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Moduli of spherical varieties and log geometry

Martin Olsson

ABSTRACT

We give moduli interpretations using log geometry of the main components of the
moduli spaces of polarized spherical varieties defined by Alexeev and Brion. The key
new insight is that logarithmic structures alone do not suffice to give a good moduli
interpretation. Instead we introduce the notion of an enriched log structure, which is a
logarithmic structure together with some extra data related to the group action on the
varieties being parametrized.

1. Introduction

This paper is a continuation of our earlier work [Ols08a, OlsO8b] on isolating main components
of moduli spaces using log geometry in the sense of Fontaine, Illusie, and Kato. In this paper
we extend our logarithmic interpretation of the main component in Alexeev’s moduli spaces for
broken toric varieties, studied in [Ols08a], to the main components in the moduli spaces for stable
spherical varieties introduced by Alexeev and Brion in [ABO6].

The basic moduli problem considered in [ABO6] can loosely be described as follows. Through-
out we work over an algebraically closed field k of characteristic 0. Let G/k be a connected
reductive algebraic group over k and fix a representation V of GG. Alexeev and Brion then con-
sider moduli of pairs (X, f), where X is a projective variety with action of G and

f: X —PV

is a G-equivariant finite morphism satisfying some conditions (it is a stable spherical variety with
weight set T'; see [AB06, §4]). In [ABO06, 4.2] it is shown that this moduli problem is representable
by a proper algebraic stack with finite diagonal .#1 py .

Fix a pair (Xo, fo) over k with X irreducible, and let Ly denote the ample invertible sheaf
f5Opy (1). For suitably chosen (Xo, Lg), there is an open substack ///F,PV,( Xo,Lo) © A py clas-
sifying pairs (X, f) such that the corresponding polarized scheme with G-action (X, f*Opy (1))
is isomorphic to (Xo, Lo). We let .t py,(x,,1,) C 41 pv denote the scheme-theoretic closure of
///I?,]P’V,(XO,LO)'

An analysis of 1-parameter degenerations exhibits toric phenomena very similar to the case of
toric varieties and polarized abelian varieties studied in [Ols08a], and this suggests there may be
a moduli interpretation using log geometry of .#r py,(x,,1,)- The aim of this paper is to explain
such a moduli interpretation.
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M. OLSSON

A degenerating family X of stable spherical varieties (say over a trait S) does have a natural
log structure My, but the induced morphism of log schemes (X, My) — (5, Mg), where Mg
denotes the standard log structure on S, is not log smooth. Perhaps more significantly, the
deformation theory of the pair (X, My) is not well behaved and one does not get a good moduli
stack using just log structures. To remedy this situation we introduce the new notion of an
enrichment on the log structure My. The definition is technical but the basic idea can be
understood as follows (for full details see Section 8).

Fix a Borel subgroup B of GG, a maximal torus 7' C B C G, let U C B be the unipotent
radical of B, and let (Xo, Lo) be an irreducible polarized spherical variety (in the setting of (X, f)
as above, the line bundle is f*@py (1)). One can then consider the ring with G := G x G,,-action
A = B0l (Xo, LY™) and the corresponding cone Cyx, := Spec(A), an affine spherical variety
in the sense of [AB06, 1.3]. The ring of U-invariants AV with its natural T-action then defines a
toric variety. Roughly speaking, the log structure alluded to above only sees information about
AU and its degenerations, but this is not enough to understand the entire ring A. Our notion of
an enriched log structure is a way to understand the degeneration of the multiplicative structure
on A and not just on AY.

More precisely, let A be the character group of T" and let AT C A be the dominant weights.
Then the character group of T:=T x Gy, C G is A x Z and the dominant weights At C A are
given by AT x Z. Let P C A* be the dominant weights of the irreducible representations which
occur in A. We then have

A = E'91761:’1417 )
where A, is a representative for the irreducible representation corresponding to p. To understand
the component of the moduli space of polarized spherical varieties containing (X, L) we essen-

tially have to understand how to deform the multiplicative structure on A. For each p € P we
have a line L, C A, of highest weight vectors, and

AU - @pEPLp .

