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Class field theory, Hasse principles and
Picard—Brauer duality for two-dimensional local rings

Takashi Suzuki

ABSTRACT

We draw concrete consequences from our arithmetic duality for two-dimensional local
rings with perfect residue field. These consequences include class field theory, Hasse
principles for coverings and K5 and a duality between divisor class groups and Brauer
groups. To obtain these, we analyze the ind-pro-algebraic group structures on arithmetic
cohomology obtained earlier and prove some finiteness properties about them.

1. Introduction

1.1 Aim of the paper

Let A be a two-dimensional normal complete noetherian local ring of mixed characteristic (0, p)
with perfect residue field F'. In [Sai86, Sai87], Saito gives arithmetic duality and class field theory
for A when F is finite. We refined this theory in our recent work [Suz24] when F' is a general
perfect field, by giving ind-pro-algebraic group structures for arithmetic cohomology attached
to A and taking these structures into account. However, our duality was on the derived category
level, and we could not deduce concrete consequences due to a lack of precise understanding of
the structure of each cohomology object.

In this paper, we will prove some finiteness (or admissibility) properties of our ind-pro-
algebraic group structures. This allows us to deduce concrete duality statements for each coho-
mology object. The statements we deduce include class field theory, Hasse principles for coverings
and K> and a duality between divisor class groups and Brauer groups. The key inputs are the
relatively perfect unipotent group structures on p-adic nearby cycle sheaves [BS24], the finite
generation of the pro-p fundamental group of the punctured spectrum [Suz23] and Lipman’s
group scheme structure for the divisor class group [Lip69, Lip76].

Along the way, we also prove a duality for relatively perfect unipotent groups (especially,
wound ones) over fields with finite p-bases, which may be of independent interest. When F' is
finite, we explain how to recover Saito’s duality and its local counterpart, namely Kato’s two-
dimensional local class field theory [Kat79]. Our duality actually gives locally compact (and, in
particular, Hausdorff!) topologies for the groups appearing in these theories.
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1.2 Main results

We formulate our results. Let F' be a perfect field of characteristic p > 0. Let Alg/F be the
category of perfections (inverse limits along the Frobenius morphism) of commutative algebraic
groups over F' with group scheme morphisms [Ser60]. Let Alg, /F C Alg/F be the full subcat-
egory of perfections of unipotent groups. Let PAlg, /F and IAlg,/F be its pro-category and
ind-category, respectively. Let IPAlg, /F be the ind-category of PAlg,/F. For G € Alg/F, de-
note its identity component by GY and set moG = G/G°. The functors G — G°, moG naturally
extend to IPAlg, /F. An object G € IPAlg, /F is said to be connected if moG = 0. As in [Suz24,
Definition 3.1.1], we define the following class of objects of IPAlg, /F with nice finiteness (or
admissibility) properties.

DEFINITION 1.1. Define Wr C IPAlg,/F to be the full subcategory of objects G admitting
a filtration G O G D G’ D 0 such that

e G/G° = oG is finite étale (p-primary);
where each G!! € Alg,/F is connected
and each transition morphism Gj, — G7, | is injective;

0 / . . . . . 1/
e GY/G’ can be written as a direct limit hﬂ,@ G

n’

e G’ can be written as an inverse limit m G.,, where each G/, € Alg, /F is connected and

each transition morphism G, ,; — G, is surjective with connected kernel.

What is nice about Wr is that the full subcategory of Wr of connected groups has a canonical
contravariant autoequivalence [Suz24, Proposition 3.1.7] that maps the perfection of the additive
group to itself. We call it Serre duality for connected groups in Wg.

Let A be a two-dimensional normal complete noetherian local ring of mixed characteristic
with maximal ideal m whose residue field is the above F. Let K be its fraction field. Let P
be the set of height one prime ideals of A. Set X = Spec A \ {m}. Let U be a dense open
subscheme of X. Let Z/p"Z(r) € D(Us) be the Bloch cycle complex mod p" in the étale
topology if r > 0, and let Z/p"Z(r) € D(Ue) be the extension-by-zero of the usual Tate
twist Z/p"Z(r) on U N Spec A[1/p] if » < 0. Denote the étale cohomology functor by H4(U, -),
and let H(U, -) = HY(X,j ), where j: U — X is the inclusion. By [Suz24, Theorem 1.3.1],
we have canonical objects H4(U,Z/p"Z(r)) and HZ(U,Z/p"Z(r)) of IPAlg, /F for all integers
n > 1, ¢ and r, which are algebraic structures on H4(U,Z/p"Z(r)) and H(U,Z/p"Z(r)). Note
that when U = X, there is no difference between H4(U,Z/p"Z(r)) and HE(U,Z/p"Z(r)). The
structure result for these groups is as follows.

THEOREM 1.2. We have HY(U, Z/p"Z(r)), H(U, Z/p"Z(r)) € WE. They are zero unless 0 < ¢ < 3.
Their structures are described as follows:

(i) Assume U = X. Then we have the following table:
HY(X,Z/p"Z(r)) | r=0 r=1 r=2

qg=0 Z/p"Z  finite  finite

qg=1 finite pro-alg pro-alg
q=2 ind-alg  alg  pro-alg
q=3 ind-alg ind-alg 7/p"Z

Here finite means finite étale, alg means in Alg,, /F, pro-alg means in PAlg,, /F and ind-alg
means in IAlg, /F.
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(ii) Assume U C Spec A[1/p]. Then we have the following table:

HY(U,Z/p"Z(r)) | Vr HY{(U,Z/p"Z(r)) | Vr
q=20 finite q=0 0
q=1 pro-alg g=1 finite
q=2 pro-alg q=2 ind-alg
q=3 0 q=3 ind-alg

(iii) In general, we have the following tables:

HYU,Z/p"Z(r)) | r<0 r=1 r>2

q=0 finite  finite  finite
qg=1 pro-alg pro-alg pro-alg
q=72 general pro-alg pro-alg
q=3 ind-alg ind-alg finite
HI(U,Z/p"Z(r)) | r<0 r=1 r>2
q=20 finite  finite  finite
qg=1 finite  pro-alg pro-alg
q=2 ind-alg ind-alg general
q=3 ind-alg ind-alg ind-alg

Here general means a general object of Wp.

Note that the apparently missing group HY(X,Z/p"Z(r)) for r < 0 (respectively, r > 2) is
isomorphic to HE(U,Z/p"Z(r)) (respectively, H4(U,Z/p"Z(r))) with U = Spec A[1/p], so it is
also covered in the tables.

In particular, the group H' (X, Z/p"Z) is finite étale. We will first prove that this group is in
Alg, /F. That it is finite étale then follows from [Suz23]. This implies the above structure result
H3(X,Z/p"Z(2)) = Z/p"Z by duality (see Theorem 1.4 below). The group H?*(X,Z/p"Z(2))
is the group “SK;(X)” (see [Blo81l, Sai86]) mod p"™ when F' is algebraically closed. Hence we
obtain the following.

COROLLARY 1.3. Assume that F' is algebraically closed. Then the sequence

Ky(K) [p"Ko(K) = €D k(p)* /k(p) ™" — Z/p"Z — 0
pepP
is exact, where the first map consists of the tame symbols to the residue fields at p and the
second map is the sum of the normalized valuation maps.

By Levine [Lev88, Theorem 2.1], the group SK;(X) is isomorphic to the Grothendieck group
of the category of A-modules of finite length and finite projective dimension. Corollary 1.3 says
that the kernel of the “length” map SK;(X) — Z studied by Srinivas [Sri87], [Sri96, Chapter 9] is
p-divisible. It is relatively easy to prove that Ker(SK;(X) — Z) is I-divisible for any prime [ # p.*
Therefore, this kernel is divisible. For an equal-characteristic A (normal and two-dimensional),
this divisibility is proved in Srinivas’s unpublished notes [Sri85] by a global method.

The part HY(U,Z/p"Z(r)), H (U, Z/p"Z(r)) € Wp of Theorem 1.2 allows us to deduce
concrete duality statements from the abstract duality statement of [Suz24]. The result is as
follows.

1Use the fact that H*(X,Z/I1Z(2)) = Hy(A,Z/1Z(2)) = Z/I1Z, see [ILO14, Exposé XVII, Corollaire 3.4.1.6], in
place of our result H?(X,Z/pZ(2)) = Z/pZ above.
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THEOREM 1.4. We have a Serre duality
HY(U, Z/p"Z(r))" & HI (U, Z/p"2(2 — 1))
of connected groups in Wp and a Pontryagin duality
7oHY(U, Z/p"Z(r)) & moH>" (U, Z/p"Z(2 — 1))

of finite étale groups over F.

Theorems 1.2 and 1.4 will be proved together in Section 8.

As a particular example, we have a Pontryagin duality
H' (X, Z/p"Z) ¢ moH2(X, Z/p"Z(2))
which is unramified class field theory in this context. The Serre duality
H(U,Z/p"2)" < HY(U, Z/p"Z(2))°
should look more similar to Saito’s class field theory [Sai87] since H3(U, Z/p"Z(2)) is the Ko-idele

class group of U mod p™ when F is algebraically closed.

We now state Hasse principles in this context. Assume for the moment that F' is algebraically
closed. Let HL(X,Z/p"Z) C H*(X,Z/p"Z) be the subgroup consisting of coverings of X com-
pletely split at all closed points of X. Let

moH?(K, Z/p"Z(2)) := lim moH*(U, Z/p"Z(2)),
U

where the direct limit is over all dense open subschemes U C X. For each p € P, let Kp be the
fraction field of the completion of the localization of A at p. We have a natural map

moH? (K, Z/p"Z(2)) — @ moH?(K,, Z/p"2(2)) = P 2/p"Z,
pepP peP

where H? (Kp, Z/p"Z(2)) is the algebraic structure on the Galois cohomology H? (Kp, Z/p"Z(2));
see [Suz24, Theorem 6.4.2(1)].

THEOREM 1.5. Assume that F' is algebraically closed.

(i) The sequence
moH*(K,Z/p"Z(2)) - @ Z/p"Z ™% Z/p"Z — 0
peP
is exact, and the kernel of the first map is Pontryagin dual to HL(X,Z/p"7Z).

(ii) Let X — Spec A be a resolution of singularities such that X x 4 A/pA C X is supported on
a strict normal crossing divisor [Sta22, Tag OBIC]. Let Y be the reduced part of X x4 F.
Then HL(X,Z/p"Z) = H'(Y,Z/p"Z).

(iii) Let Y1,...,Yy, be the irreducible components of Y. Let T be the dual graph of Y. Then we
have an exact sequence

0— H'T,Z/p"Z) - H'(Y,Z/p"Z) - @ H' (Yi, Z/p"Z) — 0.

2

Saito gives this type of Hasse principle for finite F' in [Sai87]. We will actually prove The-
orem 1.5 for not-necessarily algebraically closed F', where the Galois actions will be taken into
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account. The finite étale property of H'(X,Z/p"Z) is crucial in deducing Theorem 1.5 from
Theorem 1.4.

We return to not-necessarily algebraically closed F' to state a duality between the divisor class
group and the Brauer group, which is a refinement of Saito’s duality [Sai86]. Let Picx € Alg/F
be the perfection of Lipman’s group scheme structure on Pic(X) with identity component Picg(.
Let Picx sap C Picx be the maximal semi-abelian part, and set Picgf/sAb = Picg(/PicxﬁsAb.
Define

Bry [p™] := lim H*(X, Z/p"Z(1)) .

n=>1

Let A be the completed unramified extension of A corresponding to F, and set X = X x 4 A.

THEOREM 1.6. (i) The group of F-points of Bry [poo] is Br(Y) [p"o].
(i) We have Brx [poo}o € Alg, /F, and the object m (BrX [poo]) is of cofinite type.
(iii) We have a Serre duality
Pic% /sAb < Bry [p™]°
of connected groups in Alg,, /F' and a Pontryagin duality

TyPick sap < To(Brx [p]),

where 1), denotes the p-adic Tate module.

In particular, the dimension of Brx [poo] is equal to the dimension of the unipotent part
of Picx.

We give consequences for finite F'. In this case, by [Suz20b, Proposition 10.3(b)], the group of
F-valued points of any object of (the bounded derived category of) IPAlg,, /F' can be equipped
with a canonical structure as an ind-profinite group. Applying this process to (the derived categor-
ical versions of ) HY(U, Z /p"Z(r)) and HZ(U, Z/p"Z(r)), we obtain ind-profinite group structures
on HY(U,Z/p"Z(r)) and HZ(U,Z/p"Z(r)).

THEOREM 1.7. Assume that F' is finite.
(i) The groups HY(U,Z/p"Z(r)) and HZ(U,Z/p"Z(r)) are locally compact (and, in particular,
Hausdorff).
(i) We have a Pontryagin duality

H(U,Z/p"L(r)) < Hy™ (U, Z/p"Z(2 ~ 7))

We also prove a variant of this for local fields Kp at height one primes p € P. This gives a lo-
cally compact group structure on H? (Kp, Z/ p"Z(r)) and shows its duality. The Hausdorff prop-
erty of H? (Kp, Z/p"Z(2)) = K (Kp) /D" Ko (Kp) is claimed in [Fes02, Section 4.3] (see also [Fes02,
Theorem 4.7] and [Fes00, Section 6.6, Theorem 3]). But these references omit the relevant cal-
culations of Vostokov’s pairing, and this pairing is even undefined for the case p = 2. We do not
use the results of [Fes00, Fes02].

1.3 Outline of the proofs

To prove Theorems 1.2 and 1.4, we first need to prove corresponding statements for the local
field K, (and its ring of integers) at each p € P. We have nothing to add to [Suz24, Section 7] if p
does not divide p. For p dividing p, what we need is already given in [Suz24, Proposition 6.4.1
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and the proof of Proposition 6.5.2] if n = 1. The same proof does not work for n > 2 since the
graded pieces of p-adic nearby cycles RIWZ/p"7Z(r) are not completely determined in this case.
A simple dévissage on n does not work either since Wp is not an abelian category. What we know
is that RTWZ/p™Z(r) has the structure of a relatively perfect unipotent group over x(p) (see
[BS24]). For a relatively perfect unipotent group G, in Section 4, we show that H*(k(p),G)
for each s € Z has the structure of an object of Wg. To prove this statement for s = 0, we
use Néron models of wound unipotent groups and their Greenberg transforms. The statement
for s = 1 is reduced to the statement for s = 0 by the duality for relatively perfect unipotent
groups given in Sections 3 and 4. Based on this result, we prove the desired result for Kp in
Section 5.

We then prove that HY(U,Z/p"Z(r)) € PAlg,/F and H{(U,Z/p"Z(r)) € IAlg,/F for
U C Spec A[1/p] in Section 7. These statements do not immediately imply that these groups
are in Wy, but they are the best we can have at this point. To prove these statements, we show
the corresponding statements for curves, tubular neighborhoods and two-dimensional regular
local rings in Sections 6 and 7. Applying them to a resolution of singularities of A, we get the
desired statements for U.

Now the above results for Kp and U C Spec A[1/p] are sufficient, in Section 8, to deduce
Theorems 1.2 and 1.4 for general U by somewhat heavy homological algebra in IPAlg, /F. The
lemmas needed for this homological algebra are provided in Section 2.

This being done, it is relatively straightforward to deduce Theorem 1.5 in Section 9. The proof
of Theorem 1.6, on the other hand, is a bit more complicated since we need to deal with the non-
torsion coefficient sheaf G, and direct/inverse limits in n. Sections 10 and 11 are devoted to this.

Finally, in Section 12, we deduce consequences for the case of finite F'. In this case, for any
connected group G in Wy, the group of rational points G(F') has a canonical structure of a locally
compact group. We use the pro-étale site of a point #preer to show this, just as we did in [Suz20b,
Section 10] and [Suz20a, Section 4.2]. This proves Theorem 1.7.

2. Notation and homological algebra of ind-pro-algebraic groups

Throughout this paper, let F' be a perfect field of characteristic p > 0. We generally follow the
notation of [Suz24], especially [Suz24, Section 2]. We first briefly recall some of the notation
there. We then give several facts on homological algebra of ind-pro-algebraic groups. They will
be used later on to show that the ind-pro-algebraic groups at hand belong to the category Wg.

