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A Serre-type spectral sequence for motivic
cohomology

Fabio Tanania

ABSTRACT

In this paper, we construct and study a Serre-type spectral sequence for motivic coho-
mology associated with a map of bisimplicial schemes with motivically cellular fiber.
Then, we show how to apply it in order to approach the computation of the motivic
cohomology of the Nisnevich classifying space of projective general linear groups. This
naturally yields an explicit description of the motive of a Severi—Brauer variety in terms
of twisted motives of its Cech simplicial scheme.

1. Introduction

One of the greatest features of topology is the abundance of powerful computational tools. The
Serre spectral sequence associated with a fibration is a notable example that allows one to extract
information about the cohomology of the total space, once the cohomology of the base and of
the fiber is known. As a particular case, when the fiber is a sphere, the Serre spectral sequence
gives back the Gysin long exact sequence associated with a sphere bundle.

The development of motivic homotopy theory made it possible to efficiently import topological
techniques into the algebro-geometric world. This translation is usually not straightforward or
even unique (for example, unlike in the topological picture, in motivic homotopy theory we have
several classifying spaces, each one corresponding to a different Grothendieck topology). Most
of the time, in fact, it is not clear how the topologically inspired tool should look in the motivic
world and what assumptions are needed in order to make the translation successful.

In this paper, we would like to propose the construction of a Serre-type spectral sequence
for motivic cohomology. This spectral sequence arises from a Postnikov system in a certain tri-
angulated category of motives associated with a morphism of bisimplicial schemes whose fiber
is motivically cellular, that is, a direct sum of Tate motives. As in topology, our Serre spectral
sequence reconstructs the motivic cohomology of the total space out of the motivic cohomology
of the base and the cellular structure of the fiber. It is a natural generalization of the Gysin long
exact sequence that was first introduced by Smirnov and Vishik in [SV14] for computing the
motivic cohomology of the Nisnevich classifying space of orthogonal groups, and subsequently
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A SERRE-TYPE SPECTRAL SEQUENCE FOR MOTIVIC COHOMOLOGY

studied by the author in [Tan22] for the general case of morphisms of simplicial schemes with
reduced Tate fiber (the motivic analogs of sphere bundles). To construct our spectral sequence,
we need to work with bisimplicial schemes instead of simplicial ones. Indeed, we want to allow
simplicial fibers that are in some sense infinite-dimensional. We also want to point out that a mo-
tivic Serre spectral sequence of a different nature was recently developed by Asok, Déglise and
Nagel in [ADN20]. A significant difference resides in the fact that, while the latter is achieved by
filtering with respect to the d-homotopy t-structure whose slices are homotopy modules, in our
spectral sequence the slices are, instead, Tate motives.

The Gysin long exact sequence for motivic cohomology was successfully exploited for comput-
ing the motivic cohomology ring of the Nisnevich classifying space BG for some linear algebraic
groups G, which in turn produced new subtle invariants for G-torsors. These new invariants,
unlike the usual ones coming from the motivic cohomology of the étale classifying space Bg G,
take values in a more informative object, namely the motivic cohomology of the Cech simplicial
scheme of the torsor under study.

More precisely, the Gysin sequence was used for orthogonal groups in [SV14], for unitary
groups in [Tan19] and for spin groups in [Tan22]. Unfortunately, some algebraic groups are out
of its range of application, for example the projective general linear group PGL,,. The cohomology
of its classifying space is notoriously difficult to study even in topology, where, nevertheless, some
important results are known thanks to the use of the Serre spectral sequence. For example, the
singular cohomology of BPU,, was computed in low degrees by Antieau and Williams in [AW14]
and by Gu in [Gu2la]. Moreover, the singular cohomology groups and the Chow groups of the
étale classifying space of PGL, for an odd prime p were completely computed by Vistoli in
[Vis07]. The Nisnevich classifying space of PGL,, was first studied by Rolle in [Rol18]. In this
paper, we show how to apply our spectral sequence to obtain some information about the motivic
cohomology of BPGL,. Indeed, we use the Serre spectral sequence developed here for the obvious
map BGL,, - BPGL,, with fiber BGy, in order to compute the motivic cohomology of BPGL,
in low motivic weights.

As noted before, investigating classifying spaces from a cohomological point of view is essential
for the program of classifying torsors of linear algebraic groups. For example, the importance of
studying Nisnevich classifying spaces for the classification of quadratic forms was highlighted by
Smirnov and Vishik in [SV14]. In the case of projective general linear groups, torsors are central
simple algebras, and a better understanding of the Nisnevich classifying space of PGL,, provides
information about them.

Motivic descriptions of geometric objects related to central simple algebras have been widely
investigated in the last decades. For example, Karpenko showed in [Kar96] that the Chow motive
of the Severi—Brauer variety associated with a central simple algebra is the direct sum of twisted
copies of the motive of the Severi—Brauer variety associated with the underlying division algebra,
while the latter is indecomposable. In [KL10], Kahn and Levine obtained a Postnikov tower in the
Voevodsky’s triangulated category of motives for the Severi—Brauer variety associated with a di-
vision algebra of prime degree. In [Shil4], Shinder studied the slice filtration for the motive of the
group of units of a division algebra of prime degree, which involves the motive of the associated
Cech simplicial scheme. In this paper, we show how to apply the techniques developed here to ob-
tain a description of the motive of a Severi-Brauer variety associated with any central simple alge-
bra in terms of the respective Cech simplicial scheme. That description also induces a spectral se-
quence whose first differential is fully understood, strongly converging to the motivic cohomology
of the Severi-Brauer variety starting from the motivic cohomology of its Cech simplicial scheme.
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F. TANANIA

As we have already pointed out, a complete description of the singular cohomology of BPU,,
seems to still be out of reach. Nevertheless, in [Gu21b] and [Gu20], Gu constructed non-trivial
torsion classes in the cohomology ring of BPU,, and in the Chow ring of BgPGL,, over the
complex numbers, by using Steenrod operations and the cycle class map going from Chow groups
to singular cohomology. These important results shed new light on the structure of these rings.
In this paper, by following the lead of [Gu21b] and [Gu20], we show that there are similar non-
trivial torsion classes in the motivic cohomology of the Nisnevich classifying space of PGL,,. By
exploiting the homomorphism in motivic cohomology induced by the canonical map BPGL,, —
B« PGL,, (that replaces the cycle class map over general fields), we then generalize Gu’s results
on the torsion classes in the Chow ring of BgPGL, to fields of characteristic not dividing n
containing a primitive nth root of unity.

Outline. In Section 2, we introduce the main notation we need in this paper. In Section 3,
we recall a few things about Postnikov systems in triangulated categories and induced spectral
sequences. Section 4 is devoted to the introduction of the triangulated category of motives over
a bisimplicial scheme that is modeled on the one constructed for simplicial schemes by Voevodsky
in [VoelOa]. Sections 5 and 6 contain the main results of this paper, that is, the construction
of the Serre spectral sequence for motivic cohomology (see Theorem 5.11) and the investigation
of its multiplicative structure (see Theorem 6.13). In Section 7, we apply the latter to compute
the motivic cohomology of the Nisnevich classifying space of PGL,, in low motivic weights (see
Theorem 7.3). Section 8 provides a Postnikov system for the motive of a Severi-Brauer variety
(see Proposition 8.4). Finally, in Section 9, we find torsion classes in the motivic cohomology of
BPGL,, generalizing some results from [Gu21b] and [Gu20] (see Corollary 9.6).

2. Notation

Here we fix some notation we use throughout this paper.

k infinite perfect field

R commutative ring with identity

Yoo smooth bisimplicial scheme over k

d(Ye.) diagonal simplicial scheme of Y, o

DM _;(k, R) triangulated category of motives over k with R-coefficients
DMQ_H(Y.V., R) | triangulated category of motives over Y, o with R-coefficients
DM(;h(Y.,, R) | localizing subcategory of coherent motives over Y, e with R-coefficients
T unit object in DM ;(k, R)

H**(—,R) motivic cohomology with R-coefficients

H**(—) motivic cohomology with Z-coefficients

CH*(—) Chow groups, that is, CHY(—) = H?%4(—)

Hs(k) simplicial homotopy category over k

H(k) Al-homotopy category over k

BG, Nisnevich classifying space of the simplicial algebraic group G,
B G étale classifying space of the algebraic group G

PGL, projective general linear group

A central simple algebra over k

SB(A) Severi-Brauer variety associated with A

Xa motive of the Cech simplicial scheme of SB(A)
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3. Some general facts about spectral sequences

Let us start by recalling some well-known facts about Postnikov systems in triangulated ca-
tegories, spectral sequences associated with them and convergence issues (see [Boa99, GMO03,
McCO01]).

Throughout this section, we denote by C a triangulated category, by A an abelian category
and by H: C — A a cohomological functor, that is, an additive contravariant functor sending
distinguished triangles in C into long exact sequences in .A.

DEFINITION 3.1. An exact couple in A is a triangle

D ‘ D

oA

E

that is exact at each vertex.

The morphism d defined as the composition jk is a differential; that is, d?> = 0. Set E' =
ker(d)/im(d) and D’ = im(i). One can define morphisms j': D’ — E’ and k’': E' — D’ by
J'(i(z)) = j(z) and k' ([y]) = k(y) for any x € D and y € ker(d). The triangle

D' ! D'
N A
El
obtained in this way is again an exact couple, called the derived couple. Reiterating this con-

struction, one gets a sequence of objects F, in A, endowed with differentials d,., each of which is
the homology of the previous one. More precisely, we can give the following definition.

DEFINITION 3.2. The sequence {E,,d,},>1 constructed inductively by
E, =ker(dy_1)/im(d,—1)

is called the spectral sequence associated with the exact couple in Definition 3.1.

In practical situations, one often encounters bigraded exact couples, which naturally give rise
to bigraded spectral sequences {Ef’t, dfn’t}TN. We now provide the definition of the limit page of
a bigraded spectral sequence.

DEFINITION 3.3. Let {Eﬁ’t,dﬁ’t}pl be a bigraded spectral sequence, and suppose that there
is an integer (s, t) such that E* = Ef('; p for any r > r(s,t). Then we say that the spectral

sequence abuts to EY = Ei(tst)

At this point, let us recall some notions about filtrations and convergence of spectral sequences
from [Boa99].

An increasing filtration of an object G in A is a diagram of the following shape:

iy Pl F2 ey oo P ey Pt o oL @G
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DEFINITION 3.4. The increasing filtration {F"™},,cz of G is said to be
(1) exhaustive if G = lim F™,
(2) Hausdorff if lim ~F"™ =0,
(3) complete if Lgl}n F™ =0.
In practice, one is often interested in filtrations of graded objects. So, for any F° in the
filtration we denote by F*! its graded component in degree ¢.
DEFINITION 3.5. A spectral sequence associated with an exact couple is called

(1) weakly convergent to G if there exists an increasing filtration of G that is exhaustive and
such that B3 = F5t/Fs=Lt for any s,

(2) convergent to G if it is weakly convergent and the filtration of G is Hausdorff,

(3) strongly convergent to G if it is weakly convergent and the filtration of G is complete
Hausdorff.

We now recall the definition of a Postnikov system in a triangulated category (see [GMO03]).

DEFINITION 3.6. A Postnikov system for an object X in C is a diagram

. Xi_|_1 XZ te X2 X = Xl ’
(1] i (1] J/ 1] l (1] l
Yin Y; Yy Y;

where all the triangles are distinguished triangles in C.

One can always construct an exact couple associated with a Postnikov system by applying
a cohomological functor H. More precisely, we have the bigraded exact couple

where D%! = HY(X) := H (X [-t]), E>' = H'(Y;) := H(Ys[—t]) and the morphisms i: D%! —
DstLt g pst — EsTLHL and k: E%' — D%t are induced by the morphisms in the Postnikov
system.