Using the toric structure we can therefore find an isomorphism AY ~ k[P] compatible with the
torus actions, or equivalently highest weight vectors v, € A, such that v, - v, = vp14 (multipli-
cation in A). For each p, ¢,r with A, occurring in A, - A, let

mh Ay ® Ay — A,

be the rth component of the multiplication map. To get families of spherical varieties over a
ring R we can then change the multiplicative structure by multiplying the my, , by elements
Mg € B (or if we want to consider degenerations, we take Mpq € R). These elements have to
satisfy a number of compatibilities to make the resulting R-module A ®; R an algebra. Note
that the variation in algebra structure on AV obtained in this way is determined by the elements

14", but to work with the whole algebra A we need also the elements 77 .

To globalize this discussion we consider logarithmic structures. We consider proper integral
morphisms of log schemes (f, f): (X, Mx) — (T, Mr) together with a relatively ample line
bundle L on X and an isomorphism a: P =~ f, My, where Mx 7 is the cokernel in the category
of sheaves of integral monoids of the map f°: f*Mp — My. This data is required to satisfy a
number of conditions, among them that the map f.Mx — f.Mx 7 be surjective. For each p € P
the set of liftings L,, (the notation here is consistent with the preceding paragraph; L, is a global
version of the torsor of highest weight vectors) of a(p) to f.Mx has a natural action of M7 and
in fact is what we call an invertible Mp-set (see Section 2). These invertible Mp-sets behave in

592



MODULI OF SPHERICAL VARIETIES AND LOG GEOMETRY

many ways like torsors, and in particular for two invertible Mp-sets L and L’ we can form a
third L A L', and more generally for an invertible Mp-set L and an arbitrary Mp-set N we can
form L A N. A logarithmic enrichment is a collection of maps

Npq: Lp N Ly —> Mp A Ly
for each p, q,r € P with A, occurring in Aj,- A4. These maps 7, , are required to satisfy a number

of natural compatibilities (see Definition 8.6).

In the case when G is a torus, the enrichment on the log structure is no additional information
and our theory reduces to the logarithmic interpretation of the main components of moduli spaces
for broken toric varieties studied in [Ols08a].

Using the notion of enriched log structures, we relate the main components .t pv,(x,.1,) t0
a suitable moduli problem. The main result is Theorem 10.6. We construct a moduli problem
classifying enriched polarized log schemes with G-action and show that it is representable by a

proper algebraic stack e//llf’gv (Xo,Lo)" Furthermore, there is a natural morphism

/. log
T ///F,Pv,(XO,LO) > AT PV,(Xo,Lo)

which is a universal homeomorphism.

Conventions

All sheaves of monoids are assumed commutative with unit and integral. From Section 3 onward
we work over an algebraically closed field & of characteristic 0.

2. Background: invertible M-sets

2.1. Let C be a site and M a sheaf of monoids on C.

Following [Ogul4, Definition 1.4.5], an invertible M -set is a sheaf of sets S with an action of
M such that for every object U € C there exist a covering {U; — U };cr and sections u; € S(U;)
such that the maps M|c/y, — S|c/y, induced by m + m - u; are isomorphisms. An isomorphism
of invertible M-sets S — S’ is an isomorphism of sheaves of sets compatible with the M-action.

Note that if M is a sheaf of groups, then the notion of invertible M-set is equivalent to the
notion of M-torsor.

If f: M — N is a morphism of sheaves of monoids and S is an invertible M-set, then we can
form the pushout N AM S by taking the quotient of N x S by the equivalence relation generated
by (f(m)+ n,s) ~ (n,m - s) for local sections n € N, m € M, and s € S. The action of N
induced by the action on the first factor makes N AM S an invertible N-set.

In particular, if M* C M denotes the subsheaf of invertible elements, then there is a functor

(M*-torsors) — (invertible M-sets) . (2.1.1)

PROPOSITION 2.2 (See also the discussion following [Ogul4, Definition 1.4.5]). The functor
(2.1.1) is an equivalence of categories.

Proof. Both sides of (2.1.1) form stacks over C' and every object of the right side is locally in the
image by definition. So it suffices to show that the functor is fully faithful, which is immediate. O

2.3. Invertible M-sets will arise for us in the following way. Let (X, Mx) be a fine log scheme,
and let Mx — N be an injective integral morphism of sheaves of integral monoids on X. Assume
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that the quotient N/Mx is isomorphic to a constant sheaf P, and that for every specialization
of geometric points 7 — T the induced diagram

MX,ic — Nz

|

Mx 5 — Ny
is cocartesian. Let m: N — P be the projection, and for p € P let S, C N be the sheaf 7 1(p).
PROPOSITION 2.4. The natural action of Mx on S, makes S, an invertible Mx-set.