All sites in this paper are defined by given pretopologies. For a site S, let Ab(S) be the
category of sheaves of abelian groups on S, let Ch(S) be the category of complexes in Ab(S) (in
the cohomological grading) and D(S) its derived category. Let

Ay =Z/p"L, ANoo=Qp/Zy,, A=A =ZJpL.

Set ® = ®z. Let Homg be the sheaf-Hom functor for Ab(.S) with right derived functors Ext{ and
RHomyg. For objects G, H, K € D(S), we say that a morphism G ®" H — K is a perfect pairing
if G - RHomg(H,K) and H - RHomg(G, K) are both isomorphisms. A premorphism of
sites f: S’ — S is a functor f~! from the underlying category of S to the underlying category
of S’ that sends covering families to covering families such that f~}(Y xx Z) = 1Y x xS -1z
whenever Y — X appears in a covering family. Let f*: Ab(S) — Ab(S’) be the pullback functor
for sheaves of abelian groups and Lf*: D(S) — D(S’) its left derived functor. We say that an
object G € D(S) is f-acyclic if G = Rf.Lf*G.
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We recall the ind-rational pro-étale site Spec Fé?ggf‘t from [Suz20b]. An F-algebra is said
to be rational if it is a finite direct product of perfections (direct limits along the Frobenius
morphism) of finitely generated fields over F. An ind-rational F-algebra is a direct limit of a
filtered direct system consisting of rational F-algebras. Let F*¥at he the category of ind-rational
F-algebras with F-algebra homomorphisms. Then Spec Fg?ggf‘t is (the opposite category of) the

category F'"drat equipped with the pro-étale topology. We write Ab (Fg?géﬁt) = Ab(Spec Fﬁ?ggﬁt)
and use similar notation elsewhere, such as Hom pindrat .

proet

We recall the perfect artinian étale site Spec F5™™ from [Suz21]. Let FP®® be the category
of perfect artinian F-algebras (or, equivalently, finite direct products of perfect field extensions
of F') with F-algebra homomorphisms. Then Spec F;™ is the category FP*™ endowed with the
étale topology.

We recall the perfect pro-fppf site Spec Fggffppf from [Suz22]. A perfect F-algebra homomor-
phism R — S is said to be flat of finite presentation (in the perfect algebra sense) if S is the
perfection of a flat R-algebra of finite presentation. It is said to be flat of ind-finite presentation
if S is the direct limit of a filtered direct system of perfect R-algebras flat of finite presentation.
Define Spec Fg’rfffppf to be the category of perfect F-algebras where a covering of an object R is
a finite family {R;} of R-algebras flat of ind-finite presentation such that [[, R; is faithfully flat

over R.

In any of these sites, if Fp is a finite extension of F', let Ry, /r be the Weil restriction functor
for Fy/F (which is the pushforward functor by the morphism of sites defined by the base change
functor for Spec Fy — Spec F)).

We recall the functor 4: D(FL™™) — D(Fndrat) from [Suz21]. Let

proet

pret A Spec Findrat 9, gpa FE™

Spec profppf proet

be the premorphisms defined by the inclusion functors on the underlying categories. Let h = go f.
Then & = Rf,Lh*.

Recall that the Yoneda functors Wp — Ab(FE™™) and Alg/F — Ab(F5™™") are fully faithful
[Suz21, Proposition 7.1]. As in [Suz24, Definition 3.1.3], define (W) prerar to be the smallest full
triangulated subcategory of D(FL™™) closed under direct summands containing objects of W
placed in degree zero. We say that an object G € IPAlg, /F is pro-algebraic or ind-algebraic if
it is in the subcategory PAlg,/F or IAlg, /F, respectively.

PROPOSITION 2.1. Let ¢ € Z and G € (Wp)pperar. Set H = 4G. Assume HIG € Wr and
HYH € Wp. Then HiG = HYH.

Proof. By [Suz24, Proposition 3.1.4], we have RT(Fy, G) = RT(F} e, H) for all F' € FPerar,
In particular, we have (HG)(F’) = (H1H)(F') for any field F' € FP®® and its algebraic clo-
sure F’ compatible with the actions of Gal (ﬁ/ F’ ) The assumption H!G € W implies that the
Gal(F’/F')-invariant part of (H1G)(F") is (HG)(F"). The assumption G € (Wr) pperar implies
that H € DY(IPAlg,/F) by [Suz24, Proposition 3.1.5] and hence H'H € IPAlg,/F. There-
fore, the Gal(F'/F’)-invariant part of (H1H)(F") is (H1H)(F"). Thus (HIG)(F') = (H1H)(F")
for all F/ € FP®' Since Wr is a full subcategory of Ab(Fepterar), we obtain an isomorphism
HI1G = HH. O

PROPOSITION 2.2. Let G € IAlg, /F. Then any subobject and quotient object of G in IPAlg, /F
is in IAlg,, /F.
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Proof. Let H — G be a subobject in IPAlg,, /F. Write H = lim\ Hj with Hy € PAlg,/F. Then
for any A, the composite morphism Hy — H — G is a morphism from an object of PAlg,/F
to an object of TAlg, /F. Hence it factors through an object of Alg, /F. Hence Hy — H factors
through an object of Alg, /F. This implies H € IAlg, /F, thus G/H € IAlg,/F. O

PROPOSITION 2.3. Let G — H be a surjection in IPAlg, /F. Assume G € Wr and H € PAlg,,/F.
Then H € Wr.

Proof. First assume that G is pro-algebraic. We may assume G connected. Let K be the kernel
of G — H. Write G as the inverse limit of a surjective system of connected groups G,, € Alg,,/F
with connected Ker(Gp+1 — Gy). Let H, be the cokernel of the composite K — G — G,.
Then H is the inverse limit of the surjective system of the connected unipotent groups H,, with
connected Ker(Hy,4+1 — Hy).

For the general case, write G as a filtered union of pro-algebraic subgroups G,, € Wp. Since
H € PAlg,/F, we know that the composite G,, — G — H is surjective for some m, which
reduces the statement to the first case. O

PROPOSITION 2.4. Let ¢: G — H be a morphism in IPAlg,/F. Assume G,H € Wp. Then
Im(go) € Wr.

Proof. We may assume that G and H are connected. Write G as a direct limit hﬂn Gy with
G, € Wr connected pro-algebraic and G,11/G,, € Alg,/F. The restriction of ¢ to G,, factors
through some pro-algebraic subgroup of H. Hence ¢(G,) € PAlg,/F, so ¢(G,) € Wp by
Proposition 2.3. It is connected. The group ¢(Gp+1)/¢(Gr) is a quotient of G,11/G,, € Alg,/F;
hence p(Gn+1)/9(Gr) € Alg,/F. Thus Im(p) = lim ©(Gp) is in Wp. O

PROPOSITION 2.5. Let H < G be an injection in 1Alg, /F. If G € Wg, then H® € Wp. Hence
if G € Wyg and mo(H) is finite, then H € Wp.

Proof. We may assume that G and H are connected. First assume G € Alg, /F. Write H as a
filtered direct limit of connected Hy € Alg,,/F. Then Im(Hy — H) = Im(H) — G) is connected
in Alg,/F. As G € Alg,/F, this implies that the system of subgroups Im(Hy — H) of G is
stationary, meaning that Im(H, — H) = H for some \. Hence H € Alg, /F.

For the general case, write G as the direct limit of an injective system of connected groups
G, € Alg,/F. Then (HNG,)? € Alg,/F by the first case. Hence H is the direct limit of the
injective system of the connected groups (H N G,,)° € Alg,,/F. O

PROPOSITION 2.6. Let 0 — K — G — H — 0 be an exact sequence in IPAlg, /F. Assume
G € Wr and that H is ind-algebraic in Wg. Then K € Wg and 7o(K) is étale (that is, in
IAlg,/F).

Proof. Let G' C G be connected pro-algebraic in Wg such that GY/G’ € W is ind-algebraic.
Then the image of G’ in H is in Alg,, /F. Therefore, G' N K is pro-algebraic in Wp. In the exact
sequence

0—- K/(GNK)—G/(G'NK)— H -0,
the second and third terms are ind-algebraic in Wp. Hence the first term K/(G' N K) is ind-
algebraic and its identity component is in W by Proposition 2.5. O

PROPOSITION 2.7. Let

e OVl AT 5 BT 0 AT (2.1)
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be a long exact sequence in IPAlg, /F. Assume A" € PAlg,/F, B" € W and C" € 1Alg,/F
for all n. Then any term of (2.1) and the image of any morphism in (2.1) are in Wg. The
images of A — B", B" — C™ and C™ — A™"! are pro-algebraic, ind-algebraic and in Alg, /F,
respectively, for all n.

Proof. Let D™, E™ and F™ be the images of A" — B", B® — C™ and C"™ — A", respectively.
Choose a pro-algebraic subgroup B™ € Wy of B™ such that B"/B™ € Wy is ind-algebraic
and the morphism A" — B"™ factors through B. Then D™ is the image of A™ — B, so it is
in PAlg,/F. We have E™ F™ € IAlg,/F by Proposition 2.2. The exact sequence 0 — F™ —
ATl — Dl 0 shows that F™ is also in PAlg,/F, hence in Alg,/F. We have an exact
sequence

0— B™/D" — E"™ — B"/B™ — 0.
Hence B /D™ € Alg,,/F by Proposition 2.2. As B"/B"™ € Wp, we have E™ € Wr. As B™ € W,
we have D™ € Wpg. The rest follows since Wp is closed under extensions. O

A perfect pairing on the derived category level gives a duality for all cohomology objects as
soon as the cohomology objects are shown to belong to Weg.

PROPOSITION 2.8. Let G @% H — Ay be a perfect pairing in D(Fudtat) or D(FE™™). Assume

that the HYG are in Wy for all ¢ and is zero for all but finitely many q. Then the HYH are in
Wr for all q and are zero for all but finitely many ¢, and the pairing induces a Serre duality

(H'G)® < (H'1H)"
of connected groups in Wr and a Pontryagin duality

mo(HIG) +» mo(H 9H)
of finite étale groups over F for all q.

Proof. This follows from [Suz24, Propositions 3.1.7 and 3.1.9]. O

3. Unipotent groups in positive characteristic

In this section, we show that the derived category level duality statement by Kato [Kat86,
Theorem 4.3(ii)] has a counterpart for each cohomology object when the base scheme is a field
with a finite p-basis. The cohomology objects turn out to be relatively perfect unipotent groups
studied in [BS24, Section 8|. Hence Kato’s duality in this case can be interpreted as a duality for
relatively perfect unipotent groups. Under this duality, split groups correspond to split groups
and wound groups correspond to wound groups.

Let k be a field of characteristic p > 0 such that [k : kP] = p” for some finite r > 0.
Let Spec krp be the relatively perfect site of k (see [Kat86, Section 2], [KS19, Section 2], [BS24,
Definition 8.2]). It is the category of relatively perfect k-schemes (where relatively perfect means
that the relative Frobenius morphism Y — Y ®) over k is an isomorphism) with k-scheme mor-
phisms endowed with the étale topology. The inclusion functor from the category of relatively
perfect k-schemes to the category of all k-schemes admits a right adjoint [Kat86, Definition 1.8],
called the relative perfection functor and denoted by Y ~ YRP. Let AlgR®f/k ¢ Ab(kgrp) be
the full subcategory consisting of relative perfections of quasi-compact smooth group schemes
over k. It is an abelian subcategory that is closed under extensions by [BS24, Propositions 8.7
and 8.12].
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Recall from [DG70, Section IV.2, Definition 2.1] that a (commutative) group scheme G over
k (not necessarily of finite type) is said to be unipotent if it is affine and for any closed subgroup
scheme 0 # H C G, there is a non-zero morphism H — G, of group schemes over k.

PROPOSITION 3.1. An object of Algh* /k is unipotent if and only if it is the relative perfection
of a quasi-compact smooth unipotent group scheme over k. Denote by AlgﬁP /k the full subcat-
egory of Algh /k consisting of objects satisfying these equivalent conditions. It is an abelian
subcategory that is closed under extensions.

Proof. Let G € AlgR? /k be unipotent. Write it as the relative perfection of a quasi-compact
smooth group scheme Gy over k. The natural morphism G — Gy is faithfully flat by [BS24,
Proposition 8.13]. Hence Gy is unipotent by [DG70, Section IV.2, Proposition 2.3(a)]. Conversely,
let Gg be a quasi-compact smooth unipotent group scheme over k. Then G = GORP can be written
as the inverse limit of a system --- — G2 — G1 — Gy of groups schemes over k, where each
G, is the Weil restriction along the pth power Frobenius morphism Spec k — Spec k of Gy; see
[BS24, Section 2]. Since Weil restrictions of unipotent groups are unipotent, we know that G,
is unipotent. Hence G = @n G, is unipotent. The second statement follows from the fact that
unipotent group schemes are closed under kernels, cokernels and extensions. O

Let Do(krp) C D(kgrp) be the smallest triangulated full subcategory containing GEF; see
[Kat86, Definition 4.2.3].

PROPOSITION 3.2. The subcategory Do(krp) C D(krp) agrees with the full subcategory of
D’(kgp) consisting of objects G with H1G € Algi® /k for all q.

Proof. The latter category is triangulated by [Sta22, Tag 06UQ] and hence contains Dgy(krp).
For the opposite inclusion, it is enough to show that AlggP /k C Do(krp). Let G € AlggP /k
be the relative perfection of a quasi-compact smooth unipotent group scheme Gy. By [BS24,
Propositions 8.13 and 8.14], we know that mo(G) = 7o(Go) is a finite étale group scheme over k.
The Artin—Schreier sequence shows that A € Dg(krp) and hence 7o(G) € Do(krp). There-
fore, we may assume that G (and hence Gy) is connected. Then Gy admits a finite filtration
whose graded pieces are smooth connected group schemes killed by p by [CGP15, Corollary
B.3.3]. A short exact sequence of smooth group schemes remains exact after relative perfection
by [BS24, Proposition 8.8]. Hence we may assume that Gq is killed by p. Then there exists
an exact sequence 0 — G — GdmG+l G, — 0 by [CGP15, Proposition B.1.13]. Hence
G e Do(kRp). ]

We say that G € Algh? /k is wound if any morphism GEP — G is zero. This is equivalent to G
being the relative perfection of a wound smooth unipotent group scheme Gy over k in the sense
that any morphism G, — Gy is zero [CGP15, Definition B.2.1]. Here we allow disconnected
groups. Any p-primary finite étale group is wound in our sense. We say that G € AlgEP /k is
split if it admits a finite filtration whose graded pieces are isomorphic to GEP. By [CGP15,
Theorem B.3.4], any G € AlggP /k admits a unique maximal split subgroup Gypiit, and G /Gspit
is wound.

For n > 1, let v,(r) € Ab(kgrp) be the dlog part of the Hodge-Witt sheaf W,, Q7 ; see [Kat86,
Section 4]. Let voo(r) be the direct limit of v,(r) over n > 1. We have

RHomy, (-, ve0(r)) = liquHomkRP( S up(r)
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on Dy(krp) by the same proof as that of [BS24, Proposition 8.10]. Recall from [Kat86, The-
orem 4.3] that the endofunctor RHomy,, (-, V(7)) on D(krp) restricts to a contravariant
autoequivalence on the subcategory Do(krp) with inverse itself.