As usual, we obtain an increasing filtration of the object H!(X) in A given by

FUley PPl ey ooy psmblb oy Pty o HY(X),

where F*' = ker(H'(X) — H*(X,)) and the morphism H'(X) — H'(X,) is the one induced by
the Postnikov system. Moreover, observe that the filtration {F s’t}s>1 just introduced is complete
Hausdorff since it is bounded from below, but that it is not necessarily exhaustive. Anyway, we
have the following result that guarantees the strong convergence of the spectral sequence just
constructed, provided that a certain condition holds.

THEOREM 3.7. If hﬂs H*(X;) = 0, then the spectral sequence associated with the Postnikov
system in Definition 3.6 is strongly convergent to H*(X).

Proof. See [Boa99, Theorem 6.1]. O
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4. Motives over a bisimplicial scheme

For technical reasons, in this paper we need to work over bisimplicial schemes. To this end, we
need a triangulated category of motives over a bisimplicial scheme. The triangulated category
of motives over a simplicial scheme was introduced and studied by Voevodsky in [VoelOa]. More
recently, Cisinski and Déglise constructed in [CD19] a triangulated category of motives over an
arbitrary diagram of schemes indexed by a small category. We point out that the constructions
and results we need from [VoelOa] extend to the bisimplicial case in a straightforward way. In
this section, we briefly summarize them.

Let Y, be a smooth bisimplicial scheme over k. Following [VoelOa, Section 2|, we de-
fine Sm /Y, o in the following way.

DEFINITION 4.1. Denote by Sm /Y, . the category whose objects are triples (U, 1,h), where 4
and h are non-negative integers and U is a smooth scheme over Yj 5, and whose morphisms from
(U,i,h) to (V, j, k) are triples (f, ¢,), where ¢: [j] — [i] and v: [k] — [h] are simplicial maps
and f: U — V is a morphism of schemes such that the following square commutes:

v vy

L

Yip —=Yip.
Yy TP

We can also define presheaves on Y, o following [VoelOa, Definition 2.1].

DEFINITION 4.2. A presheaf of sets (respectively with transfers) on Y. o consists of a collection
{Fin}inso of presheaves of sets (respectively with transfers) on Sm /Y together with a mor-
phism of presheaves of sets (respectively with transfers) Fy Y(;"w (Fj k) — F; , for any simplicial
maps ¢: [j] — [i] and v: [k] — [h], such that Fgia = id and Fyayp: Y, y5(Fmn) = Fip is
equal to the composition of Y Fio g1 Y, Y s(Finn) — Y], (Fjg) and Fy 0 Y7 (Fjk) = Fip,

)

where a: [m] — [j] and §: [n] — [k] are simplicial maps.

Denote by PShv(Y,.) the category of presheaves of sets on Y, and by PST(Y,., R) the
abelian category of presheaves of R-modules with transfers on Y, .. Note that PShV(Y.,) is
nothing but the category of contravariant functors from Sm /Y, o to Sets.

If F = {F;n}in>0 is a presheaf of sets on Y, o, then Ry F' = { R, Fj 5 }in>0 is a presheaf with
transfers on Y, o. In particular, denote by Ry, (U, i, h) the presheaf with transfers associated with
the representable presheaf of sets corresponding to (U, i, h).

Let SmCor (Y, ., R) be the full subcategory of PST(Y, o, R) whose objects are arbitrary direct
sums of objects of the form R, (U, 1, h).

LEMMA 4.3. The category PST(Y, ., R) is naturally equivalent to the category of R-linear con-

)

travariant functors from SmCor(Y, e, R) to the category of R-modules that preserve coproducts.

)

Proof. See [Voel0Oa, Lemma 2.3]. O

The previous result allows one, as usual, to construct left resolutions Lres(F') consisting of
representable presheaves with transfers for any F' in PST(Y, o, R).

For any non-negative integers ¢ and h, denote by 7; 5: SmCor(Y;p, R) — SmCor (Y, ., R) the
functor that sends U to Ry (U, i, h). These functors induce in the standard way pairs of adjoint
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functors

Tihgt: PST(Yin, R) = PST(Yso, R) 77y
There are similar functors 7; o : SmCor(Y; o, R) = SmCor(Y, o, R) sending R (U, k) to R (U, i, h),
which induce pairs of adjoint functors

Tie#: PST(Ye, R) = PST(Yee, R) : r;i. ,
and 74 5 : SmCor (Y, 4, R) = SmCor(Ys e, R) sending R, (U, ) to R (U, 1, h), which induce pairs
of adjoint functors
Ten#: PST(Yep, R) 2@ PST(Yee, R) : rih.
Finally, we can also consider the diagonal functor d: SmCor(d(Ys.), R) — SmCor (Y, ., R)
that sends Ry (U, i) to Ry (U, i4,4). As usual, this functor induces a pair of adjoint functors
dy: PST(d(Yea), R) = PST(Yes, R) : d*.

As in [VoelOa, Section 3], we can define the tensor product of presheaves with transfers F
and G on Y, . in the following way:
(F X G)i,h = (Fi,h X Gi,h) = ho(Lres(F@h) X Lres(Gi’h)) .

Let D(Y, o, R) be the derived category of complexes on PST (Y, o, R) bounded from above. Then,
the tensor product just defined induces a tensor triangulated structure on D(Y, ., R) given by

L
K ® L = Lres(K) ® Lres(L)

for all complexes of presheaves with transfers K and L. The unit of this tensor structure is the
constant presheaf with transfers also denoted by R whose components are the constant presheaves
with transfers on each Yj 3.

LEMMA 4.4. Consider the bisimplicial object LRq o in SmCor(Y, o, R) with terms
LRi,h = Rtr(Y;Jn i? h)

and the obvious structure morphisms. Let LR, be the total complex of the corresponding double
complex. Then there is a natural quasi-isomorphism LR, — R.

Proof. See [Voel0Oa, Lemma 3.9)]. O

Let Wi‘flh(Y.,., R) be the class of complexes on PST(Y, o, R) obtained as r; 5 4 (W (Y, 5, R)),
where We(Y; , R) is defined in [Voel0a, Section 4].

Let W (Y, o,R) be the smallest localizing subcategory of D(Y, 4,R) containing all M/ie}l(Y.,,R).
A morphism in D(Y, ., R) is called an Al-equivalence if its cone lives in W (Ye o, R). 7

DEFINITION 4.5. The triangulated category DM;H(Y.V., R) of motives over Y, o is the localization
of D(Y, ., R) with respect to Al-equivalences.

What follows consists of several properties of the restriction functors whose simplicial analogs
can be found in [VoelOa, Sections 3 and 4].

The family {r}},}i >0 induces a family of restriction functors from D(Ys e, R) to D(Yip, R),
with corresponding left adjoints Lr; j, «, that respect Al-equivalences. Hence, we get a family of
restriction functors {r};, }i n>0 from DM 4(Ye e, R) to DM 4 (Y;p, R) that is moreover conserva-
tive. The same is also true for the families of functors {r;,}i>0 and {r; ; }n>o.
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The diagonal functor d* also induces a functor from D(Y, ., R) to D(d(Yse), R), with left
adjoint Ldy, respecting Al-equivalences. Therefore, we get a diagonal restriction functor d*
from DM 4 (Ye o) to DM _;(d(Ye.e)).

The tensor product on D(Y, +, R) respects Al-equivalences, making DM _4(Ye e, R) into a ten-
sor triangulated category. All restriction functors introduced above respect this tensor structure.

There are also standard functoriality properties. If p: Y, o — Y,’y. is a morphism of smooth
bisimplicial schemes, then we get a pair of adjoint functors

Lp*: DM_4(Yy.,R) & DM _4(Yee,R) : Rp..
If p is smooth, then Lp* = p* and there is also the following adjunction:
Lpy: DM ;(Yee, R) & DM _4(Yy ., R) = p*.
In particular, we have a pair of adjoint functors
Ley: DM 4 (Yoo, R) 2 DM 4(k,R) = ¢,
where c: Y, o — Spec(k) is the projection to the base.

DEFINITION 4.6. A Tate object T'(q)[p] in DM 4(Ys o, R) is defined as ¢*(T'(q)[p]). In general,
for any motive M in DM _;(k, R), we also denote by M its image c¢*(M) in DM _;(Ye o, R).

Remark 4.7. Note that by [CD19, Theorem 11.1.13] (which holds true over any diagram of
schemes), the unit object 1" is compact (and so are all T'(¢)[p]) in DM _4(Ye. ., R).

A smooth bisimplicial scheme Y, o induces a bisimplicial object R (Yeo) in SmCor(k, R).
Then, one can define the motive M(Y,,) of Y, in DMG_H(k,R) as the total complex of the
double complex Ry, (Y «) associated with Ry, (Ye o). It is an immediate consequence of Lemma 4.4
that

M(Yeo) = LeyT.
This definition naturally extends the definition of the motive of a simplicial scheme given in
[VoelOa, Section 5] to the bisimplicial case. Note that, by the Eilenberg-Zilber theorem, M (Y, )
and M (d(Ye,.)) are isomorphic in DM _;(k, R). In particular, they have the same motivic coho-
mology.

The most important result that we need in the following sections is the following.

PROPOSITION 4.8. Let Y, o be a smooth bisimplicial scheme. Then, there is an isomorphism
HomDM;H(y,mR) (T(q/)[p/], T(q)lp]) = HomDMe‘H(k,R) (M(Y.,.)(q')[p/], T(q)[p])

for all integers q, ¢', p and p'.

Proof. See [VoelOa, Proposition 5.3]. O

5. A Serre spectral sequence for motivic cohomology

The main purpose of this section is to construct Postnikov systems in a suitable triangulated
category of motives and to study the associated spectral sequences. More precisely, we set our
triangulated category C to be DM _;(Ye o, R), our abelian category A to be the category of left
H**(Y,., R)-modules and our cohomological functor H to be motivic cohomology H**(—, R).

For all ¢+ > 0, denote simply by
77t DM _;(Ye e, R) = DM _;(Y;e, R)
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the restriction functors 7";-"7. introduced in the last section, and by Lr; » the respective left adjoint
functors. The image of a motive N in DM _;(Ys o, R) under 7 is simply denoted by Nj.

Now let us recall some facts about coherence from [SV14] and adapt them to the bisimplicial
case we are interested in.

DEFINITION 5.1. A smooth coherent morphism of smooth bisimplicial schemes is a smooth mor-
phism 7: X, — Y, such that there is a cartesian square of simplicial schemes

T
Xjo—Yje

Xgi lye

Xi,o P > }/'i,o

for any simplicial map 6: [i] — [j].

DEFINITION 5.2. A motive N in DM (Y, o, R) is said to be coherent if all simplicial morphisms
6: [i{] — [j] induce structural isomorphisms Ng: LY, (N;) — N; in DM _;(Yj., R). The full
subcategory of DM (Y, e, R) consisting of coherent motives is denoted by DM_ | (Y., R).

Remark 5.3. Note that DM;)h(Y.,, R) is a localizing subcategory of D/\/le_ﬂ(Y.,., R). Since Ly
maps coherent motives to coherent ones for any smooth coherent morphism 7, we have that
M(X.’. LN Y.V.) is an object in DM__, (Yoo, R), where M(X.’. NN Y.V.) is the image L7y (T) of

coh

the unit Tate motive in DM _3(X, ., R).

PROPOSITION 5.4. For any motive N in DM__

filtration

(Yoo, R), there exists a functorial increasing

(N)<o = (N)<s1 == (N)<n-1 = (N)<p = -+ = N
with graded pieces (N), = Cone((N)<p-1 = (N)<n) = Lrngry(N)[n] that converges in the
sense that
@(N)gn 1d-sh, (N)<n = N
n n

extends to a distinguished triangle, where sh: (N)<p,—1 — (N)<y, is the map from the filtration.