Proof. Let £ — X be a geometric point. Let us first show that the My z-set Sz is invertible.
Indeed, by [Ogul4, Proposition 2.1.5] the set Sp,z contains a minimal element ¢ € S,z. Let
t € Spz be another element. Then since ¢ and ¢ have the same image in P, there exist elements
mi,mg € Mx z such that t +m1 = g + ma. Since the map Mx z — Nz is integral, we can find
an element tp € Nz and elements mg3,my € Mx; such that t = tg + mg3, ¢ = to + my4, and
m1 + ms = mg + my. Since ¢ is a minimal element, the element my4 must be a unit, whence
t=q+ (m3—ma).

Fix a geometric point £ — X and let U — X be an étale neighborhood of & over which
there exists a section s € S,(U) whose image sz in S,z generates Sy, z. We claim that after
possibly further shrinking on U the section s defines an isomorphism My — S,. Let S, denote
the quotient S,/0%, so S, is a M x-set. A section s of S, generates S, if and only if its image
in S, generates S,. Since the sheaf S, is constructible, it therefore suffices to show that the
set of points 7 — U for which the section 5 € §p induced by s generates gp,ﬁ is stable under
generization.

To prove this let 7 — U be a geometric point specializing to a point § — U for which
Sy € gpyg is a generator. By our assumptions the map gp,g — gp}ﬁ is surjective. Let p € gpﬁ be a
minimal element and let p € S, 5 be a lifting of p. Since 5, 5 is minimal, there exists an element
m € MX@ such that p = 5, 5 + m. Therefore 5, 5 is also in the sub—HXﬁ—set of S, 7 generated
by 8p.7, whence 5, ; generates Sy, . O

2.5. For p € P let L, denote the O%-torsor corresponding to .S, under the equivalence (2.1.1).
The sheaf L, is the subsheaf of S, of sections which generate S,. For two sections e, € L, and
eq € Lg their sum e, + ¢4 inside N is an element of S,;,. We can therefore write e, 4 ¢, as
m + eptq for some elements m € My and epyq € Lpiq. The pair (m,epyq) is not unique, but
any other such pair is of the form (m + u, e, 4 — u) for some element u € 0% . We therefore get
a well-defined element of the quotient Mx A% Ly 14 of the product Mx x Ly,,4 by the action of
0% given by u * (m,e) = (m + u,e — u). In this way we obtain a map of 0%-sets

Opg: Ly N9% Ly — Mx A9X Ly

3. Spherical varieties: the basics

In this paper we follow the conventions and notation of [AB06]. For the convenience of the reader
and to fix the notation we review some of the notation and definitions from loc. cit.

3.1. For the remainder of the paper we fix the following notation. Let k be an algebraically
closed field of characteristic 0. Fix a connected reductive group G/k, and let B C G be a Borel
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subgroup with maximal torus 7" C B and unipotent radical U. We write A for the character
group of T and AT C A for the dominant weights.

If V is a finite-dimensional irreducible G-representation, then there exists a unique B-invariant
line L C V on which B acts through a character x € AT. This establishes a bijection between
the set of isomorphism classes of irreducible representations of G and A™. We fix for each A € AT
a corresponding irreducible representation V().

DEFINITION 3.2. (i) A G-variety over k is a connected, reduced, separated, finite type k-scheme
X with an action of G over k.

(ii) A polarized G-variety over k is a pair (X, L) consisting of a projective G-variety X and
an ample G-linearized invertible sheaf L.

(iii) An affine G-variety X over k is multiplicity free if the multiplicity of any irreducible
representation occurring in I'(X, Ox) is at most 1.

(iv) A polarized G-variety (X, L) is multiplicity free if for every n and irreducible represen-
tation V of G the multiplicity of V in the representation I'(X, L®") is at most 1.

3.3. Let G denote the _group Gy, X G, which has Borel subgroup B = = G, X B and maximal

torus 7 := Gy, x T. Let A = Z x A be the corresponding character group and let AJr =7Zx A" be

the dominant weights. If (X, L) is a polarized G-variety, then we can form the G- representation
R(X,L) := ®nsol(X, LZ")

and the G-variety X := Spec(R(X, L)). The scheme X is called the cone of (X, L).