PROPOSITION 3.3. Let G € Algi?' /k. Then the object Homy,, (G, voo (1)) € AlgRY /k is wound,
the object Ext} (G, vs(r)) € Algy¥ /k is split, and Ext] (G,veo(r)) =0 for all ¢ > 2.
Proof. We have RHomy,, (G, v (7)) € Do(krp) by [Kat86, Theorem 4.3(ii)]. Hence by Propo-
sition 3.2, we have Ext (G, voo(r)) € AlgB® /k for all . Also, Ext] (G, veo(r)) = 0 for all
q > 2 by [Kat86, Theorem 3.2]. Since Homy,, (G2, v (r)) = 0 by [Kat86, Theorem 3.2(ii)],
any morphism GEP — Homy,,, (G, V(7)) is zero. Therefore, Homy,,, (G, vso(r)) is wound. To
show the splitness of Ext,ICRP (G, V(1)) € AlgRY /K, note that a quotient of a split group is
split and an extension of split groups is split. Hence again by [CGP15, Corollary B.3.3], we
may assume pG = 0. Take an exact sequence 0 — Gy — GgimGOH — G, — 0 as above.
We have Ext,lCRP (GEP voo(r)) = Qf = GEP by [Kat86, Theorem 3.2(ii)]. Therefore, applying
Ext}mp( < Voo (7)) to Go s GIIM G0t gives a surjection from (GaRP)dlm Gotl Ext,lCRP (G, Voo (T)).
Thus Exthp(G, Vso(T)) is split. O
PrRoOPOSITION 3.4. Let G € A]gE‘P/k. If G is split, then Homy,, (G, vs(r)) = 0, and if G is
wound, then Ext,lcRP(G, Voo(T)) = 0.
Proof. The first statement is [Kat86, Theorem 3.2(ii)]. Assume that G is wound. By Proposi-
tion 3.3, the isomorphism

G = RHomy,,, (RHomy,, (G, vs(r)), Voo ()
induces an exact sequence

0— Ext,l€RP (Ext,l€RP (G, V(1)) V(1)) = G — Homy,,, (Homy,, (G, V(1)) Voo (1)) — 0.

The first term in this sequence is split by Proposition 3.3 and is hence zero. This implies that
the split group Ext,lgRP(G, Voo(T)) is zero. O

PROPOSITION 3.5. Let G € Alght/k. If G is wound, then Homy,, (G,ve(r)) € AlgRY/k is
wound and

G = Homy,, (HomkRP (G, veo(T)), yoo(r)) .
If G is split, then Ext,lmp (G, vso(r)) € AlgRY /k is split and
G = Ext,lCRP (Ext,ICRP (G, Voo (1)), Voo (T)) -

Proof. This follows from Propositions 3.3 and 3.4. O

This gives a duality for wound groups and for split groups in Alg}}P /k. For example, for
any n > 1 and 0 < s < r, the groups v, (s) and v, (r — s) are wound groups dual to each other
by [Kat86, Theorem 4.3]. Note that 1,(0) = Z/p"Z is discrete, while one can check that its
dual v, (r) is connected if > 0. On the other hand, for a finite-dimensional k-vector group V,

its dual in the above sense (that is, Ext,lCRP (V,vso(r))) is given by the vector space dual V*
tensored with Q by [Kat86, Theorem 3.2(ii)].

4. Duality for unipotent groups over local fields of positive characteristic

Recall that F'is a fixed perfect field of characteristic p > 0. Let k be a complete discrete valuation
field of characteristic p with residue field F. In this section, we give a duality for cohomology
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of k with coefficients in relatively perfect unipotent groups. Compare it with Rosengarten’s
duality [Ros23].
Let O be the ring of integers of k£ with maximal ideal pg. The functor
F' = k(F') = (F &r Ok) ®0, k
(where F’ @ O, means the inverse limit of F' @ O/ p} over n) defines a premorphism of sites
Tk RP: Spec krp — Spec FReer
PROPOSITION 4.1. Let G € Algsp/k. Then 7, rp «G € Wr. It is pro-algebraic if G is wound.
Proof. We have Rimj, rp «Ggpiit = 0 for ¢ > 1. Hence we have an exact sequence
0 —= TR «Gsplit = T RP+G = Tk RP +(G/Gspiit) — 0

in Ab(Fe;;erar). Since 7Tk7Rp7*GaRP = k = GaN S5, G?N € Wpg, we have 7T]€7Rp,*GSp11t € Wr.
Let G’ = G/Gypiit- Since it is wound, it admits a Néron finite-type model G’ over Oy, by [BLR90,
Section 10.2, Theorem 1]. For any F’ € FP®?" we have

(mrmp <G (F) 2 G'(F' & Oy) .
Therefore, 7 rp«G’ is represented by the perfect Greenberg transform of G'; see [BG18, Sec-
tion 14, (74)]. By [BG18, Proposition 11.1], the natural morphism 74 gp G’ — G to the special
fiber of G’ is surjective, and its kernel is pro-algebraic in Wg. Thus 7 rp«G’ € Wp. Hence
7Tk7Rp7*G € Wrp. O
PROPOSITION 4.2. Let G € IPAlg, /F be such that mo(G) is étale. Assume

lim G(F})  Gllin )
A A
for any filtered direct system {F}} of perfect fields over F. Then G € IAlg, /F.

Proof. The assumption and conclusion are satisfied if G is étale. Hence we may assume that G is
connected. Then G can be written as the direct limit of a filtered direct system {G,} of connected
groups in PAlg,/F. Hence we need to show that any morphism H — G from a connected
group H € PAlg, /F factors through an object of Alg,/F. Let £z be the generic point of H.
The same argument as in the proof of [Suz20b, Lemma 3.4.4] applied to this situation gives the
result. O

PROPOSITION 4.3. Let G € Algﬁp/k. Then Rlﬂk,Rp,*G € IAlg,/F is connected, and we have
Rqﬂ'k’Rp’*G =0 for q > 2.

Proof. As in the proof of Proposition 3.2, we may assume that G is wound and that there exists an
exact sequence 0 — G — GEP" — GRF — 0, where n = dim(G) + 1. We have Ri7y, gp .GEP = 0
for ¢ > 1. Hence RIm, grp«G = 0 for ¢ > 2, and we have an exact sequence

0— TFk’RP’*G —- k" >k — Rlﬂk7Rp7*G -0

in Ab(F3™™). The morphism 7 gp«G — k" is injective in IPAlg, /F. Let H be its cokernel
in IPAlg,, /F, which is in Wy by Propositions 4.1 and 2.7. Then, since the pro-étale cohomology
with coefficients in an object of W is isomorphic to the étale cohomology by [Suz24, Proposi-
tion 3.1.2], this cokernel H represents the cokernel of 7, gp G — k™ in Ab(F(ierar). The same
argument applied to H — k shows that Rlﬂ'k,Rp’*G € IPAlg,/F. Tt is connected since k is
connected. For any filtered direct system {F3} of perfect fields over F', we have

limg H' (k(F}),G) = H' (limk(F}),G) = H' (k(lim F}), G)
A A A
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by [GGM14, Proposition 3.5.3(2)]. This implies that R'm; rp .G € IPAlg,/F satisfies the as-
sumption of Proposition 4.2. Thus Rlﬂkﬁp,*G e IAlg,/F. ]

We have
k*®z A ifqg=0,

R rp.avoo(1) & {0 o otflerwise

by [Suz24, Proposition 6.1.6]. With the valuation map k* — Z, this gives a canonical morphism
R RP #Voo (1) = Ao

in D(FEe™).
PROPOSITION 4.4. Let G € Dy(krp), and set H = RHomy,,,(G,v(1)). Then the composite

Rryrp+G @F R rp o H — Ry Rp Voo(1) = Aso (4.1)
is a perfect pairing in D(F5™™").
Proof. We may assume G' = G and hence H = Q4[—1]. The proof in this case is analogous (or
can be reduced) to that of [Suz20b, Proposition 5.2.2.4]. More explicitly, we have Ry gp . GEY
k and R7Tk7RP7*Q]1€ =~ Ol where Qll( = Q,{; ® k. The multiplication pairing k x Q,l€ — Q}€ followed

by the residue map Q,1C — F'is a perfect pairing of Tate vector spaces over F. Hence [Suz24,
Propositions 3.4.5 and 3.4.4] imply the result. O

PROPOSITION 4.5. Let G € Algh¥ /k be wound and set H = Homy,, (G, v (1)). Then the
paring (4.1) induces isomorphisms

o (kP «G) = Hom prerar (o (g ke« H ), Aso)

Rlﬂ'k7RP7*G = EXt};‘epterar ((ﬂ'k-,RP’*H)O, AOO) .
Proof. This follows from the connectedness of Rlm rp . H (see Proposition 4.3). O]

PROPOSITION 4.6. Let G € AlghY /k. Then R'7y, gp .G € We.

Proof. We may assume that G is wound. Let H = Homy (G, v(1)). Since mp grp«H € Wp
by Proposition 4.1, we have EXt;—ve];;erar ((Wk7Rp7*H)O, Aoo) € Wr by [Suz24, Proposition 3.1.7(2)].
With Proposition 4.5, we get the result. O
Set
RT(k,G) = 4Rmyrp G € D(Fidt)
for G € Algh* and HY = HIRT for ¢ € Z and T = HO.

PROPOSITION 4.7. Let G € Algh? /k.

(i) Assume that G is split. Set H = Ext,ﬁRP (G,vs0(1)). Then Hi(k,G) = 0 unless ¢ = 0. We
have a Serre duality

I'k,G) + I'(k,H)
of connected groups in Wr.

(ii) Assume that G is wound. Set H = Homy,,, (G, vo(1)). Then HY(k,G) = 0 unless 0 < ¢ < 1.
We have a Pontryagin duality

ol (k, G) < mol'(k, H) (4.2)
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of finite étale groups over I' and a Serre duality
H!(k,G) < I'(k,H)° (4.3)
of connected groups in Wrg.

Proof. This follows from Propositions 2.8, 4.1, 4.3, 4.4, 4.5 and 4.6. O

The dualities (4.2) and (4.3) above are unipotent group analogs of Grothendieck’s and Sha-
farevich’s duality conjectures, respectively, for abelian varieties, proved in [Suz20b] after Gro-
thendieck, Werner, Bégueri, Bester, Bertapelle and others.

5. Two-dimensional local fields

Let k be as in Section 4. Let K be a complete discrete valuation field of characteristic zero with
residue field k. Let Ok be its ring of integers. In this section, we show that the derived category
level duality statement for K in [Suz24, Section 6] has a counterpart for each cohomology object.
The key point is to show that the nearby cycle functor from K to k takes values in relatively
perfect unipotent groups, which allows us to apply the results of Section 4 to these groups. There
are some technicalities to deal with about the choice of sites. Below we identify Z/p™Z(r) with
the p-adic étale Tate twist T,,(r) (see [Sch94, Gei04, Sat07, Sat13]).

Let Spec krps be the relatively perfectly smooth site of k (see [KKS19, Section 2]). It is the
category of relatively perfectly smooth k-schemes (that is, k-schemes Zariski locally isomorphic
to relative perfections of smooth k-schemes) with k-scheme morphisms endowed with the étale
topology. Let Do(krps) C D(krps) be the smallest triangulated subcategory containing GEF.
Let a: Spec krp — Spec krpg be the premorphism defined by the inclusion functor on the under-
lying categories. Its (exact) pushforward functor gives an equivalence Dy(krp) = Do(krps) (see
[KS19, Corollary 2.3]). We identify these equivalent categories. For G € Dy(krp) (or Do(krps)),
the natural morphism gives an isomorphism

a,RHomy,, (G, V(1)) = RHomy, (G, v (1))

by [KS19, Proposition 2.2].

Let Spec Ok rps be relatively perfectly smooth site of Og (see [KS19, Section 3]), whose
objects are flat Og-algebras R such that R ®o, k is relatively perfectly smooth over k. The
topology of Spec Ok rps is the étale topology. Let Spec Ky be the big étale site of K. By [KS19,
Proposition 3.2, (3.1)], the base change functors define morphisms of sites

Spec Kgy jR’—PS> Spec Ok rPs <iR—PS Spec krps .
Let RURrps = igpgltjrps,« and RIWRps = igpgRIjrps,« for ¢ € Z. For n > 1 and r > 0, we have
a canonical morphism
RT\I]RPSAn(r) - Vn(r - 1)
in Ab(kgrps) by [KS19, Proposition 5.1] (where we set v,(—1) = 0). Hence we have a canonical
morphism

TgerRPS,*An(T) — Z'RPS,*Vn(T - 1) (51)

in D(Ogrps). Let T,,(r) € D(Ok rps) be its canonical mapping fiber. For r < 0, let T, (r) =
JrPS,1An (7). We have a canonical natural transformation

ikps — ihps Rirps,«Jnps (1 D(Ox rps) = D(krps)) -
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Since jrpg sends K-injectives to K-injectives, we have its canonical mapping fiber, which we
denote by Ri!RPS, so that we have a canonical distinguished triangle
RZ.!RPSG — igpsG — RVYRpsjapsG
in D(krps) for G € D(Ok rps) functorially. In particular, we have a distinguished triangle
i5psTn(r) = RVRpsA,(r) — RigpsTn(r)[1].

PROPOSITION 5.1. Let n > 1 and r € Z. Then the objects RUrpsAy(r), ihps%n(r) and
RigpsTn(r) are in Do(krps).

Proof. 1t is enough to treat RUrpsA,(r) and ifpgTy(r). We may assume n = 1. We may also
assume that K contains a fixed primitive pth root of unity ¢,. We identify all twists A(r) with
A using (. Then for any g € Z, the sheaf R1UgrpsA has a finite filtration whose graded pieces
are either GRF, O, GRP /(GEP)? A or v(1) by [KS19, Proposition 6.1]. All these graded pieces
are in Algl" /k. Hence R1UgpgA € Algh” /k and so RUgpsA € Dy(Algh” /k). We have

Rq\IprsA if qg<r,
HikpsE(r) = ¢ Ker(R"UppsA - v(r —1)) ifg=r,
0 ifg>r.
Hence it is in AlgRY /k for all q. O

PROPOSITION 5.2. Let n > 1 and q,s,r € Z. Let G € Alght*/k be either R1UgpsA,(r),
H%psTn(r) or HIRi%peTy(r). Then Ry pp G € We.

Proof. This follows from Propositions 4.1, 4.6 and 5.1. O

Recall from [Kat82, Section 1, Definition 1] and [Suz24, Section 2.3] that for a relatively
perfect k-algebra R, its Kato canonical lifting over Ok is a unique complete flat Og-algebra S
equipped with an isomorphism S ®p, k = R over k.

For F' € FPe® 'let Ok (F’) be the Kato canonical lifting of k(F”) over Ok. Define K(F’) =
Ok (F') ®0, K. We recall the relative sites Spec Ket, Spec Ok ot and Specke; from [Suz24,
Sections 4.1 and 5.1]. The underlying category of Specke consists of pairs (k', F’), where
F’' € FPe™ and k' is an étale k(F')-algebra. Morphisms are morphisms between morphisms
(k(F") = K') = (k(F") — K"). A covering is a finite family {(k', F") — (k}, F})} such that
F' — F! is étale for all i and k' — [, &/ is faithfully flat étale. The sites Spec K¢t and Spec O et
are defined similarly using the functors K and Oy instead.

We have morphisms of sites

Spec Kt % Spec Ok et <Z— Spec ket

WKJ/ 7"'OKl Wkl
SpeC Felierar f— SpeC Felierar f— SpeC Fe]ierar,
where the vertical morphisms are defined by the functors F' — (K(F’), F’), (Ox(F’), F’) and
(k(F"), F") and the upper horizontal morphisms by (A’, F') — (A’ ®o, K,F') and (A", F') —
(A ®0p, k,F') (where A’ is an étale Ok (F’)-algebra).
Let RV = i*Rj.. For r € Z and n > 1, the objects A, (r) and T, (r) are naturally viewed
as objects of Ab(Kc) and D(Og et), respectively. For ¢ € Z, the sheaves RImk .An(r) and
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RiTo, «Tn(r) are the étale sheafifications of the presheaves
F'— H(K(F'),An(r)), HIYOg(F'),Tu(r)).

The object Rmo,. 1%, (r) is defined as Ry . Ri*T,,(r), where 4" is the right adjoint of i, (see [Suz24,
Section 4.3] for more details).

PROPOSITION 5.3. Let G € Ab(ket) be torsion. Then Rimy .G = 0 for all ¢ > 2.

Proof. The sheaf Rim .G € Ab(Fepterar) is the étale sheafification of the presheaf F’
HY(k(F'),G), where G is restricted to the small étale site of k(F”). Let F' € FP®?" be a field
and F’ its algebraic closure. Then the direct limit of k(F") over all finite subextensions F” of
F7/F' is a henselian discrete valuation field with residue field F”. Such a field has cohomological
dimension one. This implies the result. O

PROPOSITION 5.4. Let F' € FP®® Then the base change functor defines a morphism of sites
Speck(F")rps — Spec krps.