Proof. The proofs of [SV14, Propositions 3.1.6 and 3.1.8] extend verbatim to the bisimplicial
case. O]

The next proposition is a generalization of [SV14, Proposition 3.1.5]. Indeed, it allows us
to construct Postnikov systems for coherent motives with simplicial components that are direct
sums of Tate motives satisfying some specific conditions. The proof follows the guidelines of
[SV14, Proposition 3.1.5] and essentially reproduces the same arguments in our more general
context. Before proceeding, we need to define a strict order relation on the bidegrees (q)[p].

DEFINITION 5.5. We set (q)[p] < (¢')[p] if and only if one of the following two conditions is
satisfied:

(1) ¢<d;
(2) q=¢ and p < p'.
For any j > 0, let 7V be the possibly infinite direct sum @[j T(q;j)p;] in DM 4 (k, R) such

that (¢;)[pj] < (¢j+1)[pj+1), and let N in DM, (Y, o, R) be a motive such that its simplicial
components N; in DM (Yo, RR) are isomorphic to the direct sum ;. T’ 7,
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Note that in DM _4(Y1 ., R), the automorphism group Aut (@]}0 T7) consists of invertible
upper triangular matrices since

HomDM;H(YL,,R) (T, T(q)[p]) = H" (Y16, R) =0
for any (q)[p] < (0)[0].

Recall that, since N is coherent, for any simplicial map 6: [i] — [j], the structural map
Ny: LY (N;) = Nj is an isomorphism. In particular, we have two automorphisms

Ny, : LY3 (No) = @TJ — N; = @TJ
Jj=0 Jj=0
and
Ny, : LY, (No) = @TJ — N; = @TJ
7=0 7=0
DEFINITION 5.6. Denote by w’¥ the composition Np, o Na_o1 belonging to Aut(Np). For any
7 = 0, consider the homomorphism Aut(@ >0 Ti ) — Aut (Tj ) that sends each invertible upper
triangular matrix to its jth diagonal entry. Denote the images of w!¥ under these homomorphisms

N
by Bk

Remark 5.7. Suppose that I; is a finite set of order n;, and let CC(Y,.) be the bisimplicial
set obtained by applying to Y, o the connected components functor CC' that sends a connected
scheme to the point and respects coproducts. Denote its geometric realization by |CC(Ys)|.

If the non-abelian cohomology H'(|CC(Y,.e)|, GLy, (R)) is trivial, then w is the 1dent1ty

In fact, wév is an automorphism of 77 in DM _4(Y1,e, R), thus an invertible element of

HomDMCH(Yh’ (T9,79) H@HomDMcﬂylh (T, T) H@HO (Yie, R

by Remark 4.7.

Note that H%Y(Yi ., R) is the free R-module of rank given by the number of connected

components of Y; .. Hence, if we fix a connected component of Y] ., then w¥ restricts to an

J
H@R%Mnj(R),
I; I
N

that is, to an element of GL,, (R). This way, one can see w;

M1 (|CC(Yee)|) — GLy, (R),
so as an element of H'(|CC(Y,4)|, GLy, (R)).

invertible element of

as a morphism of groupoids

PROPOSITION 5.8. Let N be a motive in DMCOh(K7., R) such that its simplicial components N;
in DM (Yi e, R) are isomorphic to the direct sum @, T7, where T’ is the possibly infinite

direct sum @ T(q;)[p;] such that (q;)[p;] < (¢j+1)[pj+1] for all j.
If ij is trivial for any j > 0, then there exists a Postnikov system in DM _4(Ys o, R)

. . NI+ N N1 N = NO
k i 1] l ] l ] i
Tj+1 Tj Tl TO
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such that the simplicial components Nl-j are isomorphic to the direct sum @,@j Tk and the
morphisms r (N7 — T7) are the natural projections D>, Tk — T9 in DM 4(Y; e, R).

Proof. To construct the desired Postnikov system, we just need to produce morphisms N7 — T7,
where each N7 is defined as the cone of the previous morphism, namely N7 = Cone (Nj*1 —
T971)[~1]. We proceed by induction.

Notice that each simplicial component of N is isomorphic to @ >0 T79 and TV is the direct sum
of possibly infinite T'(qo)[po] such that (go)[po] < (g;)[p;] for any j > 1, by hypothesis. By applying
the triangulated functor Ley to the filtration of Proposition 5.4, one gets a filtration (LeygN)<p
for Ley N with graded pieces (Leg N)n = @50 @, M (Yne)(g;)[pj+n]. Following the lines of the
proof of [SV14, Proposition 3.1.5], we denote by (Lc4N )~y the cone Cone((LeyN)<n — LeyN)
and by (LcgN)m>s>n the cone Cone((LeygN)<p — (LegN)<m) for any m > n. Now, note that

id-sh
(LepN) sy = Cone(@ (LegN)mzssn = (LC#N)m>*>n>

m>n

and moreover (LcyN)p>w>n is an extension of (LeyN)y, for n < k < m. Therefore, we have that
HomDM;H(kvR)((Lc#N)w, T% =0,
Homp, = 4,y (LegN)>1, T7) 20,
HomDM;H(k,R) ((LC#N)>1, To[l]) >~

since HomDMQH(k7R)(M(Yn7.),T(q)[p]) = 0 for any n > 0 and any (q)[p] < (0)[0]. We deduce

from these remarks and from the application of the cohomological functor Homy, , , —(k,R) (—, TO)
to the distinguished triangle

(LegN)o = Ley N — (LeypN)so — (LegN)o[1]
that there exists an exact sequence
0 — Homp - . 5y (Leg(N),T°) — Hom,, Moy (b ) (Lego(No), T°)
— HomDMgﬁ(k’R) (Lega(Ny), TY).
Repeating the same arguments for 79 in DM, (Yoo, R), one gets a similar sequence
0 — Homp -~ 1 r) (Leg(1°),1°%) — Homyp, (- (r,r) (Lego(T°),T°)
— Homp, i~ 4 p) (Lewq(T°),1°) .

At this point, we want to produce an isomorphism between Hom,, M (h,R) (Lc#(N ),TO) and

Hom,, M (k,R) (Lc# (TO),TO). To do so, we need to identify the last morphisms of the two exact
sequences. Since in the exact sequences only the Oth and the 1st simplicial components appear, it
is enough to get a compatibility between the coherent system (N;, Ng) and that of T° for i = 0,1
and simplicial maps 0: [0] — [1], where Ny is the structural isomorphism LY, (Ng) — Np in
DM _4(Y1,e, R). In other words, we want a commutative diagram

. N .
N =@ TV =N =P, T

! i

T° T .
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Indeed, we have such a commutative diagram since by hypothesis w(])V is trivial. Hence, the two
exact sequences above coincide. Then, we have that

HomDMC_H(Y.,.,R) (N’ TO) = HomDM;H(k,R) (LC#(N)vTO) = HomDMC_H(k:,R) (LC# (To)’TO)
(Yo.0,R) (TO’ TO)

by adjunction, and the identity of 79 provides the desired morphism N — T whose restriction on
each simplicial component is given by the natural projection @,@0 T+ — T9. It follows that N}

& HomD Mo

is isomorphic to Py, T k for any i. This proves the base case of the induction.

Now, suppose that we have a morphism from N* to T% for any 0 < k < j — 1, where each
NP is defined as Cone(N*~1 — T*~1)[—1]. We denote by N7 the cone Cone(N’~! — T9=1)[—1].
Notice that the simplicial components of N7 are all isomorphic to @12 y T! and TV is the direct
sum of possibly infinite T'(g;)[p;] such that (g;)[p;] < (¢)[p] for any I > j + 1, by hypothesis.
Therefore, by applying the same arguments as those for the base case to N7, using the fact
that wév ’ = wjv is trivial by hypothesis, we see that there exists a morphism N7 — T7. This
completes the proof. O
Remark 5.9. We point out that if there exists an integer k such that I; is empty for all j > &,
the previous result provides a finite Postnikov system for N in DM _4 (Y, o, R).

We want to apply Proposition 5.8 to produce a spectral sequence for morphisms having
motivically cellular fibers, that is, fibers whose motives are direct sums of Tate motives satisfying
certain conditions. First, we need to construct suitable Postnikov systems. The next result is
a generalization of [Tan22, Proposition 4.2].

PROPOSITION 5.10. Let m: Xq4 — Yoo be a smooth coherent morphism of smooth bisimplicial
schemes over k and A, a smooth simplicial k-scheme, and, for any j > 0, let T7 be the possibly
infinite direct sum of Tate motives EB[j T(q;j)p;] in DM _;(k, R) such that (q;)[p;] < (¢j+1)[Pj+1]-
Moreover, suppose that

(1) over the Oth simplicial component, 7 is isomorphic to the projection Y e x Ae — Y0 e;

(2) (,UM(X.’.A)Y.’.)
J

(3) M(Ad) = @,.0T' € DMk, R).
Then, there exists a Postnikov system in DM (Y, o, R)

is trivial for any j > 0;

NI+l NI . N2 N1 M(X.p L Yo,o) = N°
] l il l g l g l g i
Ti+1 T T2 T 7°

such that the simplicial components Nij are isomorphic to the direct sum @,@j T* and the
morphisms rf (N7 — TY) are the natural projections D> Tk — T9 in DM (Y;e, R).

Proof. By the coherence of 7, we have that m;: Y; 4 X Ag = X; 4 — Y; . is the projection onto
the first factor for any 4. It follows that the coherent motive N° (see Remark 5.3) has simplicial
components given by N = M(A,) in DM 4(Y;., R) for any i. Therefore, Proposition 5.8 implies
the existence of the desired Postnikov system in DM _4(Ye e, R), and the proof is complete. [J

Recall from Section 3 that, once we have constructed a Postnikov system in a triangulated
category and considered a suitable cohomological functor, we can obtain a spectral sequence
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which may converge if some extra requirements are met. The following theorem just states
the existence of a strongly convergent spectral sequence related to the Postnikov system of
Proposition 5.10.

THEOREM 5.11. Let m: Xoo — Yoo be a smooth coherent morphism of smooth bisimplicial
schemes over k and Ao a smooth simplicial k-scheme satisfying all conditions of Proposition 5.10.
Moreover, for any bidegree (q)[p], suppose that there is an integer | such that (q)[p] < (q;)[pi]-
Then, there exists a strongly convergent spectral sequence

Ef,q,s — HHp—ps,q—qs (Yoo, R) = HP(Xe4,R).
Is
Proof. We start by applying the construction of the exact couple associated with a Postnikov
system of Section 3 to the cohomological functor Hom, M (Yo R)(—, T(q)), for any g. This way,
we get a spectral sequence with Ej-page given by
EP = Homp, - (v, (T T(@)lp)) = [[ BV 790 (You R)
I,

The filtration we are considering is defined by F™ = ker(H**(Xqo, R) = H*(N™, R)). To get
the strong convergence, we need to check that li mH**(Nm,R) > (. Since all the N™ are

coherent motives, by Proposition 5.4 we have filtrations (N™), with graded pieces (N™),, =
Lry, yr} (N™)[n]. Hence, we have filtrations (LcygN™)<, with graded pieces

(LepN™)n = D @ M (Vo) (gr) [Pk + 7] -
k>m Iy

Now, fix a bidegree (q)[p]; then, by hypothesis, there exists an integer [ such that (¢q)[p] < (¢;)[p1],
from which it follows that

12

HomDM;H(k,R)((LC#Nl>n’T(Q)[p]) 0

for any n. Therefore,
Homp - v.m) (Leg (N'), T(q)[p]) 20,

from which we deduce by adjunction that HP-4 (N Z,R) 2 (0, which implies, in particular, the
triviality of hﬂm H**(N™, R). Hence, by Theorem 3.7, we obtain the result. O

The next result assures that the spectral sequence just constructed is functorial.

PROPOSITION 5.12. Let 7: Xeo — Yoo and 7': Xy, — Y, , be smooth coherent morphisms
of smooth bisimplicial schemes over k and A, a smooth simplicial k-scheme that satisfies all
conditions from Proposition 5.10 with respect to ' and is such that the following square is
cartesian with all morphisms smooth:

Xo7o — Y;,.

pxl ipy
X —=Y/_ .
Then, the induced morphism LpyyM (Xes & Yaa) — M(X,, =5 Y.,) in DM (Y., R)

extends uniquely to a morphism of Postnikov systems where, for any j > 0, pr#Tj — T7 is
given by @, M (py)(q;)lp;]-
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Proof. We denote by N7 the objects from the Postnikov system of 7 and by N’/ those from the
Postnikov system of 7’.

