

modules. For a given dimension vector γ, there are only finitely many of these, as there are
finitely many simple C(Q,W )-modules (each one must occur in the Jordan–Holder filtration
of C(Q,W )).

We finish this subsection with some remarks about the BPS Lie algebra, defined in [DM20]
for any algebraic Jacobi algebra. We do not give full definitions since it will turn out that this
Lie algebra is rather trivial for finite-dimensional Jacobi algebras – see Corollary 3.12, though
see also Conjecture 5.9 for a reason for not totally disregarding the cohomological Hall algebra
structure that induces the Lie bracket on BPS cohomology.

In [KS11] Kontsevich and Soibelman defined the cohomological Hall algebra HQ,W associated
with an (algebraic) quiver with potential. In [DM20] it was shown that there is a perverse filtration
on HQ,W , and in particular that BPSC(Q,W )⊗L1/2 is the first perverse piece of this filtration and
is preserved by the commutator bracket on HQ,W . As such, the BPS Lie algebra is defined to be

g+C(Q,W ) :=
⊕
γ>0

BPSC(Q,W ),γ ⊗L1/2 . (3.8)

For C{Q,W} a finite-dimensional analytic Jacobi algebra, we can define the Lie algebra gC{Q,W}
the same way; the proof that it is a Lie algebra goes exactly the same way as in the algebraic
case.

3.3 Proof of Theorem B

We can now prove our main theorem on Jacobi algebras.

Theorem 3.8. Let A = C{Q,W} be an analytic Jacobi algebra, with Q a symmetric quiver,
and assume that A is finite-dimensional. Then:

(1) The refined BPS invariants ωA,γ(z1, z2) and ωA,γ

(
q1/2

)
have only nonnegative coefficients.

(2) For γ ∈ NQ0 the BPS cohomology BPSA,γ ∈ Db(MMHS) is concentrated entirely in coho-
mological degree zero and is self-dual. There is thus an equality ωA,γ = dim(BPSA,γ).

(3) For all but finitely many γ ∈ NQ0 , the BPS invariant ωA,γ vanishes.

(4) There is an equality dim(A) =
∑

γ dim(BPSA,γ)|γ|2.
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Alternatively, let A = C(Q,W ) be a finite-dimensional algebraic Jacobi algebra, for a symmetric
quiver Q. Then all but the fourth assertions are true of the BPS invariants for C(Q,W ), with
part (4) replaced by

(4′) There is an inequality dim(C(Q,W )) ⩾
∑

γ dim(BPSC(Q,W ),γ)|γ|2.

Proof. The first statement follows directly from the second, which we now prove. By Propo-
sition 2.11, assuming that it is nonzero, ϕTr(W ) IC

′
Mst

γ (Q)|nilp is equal to ϕTr(W ) ICU for some

analytic open U ⊂ Mst
γ (Q) containing 0γ on which Tr(W ) converges. Then the result follows

from the facts that ICU is Verdier self-dual and that the vanishing cycles functor commutes with
the Verdier duality functor, both of which are functors on MMHM(Mst

γ (Q)) and not merely the
derived category; in other words, they are t-exact for the perverse t-structure.

The argument for part (3) is a categorified version of the argument in [HT18] for Propo-
sition 4.13 below. Consider the left-hand side of (3.5) with n = 2. The mixed Hodge module(
ϕmon
Tr(W ) ICM2 sfr

γ (Q)

)
nilp

is supported on the moduli space of A-modules equipped with a surjec-

tion of A-modules from A⊕2, and, in particular, it has empty support after restricting toM2 sfr
γ (Q)

for any γ with γi > 2 · dim(A)i for some i ∈ Q0. Since in each degree γ we are considering a
complex of monodromic mixed Hodge modules supported at a point, we can treat both sides
of (3.5) as NQ0-graded and cohomologically graded monodromic mixed Hodge structures.

Passing to the underlying vector spaces via the symmetric monoidal functor rforg, in degree
2 · dim(A), the left-hand side of (3.5) is the vanishing cycle cohomology of a function with an
isolated singularity, and, in particular, it is nonzero, while on the right-hand side we have a free
exterior algebra on an NQ0-graded set of generators, with 2ωA,γ |γ| generators in degree γ (here
the 2|γ| factor is the dimension of the cohomology of CP(2|γ|−1)). For such an exterior algebra, the
highest degree in which the algebra is nonzero is given precisely by the degree of the top exterior
power, which is given by the right-hand side in the equality in part (4). This also establishes
part (3) – a graded exterior algebra is finite-dimensional if and only if it is finitely generated.

We next consider algebraic Jacobi algebras. By our standing assumption, S is the Serre sub-
category of C(Q,W )-modules containing thoseM satisfying the condition that for all submodules
M ′ ⊂M and all quotient modules M →M ′′, the function Tr(W ) is zero when evaluated on M ′

and M ′′. In particular, Tr(W ) is zero when evaluated on M . The argument for parts (1) and (2)
is the same, now using Proposition 3.7 to argue as above that the BPS cohomology for C(Q,W )
is concentrated in degree zero.

We next consider part (4′). Write {T1, . . . , Tr} for the simple modules, counted with multi-
plicity, occurring in the Jordan–Holder filtration of A, numbered so that only T1, . . . Tr′ are in S.
In particular,

dim(A) =

r∑
n=1

dim(Tn) .

Then the left-hand side of (3.3) is supported on semisimple modules
⊕

p∈P Tnp admitting a sur-

jection from A⊕2, with each np less than or equal to r′. It follows that it has zero support if

γi > 2

r′∑
n=1

dim(Tn)i (3.9)

for some i ∈ Q0. So the underlying vector space of the right-hand side of (3.3) is an exterior
algebra, with 2|γ|ωC(Q,W ),γ generators in degree γ, that is zero when restricted to any dimension
vector γ satisfying the inequality (3.9). Parts (3) and (4′) follow as in the analytic case.
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Setting z1 = z2 = q1/2 = 1, we deduce the following.

Corollary 3.9. Let A be a finite-dimensional analytic or algebraic Jacobi algebra associated
with a symmetric quiver with potential. Then all but finitely many of the BPS invariants ωA,γ

vanish, and they are all positive.

Recall that we call W ∈ CQcyc quasi-homogeneous if there is a grading of the arrows of Q
with nonnegative integers such that W is homogeneous of degree d > 0 with respect to the
induced grading of CQcyc.

Corollary 3.10. Let A = C(Q,W ) be a finite-dimensional Jacobi algebra for whichW is quasi-
homogeneous. Then BPSC(Q,W ),γ is pure, and so the refined BPS invariants ωγ

(
q1/2

)
belong to

the subset N ⊂ Z
[
q±1/2

]
.