Proof. The only point to check is the exactness of the pullback functor for sheaves of sets. It is
enough to show that k(F”) is a filtered direct limit of relatively perfectly smooth k-algebras. We
may assume that F” is a field. The ring F' @ O is regular over O}, by [BLR90, Section 3.6,
Lemma 2]. Hence k(F’) is a filtered direct limit of smooth k-algebras by the paragraph before
[BLRI0, Section 3.6, Lemma 2]. Applying the relative perfections, we know that k(F”) is a filtered
direct limit of relatively perfectly smooth k-algebras since k(F”) is relatively perfect over k. [J

PROPOSITION 5.5. Let q,s,7 € Z and n > 1. Let G € Ab(ket) be either RIVA, (r), H1i*%,(r)
or H1Ri'T,,(r). Then R*my .G € Wr.
Proof. Let G’ € Algh’ /k be either RIURpsA,(r), HYikpsTn(r) or HIRikpsT,(r), correspond-
ingly. By Proposition 5.2, it is enough to show that R*my .G = R°m,rp.G’. They are the
sheafifications of the presheaves

F'— H(k(F"),G), Hk(F),G x.k(F")),

where the G in the first presheaf is the restriction of G to the small étale site of k(F') and
the G x; k(F’) in the second presheaf is the fiber product of schemes (G’ € AlgRt /k being
representable). Hence it is enough to show that the group scheme G’ x  k(F”") as a sheaf on k(F”)et
is isomorphic to the restriction of G to k(F")e;. We may assume that F” is a field. The base change
functors define morphisms of sites

JRPS,F!

Spec K(F')gy Spec O (F')rps (RESF! Speck(F')rps .

Let RURps p/ = iEPS,F’RjRPS7F’,*’ Let

Spec K(F")gt IRPS I Spec Ok (F')rps RS I Speck(F')rps

| o .|

Spec Kgy _IRPS Spec Ok rps BPS Spec krps

be the premorphisms of sites defined by base change functors. Let G” € Ab(k(F’)grps) be ei-
ther RIWRps /A (r), Hi%pg v Fn(r) or HIRikpg Tn(r), correspondingly. Then the restric-
tion of G” to k(F')e is the restriction of G to k(F')e. Hence it is enough to show that
G’ x k(F') = g{G'" is isomorphic to G”. We have an isomorphism of functors

Jrirps = irps, L9, (: D(Ok rps) = D(K(F')rps))
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and a natural morphism of functors
Lgo, Rjrps« = Rjrps,r 9%k (: D(Kgi) = D(Ok(F')rps))
by [Suz21, Proposition 2.6]. Combining them, we have a morphism of functors
9xRYrps = RUrps mgi (: D(Kgt) = D(K(F')rps)) -
This induces a morphism
9 RYRPsAn (1) = RURps prAn(r). (5.2)

For n = 1, the explicit calculations of the graded pieces of RIWRpgA(r) (see [Suz24, (6.3.1),
(6.3.2)]) when ¢, € K shows that the morphism

9 RYURpsA(r) — RIVRpg prA(r)

is an isomorphism (with ¢, € K or not) for all ¢. Hence (5.2) is an isomorphism for general n.
This settles the case G' = RIWgpsA(r) and G” = RIUppg A(r). We have a commutative
diagram

gZRT\I’RpsAn(T) ng/n(’l” — 1)

! !

RT\IJRP&F/ATL(’I") e Vn(T — 1)

in Ab(k(F")rps) by the construction of the Kato boundary map. The vertical morphisms are
isomorphisms. Hence they induce an isomorphism of triangles

G5itpsTn(r) —— giT<rRYRpsAn(r) —— giva(r —1)

H H |

igps prIn(r) — T<RURps prln(r) —— wp(r—1).

This settles the case G' = HYijpgTn(r) and G” = H%ijpg - Tp(r). This in turn induces an
isomorphism of triangles

GrikpsTn(r) —— GiRYRPsAn(r) —— i RigpsTn(r)[1]

H H H

iEP&F/Tn(T) E— R\I/RPS,F’ATL(T) E— Ri!RPS,F’zn(T)D] ,
settling the remaining case. O

PROPOSITION 5.6. Let ¢,r € Z and n > 1. Then the objects RITK «An(1), RITO, +Zn(T)
and R ng, T, (r) are in Wg. They are zero unless ¢ = 0,1, 2.

Proof. Let G € D(ket) be either RUA,, (1), i*T,(r) or Ri*T,(r). By Proposition 5.3, we have an
exact sequence

0— R'm HI'G — Rim .G — me HIG — 0

in Ab(FE™™). The first and third terms are in Wp by Proposition 5.5. Hence so is the second.
The vanishing for ¢ # 0, 1,2 follows from [Suz24, Propositions 6.2.1 and 6.5.1]. O

ProposITION 5.7. Let r,q, € Z and n > 1.
(i) The perfect pairing
Rk A (r) @F Rk oAn (2 — 7) = Ao 2]
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in [Suz24, Proposition 6.2.2] induces a Pontryagin duality
To(RITK + An (1)) < o (R? Ik o An(2 — 1))
of finite étale group schemes over F' and a Serre duality
(R Ay (r))° 5 (RPUmg o A (2 — 1))°
of connected groups in Wg.
(ii) The perfect pairing
R0, +Tn (1) @ R0, 1Tn(2 — 1) = Aoo[—3]
in [Suz24, Proposition 6.5.1] induces a Pontryagin duality
T0(RIm0  +Tn(r)) & mo(R* 7m0, 1 Tn(2 — 1))
of finite étale group schemes over F' and a Serre duality
(R0 xFn (1)) > (R* 970 1T (1))"
of connected groups in Wr.

Proof. This follows from Propositions 2.8 and 5.6. O

PROPOSITION 5.8. Let n > 1. Then

(i) mox «An = Ay, is finite, leoK,*An is connected ind-algebraic, and R2770K7*An =0;
(ii) 7m0, +Tn(1) is finite, and R*mo, +Tn(1) = 0;
(ili) mo, «Tn(2) is finite;
(iv) R0, 1 Tn(r) =0 for all r;

(v) R*mo,1%n(1) is finite;
(vi) R?10,1%n(2) =0, and R3mo, «Tn(2) is pro-algebraic.
Proof. Ttems (i), (ii) and (iii) follow by applying étale sheafification to the descriptions of the
Zariski sheaves in the proof of [Suz24, Proposition 6.5.2]. We have 7o, «%p(r) = Tk «An(r) for
all 7. The morphisms Ri7g,. «%p (1) = Rimk «Ap(r) are injective for all ¢ and r by the injectivity
stated in the last paragraph of the proof of [Suz24, Proposition 6.5.2]. These imply item (iv).
The rest follow from Proposition 5.7 by duality. O

Recall from [Suz24, paragraph after Proposition 4.3.2] that we define
RE(K, ) = dFmic.: Do) = D(Fyt'),

RT(Og, -) = 4Rmo, v D(Of o) — D(Findmat) |

RT.(Ok, -) = 4Rmo,,: D(Ok ) — D(Findmat)

proet
and H? = HIRT, H! = HIRT ... If G € D°(Ke) or D?(Ok.e) is concentrated in non-negative
degrees and Rimk .G is in W for all ¢ and is zero for large enough ¢, then we occasionally
write I'(K, G) = H(K, G) or I'(Ok,G) = H°(Ok, G), respectively.
PROPOSITION 5.9. Let q,7 € Z and n > 1. Then
(i) HY(K,A,(r)), H(Ok,%,(r)) and HL(Og, T, (r)) are in Wy for all ¢ and r;
(ii) T'(K, Ay (r)) is finite, and HY(K, A,,(r)) = 0 for all ¢ # 0,1,2 and all r;
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(iii) T(Og,An) = A, is finite, H (O, A,,) is connected ind-algebraic, and H4(Ox, A,,) = 0 for
all ¢ #0,1;
(iv) HY(Ok,A,) =0 for all ¢ # 2,3;
(v) T'(Ok, %, (1)) is finite, and HY (O, %, (1)) = 0 for all ¢ # 0, 1;
(vi) H2(Og, %, (1)) is finite, and HE(O g, T, (1)) = 0 for all g # 2,3;
(vii) I'(Ok,%,(2)) is finite, and HY(Og, %, (2)) = 0 for all ¢ # 0, 1,2;
(viii) H3(Og,Tn(2)) is pro-algebraic, and H(O g, %, (2)) = 0 for all q # 3.
Proof. This follows from Propositions 2.1, 5.6 and 5.8. O
ProrosiTION 5.10. Let r,q € Z and n > 1.
(i) The perfect pairing
RT(K, Ay (r)) @ RD(K, Ap(2 — 7)) — Aso[~2]
in [Suz24, Proposition 6.2.2] induces a Pontryagin duality
mo(HY(K, Ay (r))) <> mo (HQ"I(K, An(2—1)))
of finite étale group schemes over F' and a Serre duality
HY (K, A, ()" & H YK, A, (2 —1))°
of connected groups in Wg.
(ii) The perfect pairing
RT(Ok, T, (r)) @ RT(Ok, Tn(2 — 7)) = Aoo[—3]
in [Suz24, Proposition 6.5.1] induces a Pontryagin duality
To(HY (O, Tn(r))) < mo(HE 9(Ok, Tn(2 — 1))
of finite étale group schemes over F' and a Serre duality
HY(Og, Ty (r)? ¢ H 9Ok, T, (2 — 1))°
of connected groups in Wrg.

Proof. This follows from Proposition 5.7. O

Here is a summary of the above finiteness results:

HY(K,An(r) | Vr HY(Ok,%,(r)) | =0 r=1 r=2
qg=0 finite q=0 Ay, finite finite
g=1 general qg=1 ind-alg general general
q=2 general q="2 0 0 general

H!{(Og,%n(r)) | r=0 r=1 r=2
qg=2 general  finite 0
q=3 general general pro-alg

These groups are zero for (q,r) outside the ranges in the tables. By Proposition 5.10 (or by
a direct calculation), we have

moH2 (O, Tn(2)) = A, . (5.3)
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6. Curves and their tubular neighborhoods

In this section, we show that the ind-pro-algebraic group structures on cohomology of smooth
affine curves over F' and their p-adic tubular neighborhoods constructed in [Suz24, Section 9]
belong to Wp.

Let V = Spec B be a smooth affine geometrically connected curve over F. Let Y be the
smooth compactification of V', and set T =Y \ V. We briefly recall the constructions in [Suz24,
Section 9.1]. For F/ € FP? we set B(F') = F’ ®@p B. The functor B defines a site Spec By
and a morphism of sites

mg: Spec Bgt — Spec Felzerar
by the method in Section 5. That is, Spec Bg is the category of pairs (B', F') (where F/ € FPerar
and B’ is an étale B(F")-algebra) endowed with the étale topology. For z € T, let Oy, be the
complete local ring of Y at x. Let k, and F, be its fraction field and residue field, respectively.
As in Section 5, we have a functor

koo(Fy) = (FL ©F, Ok,) ®¢, ka

in F! € F2* Let k, be the Weil restriction Re,/F 12%0, SO

~

l;x(F/) = lA{%[)(FI XRrE Fx) = (F/ ®F (,jk';v) ®@k$ km

for F' € FP'?" By the method in Section 5, the functor k, defines a site Spec k, and a morphism
of sites

T+ Spec k, — Spec FP™
Let
Tk, /B Spec l;x,et — Spec Bet
be the morphism defined by the functor (B', F') — (B’ @p() l;x(F’),F’) (where F' € Frerar
and B’ is an étale B(F")-algebra).
A B-module M can naturally be viewed as a sheaf (B, F:’) — B'®p M on Spec Beg. A similar
process exists for viewing a kz-module as a sheaf on Speck, ¢¢. Hence the sheaf (1) (the dlog

part of Ql) can also be viewed as a sheaf on Spec Bt or Spec Rm,et-

A~

Let G € Ab(Bg¢t) and G, € Ab(k,) for each = € T be sheaves and G — Th./B .Gz amorphism
in Ab(Bgt). The latter induces a morphism

R7TB7*G — Rﬂf(z *Gg3

in D(FE™). Then the object Rrg ;G € D(FE™™) in [Suz24, Section 9.1] is a canonical object
fitting in a distinguished triangle”
Ry iG — Rmp .G — @ Rry G,
€T
For q € Z, set Rimg ;G = HYRngG. For G = A or v(1), we take G to be its natural counterpart

over Spec l;x For G = M a B-module, we take G, = M ®p k. The morphism G — T, /B LGz
is the natural one.

2Actually it is denoted by R7ig G in [Suz24, Section 9.1]. The bar in 7 indicates that it is defined by “fibered
sites.” Since we do not get into the details of fibered sites in this paper, we will not need or use this notation. We
have R «G = RTB,«G and Rm Ga = BT, Ga by construction.
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PROPOSITION 6.1. Let q € Z. Let G be either A, v(1) or a finite projective B-module. Then
Rimrg G € Wr is ind-algebraic and Rq+17rB iG € Wr is pro-algebraic. They are zero unless
q=0,1.

Proof. This follows from [Suz24, Proposition 9.1.5] and its proof. O

Next, let A be a ring. Assume all of the following:

(i) The ring A is a two-dimensional regular integral domain.
(ii) The ring A contains a primitive pth root of unity (.
(iii) The radical I of the ideal (p) of A is principal.
(iv) The quotient B := A/I is a one-dimensional geometrically connected smooth algebra over F'.
(v) The pair (A, I) is complete.
Set R = A[1/p]. We apply the notation above for V' = Spec B. We briefly recall the constructions
in [Suz24, Section 9.2]. For F' € FP# let A(F’) be the Kato canonical lifting of the relatively
perfect B-algebra B(F") to A. Set R(F') = A(F') ®4 R. This functor defines a site Spec Ret and
a morphism of sites mp : Spec Rey — Spec F4™™ by the method in Section 5. For z € T, let Oy,
be the Kato canonical lifting of the relatively perfect B-algebra ky to A. Let f(m be its fraction
field, which is a complete discrete valuation field with residue field k.. Let K, o(F,) be the
functor in F, € FF*" defined in Section 5 for K. Let K;,, = R, /r Ky, 0. Then we have a site
Spec K, et and a morphism of sites Tk, Spec K., ot — Spec F2™™ by the method in Section 5.
The object Ry A € D(F3™) is the Weil restriction Rp, /5 of Rmg A€ D(Fye™).
We have a canonical morphism
Rﬂ—lft,*A — RWKM,*A
in D(FL™). Then the object Rrg ;A € D(FL™) in [Suz24, Section 9.2] is a canonical object
fitting in a distinguished triangle
RWR,YA — Rwﬁv*A — @ RWKM’*A .
zeT
For q € Z, set RqWRjA = HqRﬂRjA.

PROPOSITION 6.2. Let ¢ € Z. Then Rimg A € Wr is ind-algebraic and Rq“WR @A € Wr is
pro-algebraic. They are zero unless ¢ = 0,1, 2.

Proof. By [Suz24, Section 9.3, Propositions 9.2.4 and 9.3.1-3], there are spectral sequences

By = Rirg . H/€ = R™ng A, EY = Rirg \HIE = R™rg A,
where HIE € Ab(Bet) (and, implicitly, H' &, € Ab (l;m,et) and a morphism H'E — Tie, /B *ngw)
is a certain sheaf admitting a finite filtration with graded pieces isomorphic to A, (1) or a finite
projective B-module (and this filtration is compatible at all x € T'). By [Suz24, Proposition 9.5.3],

we have R37TR7 LA =0. Also, RSTFKM’ .\ = 0 by Proposition 5.6. With Proposition 5.3, the result

follows by writing down the above (degenerate) spectral sequences and applying Propositions 6.1
and 5.6. O

Set
RT(R,A) = dRmp \A € D(Fosty RT.(R,A) = dRmg A € D(Fpoi)

proet proet
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and H? = HIRT, H! = HIRT .. The object RI‘(K%,A) = éRﬂKU A of D(Fg)?ger?t) is the Weil
restriction %FZ/F of RT (KW’O7 A) e D(Findrat )

x,proet

PROPOSITION 6.3. Let q € Z. Then H? (R, A) € Wr is ind-algebraic and HI! (R, A) € Wr is
pro-algebraic. They are zero unless ¢ = 0,1, 2.