First, recall that by Proposition 5.4, there is a filtration of Ley N J with graded pieces

(LegNT), = EDED M (Yoo) (ax) lpk + 7l -
k>j I

It follows that

12

HomDMe—ﬁ(k,R)((Lc#Nj)n,Tj—l[fl])20 and HomDM;H(k,R)((LC#Nj)n,Tj_l) 0

for any n since, for any k > j, we have that (gj—1)[pj—1] < (¢x)[px] by hypothesis. Therefore,

o N N
Homp v vy, (Epy N7, TV [=1]) = Homp g, |y (N7, 7771 [1])
~ ] —1
o HomDM;H(ij) (LC#N],TJ [—1])

12

0

and, similarly,

HOmDMe_ﬁc(Yol,.,R) (pr#Nj’ Tj—l) ~ Hom'DMe_H(Y.ﬂ.,R) (]\[]7 Tj—l)
= HomDM*H(k,R) (LC#NJ'7 Tj—l) =),

from which we deduce that there are no non-trivial morphisms from Lpy 4 N7 to either T77~1[—1]
or T~ for any j.

Now, we can construct the morphism of Postnikov systems by induction on j. The base case
is provided by the square of motives in DM _ (Y] ,, R) induced by the geometric square of the
hypothesis. By the induction hypothesis, there is a morphism Lpy 4 N7t — N"7=1 Tt follows that
there exist unique morphisms LpY#Tj_1 — T9=1 and pr#Nj — N fitting into a morphism
of Postnikov systems in DM (Y, ,, R)

- —— Lpy N7 Lpy4Ni—t ——
pr#TJ_l
NI NGO oL
. l /

Ti—1.

If we restrict our previous diagram to the Oth simplicial component, we obtain in D./\/l;ff(%/’,, R)

399



F. TANANIA

the morphism of Postnikov systems

T @k;j prO#T’f @k;j—1 LPYo#Tk —
k /
prO#Tjil
. @k>j T* @k>j—1 T*
[1] ‘/ /
it

where each triangle is split. By hypothesis, the morphism Lpy,#T7~! — T7~1 in the previous
diagram is basically given by @; | M(py;)(¢j-1)[p;j—1], while the map Lpy,u Ny ™' — NI s
given by @kz;j—1 @[k M (pyy)(ar) [px]-

Now, note that by Remark 4.7, the morphisms LpyxT7 — T7 and @I]- M (py)(q;)[p;] are
both in

Homgp, v~ vy o gy (Loy#T?, T7) 2 Homp, |y (17,5 T7)

= HomDM_H(Y.., TJ T] H@HOO Yoo, R),

and, for the same reason, (Lpy,xT7 — T7) = @Ij M (py,)(gj)[p;] is in
HomDMC_H(YO”.,R) (LpyyT7,T7) = Homp v~ (v;..1) (77, 3, T7)

= Hotllp v (v, R )(TJ T7) = H@HOO Yoo, R

Recall that H OD(Y.,,R) is the free R-module with rank equal to the number of connected
components of Y, and, analogously, HO’O(YO,,R) is the free R-module with rank equal to
the number of connected components of Y .. Since, as in the argument at the end of [Tanl9,
Proposition 3.4], the homomorphism

rg: HY(Yae, R) = H*(Yo,0, R)

is injective, we deduce that LpyxT7 — T7 and @ I M (py)(q;)[p;] are identified, which completes
the proof. O

Remark 5.13. Note that we can always “dilute” the Postnikov system of Proposition 5.10 by
allowing some empty sets I;. In particular, if we are in the situation of Proposition 5.12 but
without assuming that the square is cartesian (that is, 7 and 7’ both satisfy the conditions
of Proposition 5.10 with possibly different fibers A, and Aj, respectively), we can stretch the
Postnikov systems for N and N’ so that they have the same set of weights (take, for example, the
union of the two sets of weights). Then, by the proof of Proposition 5.12, we still have a unique
morphism of Postnikov systems. The only thing we lose is the description of the morphisms on
the slices pr#Tj — T, which indeed requires the square to be cartesian.

We would like to finish this section by establishing a comparison between the spectral sequence
presented here and the Serre spectral sequence associated with a fiber bundle in topology. Recall
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that in topology, for a fiber sequence
F—-F—B
with 71 (B) acting trivially on H*(F'), one has a spectral sequence converging to H*(FE)

Ey' = H*(B,H'(F)) = H*(E)
called the Serre spectral sequence (see for example [Swi75, Theorem 15.27]).

Analogously, our spectral sequence allows us to somehow reconstruct the cohomology of the
total bisimplicial scheme from the cohomology of the base and of the fiber, provided that the
fiber is motivically cellular. Moreover, the triviality condition on the wjj.\/[(x"'_)y"’) for any 7 > 0
is reminiscent of the topological condition on the triviality of the action of m;(B) on H*(F'). On
the other hand, the main difference between the two spectral sequences resides in how they are
obtained. In fact, while the topological Serre spectral sequence is classically achieved by filtering

the base, our spectral sequence is instead realized by filtering the fiber.

6. The multiplicative structure

We are now ready to discuss the multiplicative properties of the motivic Serre spectral sequence
constructed in the previous section.

DEFINITION 6.1. A set of bidegrees {(g;)[p;]} >0, ordered as in Definition 5.5, is called collinear
if pigj = qipj for all 4,5 > 0. A motive >0 T7 is called collinearly weighted if its set of bidegrees
is collinear.

Note that if A, is a simplicial scheme whose motive is M(A.) = ;- T7, then p; > q; > 0
for all j > 0 (with pg = go = 0). Hence, if M(A,) is collinearly weighted, its set of bidegrees is
contained in a maximal collinear set of type {(¢k)[pk]}r>0 for some relatively prime p > ¢ > 0.

Let m: Xoo — Yoo be a map satisfying the conditions of Proposition 5.10 with a collinearly
weighted M (A,), and consider the associated diagonal map A: Xe e — Xee XY, . Xee. Note that
the sets of weights of M (A,) and M (Ae X As) are both contained in the same maximal collinear
set.

Now, construct the Postnikov system for N, according to Proposition 5.10, with M (A,) =
D=0 T*, where {(qx)[pr]}x>0 is the corresponding maximal collinear set of weights (we are
allowing some I}, to be empty). Then, consider the Postnikov system for N ® N parametrized in
the same way, provided by Proposition 5.10, whose slices are given by

(N®N)*/(N®@ N)¥! = Cone(N@ N)"' - (NeN)F) = @ T'eT7.
i+j=k

By Remark 5.13, the morphism N — N ® N induced by A extends uniquely to a morphism
of Postnikov systems N* — (N ® N)¥ in DM _;(Ye o, R).

At this point, we would like to produce some Cartan—Eilenberg systems out of these Postnikov
systems in order to study the multiplicative structure of our spectral sequence. The standard
reference for Cartan—Eilenberg systems and the multiplicative structure of spectral sequences is
[Doub9], but in this section, we will mainly refer to [Rog21], where general definitions and full
proofs can be found. We start with some preliminary results.

Remark 6.2. Let M and N be extensions of Tate motives such that the lowest bidegree of the
slices of M is strictly greater than the greatest bidegree of the slices of N (with respect to the
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order in Definition 5.5). Then there are no non-trivial morphisms from M to N since the motivic
cohomology groups of simplicial schemes are trivial in negative motivic weights and in motivic
weight 0 with negative topological degrees.

LEMMA 6.3. For any i <4’ and j < j' satisfying i < j and i < j', there exists a unique
n: Nz"+1/Nj/+1 . Ni+1/Nj+1
such that the following diagram is commutative:
N +1 Ni’—l—l/Nj'-i-l
o
N+l N+ NG+

Proof. Consider the diagram

NI +1 Ni+1 NI+ NI+ s NI+
o]
NI+1 N+l N+ NI+ NIHL]]

obtained by completing the leftmost commutative square to a morphism of distinguished trian-
gles. The map 7 is uniquely determined since there are no non-trivial morphisms from N j/H[l]
to Nit1/Ni+l by Remark 6.2. O

LEMMA 6.4. For any i < ¢ < " and j < j' < j” satisfying i < j, 7' < j and i" < j”, the
composite

Nz'”Jrl/Nj”+1 N Ni’+1/Nj’+1 o, Ni+1/Nj+1
equals n: N*'+1/NI"+1  Nitl/ NI+

Proof. This follows easily from Lemma 6.3. 0
For any i < j < k, denote by & the composite NiT!/Ni+1 — NI+L[1] — NI+ /NF+HI1],

LEMMA 6.5. For any i <4, j <j' and k < k' satisfying i < j < k and i/ < j' <K/, the diagram

Ni’+1/Nj’+1 _ 4 Nj’+1/Nk’+1[1]

y I

Ni+1 NI+ - NI+ NF+1[]
is commutative.
Proof. By Lemma 6.3, we have two commutative squares

NEHL NG+ s NI'HL[]] s NI+ /NR L)

| | lﬁ

Ni+1/Nj+1 . Nj+1[1] . Nj+1/Nk+1[1]

Y

where the horizontal composites are both § by definition. O
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LEMMA 6.6. For any i, j and k satisfying ¢ < j < k, there is a distinguished triangle
NIHLNEFL By Nl kL By il L O Nt R
Proof. Consider the diagram
NI+ N+l Nz‘+1/Nj+1 Nj+1[1]

| | l

Nj+1/Nk+1 - Ni+1/Nk+1 Nz‘+1/Nj+1 Nj+1/Nk+1[1]

obtained by completing the leftmost commutative square to a morphism of distinguished trian-
gles. Then, by Lemma 6.3, the middle bottom horizontal map is also 5, while the right bottom
horizontal map is § by definition. O

PROPOSITION 6.7. The motivic cohomology groups
H**(S, t) — H** (N—t+1/N—s+1)

for all s < t, together with the homomorphisms n* and 0* induced by, respectively, n and 9,
constitute a cohomological Cartan—Filenberg system.

For the notation of cohomological Cartan—Eilenberg system, see [Rog21, Definition 6.1.1].
Proof. The result is a direct consequence of Lemmas 6.4, 6.5 and 6.6. ]

Our aim now is to produce a pairing of Cartan—Filenberg systems. To do so, we need some
technical lemmas.

LEMMA 6.8. For any i, j and k satisfying ¢ + j < k, there exists a unique
f: (N®N)/(N® N ! 5 N/NFL g N/NITL
such that the following diagram is commutative:
N®N (N®N)/(N @ N)k+!

o

N/Ni+1 ® N/Nj+1 )

Proof. The map f exists and is unique since there are no non-trivial morphisms from either
(N @ N)k1or (N ® N)k1] to N/N** @ N/Ni*! by Remark 6.2. O

From now on, we will denote by 7j and § the maps attached to the Postnikov system for N@N.
LEMMA 6.9. For any i < i, j < j' and k < k' satisfying i + j < k and i’ + j' < K/, the diagram
(N ®N)/(N @ N)F+ s (N @ N)/(N @ N)k+L

| s

N/N"+1 @ N/NJ'+1 N/NH+l @ N/Ni+!

nen

is commutative, and the composites equal f.

Proof. This follows easily from Lemma 6.8. O
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LEMMA 6.10. For any i <, j < j' and k < K satisfying i + j' <k, +j <k and i’ + j' <K,
there exists a unique

F- (N Q N)k—i—l/(N & N)k’-I—l N Ni—‘rl/Ni'-‘rl Q Nj—l—l/Nj'-I—l

such that the following diagram is commutative:

(N @ N1 /(N @ N)FFH —— (N® N)/(N @ N)F+!