Proof. Fix a degree γ ∈ NQ0 , and assume that there is a simple γ-dimensional CQ-module; oth-
erwise, the statements are trivial (in degree γ). The (shifted) mixed Hodge module F = ICMγ(Q)

is a pure mixed Hodge module on Mγ(Q). The function Tr(W ) is C∗-equivariant, where Mγ(Q)
is given the C∗-action determined by the grading on the arrows Q1. Furthermore, ϕmon

Tr(W )F has
proper support by Proposition 3.7. In fact by C∗-invariance, we see that it is supported at the
origin. Then purity follows by [DMSS15, Corollary 3.2, Remark 3.4]. The statement regard-
ing the q-refined BPS invariants follows since ϕmon

Tr(W ) ICMγ(Q) is a monodromic mixed Hodge

module (that is, lives in cohomological degree zero) supported at the point 0γ ∈ Mγ(Q), a
zero-dimensional subscheme, and so H(ϕmon

Tr(W ) ICMγ(Q)) is concentrated in degree zero. By the
definition of purity for complexes, it is pure of weight zero.

Under the assumptions of Corollary 3.10, the monodromy action on forg(BPSC(Q,W ),γ) is
semisimple, and we can write

forg(BPSC(Q,W ),γ) ∼= G0 ⊕ G ̸=0 ,

where the monodromy action on the first factor is trivial and that on the second factor has no
invariant subrepresentation. Then via Proposition 2.5, Corollary 3.10 implies that G0 is pure of
weight zero, while G ̸=0 is pure of weight −1.

Since in the quasi-homogeneous case, the Serre subcategory S contains all C(Q,W )-modules,
we deduce from the proof of Theorem 3.8 the following.

Corollary 3.11. Let A = C(Q,W ) be a finite-dimensional Jacobi algebra with W quasi-
homogeneous. Then there is an equality dim(A) =

∑
γ dim(BPSA,γ)|γ|2.

We next consider the implications of Theorem 3.8 for the BPS Lie algebra.

Corollary 3.12. Let A be either an algebraic or an analytic Jacobi algebra associated with
a symmetric quiver, and assume that A is finite-dimensional. Then the BPS Lie bracket on g+A
vanishes.

Proof. The BPS Lie bracket defined in [DM20] preserves the cohomological grading since it is
defined to be the commutator bracket in the cohomological Hall algebra of [KS11]. The right-
hand side of (3.8) lies entirely in cohomological degree 1 since by Theorem 3.8 each BPSA,γ lies
in cohomological degree zero, and the half Tate twist shifts degree by 1. Since the Lie bracket of
two degree 1 elements lands in degree 2, we conclude that the bracket vanishes.
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Example 3.13. Let Q be the quiver with one vertex and one loop, which we will denote by X,
and let W = Xd+1. Then A = C(Q,W ) is nilpotent, so we also have A ∼= C{Q,W}. The motivic
Donaldson–Thomas theory of this quiver and potential was considered in [DM15b].

There is an isomorphism C(Q,W ) ∼= C[X]/Xd, which is the contraction algebra of a width d,
(0,−2) curve (indeed, this fact was subsequently used in [DM17] to calculate the motivic DT
invariants of (0,−2) curves). In particular, this Jacobi algebra is finite, and Theorem 3.8 applies.
Since a (0,−2) curve has length 1, only the first Gopakumar–Vafa invariant of such a curve is
nonzero. In particular, we deduce from Theorem 3.8 that

BPSA,n = 0 (3.10)

for n ⩾ 2. On the other hand, the first cohomological BPS invariant is by definition equal to

BPSA,1 := H
(
A1, ϕmon

Xd+1QA1

)
⊗ L−1/2 . (3.11)

Taking classes in the Grothendieck group of monodromic mixed Hodge structures, equations
(3.10) and (3.11) together provide an alternative proof of the Hodge-theoretic version of [DM15b,
Theorem 1.1]. Assertion (4) of Theorem 3.8 becomes the equality

dim
(
C[X]/Xd

)
= dim

(
H
(
A1, ϕmon

Xd+1QA1

))
.

Example 3.14. The unmodified part (4) (as opposed to (4′)) of Theorem 3.8 can fail for algebraic
Jacobi algebras. For instance, take the same quiver as in Example 3.13, but let W ∈ X3Z[X] be
a nonhomogeneous polynomial, which we write as W = Xe+1D for some nonconstant polyno-
mial D with nonzero constant term. Then

BPSA,1
∼= H

(
A1, ϕmon

Xe+1QA1

)
⊗ L−1/2

and so

dim(BPSA,1) = e < dim(C(Q,W )) .

Example 3.15. Consider the doubled A2 quiver

1
x

99 2

y

yy

with potential W = (xy)d+1, where d ⩾ 1. Then the (algebraic) Jacobi algebra A = C(Q,W ) ∼=
C{Q,W} is finite-dimensional, and so Theorem 3.8 applies. By considering moduli stacks of
semistable representations for nondegenerate stability conditions, it is not too hard to calculate
the cohomological BPS invariants explicitly, and we find that

BPSA,(0,1)
∼= BPSA,(1,0)

∼= Q ,

BPSA,(1,1) = H
(
A1, ϕmon

Xd+1QA1

)
⊗ L−1/2 ,

BPSA,γ = 0 for γ /∈ {(1, 0), (0, 1), (1, 1)} .

Then Theorem 3.8(4) gives

dim(A) = 1 + 1 + d · 22 = 4d+ 2 ,

which one can verify by writing down the Jacobi algebra directly.
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4. Background on contractible curves

4.1 Coherent sheaves on flopping curves

As in the introduction, we fix a threefold flopping contraction f : X → Y , where p ∈ Y is an
isolated singularity in the affine variety Y and C = f−1(p) is a thickened rational curve.

Inside the category Coh(X) of coherent sheaves on X, we will mostly be concerned with
Cohcpct(X), the full subcategory containing those sheaves with compact support. Since Y is
assumed to be affine, the set-theoretic support of any such J is a union of points of X and
the exceptional curve C. It follows that any such J is obtained by taking iterated extensions of
sheaves of the form OCred

(d) for d ∈ Z and Ox for x ∈ X. We define rk(J ) to be the number of
sheaves of the first kind appearing in some (equivalently, any) such filtration, in other words the
length of J at the generic point of C. We define the morphism

cl : K0(Cohcpct(X)) → Z2 , [J ] 7→ (rk(J ), χ(J )) . (4.1)

We fix a divisor D ⊂ X with D ·Cred > 0, that is, pick a relatively ample divisor for p. Then
we define the slope of a compactly supported sheaf J by

µ(J ) :=
χ(J )

D · ch2(J )
= (D · Cred)

−1 χ(J )

rk(J )

following the usual convention that a sheaf with zero-dimensional support is defined to have
slope ∞. A sheaf J ∈ Cohcpct(X) is called semistable if µ(J ′) ⩽ µ(J ) for all proper subsheaves
J ′ ⊂ J . Since this definition does not change if we scale µ by a fixed constant, we could have
defined µ(J ) to be χ(J )/ rk(J ).