Proof. This follows from Propositions 2.1 and 6.2. O

7. Two-dimensional local rings: Preliminaries

For the rest of the paper, let A be a two-dimensional normal noetherian complete local ring of
mixed characteristic with residue field F.

In this section, we first show that the ind-pro-algebraic group structures on cohomology of
punctured spectra of A constructed in [Suz24] belong to Wp if A is “resolved enough.” We then
show a slightly weaker property for a general A as preparation for the next section. This is done
by taking a resolution of singularities of A and combining the statements already proved for
tubular neighborhoods of the smooth part of the exceptional divisor (see Section 6) and the local
rings of the resolution at closed points.

Let K be the fraction field of A. Let X = Spec A \ {m}, where m is the maximal ideal of A.
Let P be the set of height one primes ideals of A. For p € P, let Ap be the complete local ring
of A at p and Kp and k(p) its fraction field and residue field, respectively. Let F}, be the residue
field of k(p). Let S C P be a finite subset. Set Ug = X \ S.

We briefly recall the constructions in [Suz24, Section 10.1]. The ring A has a canonical W (F)-
algebra structure [DG70, Section V.4, Theorem 2.1]. For F’ € FPa" et

A(F') =W(F") ®W(F) A= @(W(F/) Qw(r) A/m"),

Us(F,) = Us XSpec A Spec A(F/) .
Let Uggt be the category of pairs (U’, F') (where F' € FP*™" and U’ is an étale Ug(F’)-scheme)
endowed with the étale topology. The functor F’ — (Ug(F’), F’) defines a morphism of sites
mug: Uger — Spec Fio .

Let As: Uge; —+ Xet be the morphism defined by (X', F') = (X' xxpy Us(F’), F'). Let
Rmyg, = Rmx «Ag,). Define

RT(Ug, -) = Rnug.: D(Uge) — D(FRomty

RT.(Ug, -) = 4Rnug,: D(Uge) — D(Findmat)

proet

and HY = HIRT, H! = HIRT,. If G € Db(U&et) is concentrated in non-negative degrees
and Rimyg .G is in W for all ¢ and is zero for large enough ¢, then we occasionally write
I'(Ug,G) = H'(Ug, G). If Ug = Spec R is affine, then 7y, RT'(Ug, -) and RT'.(Ug, - ) are also
denoted by mr, RI'(R, ) and RIT'.(R, -), respectively.
For p € P and F’ € FPU et A,(F') be the ring A(F') ®4 A, completed with respect to
the ideal A(F') ®4 pA,. Let
K(p)(F') = Ay(F) ® 4, #(P), Ky (F') = Ay(F) ® A, K, .

If p divides p, then these functors are the Weil restrictions Rp, /p of the functors defined in
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Section 5 for f(p. We have sites and morphisms of sites

N A o i
Spec Ky et LN Spec Ay et PR Spec K(P)et

Trf{p l TrAp l W”(P)l

perar perar perar
Spec F.; © ——= SpecF,; = ——— Spec F;

as in Section 5. Let R (Kp, ) = éRﬂ'Kp , and so on.
For any n > 1, r > 0 and p € P dividing p, we have the sheaf v,(r) on Spec k(p)et. Setting S
to be the set of primes dividing p, we have a morphism

TérR)\S,*An(T) — ip,*Vn(r - 1)

in D(Xet) by the restriction of the morphism (5.1) (where we set v,(—1) = 0). Let T,,(r) € D(Xet)
to be the canonical mapping cone of the resulting morphism

T<r RAg Ay (1) — @ipj*l/n(r -1).
pes
For r < 0, we set T,(r) = AgiA,(r). For a general S C P and r € 7Z, we obtain an ob-
ject Tp(r) € D(Uget) by the restriction of T, (r) € D(Xet).

PROPOSITION 7.1. Assume all of the following:

(i) The ring A is regular.

(ii) The ring A contains a fixed primitive pth root of unity (.
(iii) Either of the following holds:

(a) The ideal (p) is divisible by exactly one prime ideal p and A/y is regular.
(b) The ideal (p) is divisible by exactly two prime ideals p, and pg, and p, + pz = m, and
both A/p, and A/pg are regular.

Set R = A[l1/p] and write Spec R = Ug (so S is {p} in case (a) and {p.,pg} in case (b)). Let
q €.

Then Rimg A € Wr is pro-algebraic and R 'rg A € Wr is ind-algebraic. They are zero
unless ¢ = 0,1,2. We have mr A = A.

Proof. The statement for Rimg A follows from [Suz24, Proposition 10.3.5]. We have a perfect
pairing

Rrg A @F Rrp A — Aoo[—3]
in D(FE™™) by [Suz24, Proposition 10.1.5]. Hence Proposition 2.8 implies the statement for
Rq“‘lﬂ'R,;A. O

PROPOSITION 7.2. Under the assumptions of Proposition 7.1, let ¢ € Z. Then HY(R,A) € Wp
is pro-algebraic and HgH(R, A) € Wy is ind-algebraic. They are zero unless ¢ = 0,1,2. We
have '(R, A) = A.

Proof. This follows from Propositions 2.1 and 7.1. O

Let mx/4: X — Spec A be a resolution of singularities such that ¥ U S C X is supported on

a strict normal crossing divisor, where Y is the reduced part of X x4 F and S is the (reduced)
closure of S in X. We briefly recall the constructions in [Suz24, Sections 10.4 and 10.5].
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Let Y) (respectively, Y1) be the set of closed (respectively, generic) points of Y. For n € Y7,
let Y}, be the closure of n in Y, and set 79 = Y NYy. Let F, be the constant field of Y;,. Let
OK,] be the complete local ring of X at n and K its fractlon field. For x € Y, let A, be the
complete local ring of X at x with residue field Fa;, and let Y|* be the set of height one primes
of Az lying over some element of Y; (Via the morphism Spec /Algc — Z{) For n € Y1 and = € nq,

there is a unique n, € Y{* lying over 7. Let an be the complete local field of A, at Ne, @K%
its ring of integers and &(n;) its residue field. For each z € Yp, let B, = (’)(Spec Ay Xz Y),
R, = (’)(Spec/lgc X x X) and R%S = O(Specflx Xx US).

We will take completed neighborhoods of small enough affine opens of irreducible components
of Y. For each n € Y7, choose an affine open neighborhood W,cX of n small enough so that

e W,NY,y =0 forany ' € Y1\ {n},

e IV, does not contain the specialization of any element of S in ¥ and

e W,NY C W, is a principal divisor.
Set T =Y \ U,ey, Wy NY) and By r = O(W, NY). For each 1 € Y3, define flmT to be the
completion of O(W,,) with respect to the ideal mO(W),). Write Spec Rn,T = Spec AU,T\SpeC By 1.

For any n € Y7 and = € 7, we have a canonical A-algebra homomorphism A, r — Ok, inducing
the natural inclusion map B, 7 < #(1,) on the quotients.

We can apply the construction in this section for A, and the construction in Section 6
for AnT With Weil restrictions Rp, ,r and R, ), we have objects RWR:):,S: A € D(Fperar),

RT, (lf{n,T, A) € D(F‘ndrat) and so on.

proet

PROPOSITION 7.3. Assume that S is the set of height one primes dividing p and that (, € A.
Let ¢ € Z. Then HY(Ug,A) € PAlg,/F and HI™ (Ug, A) € IAlg,/F. They are zero unless
qg=0,1,2,3 and ¢ = 0, 1,2, respectively. We have I'(Ug, A) = A.

Proof. We have distinguished triangles

&P Rr.(R, 1, A) = RT(Ug,A) - @D RT (Ry5, A)

neYy zeT
@RI‘ R.s,A) = RT(Ug, A @RF 0.5 A
zeT neyy

in D(Fgﬂgéf‘t) by the diagram in the proof of [Suz24, Proposition 10.5.5]. (The objects Ry A
T
and Ry ;A in the proof of [Suz24, Proposition 10.5.5] are isomorphic to Ry, «A and Ry A
i

(= Rmyg A in our notation), respectively, by [Suz24, Propositions 10.4.1 and 10.5.1]. After
applying &, they become RI'(Ug,A) and RI'.(Ug, A), respectively.) Hence Propositions 6.3 and
7.2 imply the result. O

PROPOSITION 7.4. Assume that S contains all height one primes dividing p. Let n > 1 and
r € Z. Then HY(Ug, A,,(r)) € PAlg,/F and HI"'(Ug, A,,(r)) € IAlg, /F. They are zero unless
q=0,1,2,3 and ¢ = 0, 1,2, respectively. The group T'(Ug, A, (r)) is finite.

Proof. The case n > 1 is reduced to the case n = 1. Let S’ C P be a finite subset containing S.
Let Us = X \ S’. Then the statement for Ug is equivalent to the statement for Ug/. Indeed, we
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have distinguished triangles
&5 RI.(A,,A(r)) — RT(Us, A(r)) - RT(Ug, A(r)),
peS\S
RT(Ug/, A(r)) = RT.(Ug,A(r)) = €D RT(A,,A(r))
pesS\S

in D(F indrat); see the diagram in [Suz24, Section 10.6]. For any p € P not dividing p, we have

proet
RT.(Ay, A(r)) = RT(s(p), Ar — 1)[~2],
RT(Ay, A(r)) = RT(k(p), A(r)) ,
which are objects of D’(Alg, /F) concentrated in degrees 2, 3, and in degrees 0, 1, respectively,

by [Suz24, Theorem 7.2.4]. This implies the equivalence. Now a standard dévissage argument
[Suz24, Section 10.6] reduces the general case to Proposition 7.3. O

We will later show in Proposition 8.4 that the groups in Proposition 7.4 are actually in Wr.

8. Finiteness and duality

We keep the notation of Section 7. In this section, we prove Theorems 1.2 and 1.4. We first treat
the case S = () (where U = Ug) since this case admits stronger finiteness properties than the
general case and hence is easier. Based on it, we then treat the case where S C P contains all
prime ideals dividing p. Finally, we treat the general case.

We first recall the perfect pairing
RT(Ug, T, (r)) @ RT(Ug, %,(2 — 7)) = Ao[—3] (8.1)
in D(Findrat) from [Suz24, Theorem 10.6.1].

proet

PROPOSITION 8.1. Let n > 1. Then I'(X,A,) = A, and H (X, A,,) are finite, H*(X, A,,) and
H3(X, A,,) are ind-algebraic in Wy and HY(X, A,,) =0 for ¢ # 0,1,2,3.

Proof. Let S be the set of height one primes dividing p. By Proposition 5.9(iv), we have
I'X,A,) = T'(Ug, A,) = A,,. Consider the distinguished triangle

RFC(US7 An) - RF(X> An) - @ RT (AP’ A”)
pes

in D(Fndat) The first and third terms are in D’(IAlg,/F) by Propositions 7.4 and 5.9(iii),

proet

respectively. Hence so is the second. The same propositions show HY(X, A,,) = 0 for ¢ # 0,1, 2, 3.
In the distinguished triangle

RT(X,A,) = RT(Ug, An) = @D RT (A, Ay) (1], (8.2)
pesS

the second term is in D®(PAlg, /F) by Proposition 7.4, and the cohomologies of the third term are
in Wp by Proposition 5.9(i). Therefore, we may apply Proposition 2.7 to the long exact sequence
associated with (8.2). This implies that HY(X,A,) € Wy for all ¢. Since H} (Ap, An) = 0,
we have an exact sequence
0 — H'(X,A,) —» H' (Ug, A,) —» EDHZ (A, A,)
pes
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All the terms are in Wp, with the first ind-algebraic and the second pro-algebraic. Therefore,
H!'(X,A,) € Alg,/F. By [Suz23, Theorem 1.2], we know that the group H'(X,A,)(F) =
H! (X(F),An) is finite. This implies that H'(X, A,,) is finite. O

PROPOSITION 8.2. Letn > 1. Then T'(X, %,,(2)) and H3(X, T,,(2)) = A,, are finite, H* (X, T,,(2))
and H?(X, %,,(2)) are pro-algebraic in Wr and H4(X, A,,) = 0 for ¢ # 0,1,2, 3.

Proof. This follows from Propositions 2.8 and 8.1 by the perfect pairing (8.1) with S = ()
and r = 0. O

PROPOSITION 8.3. Let n > 1. Then T'(X,%,(1)) is finite, H (X, %,(1)) is pro-algebraic in
Wr, H3(X,%,(1)) is in Alg,/F, H3(X,%,(1)) is ind-algebraic in Wr and HY(X, %, (1)) = 0
for ¢ #0,1,2,3.

Proof. The statement for I'(X, ¥,,(1)) is obvious. Let S be the set of primes dividing p. Consider
the distinguished triangle

P RTc(Ay, Tu(1)) = RT(X, Ty(1)) — RT(Usg, Ay (1)) (83)
pes
in D(Fndat) By Propositions 5.9 and 7.4, we know that HY(X, T, (1)) € PAlg, /F for ¢ =1,2

and that HY(X, ¥, (1)) is zero for g # 0,1, 2, 3. Consider the distinguished triangle

RT(Us, An(1)) — RT(X,T,(1)) - @ RT (A, Tu(1))
pesS

in D(F mdmt) As H? (Ap, ‘Zn(l)) = 0 by Propositions 5.9, this induces a distinguished triangle

proet
7<2RT(Ug, An(1)) = 7<2RT(X, Tp(1)) = 7<2 @) RT (A, Tu(1)) -
pes

The first, second and third terms have cohomologies in IAlg, /F, PAlg, /F and Wp, respectively.
Applying Proposition 2.7, we know that H' (X, %, (1)) € W and H?(X, %, (1)) € Alg,/F. Also,
we have H3(Ug, A, (1)) = H3(X,%T,(1)), so H3(X,%,(1)) is in [Alg,/F. The distinguished
triangle (8.3) induces an exact sequence
H*(X,T,(1)) = H*(Us, An(1)) - @D HZ(A,, Tu(1))
pesS
= H(X,T,(1)) = H*(Us, An(1)) = 0,

where the kernel of the first morphism is finite. These terms, from left to right, are in Alg,/F,

PAlg,/F, Wr, 1Alg,/F and PAlg,/F. Applying Proposition 2.7, we see that H3(X, T,(1)) €
Wr. O

PROPOSITION 8.4. Let n > 1 and r € Z. Assume that S contains all primes dividing p.

(i) The group T'(Ug, A, (7)) is finite, H'(Ug, A, (1)) and H?(Ug, A, (1)) are pro-algebraic in
Wr, and H1(Ug, A, (1)) = 0 for ¢ # 0,1, 2.

(ii) The group H:(Ug, A, (r)) is finite, H(Ug, A (1)) and H3(Ug, A, (1)) are ind-algebraic in
Wr, and HY(Ug, A, (1)) = 0 for ¢ # 1,2, 3.

Proof. That these groups are in Wr is already proved in the proofs of Propositions 8.1 and 8.3
if .S is the set of all primes dividing p. The case of larger S can be reduced to this case. With
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Proposition 7.4, what remains to show is H3(Ug, A,(r)) = 0. In the exact sequence

Pr(A; A,) = H(Ug, An) - H'(X, Ay,

peS
the first and third terms are finite étale, trivially and by Proposition 8.1, respectively. There-
fore, H!(Ug, A,,) is finite étale. This implies that H.(Ug, A(r)) is finite étale for all r (reduce to
the case (, € A) and hence that H!(Ug, A,,(r)) is finite étale for all 7 and n. With this and by
the perfect pairing (8.1) and Proposition 2.8, we know that H3(Ug, A, (r)) = 0. O

Now we make no assumption on S.

PROPOSITION 8.5. Let n > 1 and r < 0. Then T'(Ug, T, (r)) is finite, H'(Ug, T,,(r)) is pro-
algebraic in Wg, H*(Ug, T, (r)) is in Wr, H*(Ug, T,(r)) is ind-algebraic in W and we have
H?(Ug,%,(r)) =0 for ¢ #0,1,2,3.