FJ/ if

N+l /Ni'+1 @ N+ /Ni'+1 N/N?+1 @ N/NI'+1 |
n®n
Proof. Let P be the homotopy pushout

NN+ @ NIt/ NI+ neid N/N?+1 g NI+1/NI'+1

o R

N+ /Ni'+1 @ N/NI'+L . P
and consider the diagrams
(N @ N)/(N & N)¥+1 o (N @ N)/(N @ N)FL—2s (N @ N)EH /(N @ NYF+1[1]
fi lf lg
N/Ni’+1 ® N/Nj'“ WN/NZ'-H ® N/Ni+! P[] 7
(V& N)/(N @ N1 e (N o N) /(N © N1 T (N N)FL/(N @ NP+ [1] T

] ! !

- - - - PN -
N/NTH @ N/NIH e NN @ NNV e NUHNTHL G N/NT 1] o

and

(N ® N)/(N @ NFH o (N @ N) /(N @ N 2o (N @ NN @ N)FH[1] -

] ! ’

i'+1 441 i'+1 j+1 i'4+1 J+1 /75’ +1
N/N* T @ N/N “aen N/N ® N/N e N/N ® NITH/N. [1]?1@77

obtained by completing the leftmost commutative squares to morphisms of distinguished trian-
gles. Note that the maps ¢, ¢’ and ¢’ are uniquely determined since there are no non-trivial
morphisms from (N @ N)¥1/(N @ N)¥+1[1] to any of N/Nt! @ N/Ni+1 N/Ni+1 @ N/Ni'+1
and N/N“+! @ N/N7+! by Remark 6.2.

Hence, the composite

g/
(N ®N)k+1/(N ®N)k’+1 (9 ) (Ni—i-l/Ni’-i-l ®N/Nj’+1) ) (N/Ni/“ ®Nj+1/Nj’+1)
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is trivial since both ¢¢’ and v ¢” equal g. It follows that there exists a map
F- (N ® N)k+1/(N ® N)k’-f—l N Ni-i—l/Ni'-i-l ® Nj+1/Nj/+1
. id /
such that the composite <1n§g) o I equals ( 5,, )

Therefore, we have that
(n®n)oF=(n®id)o(iden)o F = (n@id)og':foﬁ.
Let P’ be the homotopy pullback

P N/Ni’—I—l ® N/Nj—H

ln@id

N/N"*t @ N/NI'+1 pree N/N*+t @ N/NI+TL

and consider the distinguished triangle
Ni-i—l/Ni/-i-l ® Nj—‘rl/Nj’—f—l nedn N/Ni/—‘rl ® N/Nj,—‘rl — Pl N Ni-l—l/Ni/-i-l ® Nj—‘rl/Nj/—f—l[l] )

Since there are no non-trivial morphisms from (N®N)*+1 /(N @ N)¥+1 to P'[—1] by Remark 6.2,
we conclude that F' is uniquely determined. O

PROPOSITION 6.11. Foranyi <4, j <j, k<K, <U',m <m' andn < n' satisfying i+ 7' <k,
i+ i<k i+ <K, l+m'<n,'+m<n, U +m' <n, i< j<m, k<n, ¢ <l',577<m/

and k' < n’, the diagram

(N @ N)™1/(N @ N)"+ — (N @ N)*1/(N @ N)F+1

v E

Nl+1/Nl’+1 ® Nm+1/Nm’+1 Ni+1/Ni’+1 ® Nj+1/Nj’+1
nen
is commutative, and the composites equal F.
Proof. This follows easily from Lemma 6.10. O

PROPOSITION 6.12. For any 4, j and r > 1, the diagonal composite in the diagram

(N®N)i+j—r/(N®N)i+j—r+l F

\

P (N®N)i+jfr+1/(N®N)i+j+1[1] n®s

\

Ni—r—l—l/NH—l ®Nj—7‘+1/Nj+1 [1]

Ni/NH-l ®Nj—7"/Nj—r+1

i—r ) ATi—r+1 o NI/ NI+
N=T/Ni=r+1g Ni/N -

equals the sum of the two outer composites.
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Proof. Let P’ be the homotopy pullback

P’ Y N’i*T‘/Ni*T“Fl ® Njfr/NjJrl

¢ iid@n
Ni=T N+l @ Ni=T JNi=7+1 i Ni= INi=T+1 @ Ni=7 /NI=1+1 |
and consider the distinguished triangle
Ni—r-l—l/NH-l ®Nj—r+1/Nj+1 M Ni—r/NH—l ®Nj—r/Nj+1 ~p
g Nz'—r—i—l/NH-l ® Nj—r+1/Nj+1[1] _
Then, the commutative square

(N @ N)i+i—m+1 /(N @ NYi+it1 o (N @ N+~ (N @ N+t

| v

N+ N+l @ Ni—r+1 /Nt N7 /N+l @ NI—7 NI+

nen

induces a unique map G: (N ® N)™ =" /(N ® N)*="+1 5 P’ on the cones since there are no
non-trivial morphisms from (N ® N)7="+1 /(N ® N)*i+1[1] to P’ by Remark 6.2.

Note that the map

n®id
(Ni/NiJrl ®Njfr/Njfr+1) D (Nifr/NifrJrl ® Nj/Nj+1) <id®77> Nifr/NifrnLl ® Nj*T/Nj*T‘l’l

factoring through (N*~"/N**t! @ NI=7/NIi=r+1) @ (N7 /N~ @ NI=" /NI+1) is trivial by
Remark 6.2. Hence, there exists a unique

(O[,ﬁ): (NZ/NH-I ® Nj—T/Nj—T—l-l) D (Ni—r/Ni—r+1 ® Nj/Nj—H) N P/
such that (ii) o (a,B) = (”%id . d%ﬁ). For a similar reason, there exists a unique map G’:
(N ® N)HI=" /(N ® N)"i=+1 — P’ such that (ii) oG = (£). Since (ii) oG = (£) and

(3,) o(a,B)o () =(£), it follows that G = (a, 8) o (£).

Therefore, we deduce that

Fod=00G =00 (a,fB)o (?)

At this point, we only need to identify 0 o («, 5) with (n ® d,d ® n).

Note that the commutative square

N /N @ Ni—r+1 i+ iden Nt /N#+L @ Ni=7 NI+

n®idi in@)id

N+ N+l @ Ni—r+L NI+l s Nir N+ g NI NI+
nen

induces a unique map o': N*/N*1 @ N7~ /NJ="+1 — P’ on the cones since there are no non-
trivial morphisms from N?/N+! @ Ni="+1/Ni*1[1] to P’ by Remark 6.2. For the same reason,
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we have a unique map 8': N7 /N*"H @ N7 /NITt — P/ and 9o (o/, f') = (n®5,5®@n). On the

other hand, (il,) o(a,p") = <n%id id%n)’ hence (o/, 8') = (a, 8). This completes the proof. [

THEOREM 6.13. Let m: Xeo — Yoo be a smooth coherent morphism satisfying all conditions
of Proposition 5.10 with a collinearly weighted M (A,). Then, the spectral sequence induced by

the Postnikov system parametrized with the corresponding maximal collinear set of weights is
multiplicative; that is, there are products -.: E. ® E! — E;*7 such that

d;t (a1 b) = dy(a) - b+ (=1)%a -, dl(b),
where a and b are classes in E!. and Eﬁ, respectively, and |a| is the topological degree of a.

Proof. For all r > 1, denote by ® the composite
Ni+jfr+1/Ni+j+1 N (N ® N)i+jfr+1/(N ® N)i+j+1 i} N’L’*T“FI/N’L"Fl ® Njfr+1/Nj+1 ]

By Propositions 6.11 and 6.12, the induced morphisms in motivic cohomology ®* provide us
with a pairing of Cartan—Eilenberg systems p: ((H**,n*,6%), (H**,n*,6*)) — (H**,n*,0%); see
[Rog21, Definition 6.2.1]. Then, the result follows from [Rog21, Theorem 6.2.3]. O

7. The case of BPGL,,

In this section, we want to apply the spectral sequence of Theorem 5.11 to approach the com-
putation of the motivic cohomology of the Nisnevich classifying space of PGL,,. From now on,
we assume that the base field k£ has characteristic not dividing n.

First, we recall a few definitions. For a simplicial algebraic group G,, denote by EG, the
weakly contractible bisimplicial scheme defined by

(EGa)ip = Git!

with face and degeneracy maps given, respectively, by partial projections and partial diagonals
along ¢ and by the appropriate power of face and degeneracy maps of G4 along h. Note that EG,
has a right free G4-action. Denote by BG, the bisimplicial scheme obtained as a quotient of EG,
by this action. On each simplicial component, BG, looks like

(BGo)in = G .

By abuse of notation, we also denote by EFGG, and BG, the diagonals of the respective bisimplicial
schemes.

DEFINITION 7.1 ([MV99, Example 1.11]). The simplicial scheme BG, is called the Nisnevich
classifying space of G,.

Remark 7.2. Note that the map of bisimplicial schemes EG, — BG, is smooth coherent and
that over the Oth simplicial component, it is the projection G4 — Spec(k). This is the reason why
we need to work with bisimplicial models. Indeed, these maps provide a rich source of examples
where it is possible to apply the spectral sequence in Theorem 5.11. In fact, if G is a commutative
algebraic group, then for any n > 1, there are simplicial commutative algebraic groups B"G,
each of which is the (diagonal of the) classifying space of the previous one. So, we get coherent
morphisms of bisimplicial schemes EB"G — B"T'G with fiber B"G. In particular, if G = G,
then B"G is a motivic Eilenberg-MacLane space K(Z,n + 1,1), and we know from [VoelOb]
that their motives are cellular, that is, direct sums of Tate motives. Hence, we get Serre spectral
sequences for the motivic cohomology of Eilenberg-MacLane spaces of this type.
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From the short exact sequence of algebraic groups
1—- Gy, — GL, - PGL, — 1, (7.1)

one gets the fiber sequence
BG,, - BGL, —» BPGL,, .

For our purposes, consider EBGy, X BGL,, and (EBGy, x BGL,,)/BG,, as bisimplicial models
for BGL,, and BPGL,,, respectively (see [Jarl5, Example 9.11]). The smooth coherent morphisms
of bisimplicial schemes

EBGy, xBGL,, —» (EBGy, xBGL,)/BGy,
and

EBGy,, -+ BBGy,

are both trivial projections over the Oth simplicial component with fiber BGy,. Hence, we get
a cartesian square of bisimplicial schemes

EBGy, x BGL,, —> (EBGy, xBGL,)/BGy,

| |

EBGy BBGy, .

Recall from [MV99, Proposition 3.7] that BG,, is A'-homotopy equivalent to P>, whose
motive is cellular. Indeed, we have that M (P>°) = @‘;‘;0 T'(j)[24]. Therefore, we can apply the
spectral sequence constructed in Theorem 5.11 to the BPGL,, case, which leads to the following
result.

THEOREM 7.3. There exists a strongly convergent spectral sequence
BP9 = [gP~2%975(BPGL,) = HPY(BGL,)
with differentials d2%°: EP®® — EPTL9S7T  Noreover, the differential

AP HP~25475(BPGL,,) — HP~25t34=5t1(BPGL,)

is the multiplication by s - d>"'(1).

Proof. Applying Theorem 5.11 to the map EBG,, x BGL,, — (EBGy, x BGL,,)/BG, gives the
strongly convergent spectral sequence. The description of the first differential follows easily by
induction on s. In fact, suppose d* >*"*71(1) = (s — 1) - d2"'(1). Then from Theorem 6.13,
we deduce that
2 25—2,5—1,5—1 2,1,1 2,1,1
di”>* (1) =dy () +dy (1) =s-dy (1),

which concludes the proof. O

Since the motivic cohomology of BGL,, is known, that is, H**(BGL,) = H**(k)[c1, ..., ¢,

we can “reverse engineer” the previous spectral sequence in order to obtain information about
the motivic cohomology of BPGL,,.