An affine irreducible G-variety X is spherical if it is normal and multiplicity free. A polarized
G-variety (X, L) is spherical if X is normal and (X, L) is multiplicity free.

3.4. TFor an affine G-variety X define the weight set AT(X) C AT to be the set of A € AT for
which V(X) occurs in the representation I'(X, Ox), and the weight cone C(X) to be the cone
R>oAT(X) C Ag generated by AT(X).
For a polarized G-variety define the weight set /~\+(X, L) C AT to be A+()~(), and the weight
cone C(X,L) C Ag to be the cone C(X). Also define the moment set Q(X, L) to be
Q(X,L):=C(X,L)N ({1} x Af) CAg =R x Ag.

Then C(X, L) is the cone over Q(X,L). If X is irreducible, then Q(X, L) is a rational convex
polytope in Aﬁg called the moment polytope.

3.5. Fix a subgroup I' C A. A stable affine spherical variety with weights in ' is an affine
G-variety X satisfying the following:

(i) The variety X is seminormal.
(ii) The variety X contains only finitely many G-orbits and they are spherical.

(iii) For any G-orbit closure Y the weight group A(Y) (the subgroup of A generated by the
weight set of Y') is contained in I' as a direct summand.

Similarly, for a subgroup I' C Aa polarized stable spherical variety with weights in T' is a
polarized G-variety (X, L) satisfying the following:

(i) The variety X is seminormal.

595



M. OLSSON

(ii) The variety X contains only finitely many G-orbits and they are spherical.

(iii) For any G-orbit closure Y the weight group K(Y, L), which is defined to be the subgroup of
A generated by AT(Y, L), is contained in I" as a direct summand.

3.6. These definitions extend to families as follows. For a scheme S/k and subgroup I' C A a
stable affine spherical variety over S with weights in ' is an S-scheme f: X — S with action of
G such that the following hold:

(i) The morphism f is flat and locally of finite presentation.

(ii) For every A € A*, with corresponding representation V()), the sheaf JZoma(V (N\), foOx)
is a locally free sheaf of rank 0 or 1.

(iii) Every geometric fiber of f is a stable affine spherical variety with weights in T".

Similarly, for a subgroup I' C Aa polarized stable spherical variety over S with weights in T’
is a pair (f: X — S, L), such that the following hold:

(i) The morphism f is proper, flat, and locally of finite presentation and G acts on X over S.
(ii) The sheaf L is a relatively ample invertible sheaf on X.

(iii) Every geometric fiber of f is a polarized stable spherical variety with weights in T'.

If (X/S, L) is a polarized stable spherical variety over a connected scheme S with weights in T,
then the weight sets of all geometric fibers are the same.

4. Pavings

4.1. With notation as in Section 3, fix a subgroup I' C A and a polytope @ C I'g, and let
(X, L) be a polarized stable spherical variety with moment set () and weights in T".

Let Y C X be the closure of a G-orbit in X. Then by [AB06, Proposition 2.1.3] the pair
(Y, L|y) is again a spherical variety, and by [AB06, Proposition 2.2.3(iii)] the restriction map

HO(X,L®") — H°(Y, L®"|y)

is surjective for all n. This implies that if R (respectively, Ry ) denotes the coordinate ring of
the cone X (respectively, }7) then the induced map R — Ry is surjective. Let Qy C @ be
the moment polytope of (Y, L|y). Then it follows from [AB06, Lemma 2.3.1] that the set of
subpolytopes S = {Qy} obtained from the closures Y of G-orbits in X form a paving of @ in
the sense of [Ols08a, 3.1.1].

4.2. Pavings that arise from closed fibers of 1-parameter degenerations of irreducible spherical
varieties can be described as follows. Let V' be a complete discrete valuation ring over k with
field of fractions K, residue field F', and uniformizer 7 € my. Let (2Z7,.%)/V be a stable spher-
ical variety over V' with irreducible generic fiber and with moment polytope Q. Let R be the
coordinate ring of 27, and let R,, (respectively, Rs) denote the coordinate ring of the generic
(respectively, closed) fiber of 2. We have a G-equivariant inclusion R — R,,.