Proof. Let Sy be the set of all primes dividing p. We may assume S C Sy. Let Uy = Us,. The
finiteness of I'(Ug, ¥,,(r)) is obvious. Denote the distinguished triangles

D Rr.(A,, T (r)) — RT(X, Tu(r)) — RT(Us, Tu(r)),

pes

P RIr.(A; Tn(r)) = BT (Ug, Tn(r)) = RT(Up, Tn(r))
pESOH\S

by, respectively,
D—>Cx—>CUS, E—)CUS—>CUO.

The morphism H'Cy, — H?E is a morphism from a pro-algebraic group in Wp to an
object of Wp. Hence its kernel H!Cy, is pro-algebraic. Hence the morphism H'Cp, — H?D is
a morphism from a pro-algebraic group to an object of Wpg. Hence its image is pro-algebraic. The
morphism H?D — H?C' is a morphism from an object of Wy to an ind-algebraic group in Wr.
Hence its image is ind-algebraic. Therefore, Im(HlC’US — HQD),Im(H2D — H2CX) € Wr by
Proposition 2.7. As H'Cx is finite, we have HlCUs € Wr.

In the exact sequence

0— H'Cy, — H'Cy, — H*F,
the terms are in Wp; the first and second terms are pro-algebraic. Hence Im(H 'y, = H 2E)
is pro-algebraic in W by Proposition 2.3. Hence Im (H ’E - H 2CUS) € Wr again by Proposi-
tion 2.3. As H2Cx is ind-algebraic in Wp, the object Im(HQCX — HQCUS) is ind-algebraic by
Proposition 2.2.

The morphism H2Cy, — H3E is a morphism from a pro-algebraic group in Wg to an object
of Wr. Hence Im(HQCUS — HQCUO) = Ker(HZCUO — H3E) and I]rn(HQC’U0 — H3E) are pro-
algebraic. Since the object H3Cy is ind-algebraic in Wp and the morphism H3Cx — H 3CUS
is surjective, it follows that H3>Cypy is ind-algebraic by Proposition 2.2. We have H3E € Wp.
Applying Proposition 2.7 to the exact sequence

0 — Im(H?Cy, — H’E) — H*E — H*Cyy — 0,

we know that the first and third terms in this sequence are in Wyg. Thus H 3CUS is ind-algebraic
in Weg.

The morphism H3D — H3Cx is a morphism from an object of Wy to an ind-algebraic group
in Wpg. Hence we have Im(H3D — H3C'X) € Wr by Proposition 2.5. Hence the morphism
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H3D — Im(H3D — H3CX) is a morphism from an object of W to an ind-algebraic group
in Wpg. Therefore, Proposition 2.6 implies that its kernel Im(H 2C’US - H 3D) has identity
component in Wr and étale component group.

Consider the exact sequences
0 — Im(H?Cx — H*Cy,) — H*Cyy — Im(H*Cyy — H?D) — 0,
0 — Im(H?E — H*Cyy) — H*Cyy — Im(H*Cyy — H?Cy,) — 0.
With what has been proved so far, the first sequence shows that mg (H 2C’US) is étale, and the

second sequence shows that mg (H 2C’US) is profinite. Thus 7y (H 2C’US) is finite, and Im(H 2C’US —
H3D) € Wr. The image of the composite

Im(H?*Cx — H?Cyy) — H*Cyg — Im(H*Cyy — H*Cy,)
is Im(H?Cx — H?Cy,), which is in Alg,/F by what was shown about (8.2) in the proof of
Proposition 8.1. Hence, with what has been proved so far, we know that the induced morphism
Im(H?*Cyy — H?Cy,)
Im(H?Cx — H?Cy,)
is a surjection from an object of Wg onto a pro-algebraic group. Therefore, Proposition 2.3 implies

that Im(H?Cyy — H*Cy,)/Im(H*Cx — H*Cy,) is in Wp. Hence Im(H?Cyy — H?Cy,) € Wp.
With Im(H?E — H?*Cyy) € Wr, we know that H*Cyy, € Wr. O

Im(H*Cyy — H?D) —

PROPOSITION 8.6. Let n > 1 and r > 2. Then HY(Ug, T, (7)) is finite, H.(Ug, T, (r)) is pro-
algebraic in Wg, H2(Ug, %,(r)) is in Wp, H3(Ug, T,,(r)) is ind-algebraic in Wg, and we have
H!(Ug, %, (r)) =0 for ¢ #0,1,2,3.

Proof. This follows from Proposition 8.5 by duality. O

PROPOSITION 8.7. Let n > 1 and » < 0. Then H%(Ug,%,(r)) and H.(Ug,T,(r)) are fi-
nite, H2(Ug, T, (7)) and H3(Ug, %, (r)) are ind-algebraic in Wg, and H4(Ug, %, (r)) = 0 for
q#0,1,2,3.

Proof. The case r < 0 follows from Proposition 8.4. For » = 0, the statement follows from the
distinguished triangle

RT(Ug, An) = RT(X, Ay) - @) RT (A, Ay)
peS
and Propositions 5.9 and 8.1. O
PROPOSITION 8.8. Let n > 1 and r > 2. Then I'(Ug,%,(r)) and H3(Ug, T,(r)) are finite,

H!'(Ug,%,(r)) and H?(Ug, %, (r)) are pro-algebraic in W, and H4(Ug, T, (1)) = 0 for q #
0,1,2,3.

Proof. This follows from the distinguished triangle
P RI.(A,,Tu(r)) - RT(X, Tp(r)) — BT (Ug, Tu(r))
pes
and Propositions 5.9 and 8.1 (or from Proposition 8.7 by duality). O

PROPOSITION 8.9. Let n > 1. Then I'(Ug, T,(1)) is finite, H'(Ug,%,(1)) and H?>(Ug, T,(1))
are pro-algebraic in Wr, H3(Ug, %, (1)) is ind-algebraic in Wy, and H(Ug,T,(1)) = 0 for
q#0,1,2,3.
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Proof. Let Sy be the set of all primes dividing p. We may assume S C Sy. Let Uy = Ug,. The
finiteness of I'(Ug, ¥,,(1)) is obvious. Denote the distinguished triangles

P RT(Ay, Tn(1)) — RT(X, T,(1)) = RT(Us, Tu(1)),
pes

P Rr.(A,,%.(1)) = BT (Ug,Tu(1)) = R (Up, Tn(1))
pESL\S

by, respectively,

D—)Cx—)CUS, E—)CUS%CUO.

In the exact sequence
0— H'Cx — H'Cy, — H*D,

the first term is pro-algebraic in Wp and the third term is finite. Hence H 1C’US is pro-algebraic
in Wr. Since H3CYx is ind-algebraic in W, the surjection H3Cx —» H?’CUS and Proposition 2.2
imply that H 3C’US € IAlg,/F. The morphism H?Cy, — H3E is a morphism from a pro-
algebraic group in Wr to an object of Wg. Hence its image and kernel are pro-algebraic. Applying
Proposition 2.7 to the exact sequence

0 — Im(H?Cy, — H’E) — H*E — H*Cyy — 0,
we know that H 3C'US € Wr. In the exact sequence
H?E — H*Cyy — Ker(H?*Cy, — H’E) — 0,

the first term is finite and the third term is pro-algebraic. Hence H 2C’US is pro-algebraic. In the
exact sequence

H?Cx — H*Cy, — H*D — H3Cy,
the first term is in Alg, /F, the second in PAlg, /F', the third in Wy and the fourth is ind-algebraic
in Wp. Applying Proposition 2.7, we know that HQCUS € Wr. O

PROPOSITION 8.10. Let n > 1. Then T'.(Ug, %, (1)) is finite, H.(Ug, T, (1)) is pro-algebraic
in Wr, H3(Ug,%,(1)) and H3(Ug, %, (1)) are ind-algebraic in Wy, and Hi(Ug, %, (1)) = 0
for ¢ #0,1,2,3.

Proof. This follows from Proposition 8.9 by duality. O

Theorem 1.2 follows from the above results. With Proposition 2.8, we obtain Theorem 1.4.

9. Hasse principles
In this section, we prove Theorem 1.5.

DEFINITION 9.1. Assume F = F.

(i) Let U C X be a dense open subscheme. Let p € PNU. A finite étale covering U’ /U is said
to be completely split at p if the k(p)-scheme U’ x 7 k(p) is isomorphic to a disjoint union
of copies of Spec k(p).

(ii) A finite étale covering X'/X is said to be completely split if it is completely split at all
elements of P.
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(iii) For n > 1, define H. (X, A,,) to be the subgroup of H!(X, A,) consisting of completely split
coverings.

PROPOSITION 9.2. Assume F = F and that A satisfies the assumptions and condition (iii)(a)
of Proposition 7.1. Write p = () and m = (m,t). Let U = Spec A[1/p]. Let n > 1, and
let U' € H'(U,A,). If U’ is completely split at the primes (t™ — m) for all m > 1, then it is
trivial.

Proof. We may assume n = 1. Identifying A with A(1) over U, we want to show that the kernel
of the natural map

o A[Lp* JAL/pPP = T w(t™ — )% fi(t™ — m)»
m>=1
is zero. This kernel is contained in G := (1 + m)/(1 + m)P. Let e4 be the absolute ramification
index of flp, and set f4 = pes/(p — 1). For non-negative integers ¢, d not both zero, let G be
the image of 1 + 7¢%A in G. Then G&% = 0 if ¢ > fa. Also, G&% c GetLd 4 Godtl if ¢ < fu
and p | ged(c,d). Hence it is enough to show that G N Ker(p) € Gethd + G4t if ¢ < fu
and p 1 ged(e,d). Let m > d/(fa — ¢) be an integer such that p { mc+ d. For a positive integer [,
let G, be the image of 1+t A in k(t™ —m)* /k(t™ —7)*P. Since me 4 is the absolute ramification
index of A/(t™ — r) and p { mc +d < mfa, we have Gmetd /Gmetdtl o= p yig 1 4 ¢metdy oy g
mod t. Hence the kernel of the composite G% — G+ — F is contained in G144 Ged+l, O

As in Section 7, we take a resolution X — Spec A such that X x4 A/pA C X is supported
on a strict normal crossing divisor. For any n > 1, the natural map H*(X,A,) — H(X,A,) is
injective, and the natural map H'(X,A,) — H'(Y,A,) is an isomorphism. We view H'(Y,A,,)
as a subgroup of H'(X, A,).

PROPOSITION 9.3. Assume F = F. Let n > 1 and X’ € H'(X,A,,). Then X' is completely split
if and only if X' € H'(Y, A,,). In particular, the subgroup H'(Y, A,,) of H'(X, A,,) is independent
of the resolution X.

Proof. We may assume (, € K by the natural exact sequences

0— Hcls(Xv An) - Hl(KaAn) — H Hl(vaAn)a
peP

) . HU(Kyp M) oy B An)
0— H'(Y,An) = H'(K, An) = [ ] H(r(p), A) 11 H(k(n), An)

peP
The “if” part is easy. Assume that X’ is completely split. For any non-singular point z € Yy
that is not the specialization of any element of P dividing p, the covering X’ x x Ry of Spec R,
is trivial by Propositions 9.2. Hence X' extends to a finite étale covering of X minus finitely
many closed points and hence to a finite étale covering of X by the purity of branch locus [Sta22,
Tag 0BMA]. O

neYy

Define
HL (X, A,) = HY(Y,A,),
the finite étale group scheme over F with group of F-points given by H' (Y (F),An), where
Y(F) =Y xp F. It is an F-subgroup scheme of H'(X, A,,) independent of X by Proposition 9.3.
Also define

7o (H2(K, An(2)) = lim 7o (H2(Us, An(2))) ,
S
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where S runs through all finite subsets of P. It is an étale group over F. Applying mg to the
exact sequences

H?(Usg, T,(2))) - @O HE(A,,T,(2)) » H¥ (X, T,(2)) = 0
pes

for S C P and using (5.3) for p dividing p and [Suz24, Theorem 7.2.4] otherwise, induces an
exact sequence

mo(H?(K, An(2))) = EDRp, r An = An = 0. (9.1)
pes

PROPOSITION 9.4. The kernel of the first morphism in (9.1) is canonically isomorphic to the
Pontryagin dual of HL, (X, A;,).

Proof. Let S C P be finite and non-empty. The distinguished triangle
RT.(Us, Ay) = RT(X, A,) — D RT(A,, A,)
pes
induces an exact sequence
0= Ap = P Rp,/r A — HY(Ug, Ay) — HY(X, Ay) — @D H (5(p), An) -

pes pes

Hence we have an exact sequence
0= Ap— [[ Rpyr Ao = hmH HUs, Ap) = HL (X, Ay) = 0
peP

of pro-finite-étale groups over F'. Taking the Pontryagin dual and applying Theorem 1.4, we get
the result. O

Let T'y be the dual graph of Y (F'). It has a continuous action of Gal(F/F). Let H'(Ty, A;)
be the first cohomology of I'y with coefficients in A,,. It is a finite étale group scheme over F'.

ProprosiTION 9.5. We have an exact sequence

0— H'(Ty,A,) —» H(Y, A) — @ H'(Y, —0.
neyYy
Proof. This follows from the distinguished triangle
RT(Y,An) = @ RT(Y,, An) = D Rp,yp An,
776Y1 TE€Y5in

where Y, denotes the set of singular points of Y. O

This finishes the proof of Theorem 1.5.

10. Lemmas on localization over resolutions

In the next section, we prove a finiteness statement about Br(X) (see Proposition 11.7). This
uses some arguments that are local over a resolution of singularities of A, which we deal with in
this section.

We give a Hasse principle for Brauer groups of tubular neighborhoods.

490



CLASS FIELD THEORY, HASSE PRINCIPLES, P1c-BRr

ProrosiTioN 10.1. Let Kn be a complete discrete valuation field with ring of integer @Kn and
residue field r(n). Assume that K, has characteristic zero, ¢, € K, and x(n) is the function field
of a proper smooth geometrically connected curve Y, over F' = F. Let ng be the set of closed
points of Yy,. For each x € g, let &(1;) be the complete local field of Y, at x. Let @an be the

Kato canonical lifting of the relatively perfect x(n)-algebra (1) to O K, Let K, be the fraction
field of O, .
Then the kernel of the natural map

Br(K,)[p] = [] Br(X,.)[p) (10.1)

TEMNO
is canonically isomorphic to H' (Y, A).

Proof. Let e, be the absolute ramification index of Kn, and set f; = pe,/(p — 1). We have the
usual filtrations by symbols on Br(K,)[p] = K2 (K,)/pK2(Ky). Let gr'™ Br(K,)[p] be the mth
graded piece. Define gr' Br (an) [p] similarly for each x € 9. We have

k(n)*/k(n)*P ifm =0,
k(n)/k(n)P ifo<m< fy,p|m,

g™ Br(K,) [p] = Qi if0<m< f,,ptm,
k(m)/p(k(n) fm=f,
0 else.

Similarly,

R(nz)*/k(ng)*P ifm=0,
R(ng)/k(ng)P ifo<m< fp,p|m,
grmBr(Knx)[p]g Ql 1f0<m<f777p+m’

R(ne)/p(R(ne)) ifm=fy,
0 else.

The map Br(kn)[p] — Br(f(nx)[p] preserves the filtration. The induced map on the mth
graded piece is injective except in the case m = f;,. In the case m = f,,, the map can be identified
with the natural map H'(x(n),A) — H!(#(ng),A). Hence the intersection of the kernels over
all z is isomorphic to H'(Y;;, A). O

Next, we study trace (or transfer) maps. Assume ¢, € A and take S C P to be the set of
primes dividing p. Let X — Spec A, W,, C X and T' C Y be as in Section 7. By [Suz24, (10.4.7)
and (10.5.1)], we have a morphism of distinguished triangles

RT.(Ug,A) —— RT(Ug, A) ——  @D,es AT (K, A)
AL(Us, A) —— Doer BERes, ) W g, 7 e
& Dyey; AT (Ry1, A) ® @,es RT(K;, A)

in D(F indrat). In particular, we have canonical morphisms

proet
H'(K,,,A) — H(Ug, A) — H*(X, %(1)) (10.3)
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for each pair x € T' and n, € Y* (where the second morphism comes from (,: A — %(1)). Hence
for any algebraically closed field F’ € FP®®' we obtain a homomorphism

HY (K, (F),A) — H*(X(F'),%(1)). (10.4)

PROPOSITION 10.2. In the above setting, let x € T and 1, € Y{*. Then the image of (10.4) is
contained in the subgroup H'(X(F"), G,,) ® A of the target.