Before proceeding, recall that the Chern class ¢; is in bidegree (7)[2i] for any i, so we have
that HP9(BGL,,) = 0 for p > 2q.

COROLLARY 7.4. For all p > 3q + 1, we have that HP4(BPGL,,) = 0.
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Proof. We proceed by induction on ¢. For ¢ = 0, it follows from an easy inspection of the spectral
sequence that H?°(BPGL,) = HPY(BGL,) = 0 for all p > 1, which provides the base case.

Now, suppose that the statement holds for all motivic weights less than q. The Ei-page of
the spectral sequence is

E?Q:S — Hp72s’qis(BPGLn) .

Consider p > 3¢ + 1; then p —2s > 3¢+ 1 — 2s > 3(¢ — s) + 1. Hence, by the induction
hypothesis, Ef""* = 0 for all s > 1. It follows that the only piece of the spectral sequence that
contributes to H?4(BGL,) = 0 for p > 3¢ + 1 comes from EP?? = HP4(BPGL,). But the
differentials d,: B2~ — EPPY are all trivial since EP~"9" = gp=1-2m4-7(BPGL,,) = 0 as
p—1—2r>3¢q—2r>3(¢q—r)+1.

Therefore, H?4(BGL,,) = EL =~ HP4(BPGL,) for p > 3g+1. This concludes the proof. [

Recall from [Jarl5, Example 9.11] that BBGy, is the Eilenberg-MacLane space K (Gyy,, 2), so
by adjunction there is a canonical element y in

H*Y(BBG,,) & H,((BBGy,Gy) = [BBGyy, BBG,)

corresponding to the identity BBGy, — BBGy, (here, by [—, —] we mean hom-sets in H(k)).
LEMMA 7.5. We have that H3'(BBG,,) = 7Z; it is generated by x.

Proof. We can apply Theorem 5.11 to the coherent morphism EBG,, - BBGy, with fiber BG,.
Note that for ¢ = 0, the differentials are all trivial, and we get

HPY(EBG,,) = E?Y =~ gPY(BBG,,),

from which it follows that H*9(BBG,,) = Z and HP*(BBG,,) = 0 for p # 0.

To compute H*'(BBG,,), since Ef’l’l ~ HYY9(BBG,,) =20, the part of the E1-page we need
consists only of the groups E?’l’o =~ H3Y(BBG,,) and Ef’l’l =~ H9%9(BBG,,) = Z linked by the
differential d>"': HO(BBG,,) = Z — H>'(BBG,,). Hence, we obtain

0= H*Y(EBGy) = E3M =~ H*Y(BBG,,)/im(d7™")
E210 ~ g2Y(BBG,,)
and
~ 2,1,1
E%M ~ ker (dy7) .
Therefore, from the short exact sequence

0— E2Y0 - H*Y(EBG,) 20— EZM — 0,

7171

one gets that d% is an isomorphism, which completes the proof. ]

The right vertical map in (7.2) induces in H4(k) a class of [BPGL,,, BBG,] = H>'(BPGL,)
that classifies the central extension (7.1) (see [Roll8, Theorem 1.2]). Denote this canonical el-

ement by x. Note that = is nothing but the image of xy under the induced homomorphism
H3Y(BBGy,) — H>'(BPGL,).
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THEOREM 7.6. In motivic weights 0, 1 and 2, the following isomorphisms hold:

HP?(BPGL,) = {Z’ p=0,
0, otherwise;
k™, p=1,
HPY(BPGL,) =2 Z/n-z, p=3,
0, otherwise;
HP2(k),  p<e,
pn (k) p=3,
HP*(BPGL,) 2 k*/n-2 @ Z, p=4,
7]2- 2%, p =06 and n even,
0, otherwise.

\
Proof. The result follows from the spectral sequence in Theorem 7.3.
Let us start with the case ¢ = 0. Then, the only possibly non-trivial groups in the Ej-page
are Ef’o’o =~ [gr9(BPGL,) for p > 0. In this case, the differentials are all trivial, and we get
HP’(BCGL,) = B2 =~ grO(BPGL,),

from which the motivic weight 0 case follows.

For the case ¢ = 1, the non-trivial part of the E-page possibly consists of the groups EY 10 o

HPY(BPGL,,) for p > 1 and Ef’l’l =~ H%0(BPGL,) = Z. There is only one non-zero differential
d¥b: H*O(BPGL,) = Z — H*'(BPGL,). Hence, we obtain
H"(BGL,) = E&0 = gr1(BPGL,)
for p # 2,3,
0= H*Y(BGL,) = E%0 = > (BPGL,)/im(d"")
E210 >~ g2l(BPGL,)
and
Eggl’l = ker(d%’l’l) .
Therefore, from the short exact sequence
0— E2Y - g*(BGL,) — EZ' -0,

one gets the exact sequence

d2,1,1
0 - H*(BPGL,) - Z — Z —— H*»'(BPGL,) — 0.

At this point, we only need to understand the homomorphism Z — Z in the middle. Note that this
is just the homomorphism H*!(BGL,,) — H?*! (N 1) induced by the Postnikov system generating
the spectral sequence. Recall that H*!(BGL,) is generated by the first Chern class c¢; while
H?*Y(N') = H?Y(BGy,) is generated by the Chern class c. Since the map BG,, — BGL,, factors
through (BGy,)", the homomorphism Z — Z maps c; to nc. It follows that H*!'(BPGL,) = 0
and H>'(BPGL,) = Z /n is generated by z = d?’l’l(l), by Lemma 7.5 and the functoriality of
the spectral sequence.

For the case ¢ = 2, we have EP*" >~ HP2(BPGL,), E>*' =~ HYY(BPGL,) & k*, E>*!
H3Y(BPGL,) =< Z /n and Eil’2’2 =~ H%0(BPGL,) = Z. The possibly non-trivial differentials on
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the Ej-page are d%,2,2’ d?’Q’l and d?’m. Note that, by Theorem 7.3, the differential d‘f’m is the

multiplication by 2z, and di’z’l is surjective since H%2(BGL,,) is trivial.
From the short exact sequence

0— E>*% - H>*(BGL,) — E2*!' -0

and the identity H>2(BGL,) = 0, we get that both E*" = H>?(BPGL,)/im(dy>*) and
E3P > ker(d‘;”Q’l)/im(dlli’Q’z) are trivial. In particular, d§’2’2 is surjective, and the complex

H"®(BPGL,) 2% H3'(BPGL,) % H%2(BPGL,) — 0

is exact. The first homomorphism of this complex is Z 27 /n. Hence, when n is odd, it is surjec-
tive and H%?(BPGL,) = 0, while, when n is even, its image is Z /(n/2) and H%?(BPGL,,) &£ Z /2
is generated by z2.
From the short exact sequence
0— E3?0 & H3?(BGL,) — E3?! =0
and the fact that ¢; is mapped to nc via H>'(BGL,,) — H?>! (Nl), we get the exact sequence
0 — H>?(BPGL,) = k* S k* - k*/n— 0,
where the homomorphism in the middle can be identified with H32(BGL,,) — H>? (Nl). Hence,
H32(BPGL,) = (k).
Finally, from the short exact sequence
0— B> —» H**(BGL,) — EX*? >0,
we get the exact sequence
0 — H**(BPGL,)/im(d}*") » Z&Z — EX*? - 0.
Note that Fe?? is a subgroup of H%2 (N?) = Z. The latter is generated by ¢?, and the ho-
momorphism H*?(BGL,) — EX2? maps c7 to n?c? and ¢y to %n(n — 1)c?. At this point, we
want to prove that d3’2’2 is trivial. To this end, it is enough to prove that the homomorphism
H*?(BGLy) — H*?(N") is surjective. First, note that since H*»!(BPGL,) = 0, the homomor-
phism H%*? (N 1) — H*? (N 2) induced by the Postnikov system is injective. Hence, we get an
exact sequence
0— H*?(NY) =7 - H*?(N?) =7 2 H*> (BPGL,) = Z /n
from which it follows that H*2 (N 1) > 7 is generated by an element z mapping to nc? if n is odd
and to $nc? if n is even, in H?(N?). But ¢} — 2¢; in H*?(BGL,) maps to nc? in H?(N?) if n
is odd, while %nc% — (n+1)ce maps to %an if n is even. Therefore, d;l’m is trivial and surjective,
so H>?(BPGL,) = 0. It immediately follows that H*?(BPGL,) = k*/n - x ® Z, where the

generator of Z maps to (n — 1)c? — 2ney if n is even and to 4(n — 1)cf — ney if n is odd. This
concludes the proof. O

The next result tells us that, as expected, the interesting part of H**(BPGL,,) is n-torsion.
PROPOSITION 7.7. There are isomorphisms of H**(k, Z[1/n])-algebras

H**(BPGL,,Z [1]) = H*(BSL,,Z [1]) 2 H*(k,Z [%])[c2, ..., cn] .

1
n
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Proof. The second isomorphism is well known (already with Z-coefficients), so we only need to
show the first one.

Since the standard morphism GL,, - PGL,, is a Gy,-torsor, we have a cartesian square

GLn X Gm T GLn

| |

GL, PGL, ,

where 7 is the projection and « is the Gy-action. The latter in turn induces a cartesian square

SLn X Gm L SLn

.

GL, PGL, ,

where the morphism SL,, — PGL,, (factoring through GL,) is the usual p,-torsor.

Note that & induces a homomorphism on the motivic cohomology of the respective classifying
spaces H**(BGL,) — H**(BSLy) @y H*™*(BGy) that maps the total Chern class ce(t) =
S g cit™ " to ce(t + ¢). Hence, we get an isomorphism

Ba*: H*(BGLwZ[L]) = H™ (BSLuZ [L)) 0. sy H (BGm 2 [1]).

1 1 1
n n n
Now we want to prove by induction on the motivic weight that the homomorphism

H**(BPGLy,Z [1]) — H**(BSL,,Z [1])
is an isomorphism. We use the functoriality of the Postnikov systems provided by Proposi-
tion 5.12. For ¢ = 0 and all p, our spectral sequence implies that

HP?(BPGLy,Z [1]) 2 HP*(BGL,, Z [1]) = HP*(BSL,,Z [1]),

which provides the base case. Suppose that H?¢ (BPGLy,, Z[1/n]) & H?4 (BSL,, Z[1/n]) for all
¢’ < g and all p. Since both HP9(BPGL,,, Z[1/n]) and HP?(BSL,,Z[1/n]) can be reconstructed,
respectively, from compatible extensions of H?4 (BPGL,,Z[1/n]) and H?? (BSL,,Z[1/n]) for
q¢ < q and HP9(BGL,,Z[1/n]), the five lemma implies that

HPY(BPGL,,Z [+]) — HP9(BSLy, Z [+])

1 1
n n

is an isomorphism. That is what we aimed to show. O

8. The motive of a Severi—Brauer variety

The purpose of this section is to apply previous results to obtain a description of the motive of
a Severi-Brauer variety.

Let A be a central simple algebra of degree n and C'(SB(A)) be the Cech simplicial scheme of
the Severi-Brauer variety SB(A); that is, C(SB(A)),, = SB(A)"*! with face and degeneracy maps
given by, respectively, partial projections and diagonals. Moreover, denote by X 4 the motive of

C(SB(A)) in DM _;(k) and by X4 the PGL,-torsor associated with A; that is, X4 = Iso{A <>
My (k)}-

Remark 8.1. Since X 4 is a form of PGL,,, the scheme X4 /P is a Severi-Brauer variety for A;
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that is,
SB(A) = X4/P,
where P is the parabolic subgroup of PGL,, that stabilizes the point [0,...,0,1] in P~ Simi-

larly, let P be the parabolic subgroup of GL,, that stabilizes [0, ..., 0, 1]. Then, we have a cartesian
square

P P

.