Let I be the ideal sheaf of Cred inside the hypersurface X0 from Section 1.3, and let I(i) be
its ith symbolic power, that is, the ideal of functions vanishing to order i along Cred. Then Ci

is defined to be the subscheme of X defined by I(i). We have Cred = C1 and C = Cl, where
l is the length of C. It is proved in [Kat08, Lemma 3.2] that for all i ⩽ l there are equalities
dim

(
H0(X,Ci)

)
= 1 and H1(X,Ci) = 0.

Let CohC(X) denote the full subcategory of coherent sheaves with set-theoretic support
on Cred. This category is equivalent to the category of coherent sheaves on the formal comple-
tion X̂ of X along Cred. Inside Coh

(
X̂
)
, we consider the relative Serre twisting sheaf OX̂(D′),

where D′ is a divisor satisfying D′ · Cred = 1, and the Serre twist F(1) := F ⊗ OX̂(D′). We
abuse notation by continuing to write F(1) for F ∈ Coh(X) a coherent sheaf with set-theoretic
support in Cred.

4.2 Derived equivalences

Let C ⊂ Db(Coh(X)) be the full subcategory consisting of objects J such that f∗J = 0 (we
remind the reader of our convention that all functors are derived). Following Bridgeland [Bri02],
inside the category Coh(X) we consider the torsion structure given by

T−1 =
{
J ∈ Coh(X) such that H1(f∗J ) = 0 and Hom(J , C) = 0

}
,

F−1 =
{
J ∈ Coh(X) such that H0(f∗J ) = 0

}
.

The Abelian subcategory −1Per(X/Y ) is defined to be the full subcategory of objects J ∈
Ob(Db(Coh(X))) such that

H−1(J ) ∈ F−1 , H0(J ) ∈ T−1 , Hi ̸=0,1(J ) = 0 .
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Let L be ample relative to p, and let

0 → O⊕r
X → M → L → 0 (4.2)

be the extension associated with a minimal generating set of H1
(
X,L−1

)
as a H0(Y,OY )-module,

and set P = OX ⊕M.

Proposition 4.1 ([VdB04, Theorem A]). The vector bundle P is a projective generator for
−1Per(X/Y ), and there is an equivalence of categories

Ψ = HomY (P,−) : Db(Coh(X)) → Db(A -mod) ,

where A := EndX(P), inducing an equivalence of categories between −1Per(X/Y ) and A -mod.

We denote by Φ = − ⊗ AP the quasi-inverse to Ψ. Write −1PerC(X/Y ) for the category of
perverse coherent sheaves set-theoretically supported on C. As in [VdB04], it is often useful to
consider instead the category −1Per

(
X̂/Ŷ

)
, where Ŷ is obtained by completing at the ideal of

functions vanishing at 0 and X̂ is obtained by completing at the ideal sheaf IC . The completion
of modules then induces a functor −1Per(X/Y ) → −1Per

(
X̂/Ŷ

)
, which is fully faithful and

preserves subobjects when restricted to −1PerC(X/Y ). Then Proposition 4.2 below follows from
[VdB04, Proposition 3.5.7].

Proposition 4.2 ([VdB04]). The simple objects of −1PerC(X/Y ) are

S1 := OC , S2 := OCred
(−1)[1] .

Proposition 4.3. Let J be a compactly supported coherent sheaf on Y satisfying χ(J ) = 0.
Then J is semistable if and only if it admits a filtration

0 = J0 ⊂ J1 ⊂ · · · ⊂ Jn = J

with each subquotient Ji/Ji−1 isomorphic to OCred
(−1).

Proof. The “if” part follows from the closure of the category of semistable objects of fixed slope
under taking extensions, so we focus on the “only if” part. A compactly supported sheaf J
decomposes as a direct sum J = J0 ⊕ J ′, where J0 is set-theoretically supported on C and J ′

is set-theoretically supported away from C. Then χ(J ′) is the length of J ′ and is in particular
nonzero if J ′ is. So by semistability, J is set-theoretically supported on C.

We may write Ψ(J ) ∼= [· · · → 0 → M0
d−→ M1 → 0 → · · · ], where ker(d) ∈ Ψ(F−1) and

coker(d) ∈ Ψ(T−1) are nilpotent modules. If d is not injective, there must be an inclusion Si ↪→
ker(d) for one of i = 1, 2, giving rise to either a nonzero map OCred

(−1)[1] → J or a nonzero map
OC → J . The first is not possible since J is a coherent sheaf, while the second is ruled out by
semistability and χ(OC) = 1. So we deduce that Ψ(J ) ∼= M [−1] for some nilpotent A-module.
Since M is nilpotent, it is obtained by taking iterated extensions from the two modules S1 and
S2. Since χ(Φ(M)) = 0, it follows that M is obtained by taking iterated extensions of the simple
S2 = Ψ(OCred

(−1)[1]) and in particular admits a filtration

0 =M0 ⊂M1 ⊂ · · · ⊂Mn =M ,

where each subquotient is isomorphic to S2. Applying Φ[−1] to this filtration, we obtain the
desired filtration for J .

780



Flopping curves and finite-dimensional Jacobi algebras

4.3 Moduli spaces of semistable coherent sheaves

The construction and basic properties of moduli spaces of semistable shaves on algebraic varieties
is treated generally in [HL10]. In the case of sheaves on contractible curves, these constructions
are somewhat simplified.

Lemma 4.4. Let J1 and J2 be coherent sheaves on an algebraic variety, generated by global
sections, with H1(X,Ji) = 0 for i = 1, 2, and let

0 → J1 → J → J2 → 0

be a short exact sequence. Then J is generated by global sections and satisfies H1(X,J ) = 0.

Proof. This is a diagram chase, using the morphism of distinguished triangles

H(X,J1)⊗OX
//

��

H(X,J )⊗OX
//

��

H(X,J2)⊗OX

��

//

J1
// J // J2

// .

Combining with Proposition 4.3, we deduce the following.

Corollary 4.5. Let X → Y be a flopping curve contraction. Let J be a semistable coherent
sheaf on X with χ(J ) = 0. Then J is set-theoretically supported on Cred, the sheaf J (1) is
generated by global sections, and dim(Hom(OX ,J (1))) = rk(J ).

Now fix r and an r-dimensional vector space V. The Grothendieck quot scheme Quot(V, (r, r))
is defined to be the fine moduli scheme parameterising quotients

h′ : OX ⊗C V ↠ J ′ ,

where χ(J ′) = r = rk(J ′). We consider the open subscheme Quot◦(V, (r, r)) ⊂ Quot(V, (r, r))
given by the condition that the target sheaf is semistable and H0(h′) is surjective. Note that
semistability forces the set-theoretic support to lie in Cred, for otherwise J ′ splits as a direct sum,
with one summand of infinite slope. Applying the relative Serre twist, we see that Quot◦(V, (r, 0))
is isomorphic to the stack of pairs (J , h), where J = J ′(1) is a semistable sheaf with rk(J ) = r
and χ(J ) = 0 and h′|V is a choice of basis for H0(X,J (1)), where we embed V ⊂ OX ⊗C V via
the embedding C ⊂ OX given by the constant functions.