Proof. We may assume F = F' = F. We want to show that the image of H' (K,h , A) —
H?(X,%(1)) is contained in the subgroup H*(X, G,,) ® A of the target.

Let Rg = A[1/p]. We first briefly recall the construction of the diagram (10.2) on F-points. Let
Rg gt be the big étale site of Rg. View I'(Rs, - ), I'(Kp, - ), T'(Ky,, - ) T'(Ras.s, -) and T'(Ry 7, -)
as the section functors Ab(Rggt) — Ab at the objects Rg, Kp, an, Rx,s and RW,T, respectively.
We have a commutative diagram

I'(Rs, -) — @pesp(f(p, )
Orlhs ) | B TR )
© ey (B ) —> @Zep};s F(Rp, )

of functors Ab(Rggt) — Ab, where the left vertical map is the diagonal

at— ((a|Rx,S)r€T’ (a|[fgn7T)17€Y1) )

the lower horizontal map is

((az)zer, (an)n@ﬁ) = ((ax’f(% - an‘f(%)xET,anYf”v (ax|f<p)p€S) )

the upper horizontal map is the diagonal and the right vertical map is the inclusion into the
second summand. This diagram induces a commutative diagram of functors Ch(Rggt) — Ch of
additive categories with translation in the sense of [KS06, Definition 10.1.1] (where Ch is the
category of complexes in Ab). When we take the right derived functors [KS06, Sections 13.3
and 14.3], it induces a morphism

R

MR, ) > T (R -)] 1
peSs
— R GB‘CGTF(RI’SA’ ) - Ganfggfr(Km? )) ] —1]

EDyen Tl )o@, sT(Kp, -

of triangulated functors D(Rggi) — D(Ab). It becomes an isomorphism when precomposed
with the natural functor D; (Rset) = D(Rggt) from the bounded below derived category of

tor

complexes with torsion cohomology, and the resulting isomorphic functors D; (Rget) = D(Ab)

are further isomorphic to RI'¢(Rg, - ). In particular, we have a morphism of distinguished triangles

RT.(Rg,A) —— RT(Rg, A) ——  Ppes BT (K, A)
A ver RT(K,,, A
RFC(Rs,A) —_— @xGT RF(Rx’Sl’ A) —_— @nzgg;lz ( A77 )
& @yer, R (y1.4) & Dyes T ().
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which is the F-points of the diagram (10.2).?

Let Pr C P be the set of prime ideals p € P that specialize to an element of 7" in X.
Let S’ C Pr be an arbitrary finite subset containing S. Let Rgs = O(Ug \ S’). We have a com-
mutative diagram

[(Rs, ) —— Bpes T(Ks, )
l R J (10.5)
®pes F(KP7 ’ )

Hfs, ) O Bpesns Lo (Ap, -)[1]

of functors Ch(Ugg;) — Ch of additive categories with translation, where I', (flp, -)[1] is the
mapping cone of F(flp, ) — F(Kp, ) The induced morphism

[RS, —>@FK,,,-} 1]

pesS
@pes (Km ) ][_1]
@@pGS/\sF (Ap, )[ ]

(RS,et> — D(RS,Et> is an

— R F(RS/7 )

of triangulated functors D(Rggi) — D(Ab) precomposed with Dt
isomorphism by excision.

tor

Similarly, we have a commutative diagram

®$6TF(R17€’ ) ®77jg$ F( Nz )
@®n€Y1 F(RH’T’ ) @@peSF(Kpa )

l l (10.6)

0 @ zeT F(Knm, )
DoerT(Res, ) e EY
EBG977€Y1 F(Rn,Ta ) EBGapes (Kpa ;)
® Dpesns Te(Ap, ) 1.

The induced morphism

z ver DK, , -
R @xET F(RLSL’ ) N @nlgg;z ( Anz ) ] [_1]
@ @neYl F(Rn’T’ ' ) D @pES (va )

®x€T F(Rx’sl7 . ) 771€le R B
e S Dev, I'(Ryr, ) 7 O@pes T (K, ;) (-1
® Bpesns De(Ap, -)[1]

of triangulated functors D(Rsgt) — D(Ab) precomposed with D (Rset) — D(Rsgt) is an
isomorphism by excision.

3The original construction in [Suz24, Section 4.6] uses fibered sites. For the purpose of proving Proposition 10.2
here, it is enough to use big étale sites, which gives the same diagram on F-points.
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We have a morphism of diagrams from (10.5) to (10.6). It induces a commutative diagram

EB;JGS H! (kp7A) eapes HY (KP’A) 6969peS’\S Hf (AP’A)

HI(Rs,A) — H (R, A)
® wer, HY Ky A) 0@, es H (Kp,A) ® wer, HY (Ko A) 08,5 H (Kph) 0B, csn 5 H2 (Ap,A)
UEASRS UEASES|
D,er H! (RZ,S,A)@EB%Yl HY(Ry.r,0) D,cr H' (R, 5.0) ®D, ey, H! (Ryr,0)

of injective maps, with all the terms mapping injectively to H2(Rg,A). For a ring Q, set
Q" =Q*/Q*P. Let Ry be the direct limit of Rg over increasing S’. Taking the direct limit
of the above diagram in increasing S’, we obtain a commutative diagram

. o X
Bpes Ky Dypes Ky Dpeppis b
H1(Rg,A) HI(Rr,A)
5> zGTx Knxa: EB@peS pr (&) ZETx K7>I<x @eapes KPX 6969pePT\S A.
nx €Y7 nx €Y7
@zeT R;,S@@neyl H1 (Rn,T7A> eazeT Ké( @eaneyl H! (Rn,TvA)

of injective maps, with all the terms mapping injectively to H?(Rg,A). For any z € T, the

map K; — 69% eve KUXL is surjective by the approximation lemma. Therefore, the right vertical
map is an isomorphism. Hence for any « € T and 7,, € Y{*, the image of the map IA(ni — H2(Rg,\)
is contained in the image of the map @, IA(F,; D Dyepps A — H2(Rg,A). Hence the image of
the map IA(ni — H%*(X,%(1)) is contained in the image of the map Dpep, A — H?(X,%(1)). The
latter map factors through H'(X, G,,) ® A via the divisor map. This proves the proposition. [J

11. Picard—Brauer duality

In this section, we prove Theorem 1.6. We deduce it basically from Theorems 1.2 and 1.4. We
also give a duality result for H3(X, G,,) (see Proposition 11.9) and for g of Pic(X) (see Propo-
sition 11.10).

ProposITION 11.1. The group mx Gy = A* is Gy, times a connected pro-algebraic group in
Wr. More specifically, the natural reduction morphism A* — G, and the Teichmiiller section
give a direct summand G, of A*. The quotient A* /Gy, is in Wr.

Proof. For I € FP™ and n > 1, let Ap(F') = A(F') ®4 A/m". Then A* = lim AJ. The
sheaf A is represented by the perfection of the Greenberg transform (or realization) of G,
over A/m™; see [BG18, Proposition-Definition 6.2]. The same proof as that of [BG18, Proposi-
tion 11.1] (see also [BS24, Proposition 5.6]) shows that the kernel of the reduction morphism

AX 41 — A is the perfection of a vector group over F. Hence the kernel of A* — Gy,
or A*/G,,, is in Wg. O

Given a resolution of singularities X — Spec A such that the reduced part Y of X x4 F' is
supported on a strict normal crossing divisor, we have the intersection pairing

Py, x Py, -z, VY)Y, Yy, (11.1)
neYy neYy

494



CLASS FIELD THEORY, HASSE PRINCIPLES, P1c-BRr

where Y] is the set of generic points of Y and Y, the closure of 7. See [Lip69, Section 13] for the
details. This pairing is negative-definite by [Lip69, Lemma 14.1]. Let

Hom(Q}neY1 7Yy, 7)

by =
@neYl ZYT]

be its discriminant group. Applying this construction to the resolution X x AA(F) — Spec A(F),
we obtain a finite Galois module 5Y><Ff over F'. Denote the resulting finite étale group scheme
over F' by dy.

ProrosiTION 11.2. We have RlWX,*Gm € Alg/F. For a resolution of singularities X — Spec A
such that the reduced part Y of X x 4 F' is supported on a strict normal crossing divisor, we have
7T0R17TX,*Gm = Jdy.

Proof. Let X — Spec A be as in the statement. First, assume F' = F. We recall the constructions
made in [Lip69, Section 14] and [Sai86, proof of Lemma 7.2]. Let Pic(X) — Hom (D, cy, ZYy, Z)
be the map given by the intersection pairing. Let Pic?(X) be its kernel. Then the resulting
sequence
0 — Pic’(%X) — Pic(X) — dy — 0

is exact. For n > 1, let X, = X x4 A/m". Let Pic?(X,,) be the kernel of a similar map Pic(%,) —
Hom(€D, ¢y, ZYy,Z). The group Pic’(Y) = Pic®(%¥;) is the group of F-valued points of the semi-
abelian variety Picg,/ 7+ The natural map Pic®(X,41) — Pic®(X,,) is surjective, and its kernel has

a natural structure of a finite-dimensional F-vector space. There exists a positive integer ng such
that the natural map Pic(%) — Pic®(%,,) is an isomorphism for all n > ny.

Next, let F' be general. The above constructions are functorial in residue field extensions.
That is, for any algebraically closed field F’ € FP®? we can apply the above constructions
for X(F') = X x4 A(F'") — Spec A(F"). This gives an exact sequence

0 — Pic’(X(F")) — Pic(X(F")) = 0y () — 0
and quotients Pic®(%,(F')) of Pic’(X(F’)) functorial in F' (where Y(F') = Y’ xr F’ and
X,(F') =X, xa A(F")).

The sheaf R'7x .G, sends a field F’ € FP® to the Gal (ﬁ/F ! )—invariant part of Pic (X (ﬁ))
The above shows that this sheaf has a finite filtration whose graded pieces are sheaves that send
a field F' € FP™ to the Gal(F’/F’)-invariant parts of
(ii) Pic®(Y(F)) or
(i) Ker(Pic?(Xn41(F")) — Pic? (%, (F))) for n < ny.

In this list, the first sheaf is a finite étale group (which is dy), the second a semi-abelian variety

and the third a vector group. Being an extension of such groups, the sheaf Rl'7mx .Gy, is in Alg/F
with component group dy . O

PrROPOSITION 11.3. Let n > 1. Then ROWX7*Tn(1) is a finite étale group and lex’*‘ln(l) is
pro-algebraic in Wg.

Proof. The sheaf Rowx,*fn(l) is the finite étale group of p"'th roots of unity in A(F) We have
an exact sequence

0— A/A™P" & Rlrx . Tp(1) = (R'mx,«Gm)[p"] = 0
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in Ab(FE™™). The fourth term (R'rx .Gy, )[p"] is in Alg,/F by Proposition 11.2. We have an
exact sequence

0 = Romx.%n(1) = A% /G B AX/G,, — AXJAXP" 50

in Ab(F5™™). The sheaf A*/G,, is pro-algebraic in W by Proposition 11.1. Therefore, A*/A*P"
is pro-algebraic in Wg. O

PRrROPOSITION 11.4. (i) The object Rrx G, is h-acyclic.
(ii) Let g > 2. Then the sheaf Rimwx G, is torsion. We have

RITx +Too(1) = (Rimx G [p°°],

where To(1) = lim Tn(1). For any prime | # p, the sheaf (Rimx +G,)[l°°] is the étale
group over F' with group of F-points given by H? (X (F),Ql/Zl(l)).

Proof. The truncation 7<;Rmx .Gy, is h-acyclic by Propositions 11.1 and 11.2 and [Suz21,
Proposition 7.2]. The sheaf Rimx .Gy, is torsion for ¢ > 2 by [Gro95, Proposition 1.4]. Since
(R17rX7*Gm) ® Q/Z = 0 by Proposition 11.2, we have

RImx +Foo @@Rqﬂx «Qi/7;(1) = Rimx Gy,
I#p

for ¢ > 2. For any field F’ € FP*?" the map A — A(F’) is regular and hence ind-smooth
by Popescu’s theorem. With [ILO14, Introduction, Theorem 1], we know that Rimx .Z/I"Z(1)
is finite étale for all ¢ and all primes [ # p. This implies that Rimx ,Q;/Z;(1) is h-acyclic
by [Suz21, Proposition 3.11]. For any n > 1, the object 7o2Rmx +%p (1) is in (Wp) pperar and
h-acyclic by [Suz24, Propositions 10.1.5 and 3.1.4] and Proposition 11.3. Since RT'(X, T (1)) €
DY(IPAlg, /F) is concentrated in non-negative degrees for all n by Proposition 8.3, we know that
Lh*Rrx +%n(1) € DP(IPAlg, /F) is concentrated in non-negative degrees by [Suz21, Proposition
7.6]. In particular, {Lh*R7x +%, (1) }n>1 as an object of the derived category of the ind-category
of Ab(FIfgffppf) is bounded below. On the other hand, {Lh*7'<1R7rX «Zn(1)}n>1 is concentrated
in degrees 0 and 1 by Proposition 11.3. Hence {Lh*T>oR7x +%p(1)}n>1 is bounded below. The
functor Rh, commutes with hﬂ on the bounded below derived categories by [Suz20b, Propo-
sition 2.2.4]. The functor Lh* commutes with li ling by [Suz22, Lemma 3.7.2] and [KS06, Corol-
lary 14.4.6(ii)]. Therefore,

RhLh* T>o R +Too (1) = thh*Lh*T>2R7TX7*‘In(1) = mooRTx «To (1),

showing the h-acyclicity of T>oRmx +Too(1). Thus 7soR7wx « Gy is h-acyclic. O

By Proposition 11.4(i), for any field F’ € FP® with algebraic closure I’ and any q € Z, we
have

HY(X, Gn)(F') =2 HYX(F), ) G/ F)

functorially in F”.

PROPOSITION 11.5. The group T'(X, G,,) = A* is G,, times a connected pro-algebraic group
in Wr, HY(X, G,,,) is in Alg/F, H*(X, G,,,) and H*(X, G,,) are torsion with p-primary part in
IAlg, /F and étale l-primary part for | # p, and H4(X, G,,) = 0 for all ¢ # 0,1,2,3. We have

HY (X, Too(1)) = HY(X, G, [p™]
for all ¢ > 2
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Proof. This follows from Propositions 2.1, 8.3, 11.1, 11.2 and 11.4. O

Recall from [Suz20a, Section 2.1 that an object G € IAlg,/F is said to be of cofinite type
if G[p"] € Alg,/F for all n > 1. For a cofinite-type G, let GY;_ be the maximal divisible and
connected part of G (see [Suz20a, Proposition 2.2.2]; the notation there was Gogiv)-

PROPOSITION 11.6. The object H*(X, Gy,) [p™] € IAlg, /F is of cofinite type.
Proof. For any n > 1, we have an exact sequence
0— H'(X,Gn) ® A, — H* (X, T, (1)) = H*(X, Gp)[p"] — 0.

The direct limit of the first term in n is zero by Proposition 11.5. As H?(X, T, (1)) € Alg, /F by
Proposition 8.3, we get the result. O

PROPOSITION 11.7. We have H?(X, G,,,)? € Alg, /F.

Proof. 1t is enough to show that H%(X,G,)Y, = 0 by [Suz20a, Proposition 2.2.3]. We may
assume (, € A and F' = F. We have
H?(X, G)° [p™] 2 i Ext pruara (H? (X, T (1)), Aco)
n

proet

by duality. We have a natural morphism from the right-hand side to

. ~ 0

h?m Ext},;,r,gé?t (H'(X,Gpn) ® Ay, As) Ext}wggégt (H'(X,Gn),Ax)
This final group is in Alg,/F by Proposition 11.2 and hence killed by a power of p. Hence the
composite of the above two morphisms maps H?(X, Gm)giv to zero. Let G be the inverse image

of the subgroup H?(X, G,,,)%, [p]° under the natural morphism
H?(X,%(1))° - H*(X,G,,)°.