GL, —=PGL,, ,

where the top horizontal map is a split G,-torsor since P and P can, respectively, be identified
with A" 1 x (GLj—1 X Gy,) and A1 % GL,_1. It follows that the inclusion P < PGL,, factors
through GL,, so that we have a sequence of maps

GL,.1 - P — GL,, —» PGL,,,

where the first morphism is an A'-weak equivalence and the composition of the first two maps
is the inclusion GL,_1 <= GL,. In particular, the restriction H*!'(BGL,) — H*!(BP) =
H?!(BGL,_1) is an isomorphism. Therefore, we can consider the following diagram of long
exact sequences:

H*Y(BPGL,) = 0 —= H*!(BGL,) —= H*!(N) — H*'(BPGL,) —= H*'(BGL,) = 0

| | |

H*'(BPGL,) 20— H*!(BP) —— H*!(N) — H>!(BPGL,) —— H>!(BP) ~ 0,

1%

where N is Cone(M(BGL, — BPGL,) — T)[-1] and N is Cone(M(BP — BPGL,) —
T)[-1] in DM_4(BPGL,,). By the five lemma, the homomorphism H*!(N) — H*!(N) is an
isomorphism, which means that the class = in H>'(BPGL,) is the image of a generator of
H2Y(N) = 7.

Let us denote ker (H?, (k, ui?~") — HZ, (k(SB(A)), u? ")) simply by ker,. Also, in the fol-
lowing results, we denote the étale motivic cohomology by Hg (—). So, in particular, we have
that

HEY(—,Z /n) = HY (=, u2?).
PROPOSITION 8.2. We have the following isomorphisms:
HPY(X 4) = HP(k)
for all p < q. Moreover,
HPP~HX4) 20 and HPTHP7H(X,) 2 ker,
for all p.

Proof. By the Bloch-Kato conjecture (see [Voell, Theorems 6.16, 6.17 and 6.18]), one has that
HP9(X ) = HYY(X4) and HP(k) = HL(k) for p < g+ 1. Since HY(X4) = HYY(k), we get
the first two isomorphisms of the statement.

Regarding the last one, again by the Bloch—Kato conjecture, we have that

HPP~Y(X4,Z /n) = ker,
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(see [Voell, Remark 5.3]). The short exact sequence
0-Z%Z—Z/n—0
induces a long exact sequence in motivic cohomology
= HPPTY(X ) = HPPTH(X4,Z /n) — HPPEP71(30) 25 gPPEP LX) — -
Therefore, since HP4(X 4) is n-torsion for p > ¢+ 1 and HPP~1(X4) = 0, we obtain
HPPY(X 4,7 /n) = HPTLP=Y(% ).
This concludes the proof. O
Recall from [SV14, Section 2.3.11 and Proposition 2.3.14] that in Hs(k),

C(SB(A)) = (X4 x EPGL,)/PGL, .

Thus, there is a natural homomorphism o : H**(BPGL,) — H**(X,4) induced by the map
aa: (X4 x EPGL,)/ PGL, — BPGL,,.

PROPOSITION 8.3. We have that o (z) = [A], where x is the canonical class in H*1(BPGL,)
from Theorem 7.6 and [A] is the Brauer class of A in H3'(X4) = kers.

Proof. First note that since H3!(BPGL,,) and H3!(X4) are both n-torsion, they are, respec-
tively, isomorphic to H?>'(BPGL,,Z /n) and H>Y(X 4,7 /n).

The change of topology from Nisnevich to étale gives a commutative square

H?*'(BPGL,,,Z /n) — H"(BPGL,,Z /n) = HZ2 (BPGL,, i)

| |

H2’1(%Aa Z/’I’L) = kerQ Hgt’l(%sz/”) = HéQt(ka /«Ln) s

where the bottom horizontal morphism is the inclusion of kery in the Brauer group of k. By
[Rol18, Theorem 1.2}, the right vertical morphism maps the central extension

11— u, —» SL, - PGL, — 1

(that is the image of x under the top horizontal homomorphism; see Lemma 9.1 below for more
details) to the class [A] in the Brauer group. Hence, we deduce that the left vertical morphism
does the same, as we aimed to show. ]

PROPOSITION 8.4. There exists a Postnikov system in DM _ (k)

Xa(n—1)[2n — 2] M2 - M? M! M(SB(A))
1] l 1] l 1) l 1] l
Xa(n —2)[2n — 4] a2 xa(D)]2) Xa,

where the composition X4 — M'1] — X 4(1)[3] is the class [A] in H3'(X4).

Proof. First, note that the projection to the second factor (EPGL, xEP)/P — EP/P has
contractible fiber EPGL,, over each simplicial component, so it is an isomorphism in H(k). On
the other hand, the projection to the first factor (FPGL,, xEP)/P — EPGL, /P is also an
isomorphism in H(k) since the P-torsor PGL,, — PGL,, /P = P"~! is Zariski-locally trivial. So,
we can fix EPGL, /P as a simplicial model for BP and apply Proposition 5.10 to the coherent
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morphism EPGL, /P — EPGL, /PGL, with fiber P"~!. This way we obtain a Postnikov
system for the motive of BP — BPGL,, in DM _4(BPGL,)

T(n—1)[2n — 2] N2 e N? Nt M (BP — BPGL,,)
(1] i [1] i (1] L (1] l
T(n—2)[2n — 4] T4 T2 T,

where the composition T — N[1] — T'(1)[3] is z by Remark 8.1.
Note that there is a cartesian square

(X4 x EPGL,)/P —> (X4 x EPGL,)/PGL,

l |

EPGL, /P EPGL, / PGL, .

Since the P-torsor X4 — X4 /P is Zariski-locally trivial, we have a sequence of isomorphisms

in Hs(k)
(X4 x EPGL,)/P ¢ (XA x EP)/P = (XA — X4/P) — X4/P = SB(A).

Therefore, by restricting the previous Postnikov system for M (BP — BPGL,,) along the functor
DM _;(BPGL,) — DM_;(C(SB(A))) and by applying the forgetful functor to DM (k), one
obtains the needed Postnikov system for the motive of SB(A). Then, Proposition 5.12 applied to
the cartesian square above and Proposition 8.3 guarantee that the composition X4 — M[1] —
X4(1)[3] is the class [A] in H>1(X4). O

THEOREM 8.5. There exists a strongly convergent spectral sequence

HP—28:9=5(% 0<s<n-—1,
EPS = (Fa). Osssn=1_ poagpay)
0, otherwise

with differentials d2%°: EP'®% — EPYLCS™" Moreover, the differential
dll)’q’s: Hp—2s,q—s(%A) N Hp—25+3,q—s+1 (%A)
is the multiplication by s[A] for 1 < s<n — 1.

Proof. The spectral sequence is obtained by applying motivic cohomology to the Postnikov
system in Proposition 8.4. The first differential is computed by using the same arguments as in
the proof of Theorem 7.3. O

COROLLARY 8.6. For all p > 3q + 1, we have that HP9(X 4) = 0.
Proof. The proof is the same as that of Corollary 7.4. O

As an immediate consequence of the spectral sequence for the Severi—Brauer variety, we obtain
a description of the Chow group CH?(SB(A)).

PROPOSITION 8.7. There is a short exact sequence

0 — coker(k* A, ker;) — CH?*(SB(A)) = Z — 0.

Proof. We use the spectral sequence of Theorem 8.5. In this case, the F1-page is given by

EM20 o~ gA2(x,) 2 kery, EM e H2Y(x,) 20, EM2xH0(x,) 7.
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To compute the Es-page, we also need
B 2 gl (x) =k, EPPT 2 (%) 2 kers

Note that E§’2’2 is the kernel of the differential d%’2’2: Ef’2’2 — Ei”m, that is,

2[A
E§’2’2 = ker(Z —>[ ] kers) X 7,
while E;’ZO is the cokernel of d?’Q’lz Ef’zl — Ef’z’o, that is, the cokernel of the homomorphism

-[A . . .
g A, kers. Since E25’2’O = Eir”z’o >~ H%2(X4) is n-torsion, we have that Ea’? = E§’2’2 =A

20 o pd20
= L

Moreover, EY% and we get a filtration

FY20 oy ph2l oy 422 o~ g42(SB(A))

4,2,0 4,2,1 4,2,2 . 4,2,1
such that Eoy° = F420 oot o2 a2l ) pd20 and B = 422 /421 Since B =20, we
obtain a short exact sequence

0— EL20  pt22 , p122

that is exactly the one we aimed to get. O

Proposition 8.7 was already obtained by Peyre in [Pey95] using different techniques. We have
reported this new proof anyway as an example of a possible approach to the computation of
Chow groups (and, more generally, motivic cohomology groups) of Severi-Brauer varieties by
means of the spectral sequence in Theorem 8.5. Of course, to get any information on the torsion
of CH*(SB(A)) for i > 3 by using our spectral sequence, one should first compute the HP(X 4)
for p > q + 3, which are generally unknown, to the best of our knowledge.

9. Torsion classes in H**(BPGL,,)

In this section, following [Gu21b] and [Gu20], we find torsion classes in the motivic cohomology
of BPGL,,. This also allows us to generalize some results about the Chow groups of BsPGL,,
from the complex numbers (see [Gu21b, Theorem 1.1] and [Gu20, Theorem 1]) to more general
fields. Indeed, we only require that the base field k has characteristic not dividing n and contains
a primitive nth root of unity.

First, let n = p be an odd prime, and consider the finite subgroup C), x u, of PGL,, described
in [Vis07, Section 5]. Recall that C), is the subgroup of the symmetric group S, C PGL,, generated
by the cycle 0 = (12 ... p) and p, is the subgroup of PGL, generated by the diagonal matrix
p= [w, o wPTh 1} , where w is a primitive pth root of unity. Note that po = wop in GL,, so the
two generators commute in PGL,,. The inclusion ¢: C), x u,, = PGL,, induces a homomorphism
By : H*(BPGL,,Z /p) — H**(B(Cp x ), Z /p).

Recall from Theorem 7.3 that H*!'(BPGL,) = 0 and H>!'(BPGL,) & Z /p, so the Bockstein
homomorphism B: H*'(BPGL,,Z /p) — H>'(BPGL,) is an isomorphism. Let z be the class
in H>1(BPGL,,Z /p) such that x = B(z). By [Rol18, Theorem 1.1], we know that

2,1 ~
Hi (BPGLy, Z [p) = HZ (BPGLy, 1)

is the group of central extensions of PGL,, by 1.

Before proceeding, also note that the change of topology homomorphisms

H*Y(—,Z /p) —» HZ (=, Z/p) and H>'(-) — H.'(-)
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are, respectively, a monomorphism and an isomorphism for all simplicial schemes by [Voell,
Theorems 6.17 and 6.18].

LeEMMA 9.1. The change of topology homomorphism H*'(BPGL,,Z /p) — Hé?t’l(BPGLp, Z/p)
sends z to the central extension

1— pp — SL, = PGL, — 1.
Proof. We have a commutative square
H*Y(BPGL,,Z /p) — H.'(BPGL,,Z /p) = H%(BPGL,, i1,)

q |s

H3'(BPGL,) HY'(BPGL,) = H2(BPGL,,Gy) .

Note that Hézt’l(BPGLp) ~ H%1(BPGL,) = 0, so the Bockstein homomorphism on the right is
a monomorphism. Now, the statement immediately follows from the fact that x = B(z) maps to
the central extension

11— Gn— GL, - PGL, — 1
in Hy'' (BPGL,) = HZ(BPGL,, Gy,). O

It follows from [Roll8, Lemma 2.3| that
H™(B(Cy x 1), % /p) = H*(K)[a, b u, ]/ (a® = * = 0)

with @ and b in bidegree (0)[1] and v and v in bidegree (0)[2] such that $(a) = v and 5(b) = v
(where 3 is the reduction mod p of B).

LEMMA 9.2. We have that Bi*(z) = Arab, where X is a non-zero element in Z /p and 7 is the
class in H%'(k,Z /p) = u,(k) corresponding to the primitive pth root of unity w.