Letting GLr(C) act on h′ via precomposition, we obtain the isomorphism

M-ss
r,0(X) ∼= Quot◦(V, (r, 0))/GLr(C) ;

that is, the moduli stack of sheaves is a global quotient stack. The points of the coarse moduli
space M-ss

r,0(X) are given by S-equivalence classes of sheaves, or equivalently, polystable sheaves.

In particular, by Proposition 4.3 we deduce that
(
M-ss

r,0(X)
)
red

∼= pt. Likewise, the Chow variety
ChowX(r[Cred]) is isomorphic to a point, and the natural map

pt =
(
M-ss

r,0(X)
)
red

→ ChowX(r[Cred]) = pt (4.3)

is obviously an isomorphism.

If we fix the Euler characteristic to be 1, the geometry becomes even more well behaved. The
following theorem is due to Sheldon Katz.

Theorem 4.6 ([Kat08, Proof of Proposition 3.3]). LetM-ss
r,1(X) be the finemoduli space of stable

1-dimensional sheaves J with χ(J ) = 1 and rk(J ) = r. Then for r ⩽ l, the space M-ss
r,1(X) has

exactly one closed point, corresponding to the sheaf OCr ; otherwise, it is empty. The length of
the structure sheaf OM-ss

r,1(X) is nC,r.
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4.4 The contraction algebra

Before reminding the reader of the definition of the contraction algebra from [DW16], we re-
call the type of deformation functor that it represents. Let Art1 be the category of pointed
finite-dimensional algebras, that is, finite-dimensional C-algebras Γ equipped with a retraction
of algebras p : Γ → C such that ker(p)N = 0 for N ≫ 0. Let A be either QCoh(U) for U a quasi-
projective scheme C-scheme, or mod(Λ) for some algebra Λ. Let a ∈ ob(A). Then the noncom-
mutative deformation functor DefAa is defined to be the functor taking an element (Γ, p) of Art1
to the set of isomorphism classes of triples (b, τ, δ), where b ∈ A, τ : Γ → HomA(b) is a homomor-
phism of algebras and δ : (Γ/ ker(p))⊗Γ b→ a is an isomorphism, such that −⊗Γ b : Γ -mod → A
is exact. See [DW16] for details regarding the notion of isomorphism of deformations, and see
[Lau02, Eri10, Seg08, KS] for more treatment of noncommutative deformation theory.

Write R̂ for the ring of functions Γ(Y ) completed at the ideal I0 corresponding to the singular
point 0. Let L′ be a line bundle on X̂ such that L′ ·Cred = 1, define M′ with respect to the short
exact sequence

0 → O⊕r′

X̂
→ M′ → L′ → 0

analogous to (4.2), and define P ′ = OX̂ ⊕ M′ and Â := EndX̂(P ′) = EndŶ
(
R̂ ⊕M

)
, where

M = p∗M′. Van den Bergh shows in [VdB04, Section 3.4] that by picking such an L′ and feeding
it back into [VdB04, Section 3.2], we get an equivalence of categories between −1Per

(
X̂/Ŷ

)
and

Â -mod as in Proposition 4.1.

Definition 4.7 ([DW16]). The contraction algebra Acon is the quotient Â/I, where I is the
two-sided ideal of endomorphisms of P ′ factoring through the summand R̂.

Defining S = HomX̂(M′,OCred
), we obtain a simple Acon-module, which is S2 when consid-

ered as a Â-module via the surjection Â→ Acon.

Theorem 4.8 ([DW16]). The contraction algebra Acon is finite-dimensional and represents the

isomorphic deformation functors Def
QCoh(Y )
OCred

, DefAcon -mod
S , and DefÂ -mod

S2
.

Proposition 4.9. The contraction algebra Acon is an analytic Jacobi algebra for a quiver Q
with analytic potential W ∈ K{Q}cyc. The quiver Q has one vertex and has zero, one, or two
loops, depending on whether C is of N -type (−1,−1), (0,−2), or (1,−3).

Proof. By [DW16] the contraction algebra Acon represents the deformation functor DefÂ -mod
S2

. Let
(Ext(S2, S2), b•) be the cyclic A∞-endomorphism algebra of S2, and let W (x) =∑

i⩾2(i+ 1)−1⟨bi(x, . . . , x), x⟩ be the formal function on V = Ext1(S2, S2) arising from the cyclic

A∞-structure. Then it is well known (see for example [Seg08, KS, LPWZ08]) that DefÂ -mod
S2

is represented by the zeroth cohomology of the Koszul dual of (Ext(S2, S2), b•), which is by
construction the Ginzburg dga Γ̂(Q,W ) for the pair Q, W (see [Gin06]), where Q is a quiver
with arrows given by a basis for V . The analyticity of the potential W is given by [Tod18,
Lemma 4.1].

Remark 4.10. Since Acon is a finite-dimensional formal Jacobi algebra, in principle we could
have used [HZ23, Theorem 3.16] to produce a formal isomorphism G of the completed free

path algebra ĈQ such that G∗W is algebraic and considered the cohomological DT theory of
C(Q,G∗W ), which is given in terms of algebraic (not analytic) mixed Hodge modules. The
automorphism G induces an automorphism Gγ of the formal completion of Repγ(Q) around
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the nilpotent locus. The resulting motivic Donaldson–Thomas invariant, defined for the possibly
formal function Tr(W ) via [BJM19, Remark 3.4], is the same for G∗W and W since the motivic
vanishing cycles are determined by spaces of arcs from the nilpotent locus and Gγ acts on
these via isomorphisms. We prefer to work at the level of analytic potentials since the question
of whether G can be chosen to be convergent in a sense that enables us to extend Gγ to an
analytic neighbourhood of the nilpotent locus seems to be open.3 In any case we will want to
be able to consider vanishing cycles for infinite-dimensional Jacobi algebras when we come to
Conjecture 5.9, where the results of [HZ23] no longer apply.

Remark 4.11. The question of which finite-dimensional Jacobi algebras arise as contraction al-
gebras is open, but according to a conjecture of Brown and Wemyss, for any potential W on
a select list of symmetric quivers giving rise to finite A = C{Q,W}, the algebra A is a contrac-
tion algebra for some curve. See [BW21] for background and further developments regarding this
conjecture. In this paper we deal only with irreducible contractible curves, so in fact the list of
quivers we are concerned with is quite short: the zero-loop quiver, the one-loop quiver, and the
two-loop quiver. In the first two cases, the conjecture is clearly true, but for the two-loop quiver
it is still open. We refer to [HK18, Iyu20, IS20, IS19, BW21] for some recent classification results
on finite-dimensional Jacobi algebras.