The image of G° in H*(X, G,) is H3(X, G,,)Y:, [p]°. We have a natural isomorphism and mor-
phism

H?(X,T(1))" 2 Ext pinaca (H* (X, T(1)), Aso) = Ext inarae (H'(X, Gr) @ A, Ao) -

proet proet

We have a commutative diagram
H*(X,%(1))"  —— Extpia. (H(X,Gn) @A, Ay)

proet

| |

H? (X, Gm)o [poo] . EXt};indrat (Hl(Xa Gnm), Aoo) .

proet
The image of G in the right lower term is zero. The right vertical morphism has finite kernel.
Hence the image of G in the right upper term is zero.

Let S C P be the set of primes dividing p. Let X — Spec A, W, C X and T' C Y be as in
Section 7. Let x € Yy and 7, € Y. Take T large enough so that z € T. We have H' (K%,A) €
Wr and H2(X, %(1)), H{(X, G,,)®A € Alg,/F. Hence the image of H' (K%, A) — H*(X, (1))
is in Alg,/F by Propositions 2.4 and 2.2. Therefore, by Proposition 10.2, the image of the
composite

H' (K, A1) = (X, T(1))
of (10.3) is contained in the subgroup H*(X, G,,) ® A of the target. Hence the dual morphism

EXt;é?S‘é?t (H*(X, T(1)), Asc) = EXt;g;g‘;st (H' (Ky,, A1), Aso)

497



T. SuzUKI

factors through Ext};indm (H1 (X, G)®A, AOO) . Therefore, the image of G* in Ext},mdm (Hl(K%,

proet proet

A(1)), Aso) is zero. By the diagram in the proof of [Suz24, Proposition 10.1.5] (which is given in
[Suz24, Section 10.6]), we have a commutative diagram
H2(X,T(1))" —=  Ext] . (HA(X, T(1)), Ax)

proet

! !

H?(Ug, A(1))" —— Ext] . (H2(Ug, A1), As) -

proet

By the diagram in the proof of [Suz24, Proposition 10.5.5], we have a commutative diagram
H%(Ug,A(1))" ——  Extpia. (H2(Us, A1), Ax)
proet

| |

H?(K,,, A1) —2— Exthig (H (K, A1), Ax) -

proet

Combining the above two diagrams, we obtain a commutative diagram

HA(X,5(1)° —  Bxtlye. (HA(X (1), Ax)

! |

A 0 ~ A
H2(K,,,A(1)" —— Ext};;,gé?t (HY (K, , A1), Ax) -
Hence the image of G* in H? (IA{%, A(l))o is zero. On F-valued points, the left vertical morphism
factors as

A~

H*(X,%(1)) — Br(K)[p] — Br(K,)[p] — Br(K,,)[p].

By Proposition 10.1, we know that the image of G°(F) in Br(f(n) [p] is contained in H' (Y, A).
Thus we have a homomorphism G%(F) — H'(Y;, A). This is compatible with base field exten-
sions. Hence we have a homomorphism G°(F’) — H*(Y,(F’),A) for any algebraically closed
field F' € FP® functorial in F’. Hence we have a morphism G° — Hl(Yn, A). Tt is a morphism
from a connected group to a finite group, hence zero. Therefore, the image of G°(F) in Br (Kn) [p]
is zero. By the purity for Brauer groups, we know that the image of G°(F) in Br(K)[p] is con-
tained in Br(X)[p]. As in the final paragraph of [Sai86, Section 3], we have Br(X) = Br(Y") by the
same argument as in the proof of [Gro68, Theorem 3.1]. As F' = F, we have Br(Y) = 0. Thus
the image of G°(F) in Br(X) is zero. The result then follows. O

ProrosITION 11.8. There exists a canonical isomorphism

H2(X, Gy [p™] EXt}?‘Ii)I;gétat (HY(X,Gm), Aso) -
Proof. Let n > 1. We have

H%(X,%,(1)) = Ext ]

indrat
Fproet

by duality. The right-hand side is isomorphic to Ext .} (T217<2RT'(X, Tn(1)), A ). Let Gy, be

indrat
Fproet

the canonical mapping cone of the natural morphism
A* /AP 1] = 75172 RT(X, T, (1)) .
Since AX/A*P" is connected, we have

EXt;‘ilndrat (T>1T<2RF(X7 ‘In(l))7 AOO) = EXt;‘ilndrat (GTL’ AOO) .

proet proet

(RT(X, Tp (1)), Aso)
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We have a canonical distinguished triangle
H'(X,Gp) @ Ay [-2] = G, — H2(X, Gy [p"][-2] -

Applying Ext nara (-, Aco), We obtain an exact sequence
proet

EXt}Jindrat (HQ(X7 Gm) [pn]7 AOO) — H2 (X7 ‘In(l))

proet

— Ext L (H (X, Gi) ©" Ap, Asg) = 0. (11.2)

proet

All the terms are in Alg,/F. By Proposition 11.7, we have
= Exct pinaa (H (X, Gon) [P"], Aoc) = 0.

Also,
1'%1 Ext};,r,gé?t (HY(X, Gp) @5 Ay Aso) Ext},é?ger?t (HY(X,Gm), A
by [Suz20b, Proposition 2.4.1(d)]. Thus we get the result by taking the direct limit in n. O

Recall from [Suz20b, Proposition 2.4.1] that for G € Alg/F, the group 7 Ext};mdmt (G, Ax) is
t

proe

the Pontryagin dual of the p-adic Tate module of the semi-abelian part Ggap, C G and the group

Ext;indrit(G, Aso)? is the Serre dual of the unipotent group G°/Ggap.

proe

Now we define
Picy = H'(X,G,,), Brx =H%*X,G,).

Theorem 1.6 follows from the above results.

PROPOSITION 11.9. The group H3(X, G,,) [poo] is connected. It is isomorphic to the Serre dual
of AX /Gy, In particular, we have H3(X, G,,) [poo] € We.

Proof. The component group of H3(X, Gm)[poo] is Pontryagin dual to the inverse limit of
H°(X,%,(1)) = AX[p"]. This inverse limit is zero since A contains only finitely many roots
of unity of order a power of p. For any n > 1, we have an exact sequence

0— AX/A" 5 HY(X,T,(1)) » H(X, Gp)[p"] = 0.
As HY(X, G,,,) € Alg/F, the inverse limit of H (X, G;,)[p"] in n is profinite. Hence the Serre
dual of H*(X, Gy,) [p™] is the inverse limit of AX/A*P", which is A% /Gy, O
Applying @n, 7o and (- )ior to (11.2), we obtain an isomorphism
moH' (X, Gyn) [p°] = Hom (moH' (X, Gy [p°], Aso)
or a Pontryagin duality
moH' (X, Gyn) [p™] ¢ moHY (X, Gy [p™] - (11.3)

On the other hand, if L x M — Z is a non-degenerate pairing of finitely generated free abelian
groups, then it induces a Pontryagin duality Hom(M,Z)/L <> Hom(L,Z)/M on the discriminant
groups. Hence the non-degeneracy of the intersection pairing (11.1) on X induces a Pontryagin
duality

8y [p>] + 8y [p™]. (11.4)

The following states that our duality is compatible with the intersection pairing.
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PROPOSITION 11.10. The pairings (11.3) and (11.4) are compatible under the isomorphism
moHY(X, G,,) = 8y in Proposition 11.2.

Proof. We may assume F = F, and it is enough to compare the two pairings on F-valued points.
By construction, (11.3) is given as follows. Let n > 1. The cup product and the trace map give
a pairing

HY (X, %,(1) x HA(X,T,(1)) = H3(X, Tn(2)) = Ay
With the exact sequences

0— A*®A, - H'(X,%,(1)) = Pic(X)[p"] — 0,

0 — Pic(X) ® A, — H*(X,%,(1)) — Br(X)[p"] — 0,

since A* ® A, is connected, this pairing induces a pairing
Pic(X)[p"] x Pic(X) ® Ay, = A, .

Taking suitable direct and inverse limits, this factors as a pairing between component groups,
which gives (11.3). We calculate it explicitly. Let p € P be arbitrary. Consider the natural maps
HY(X, %0(1)) = H' (K, An(1)),

H' Ky, An(1)) = HE(Ap, Tn(1)) = H*(X, Tp(1)).

We have a commutative diagram of pairings
HY(X,%,(1)) x H*X,%,(1) — H3}X,%,2) — A,
HY K, A1) x HY(KpAn(1)) — H2(Kp,An(2) — A‘n

where the lower pairings are the cup-product pairing and the trace map. We also have a com-
mutative diagram

Hl(X, ‘In(l)) — Hl(K, An(l))

| |

Pic(X)[p"] —— (K*/A*) ® Ay,
where the lower horizontal map comes from the exact sequence
0— A" - K~ —>@Z—>Pic(X)—>O,
qeP

and a commutative diagram
Kf®A, —— Pic(X)®A,
Hl(vaAn(l)) — HQ(Xazn(l))a

where the upper horizontal map factors as the valuation map K,f ® A, — A, followed by the
map 1 — [p]. Hence we have a commutative diagram of pairings

Pic(X)[p"] x Pic(X)®A, — A,

l | |

(KX/A )@ Ay x KX ®©A, — Ay,
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where the lower pairing is given by the tame symbol map f(pX X pr — k(p)* followed by the
valuation map on k(p)*. Hence the value of the upper pairing at an element (D, [p]) is given as
follows. Represent p™D by a rational function f € K*. Take a prime element 7 of the local ring
of A at p. Consider the tame symbol {f, 7}, € r(p)*. Then vy ({f,7}p)/p" € A is the value
of the pairing (11.3) at (D, [p]).

The second pairing (11.4) is given as follows. Let D,p and f be as above. The divisor on X
defined by f is the sum of p"*D and another divisor E supported on Y. Consider the intersection
number E - [p]. Then (E - [p])/p" € Aw is the value of the second pairing at (D, [p]).

Therefore, it is enough to show that

Vepy({fomtp) = E - [p].

Suitably replacing the resolution X, we may assume that the divisor on X defined by f, p and Y
is supported on a strict normal crossing divisor. Let 1 be the generic point of the irreducible
component of Y containing the specialization of p in Y. Then we can see that these two numbers
are both equal to Vg, (f)- O

12. The case of finite residue field

In this section, we prove Theorem 1.7. We deduce it from Theorems 1.2 and 1.4 by apply-
ing RT'(F, -).

Assume F' = F,. Let #p00t be the pro-étale site of a point [BS15, Example 4.1.10]. Identify a
profinite set with the affine F-scheme having the same set of points. This defines a morphism of

sites

indrat
F proet

Its pushforward functor is simply denoted by I'(F, -) by abuse of notation. Let Fin, be the
category of finite abelian p-groups. Let IPFin, be the ind-category of the pro-category of Fin,,.

Spec — *proet -

DEFINITION 12.1. Define Wy C IPFin, to be the full subcategory consisting of objects G' that
fit in an exact sequence

0-G —-G—-G" =0,
where G' = lim __, G, is profinite (with G, € Finy) and G" = lim _, G7 is ind-finite (with
G € Fin,), both indexed by N.

All objects of Wy are locally compact and, in particular, Hausdorff.

PROPOSITION 12.2. Let G € Wy. Then RHom., .. (G, A) is concentrated in degree zero with
cohomology given by the usual Pontryagin dual of G. In particular, Hom,,., (G, Ax) € Wo.

Proof. This is obvious if G is finite. Let G = lim _. Gy be profinite (with Gy, € Finp). Then
R Hom*proct (G7 AOO) = hﬂ R Hom*proct (Gn7 AOO)
by the same argument as in the proof of [Suz20b, Theorem 2.3.1(c)] (see also the proof of [BS24,
Proposition 8.10]). Let G = lim _ Gy be ind-finite (with Gy, € Finy). Then
R Hom*proet (G7 AOO) =R @ R Hom*proet (Gﬂ? AOO)

n

by [Suz20b, Proposition 2.2.3]. Combining all these, we get the result. O
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Note that non-Hausdorff groups may have non-vanishing Ext!: we have
RHom, . (AN/APN AL) = AN/A®N 1],
PROPOSITION 12.3. Let G € D°(Findat) be such that HIG € Wy for all . Then RI'(F,G) €

proet
DY (%proet) and HY(F, G) € W) for all . The group HY(F,G) is profinite if G is pro-algebraic and
ind-finite if G is ind-algebraic. We have an exact sequence
0— H'(F,m(H"'G)) = HY(F,G) —» I'(F,H'G) - 0
for all q.

Proof. Let G € Alg,, /F be finite étale. Then H%(F, Q) is finite for ¢ = 0,1 and is zero otherwise.
Let G € Alg,/F be connected. Then H?(F,G) is the finite group G(F') for ¢ = 0 and is zero
otherwise. Let G = &inn G, € Wr be connected pro-algebraic (with G,, € Alg, /F connected
such that G, 41 — G, is surjective with connected kernel). Then

RT(F,G) = RhmRFFG R£_ ) = G(F)

by [Suz20b, Proposition 2.2.4(b)], and G(F) is profinite. Let G = lim G, € Wr be connected
ind-algebraic (with G,, € Alg, /F connected unipotent such that G,, < G,+1 is injective). Then
RL(F, G) = iy RT(F, Gy) = lin(Go(F)) = G(F)

by [Suz20b, Proposition 2.2.4(b)], and G(F') is ind-finite. Combining all these, we get the re-
sult. O

The composite functor

D(US,et) D(*proet)

is denoted by RI'(Ug, -) by abuse of notation, with cohomologies H4(Ug, - ). The composite
functor

RT(Ug,-) ) RI(F,-)

D (Fmdrat

proet

RT.(Ug,) ) RT(F,-)

D(U&et) D(*proet)
is denoted by RI.(Ug, -) by abuse of notation, with cohomologies H¢ (Usg, -).

D ( Flndrat

proet

PROPOSITION 12.4. Let n > 1 and q,r € Z. Then the objects H1(Ug, T,(r)) and HZ(Us, T,,(1))
are in Wy for all q and are zero for all but finitely many q. We have a perfect pairing

RI(Ug, % (r)) @F RT(Ug, Tn(2 — 1)) = Ao[—4]
in D(sproet) and a Pontryagin duality
HY(Ug, %, (r)) & HY9(Us, Tn(2 —1)).
Proof. This follows from the perfect pairing
RT(Ug, Ty (r)) @ RT.(Ug, (2 — 7)) = Aso[—3],
[Suz20a, Proposition 4.2.1] and Propositions 12.2 and 12.3. O

This proves Theorem 1.7.

Finally, we give a local version of this theorem. Let K and k be as in Section 5. The composite

functor
D(Ket) RF(K’ ) D(Flndl‘at) RF(F")

proet

D(*proet)
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is denoted by RI'(K, -) by abuse of notation, with cohomologies H?(K, - ). The composite functor

RT(Ok,-) RI(F,-)
_— ) ———

D(OKﬂt) D(*proet)

is denoted by RI'(Ok, -) by abuse of notation, with cohomologies H9(Ok, -). The composite
functor

D (Findrat

proet

RTc(Og,-) RI(F, ")
R Joe s

D(Oxet) D(Fﬁ?gé?t D (#proet)
is denoted by RI'.(Og, -) by abuse of notation, with cohomologies H¢ (O, -).
PRrorPOSITION 12.5. Let n > 1 and q,r € Z. Then we have
HYK, A, (r)), H(Ok,%p(r)), H(Ok,Tn(r)) € Wo .
We have perfect pairings
RT(K, Ay (r)) @ RT(K, Ay (2 — 1)) — Aoo[-3],
RT(Ok,Tp(r)) @ RT(Ok, T (2 — 7)) — Aoo[—4]
in D (*proet) and Pontryagin dualities
HI(K, Ay (1)) < H UK, Ay (2 — 1)),
HY Ok, %p(r)) < H Ok, Tn(2 —1)).
Proof. This follows from the perfect pairings
RT (K, Ay (r)) @ RT(K, Ap(2 — 7)) = As[~2],
RT(Og, Ty(r) @ RT.(Ok, Tn(2 — 7)) = Aso[-3],
[Suz20a, Proposition 4.2.1] and Propositions 12.2 and 12.3. O
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