Proof. Note that Bu*(z) is the class in H*'(B(C, X pp),Z /p) that maps via the change of
topology homomorphism to the central extension

1= pp—=G—=Cpxpp—1

induced by the one in Lemma 9.1. The class B.*(z) is non-zero since this extension is non-split,
but it restricts to a split extension both of C}, and of p,,.

For degree reasons, Bt*(z) has the general form
Bu*(z) = Arab+ Aytu+ A\y7o + {rofa + {rp}b,

where A, A\, and A, are in Z /p and {r,} and {ry} are in KM (k)/p. Since Bi*(z) restricts
to zero both in H*Y(BC,,Z /p) and in H*'(Bpu,,Z /p), we deduce that A\, = X\, = 0 and
{ra} = {rv} = 0. Therefore, B:*(z) = Arab. This concludes the proof. O

PROPOSITION 9.3. There are non-trivial classes zj in H2 L (BPGL,,Z /p) for all k > 0.

Proof. For all k > 0, define classes

1

2o = PP PP PPPLB(2),

where the P? are the motivic Steenrod pth power operations constructed in [Voe03].
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Since [ is a graded derivation [Voe03, (8.1)], we have that 5(z) is mapped to A7(ub — av) by
Bu*. Now, we want to prove by induction on k that
Bi*(zp ) = AP b — av?
for any k£ > 0. For k = 0, this reduces to
Bi*(zp0) = BL* (Pl B(z) = P\ (ub — av)) = AP (uPb — av?)

k41 ( k+1)

which follows from [Voe03, Proposition 9.7, Lemmas 9.8 and 9.9]. By the induction hypothesis,
we have Bu*(zp 1) = ArPt (upkb - av”k); then

k+1 (

k41 k41
u? b — av? )

B (zp) = BL* (PplC (zp,k_l)) —pr (x\TplC (upkb - prk)) = \7P
again by [Voe03, Proposition 9.7, Lemmas 9.8 and 9.9].

Hence, zp 1 is non-trivial for all k, which is what we aimed to show. ]

PROPOSITION 9.4. There are non-trivial p-torsion classes yp ) in H2pk+1+2’pk+l(BPGLp) for
all k > 0.

Proof. Define y,, 1 as B(z ), where B: H**(BPGL,,Z /p) — H**(BPGL,) is the Bockstein
homomorphism. Note that the reduction mod p of y, is nothing but ((z,), which is non-

trivial since it maps to AP (upk+1v — uvpkH) via Bu*. This finishes the proof. O

Note that the classes z, 5(2), zpr and B(zp 1) are not 7-torsion since their images under B*
are not 7-torsion.

Recall from [MV99] that the étale classifying space BeG is defined as the object R m*(BG)
in Hs(k), where (7*,Rmy) is the pair of adjoint functors induced by the morphism of sites
m: (Sm /k)¢, — (Sm /k)nis-

PROPOSITION 9.5. There are non-trivial p-torsion classes vy in CH”HI'H(B&PGLP) for all
k> 0.

Proof. By [Voell, Theorem 6.17], we have an isomorphism
H*?*(B4PGLy, Z /p) — H**(BPGL,,Z /p) .

Let ¢ be the class in H>?(BgPGL,,Z /p) lifting 72, and define

PPPLG(C).

The classes v, ;; are non-trivial since their reductions mod p map to 78(zp ). ]

1

vy = BPP PP

Let p be an odd prime dividing n. Then, the diagonal map A: PGL, — PGL,, induces
a homomorphism H**(BPGL,) = H**(BPGL,) that maps = to x. Since the classes 2, Yp i
and v, for BPGL, are constructed starting from £(z) (that is the reduction mod p of z), we
can define classes for BPGL,, in the same way. This immediately implies the following result.

COROLLARY 9.6. For any odd prime p dividing n and k > 0, there are non-trivial p-torsion
classes

(1) zpp in HZP" LY (BPGL,, Z /p),
(2) yp in HZ" 420" (BPGL,),
(3) wpk in CHP'" 1 (B4 PGL,).

418



A SERRE-TYPE SPECTRAL SEQUENCE FOR MOTIVIC COHOMOLOGY

ACKNOWLEDGEMENTS

I would like to thank Alexander Vishik and Olivier Haution for helpful conversations on the topic
of this paper. I am also grateful to the referee for very useful comments that helped improve the
overall exposition and fix some mistakes.

REFERENCES

AW14

ADN20

Boa99

CD19

Dou59

GMO03

Gu20

Gu2la

Gu2lb

Jarlh

KL10

Kar96

McCO01

MV99

Pey95

Rog21

Rol18

Shil4

B. Antieau and B. Williams, The topological period-index problem over 6-complexes, J. Topol. 7
(2014), no. 3, 617-640; doi:10.1112/jtopol/jtt042.

A. Asok, F. Déglise and J. Nagel, The homotopy Leray spectral sequence, in Motivic homotopy
theory and refined enumerative geometry, Contemp. Math., vol. 745 (Amer. Math. Soc., Provi-
dence, RI, 2020), 21-68; doi:10.1090/conm/745/15021.

J.M. Boardman, Conditionally convergent spectral sequences, in Homotopy invariant algebraic
structures, Contemp. Math., vol. 239 (Amer. Math. Soc., Providence, RI, 1999), 49-84; doi:
10.1090/conm/239/03597.

D. C. Cisinski and F. Déglise, Triangulated categories of mized motives, Springer Monogr. Math.
(Springer, Cham, 2019); doi:10.1007/978-3-030-33242-6.

A. Douady, La suite spectrale d’Adams : structure multiplicative, Séminaire Henri Cartan 11
(1959), no. 2, Talk no. 19.

S.I. Gelfand and Y.I. Manin, Methods of homological algebra, 2nd ed., Springer Monogr. Math.
(Springer-Verlag, Berlin, 2003); doi:10.1007/978-3-662-12492-5.

X. Gu, A distinguished subring of the Chow ring and cohomology of BPGL,, 2020, arXiv:
2012.00199.

, On the cohomology of the classifying spaces of projective unitary groups, J. Topol. Anal.
13 (2021), no. 2, 535-573; doi:10.1142/81793525320500211.

, Some torsion classes in the Chow ring and cohomology of BPGL,, J. Lond. Math.
Soc. (2) 103 (2021), no. 1, 127-160; doi:10.1112/j1ms.12368.

J.F. Jardine, Local homotopy theory, Springer Monogr. Math. (Springer, New York, 2015); doi:
10.1007/978-1-4939-2300-7.

B. Kahn and M. Levine, Motives of Azumaya algebras, J. Inst. Math. Jussieu 9 (2010), no. 3,
481-599; doi:10.1017/S1474748010000022.

N. A. Karpenko, Grothendieck Chow motives of Severi—Brauer varieties, St. Petersburg Math. J.
7 (199t), no. 4, 649-661.

J.A. McCleary, A user’s guide to spectral sequences, 2nd ed., Cambridge Stud. Adv. Math.,
vol. 58 (Cambridge Univ. Press, Cambridge, 2001); doi:10.1017/CB09780511626289.

F. Morel and V. Voevodsky, A'-homotopy theory of schemes, Inst. Hautes Etudes Sci. Publ.
Math. 90 (1999), 45-143; doi:10.1017/CB09780511626289.

E. Peyre, Products of Severi-Brauer varieties and Galoits cohomology, K-theory and algebraic
geometry: connections with quadratic forms and division algebras (Santa Barbara, CA, 1992),
Proc. Sympos. Pure Math., vol. 58, Part 2 (Amer. Math. Soc., Providence, RI, 1995), 369-401;
doi:10.1090/pspum/058.2/1327310.

J. Rognes, Spectral sequences, 2021, https://www.uio.no/studier/emner/matnat/math/
MAT9580/v21/dokumenter/spseq.pdf.

A. Rolle, Central extensions and the classifying spaces of projective linear groups, 2018, arXiv:
1810.07850.

E. Shinder, On the motive of the group of units of a division algebra, J. K-Theory 13 (2014),
no. 3, 533-561; doi:10.1017/1s014003007 jkt258.

419


https://doi.org/10.1112/jtopol/jtt042
https://doi.org/10.1090/conm/745/15021
https://doi.org/10.1090/conm/239/03597
https://doi.org/10.1090/conm/239/03597
https://doi.org/10.1007/978-3-030-33242-6
https://doi.org/10.1007/978-3-662-12492-5
https://arxiv.org/abs/2012.00199
https://arxiv.org/abs/2012.00199
https://doi.org/10.1142/S1793525320500211
https://doi.org/10.1112/jlms.12368
https://doi.org/10.1007/978-1-4939-2300-7
https://doi.org/10.1007/978-1-4939-2300-7
https://doi.org/10.1017/S1474748010000022
https://doi.org/10.1017/CBO9780511626289
https://doi.org/10.1017/CBO9780511626289
https://doi.org/10.1090/pspum/058.2/1327310
https://www.uio.no/studier/emner/matnat/math/MAT9580/v21/dokumenter/spseq.pdf
https://www.uio.no/studier/emner/matnat/math/MAT9580/v21/dokumenter/spseq.pdf
https://arxiv.org/abs/1810.07850
https://arxiv.org/abs/1810.07850
https://doi.org/10.1017/is014003007jkt258

Svi4
Swi7b

Tanl9

Tan22

Vis07

Voe03

VoelOa

VoelOb

Voell

F. TANANIA

A. Smirnov and A. Vishik, Subtle Characteristic Classes, 2014, arXiv:1401.6661.

R. M. Switzer, Algebraic topology - homotopy and homology, Grundlehren math. Wiss., vol. 212
(Springer-Verlag, New York-Heidelberg, 1975); doi:10.1007/978-3-642-61923-6.

F. Tanania, Subtle characteristic classes and hermitian forms, Doc. Math. 24 (2019), 2493-2523;
do0i:10.3934/dcdsb.2018262.

, Subtle characteristic classes for Spin-torsors, Math. Z. 301 (2022), no. 1, 41-74; doi:
10.1007/s00209-021-02908-2.

A. Vistoli, On the cohomology and the Chow ring of the classifying space of PGLy, J. reine angew.
Math. 610 (2007), 181-227; doi:10.1515/CRELLE.2007.071.

V. Voevodsky, Reduced power operations in motivic cohomology, Publ. Math. Inst. Hautes Etudes
Sci. 98 (2003), 1-57; doi:10.1007/s10240-003-0009-z.

, Motives over simplicial schemes, J. K-Theory 5 (2010), no. 1, 1-38; doi:10.1017/
is010001030jkt107.

, Motivic Eilenberg-MacLane spaces, Publ. Math. Inst. Hautes Etudes Sci. 112 (2010),
1-99; doi:10.1007/s10240-010-0024-9.

, On motivic cohomology with Z/l-coefficients, Ann. of Math. (2) 174 (2011), no. 1, 401
438; doi:10.4007/annals.2011.174.1.11.

Fabio Tanania fabio.tanania@gmail.com
Fachbereich Mathematik, Technische Universitat Darmstadt, Schlossgartenstrafie 7, 64289 Darm-
stadt, Germany

420


https://arxiv.org/abs/1401.6661
https://doi.org/10.1007/978-3-642-61923-6
https://doi.org/10.3934/dcdsb.2018262
https://doi.org/10.1007/s00209-021-02908-2
https://doi.org/10.1007/s00209-021-02908-2
https://doi.org/10.1515/CRELLE.2007.071
https://doi.org/10.1007/s10240-003-0009-z
https://doi.org/10.1017/is010001030jkt107
https://doi.org/10.1017/is010001030jkt107
https://doi.org/10.1007/s10240-010-0024-9
https://doi.org/10.4007/annals.2011.174.1.11
mailto:fabio.tanania@gmail.com

	Introduction
	Notation
	Some general facts about spectral sequences
	Motives over a bisimplicial scheme
	A Serre spectral sequence for motivic cohomology
	The multiplicative structure
	The case of BPGL_n
	The motive of a Severi–Brauer variety
	Torsion classes in H^{**}(BPGL_n)
	References