4.5 From the contraction algebra to Gopakumar–Vafa invariants

We denote by Mm sfr
r (Acon) the fine moduli space of pairs (M, (v1, . . . , vm)), where M is an r-

dimensional Acon-module and v1, . . . , vm ∈ M generate M under the action of Acon. If we set
m = 1, then this is the closed subscheme of ncHilbγ(Q), the points of which correspond to stable
framed A-modules. Due to the parity condition in Theorem 3.1 and Proposition 3.2, we will
instead focus on the case in which m ⩾ 2 is even. The scheme Mm sfr

r (Acon) is typically highly
singular; in Donaldson–Thomas theory, when confronted with a singular complex scheme T , the
basic enumerative invariant is not quite the Euler characteristic of the underlying scheme but
the Euler characteristic weighted by the Behrend function νT . The following theorem relates this
measure to cohomological DT theory.

Theorem 4.12 ([PP01]). Let f ∈ Γ(T ′) be a holomorphic function on a smooth complex mani-
fold, and assume that the complex variety T is isomorphic to crit(f) as an analytic space. Then

χ(T, νT ) = χ(H(T ′, ϕf ICT ′)) .

This is stated in Behrend’s original paper [Beh09, Section 1.2], which dealt with algebraic
stacks. The original proof of [PP01, Corollary 2.4] is for analytic subspaces. It follows that if,
with the assumptions of Theorem 4.12, the underlying topological space of T is a single isolated
point p, then νT (p) is equal to the Milnor number of f ; that is,

νT (p) = dimC(OT ) .

Finally, we state the relation between weighted Euler characteristics and the Gopakumar–
Vafa invariants. This is a slight generalisation of [HT18, Theorem 4.4].

Theorem 4.13 ([HT18]). Write Zm(t) :=
∑

i⩾0 χ
(
Mm sfr

i (Acon), νMm sfr
i (Acon)

)
ti. Then there is

an equality of generating series

Zm(t) =
∏

1⩽i⩽l

(1− (−1)m·iti)m·i·ni .

3In fact this question has subsequently been settled in the affirmative by Hua and Keller; see [HK19, Theorem 4.4].
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The proof is a minor adaptation of the proof of [HT18, Theorem 4.4], and so we only sketch
it; see [HT18] for more details.

Proof. Recall that we define C to be the full subcategory of objects such that f∗J = 0. Let
C0 = C ∩ Coh(X). Let L′

1, . . . ,L′
n be line bundles defined by divisors D1, . . . , Dn on X̂, each

intersecting C at pairwise disjoint points and satisfying Di · C = 1. Then Van den Bergh’s
equivalence Ψ of Proposition 4.1 induces the equivalence Ψ: C0 → Acon -mod. For each i =
1, . . . , n there is a diagram of functors, commuting up to natural equivalence,

C0

⊗ODi ""

Ψ // Acon -mod

forgyy
Vect .

So the data of an Acon-module ρ and n elements of the underlying vector space is equivalent to
the data of a coherent sheaf J in C0 along with a section s of J ⊗OX̂(

∑
i⩽nDi). As in [HT18,

Theorem 4.4], the condition on this data to define a surjection A⊕n
con → ρ is the same as the

condition for the pair (J , s) to be a parabolic stable pair, in the terminology of [Tod15a]. Then
the result is a direct application of [Tod15a, Proposition 3.16].

5. Refined invariants for contractible curves

5.1 Refined Gopakumar–Vafa invariants for contractible curves, à la Katz [Kat08]

We start by giving an approach to refined Gopakumar–Vafa invariants arising from the combina-
tion of the original definition of Sheldon Katz for the Gopakumar–Vafa invariants of a flopping
curve with the work of Joyce et al.

Recall that by part of Sheldon Katz’s work, the reduced subscheme of the fine moduli scheme
Mst

r,1(X) is a single point (Theorem 4.6). The unreduced scheme is a fine moduli scheme, and
the map Mst

r,1(X) → Mst
r,1(X) to the stack of stable sheaves is a C∗-bundle. By [PTVV13,

Corollary 2.13] this last stack is the underlying algebraic stack of a (-1)-shifted symplectic stack.
In [BBJ19] the authors use this fact to endow Mst

r,1(X) with a d-critical locus description in
the sense of [Joy15]. Since the underlying scheme is a point, and so any neighbourhood of the
point is the entire scheme, it also follows from [BBJ19, Theorem 5.18] that Mst

r,1(X) is the
scheme-theoretic critical locus of a function g on a smooth algebraic variety U . The virtual
canonical bundle K = KM,s on M = (Mst

r,1)red is then a line bundle on M , which is clearly

trivial (since M is a point), so that we can pick an isomorphism O⊗2
Mred

∼= KM,s. In the language
of [Joy15], this d-critical scheme admits trivial orientation. We abbreviate L = OMred

. Given
the data of the oriented d-critical scheme (M, s, L), Theorem 6.9 of [BBD+15] constructs a
canonical Verdier self-dual monodromic mixed Hodge module ΦM,s,L onM . By construction this
is just the monodromic mixed Hodge module ϕmon

g ICU . Considered as a cohomologically graded
monodromic mixed Hodge structure, it is concentrated in degree zero.

The above discussion establishes part (1) of the following theorem, while part (2) follows by
Theorems 4.6 and 4.12. Part (3) is a consequence of part (1) and the definition of the dimension
of a monodromic mixed Hodge structure.

Theorem 5.1. Let

GV′
C,r,0 := H(Mst

r,1,ΦM,s,L)
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be the genus zero cohomological Gopakumar–Vafa invariants defined for the flopping curve C
as above. (The subscript zero for the Gopakumar–Vafa invariant refers to the genus, and the
subscript 1 on the right-hand side refers to the Euler characteristic of the coherent sheaves we
are considering.) Then:

(1) The invariants GV′
C,r,0 are Verdier self-dual complexes of monodromic mixed Hodge struc-

tures, concentrated in cohomological degree zero (that is, they are monodromic mixed Hodge
structures).

(2) There is an equality dim(GV′
C,r,0) = nC,r.

(3) If nC,r vanishes, then so does GV′
C,r,0.

5.2 Refined Gopakumar–Vafa invariants from BPS cohomology; proof of Theorem A

In [MT18] a proposal is given for the definition of (all genus) Gopakumar–Vafa invariants, which
we briefly recall. Let β ∈ H2(Y,Z) be a homology class. Then M = M(β,1)(Y ) is a fine moduli
space and moreover a d-critical scheme, which is assumed to carry a special kind of orienta-
tion K1/2 called Calabi–Yau orientation data (see the appendix to [MT18]). Then as above,
M = Msst

(β,1)(Y ) is a fine moduli scheme, and we obtain the sheaf ΦM,s,K1/2 ∈ Perv(M). Maulik
and Toda define the numbers ng,β via∑

i∈Z
χ
(
Hi(π∗ΦM,s,K1/2)

)
yi =

∑
g⩾0

ng,1,β
(
y1/2 + y−1/2

)2g
.