By [ABO6, Proposition 3.1.2] we can, after replacing V' by a finite extension, find a stable
spherical variety (Xo, Lo) over k such that (%£;,.%,) is isomorphic to (Xo, Lg) ®; K. We fix one
such isomorphism. Let Ry be the coordinate ring of the cone of (Xo, Lg), so R, ~ Ry ®, K. For
A in the weight set of (X, L) with corresponding representation V() let Ry x C Ry (respectively,
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R C R) denote the image of the natural map
V(A) ® Homg(V (M), Ro) — Ro (respectively, V(\) ® Homg(V (M), R) — R).
Then there exists a unique integer h(\) for which
Ry ="M Ry @1, V

as submodules of R,,.

Let P C T denote the intersection C(X,L) N T, and let Py C I' denote C(Y,L|y) NT.
By [ABO06, Proposition 1.3.1(v)] the weight set of (X, L) (respectively, (Y, Ll|y)) is equal to P
(respectively, Py).

LEMMA 4.3. The function h is linear on each Py .

Proof. Let A,n € Py be two elements and let vy (respectively, vy, vaty,) be a highest weight
vector in Ry ) (respectively, R, Roty). Then the product

(ﬂ-h()\)v)\) . (Wh(n)vn)
has (n + A)-component given by
a TR =R+ - (phOFm) gy

Since this product reduces to something nonzero modulo 7, this implies

h(X) + h(n) = h(A+17). O

4.4. In particular, we get a function h on the rational points of Q by the formula

A/ des(r)) = 3o shio).

LEMMA 4.5. The function h is piecewise linear on the rational points of Q, convex, with domains
of linearity precisely the polytopes {Qy }.

Proof. We have already seen that h is linear on each of the polytopes Qy. Furthermore, for two
elements A\, € P we must have

h(A) + h(n) = h(A+n) >0,
since for highest weight vectors vy and v, as above we must have

(7rh()‘)v)\) . (Wh(”) ‘Un) cVv- 7Th()‘+’7)v>\+n.

It remains to see that the domains of linearity are precisely the Qy. For this let \,n € P
be two elements which do not lie in a common Qy, and let vy € Ry and v, € Rp, be highest
weight vectors. Then the product

(7" Ny - (7 D,) € R

maps to zero in the coordinate ring of each irreducible component of the closed fiber. It follows
that this product lies in "M+ . Ry \ ., whence h(\) + h(n) > h() + ). This implies that
the polytopes {Qy} are exactly the domains of linearity of the function h. O

DEFINITION 4.6. Let (Xg, Lg) be an irreducible polarized spherical variety over k.
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(i) A piecewise linear function h: Q — R is admissible with respect to (Xo, Lg) if there exists
a family of polarized spherical varieties (Z°,.Z) over a discrete valuation ring V such that
(£, 2) ~ (Xo, Lo) ®j Frac(V'), such that h is the function obtained by the above construction.

(ii) A paving of Q is regular with respect to (X, Lo) if the polytopes of the paving are precisely
the domains of linearity of an admissible function with respect to (Xo, Lo).

Remark 4.7. In Lemma 5.2 below we give a more combinatorial characterization of the condition
that a piecewise linear function be admissible with respect to (Xo, Lo).

5. Encoding multiplication maps

5.1. Let K be a field of characteristic 0 (there is no harm in considering just K = k, but later
we will also want to consider extensions of k) and fix an irreducible polarized spherical G-variety
(X,L) over K. Let R denote the ring R(X, L), and let P denote the weight set A(X, L). Let Q
denote the moment polytope of (X, L). As in §4.2, for a € P let R, C R denote the image of
Homg(V(a), R) ® V(a) — R, so R, is noncanonically isomorphic to V(a) as G-representations.
For a,b,c € P let
Mgyt Ra ® Ry — Re
denote the composite of the multiplication map R, ® R, — R with the projection onto R..

For a,b,c € P write (a,b) > ¢ (or ¢ < (a,b)) if R, occurs with nonzero multiplicity in
Ry - Ry C R.

LEMMA 5.2. A piecewise linear function h: Q — R is admissible with respect to (X, L) if and
only if the corresponding function h: P — R defined by h(a) := deg(a) - h(a/ deg(a)) has values
in the natural numbers N and for every a,b,c € P with (a,b) > ¢ we have

h(a) + h(b) — h(c) > 0.