Here π is the Hilbert-Chow map. This map is projective, and the sheaf ΦM,s,K1/2 is Verdier
self-dual, so that its direct image along π is also Verdier self-dual, and the definition makes sense
(that is, the left-hand side is invariant under y 7→ y−1).

The correct way to generalise this definition for nonprimitive classes in Z2, that is, classes of
the form (r, 0), as opposed to (r, 1), is to replace the sheaf ΦM,s,K1/2 by the BPS sheaf (see [Tod23]
for an application of this definition to wall crossing); that is, we first define

BPSMsst
r,β(Y ) := H1

(
pr,β,∗ΦM,s,K1/2

)
,

where

pr,β : M
sst
r,β → Msst

r,β

is the map from the moduli stack to the coarse moduli space, and then define∑
i∈Z

χ
(
Hi
(
π∗ BPSMsst

r,β(Y )

))
yi =

∑
g⩾0

ng,r,β
(
y1/2 + y−1/2

)2g
.

By Proposition 4.9 the contraction algebra is an analytic Jacobi algebra: Acon
∼= C{Q,W} for

some analytic potential W . By Theorem 4.8 the contraction algebra Acon is finite-dimensional,
and so by Proposition 2.11, the stack of C{Q,W}-modules is an open and closed substack of
any open analytic neighbourhood in which the function Tr(W ) is defined. We can define the
cohomological BPS invariants for Acon as in Definition 3.5. By [Tod18] there is an isomorphism
of stacks

Repr(C{Q,W}) ∼= Msst
r,0(Y ) . (5.1)

The stack Repr(C{Q,W}) has a d-critical structure4 s′ coming from its presentation as a global
critical locus, with a canonical orientation, which is moreover Calabi–Yau in the sense of Maulik

4The question of whether the isomorphism (5.1) preserves the oriented d-critical structures on either side is still
open and will be returned to in future work. See, for example, the discussion around [Tod23, Remark A.1].
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and Toda (see [Dav10, Theorem 6.4.2]), and we therefore obtain an oriented d-critical structure
on Msst

r,0(Y ), for which the resulting monodromic mixed Hodge module ΦM,K,s′ is the vanishing
cycle complex of the function Tr(W ). By [DM20] there is an isomorphism

H1
((
Repr(CQ)

p−→ Mr(Q)
)
∗QRepr(CQ)

) ∼= ICMst
r (Q)

and so

H
(
Mr(Q),H1(p∗ΦM,K,s)

′) ∼= BPSC{Q,W},r .

Putting this all together, we see that the BPS cohomology for the stack of semistable sheaves on
X of class (r, 0), with the d-critical structure coming from the isomorphism (5.1), is given by

BPSMsst
(r,0)

(X) = BPSAcon,r .

Proposition 5.2. There is an equality for all r ∈ N

dim(BPSAcon,r) = nC,r .

Proof. Setting n = 2 in (3.3), the graded Euler characteristic of the left-hand side is given by∑
i⩾0

χ
(
H
(
M2 sfr

i (Q), ϕmon
Tr(W ) ICM2 sfr

i (Q)|nilp
))
ti =

∑
i⩾0

χ
(
M2 sfr

i (Acon), νM2 sfr,nilp
i (Acon)

)
ti

= Z2(t)

by Theorem 4.12. The graded Euler characteristic of the right-hand side of (3.3) is given by∏
1⩽i⩽l

(1− ti)2i·dim(BPSAcon,i) ,

and so the result follows directly from Theorem 4.13.

We have seen that Msst
r,0(Y ) is isomorphic to a point, as is the Chow variety. Moreover,

π∗ BPSMsst
r,0(Y ) is a perverse sheaf, and so all higher-genus Gopakumar–Vafa invariants vanish,

and we finally define the following.

Definition 5.3. We define the genus zero Gopakumar–Vafa cohomology for the contractible
curve C by setting

GVC,r,0 = BPSAcon,r .

Then Theorem A follows from Proposition 5.2 and Theorem B.

Remark 5.4. Since Theorem B identifies the dimension of GVC,r,0 with nC,r, the analogue of
part (3) of Theorem 5.1 holds. We emphasise this since, a priori, it is very difficult to demonstrate
vanishing of refined invariants from vanishing of numerical ones. Were this not the case, the
paper [DM17] calculating motivic DT invariants of (0,−2) curves would have been very short.
This vanishing result, along with the vanishing

nC,r = 0 for r > l(C) ,

means that it is possible to calculate refined invariants by hand.

Remark 5.5. For an application of this vanishing, see the paper [vGa20], which extends [BW18]
to the refined setting. In the earlier paper a pair of length 2 flopping curves are given that
have the same Gopakumar–Vafa invariants but are nonisomorphic and are distinguished by their
contraction algebras. In [vGa20] it is shown that these flopping curves are not distinguished by
their refined Gopakumar–Vafa/BPS invariants either.
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Definition 5.6. We define successively more refined invariants nC,r

(
q1/2

)
, nC,r(z1, z2) and

nC,r,MMHS by taking χmon
wt , χmon

hsp , and the class in the Grothendieck group K0(MMHS) of GVC,r,0,
respectively. These specialisations are as defined in Section 2.2.

The following is a special case of Corollary 3.10.

Proposition 5.7. Let Acon
∼= C(Q,W ), where W is quasi-homogeneous. Then nC,r(q

1/2) ∈ N.

The above proposition is enough to make one wonder whether q-refined Gopakumar–Vafa
invariants carry any extra information at all.

Conjecture 5.8. The monodromic mixed Hodge structure GVC,r,0 is pure for every flopping
curve C and every r. Equivalently, nC,r

(
q1/2

)
= nC,r for all C and r.

This conjecture is open even for r = 1. For instance, it is known (see for example [Pol14] or
[A’C73, Section 4]) that there exist functions f(x, y) in two variables with an isolated singularity
at the origin, such that the monodromy action on the cohomology of the Milnor fibre is not
semisimple (this is equivalent to impurity of vanishing cycle cohomology since by definition
[Sai88, (5.1.6.2)] the weight filtration on the vanishing cycle cohomology is the monodromy
filtration). On the other hand, extensive computer checks5 go a long way towards confirming
the conjecture, at least for r = 1. In other words, functions in two variables that arise from
Abelianising potentials on the two-loop quiver that give rise to finite-dimensional (analytic)
Jacobi algebras appear to always have semisimple monodromy.

Further evidence for the conjecture comes from the fact that for (infinitely many) length
2 flopping curves and r = 1, 2, the conjecture follows from the total description of the refined
invariants found by van Garderen [vGa20, Theorem A].

In any case, the more refined invariants nC,r(z1, z2) are not necessarily integers. For instance,
let C be a type (−2, 0) curve of width d. Then by Example 3.13

nC,0(z1, z2) = (z1z2)
−1/2

d∑
i=1

z
i/(d+1)
1 z

(d+1−i)/(d+1)
2 .

For the rank 1 refined BPS invariants worked out for length 2 curves by van Garderen, fractional
exponents also appear, arising from nontrivial monodromy actions on middle cohomology of
(arbitrary genus) complex curves.

5.3 Cohomological strong rationality conjecture

We finish the paper by proposing a mechanism for proving the strong rationality conjecture using
a version of the cohomological Hall algebra of [KS11] adapted for analytic Jacobi algebras. In
order to not add greatly to the length of the paper, and since the goal of this section is merely
to state a conjecture, we will be a little more sketchy.

There is an obvious similarity between Theorems A and 5.1. Indeed, we could have proved
Theorem A by instead defining the refined Gopakumar–Vafa invariant to be GV′

C,r,0. This simi-
larity is not accidental – the reason for suspecting that Theorem A was true is the easier (given
the existing literature) Theorem 5.1, and Conjecture 5.9 below. This conjecture implies as a
special case that Theorems A and 5.1 are logically equivalent once one upgrades (5.1) to an
isomorphism of (−1)-shifted symplectic stacks.

5Many thanks go to Michael Wemyss and Gavin Brown for running these calculations on the database of contraction
algebra potentials that they have mined.
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The derived equivalence (4.1) induces an isomorphism of Grothendieck groups

Φ: Z2 = K0(CohC(X)) → K0(Â -modnilp) = Z2

between the Grothendieck groups of the category of coherent sheaves supported on C and the
category of continuous (that is, nilpotent) modules for the complete noncommutative crepant
resolution Â of Section 4.4, which by the same argument as Proposition 4.9 (that is, the results
of [Tod18]) is an analytic Jacobi algebra for some quiver Q with convergent formal potential W .
The identifications with Z2 are given by taking the rank and Euler characteristic of 1-dimensional
sheaves, and dimension vectors of Â-modules. Then we recover both flavours of cohomological
Gopakumar–Vafa invariants as the BPS cohomology BPSC{Q,W},Φ(r,d) for d = 0, 1.

Via [Tod18], for each γ ∈ K0(Â -mod) there is an analytic open neighbourhood of 0γ in
the stack Mγ(Q), for which one may define the function Tr(W ) and take the critical locus to
obtain a stack isomorphic to an analytic open neighbourhood M of the stack of perverse coherent
sheaves supported on C, inside the stack of all perverse coherent sheaves on X.

Let γ ∈ N2 be such that Φ−1(γ) = (a, b) with a ̸= 0. Then it follows from [Tod23, Lemma 4.9]
that for U ⊂ Mγ(Q) an open neighbourhood of 0γ on which Tr(W ) is holomorphic, ϕmon

Tr(W ) ICU

is supported at 0γ . In particular, BPSC{Q,W},γ is well defined for all such γ.

On the other hand, for γ = Φ(0, 1) and U a contractible analytic neighbourhood of 0γ ∈
Mγ(Q) on which Tr(W ) is holomorphic, one can show that H

(
U, ϕmon

Tr(W ) ICU

) ∼= H
(
Ũ ,Q

)
⊗L−3/2,

where Ũ is the neighbourhood of C corresponding to point sheaves for which the semisimpli-
fication (as an A-module) lies in U . So in particular, H(U, ϕmon

Tr(W ) ICU ) ∼= H(C,Q) ⊗ L−3/2 is

independent of U . The Tate twist is given by the dimension of Ũ . We consider the direct sum
across all dimension vectors

HQ,W =
⊕

γ∈NQ0

H
(
p−1
γ (Uγ), ϕ

mon
Tr(W ) ICp−1

γ (Uγ)

)
.

By the same construction as in [KS11], this carries an associative product, and we have embed-
dings

BPSC{Q,W},γ ⊗H(pt /C∗)vir ↪→ HQ,W,γ

for which the induced map

Sym

(⊕
γ∈N2

BPSC{Q,W},γ ⊗H(pt /C∗)vir

)
→ HQ,W

is the Poincaré—Birkhoff-–Witt isomorphism from [DM20]. In particular, letting u denote the
(cohomological degree 2) generator in H(pt /C∗,Q) ∼= Q[u] and letting 1C denote the (coho-
mological degree zero) generator of H(C,Q), we consider the class u1C ∈ HQ,W,Φ(0,1). This has
cohomological degree zero due to the Tate twists.

Conjecture 5.9. Let A = C{Q,W} be a noncommutative crepant resolution as above. For
γ ∈ NQ0 , the commutator map

[u1C ,−] : HQ,W,γ → HQ,W,γ+Φ(0,1)

maps BPSC{Q,W},γ isomorphically to BPSC{Q,W},γ+Φ(0,1).

The main evidence for the conjecture comes from the related study of threefolds X̃ × C, for
X̃ → C2/Γ the resolution of a du Val singularity, where the above operator does indeed provide an
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isomorphism between cohomological BPS invariants.6 Note that an implication of the conjecture
is that BPSC{Q,W},Φ(r,n) is independent of n. This is a categorified upgrade of the statement
that the Donaldson–Thomas invariant for coherent sheaves of rank r and Euler characteristic d
are independent of d. In particular, it implies the independence/strong rationality conjectures in
[Tod14, PT09, Tod23], for flopping curves.

Appendix. Relation between cohomological and motivic DT invariants

The motivic DT invariants assigned to an (algebraic) Jacobi algebra A in [KS08] are equal to
the classes D[BPSA,γ ] ∈ K0(MMHS) under χMMHS, where D is the involution of K0(MMHS)
induced by Verdier duality and BPSA,γ is as in Definition 3.5. This seems to be well known to
the experts (see for example [KS11, Section 7.10]), but for the convenience of the reader, we
recall some of the details.

Let X be a smooth complex variety, let S ⊂ X be a subvariety, and let f ∈ Γ(X) be a regular
function. We refer to [DL01] for the definition of the motivic vanishing cycle

[ϕf ] ∈ Kµ̂
0 (Var /X)

[[
A1
]±1/2]

of f . This is an element of the naive Grothendieck ring of varieties over X. We pick the normal-

isation of this class such that if f = 0, we have [ϕf ] =
[
X

idX−−→ X
]
. Given S ⊂ X we define the

map ∫
S
: Kµ̂

0 (Var /X)
[[
A1
]±1/2]→ Kµ̂

0 (Var / pt)
[[
A1
]±1/2]

[Y → X] 7→ [Y ×X S] .

By [DL98, Theorem 4.2.1] there is an equality

χMMHS

(∫
S
[ϕf ]

)
=
[
Hc

(
X,
(
ϕmon
f Q

X

)
S

)]
,

and so there is an equality

χMMHS

(∫
S
[ϕf ] ·

[
A1
]−dim(X)/2

)
=
[
Hc

(
X, (ϕmon

f ICX)S
)]
.

There is an isomorphism Hc(X,ϕ
mon
f ICX)∗ ∼= H(X,ϕmon

f ICX) by the Verdier self-duality of
ϕmon
f ICX , and so

D ◦ χMMHS

(∫
X
[ϕf ] ·

[
A1
]− dim(X)/2

)
=
[
H
(
X,ϕmon

f ICX

)]
.

We let K̃µ̂
0 (Var / pt) = Kµ̂

0 (Var / pt)
[[
A1
]±1/2][[

GLn(C)
]−1

] | n ⩾ 1
]
be the localisation formed

by formally inverting the classes of the general linear groups. By the identity

[GLn(C)] =
n∏

i=1

([
Ai
]
− 1
)
,

this is the same as the localisation with respect to the classes (1 − [An]) for all n. We let
K0(MMHS)⩽n = χ−1

wt

(
qnZ

[
q−1/2

])
. Since every MMHS has a filtration with subquotients given

by pure MMHSs, there is a surjection of Abelian groups K0(MMHS)⩽n → K0(MMHS)⩽n−1; we

6This will be explained in forthcoming work of Shivang Jindal.

789



B. Davison

let K̂0(MMHS) be the inverse limit with the natural algebra structure. Let X be a smooth GLγ-
equivariant variety, carrying a GLγ-invariant algebraic function f , and let X = X/GLγ be the
quotient stack. Let S ⊂ X be a G-invariant subvariety, and let S ⊂ X be the induced inclusion
of global quotient stacks. The lowest l for which the weight l piece of

Hi
c

(
X , ϕmon

f ICX |S
)∗

is nonzero tends to infinity as i tends to infinity, and so the infinite sum[
Hc

(
X , ϕmon

f ICX |S
)∗]

=
∑
i∈Z

[
Hi

c

(
X , ϕmon

f ICX |S
)∗]

converges in K̂0(MMHS). The class DχMMHS([GLn(C)]) is invertible in K̂0(MMHS), and so there
is a unique map

J : K̃µ̂
0 (Var /pt) → K̂0(MMHS)

extending D ◦ χMMHS. This is a homomorphism of λ-rings; by the construction of the λ-ring
structure, the map D ◦ χMMHS is a λ-ring homomorphism, which extends to a λ-ring homomor-
phism

K̃µ̂
0 (Var / pt) → K0(MMHS)

[
(Ln − 1)−1 | n ⩾ 1

]
(A.1)

by [DM15b, Example 3.5.4 (4)]. The inclusion of the right-hand side of (A.1) into the ring of
formal power series is again a λ-ring homomorphism by construction.

Proposition A.1. Let X , S, f be as above. Then

J

(∫
S
[ϕf ] ·

[
A1
]− dim(X )/2 · [GLγ ]

−1

)
=
[
Hc

(
X ,
(
ϕmon
f ICX

)
S
)∗]

. (A.2)

Proof. Set VN =
∏

i∈Q0
Hom

(
CN ,Cγ(i)

)
for N ≫ 0, and let UN ⊂ VN be the subvariety of

Q0-tuples of surjective morphisms. Set

X̃ = (X × UN )/GLN , S̃ = S ×X X̃ .

Consider the Serre spectral sequence with

Ep,q
2 = H

∏
i∈Q0

Gr(N, γ(i)),Q

⊗Hc

(
X,ϕmon

f Q
X
|S
)
.

Since this spectral sequence converges to Hc

(
X̃, ϕmon

f Q
X̃
|S̃
)
, we deduce that

[Hc(X̃, ϕ
mon
f Q

X̃
|S̃)⊗ L−N |γ|− dim(X )/2] =∏

i

[H(Gr(N, γ(i)),Q)] · [Hc(X,ϕ
mon
f Q

X
|S⊗L−N |γ|− dim(X )/2]. (A.3)

As we let N tend to infinity, the left-hand side of (A.3) converges to the right-hand side of
(A.2). The group GLγ is special, meaning that principal GLγ bundles are Zariski locally trivial.

It follows from the cut-and-paste relations in Kµ̂
0 (Var /C) that

[Gr(N, γi)] · [GLγ ] = [UN ] .

Applying J , we deduce

D
[
H(Gr(N, γi),Q)⊗ L−N |γ|] ·D[Hc(GLγ ,Q)] = D[Hc(UN ,Q)⊗ L−N |γ|] .

The right-hand side tends to 1 as we let N tend to infinity, and the result follows.
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We next consider the motivic DT invariants of a quiver Q with potential W . As above, we
should choose a Serre subcategory S of the category of representations of C(Q,W ), and we make
our standard assumption that S is the maximal permissible Serre subcategory containing all
modules M such that on all subquotients of M , the value of Tr(W ) is zero.

Motivic DT invariants are defined in terms of plethystic exponentials, which we very briefly
recall. Given an element α in a λ-ring, we define Exp(α) =

∑
n⩾0 σ

n(α) when this sum makes
sense. So, for instance, if B = K0(AN) is the Grothendieck ring of N-graded objects of an Abelian
tensor category, completed so that [V ] =

∑
n∈N[Vi] for Vi the ith graded piece of Vi, and V ∈ AN

is concentrated in strictly positive degrees, then

Exp([V ]) =
∑
n⩾0

[Symn(V )] = [Sym(V )].

Let (Q,W ) be an algebraic quiver with potential. Let

χ : ZQ0 × ZQ0 → Z , (γ, γ′) 7→
∑
i∈Q0

γiγ
′
i −

∑
a∈Q1

γs(a)γ
′
t(a)

denote the Euler form. There is an equality

dim(AQ,γ/GLγ) = −χ(γ, γ).

Let gγ ∈ Γ(AQ,γ) be the function induced by Tr(W ). Then the motivic DT invariants are defined
by the equation

∑
i∈NQ0

∫
S
[ϕgγ ] ·

[
A1
]χ(γ,γ)/2 · [GLγ ]

−1T γ =Exp

 ∑
0̸=i∈NQ0

ΩQ,W,γ [C∗]−1 ·
[
A1
]1/2

T γ

 .

We deduce from Proposition A.1 that

J

(∫
S
[ϕgγ ] ·

[
A1
]χ(γ,γ)/2 · [GLγ ]

−1

)
=
[
H
(
Mγ(Q),

(
ϕmon
Tr(W ) ICMγ(Q)

)
S
)]
.

Taking the hypercohomology of (3.4), we deduce that∑
γ∈NQ0

J

(∫
S
[ϕgγ ] · [A1]χ(γ,γ)/2 · [GLγ ]

−1

)
T γ

= Exp

 ∑
0̸=γ∈NQ0

[BPSC(Q,W ),γ ] · [H(pt /C∗)vir]T
γ

 ,

and we deduce the following.

Proposition A.2. There is an equality in K̂0(MMHS)

J(ΩQ,W,γ) = [BPSQ,W,γ ] .

In particular, the left-hand side lies in the image of the map K0(MMHS) ↪→ K̂0(MMHS).
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sheaves of vanishing cycles (with an appendix by J. Schürmann), J. Singul. 11 (2015), 85–151;
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