Proof. 1t follows from the construction that an admissible function has the indicated properties.
Conversely, let R € R@x K((t)) denote the K[[t]]-submodule given by ®qcpt™ @ K[[t]]® Ry. The
assumptions on h imply that R is in fact a subalgebra of R @k K((t)). It follows from [ABO06,

Lemma 2.1.5] that R defines a stable spherical variety over K[[t]], whence h is admissible with
respect to (X, L). O

5.3. Let F be the free abelian group with generators Mg b ONE for each triple a,b,c € P with
(a,b) > ¢, and let E be the quotient of F by the following relations:

. b
(i) For all a,b € P we have ngz =0.
(ii) For all (a,b) = c we have 15, =75 .

(iii) For all a,b,c,d,e, f € P (some of them possibly equal) with
e < (a,b), d < (e,c), f<(b,c), and d < (a, f)
we have
77?,(; + Nap = Ug,f + 771]:,0 -
(iv) For all a,b,c,d,e, f € P with

e < (a,b), d=<(e,c), f<(a,b), and d < (f,c)
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we have
L+l =ty + ol
There is a map
é: E — PP
sending 7, to a+b —c.

PROPOSITION 5.4. Let E be the quotient of E by its torsion subgroup. Then the map e: E — PSP
induced by € is injective.

Proof. Note that the formation of E, E, P, etc. is invariant under field extensions of K. For the
proof we may therefore without loss of generality assume that K is algebraically closed.

Consider the group algebra K[E], and let S denote Spec(K[E]). Define a graded K|E]-algebra
with G-action R as follows. The underlying graded module with G-action is just R @k K|[E].
The multiplication map, however, is given by summing the maps

Nap - Map: (Ra ® K[E]) ®k(g) (Ry ® K[E]) — R, ® K[E] (5.4.1)

over all triples a, b, ¢ with (a,b) = c.

LEMMA 5.5. This definition gives R the structure of a commutative K [E]-algebra.

Proof. The only nontrivial point is that this multiplication map is associative. To ease notation,
for a € P write V, for R, ® K[E] and let
Xap: Va®@ Vo — Ve

be the cth factor of the multiplication map, so we have x¢ , = ¢, - Mg p if ¢ < (a,b) and x¢, =0
otherwise. The associativity condition amounts to the statement that for a,b,c,d € P we have

Yoo Xeeo(xgp@id)= Y xaso(idex,).
e<(a,b),d=<(c,e) f=(b,e),d<(a,f)

Now observe that relations (iii) and (iv) in the definition of E imply that there exists a single
element ng’h . € F such that

d : d d :
Z Xe,c o (Xz,b ® ld) = na,b,c : Z me,c o (mz,b & ld)

e=<(a,b),d=<(c,e) e<(a,b),d=<(c,e)
and
d : d d .
Z Xa,f o (ld ®Xl]:,c) = na,b,c : Z ma,f o (ld ®m1{,c) :
f=(b,c),d=(a,f) f=(b,c),d=(a.f)
The associativity then follows from the fact that R is an associative algebra. O

The spectrum of RY, where as in §3.1 we let U denote the unipotent radical of B, is an
affine toric variety with torus D(P®P), and therefore is isomorphic to Spec(K[P]). Fix one such
isomorphism. Then by construction we have an induced isomorphism RY =~ Spec(K[E x P]),
where E x P is defined as in [Ols08a, 3.1.9].

Let © denote the field of fractions of K[E], and consider the é—variety Spec(Rq). It comes
equipped with an isomorphism o: RY ~ Q[P] (since nZ;b =0 for all a,b € P).
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LEMMA 5.6. There exist an affine G-variety Spec(R’) over K such thatNR’U is isomorphic to K[P)]
and a finite extension ) of Q over which we have an isomorphism of G-varieties §: Spec(R' Q@
V) ~ Spec(Rq ®q ).

Proof. Let
Mpp): (K-schemes)® — Set

be the functor, defined in [AB05, Definition 1.11], sending a K-scheme S to the set of equivalence
classes of pairs (X, ), where X is an affine G-scheme over S and ¢: X//U — Spec(K[P)]) X Spec(K)
S is a T-equivariant isomorphism (see loc. cit. for more details). There is an action of the torus
D(P®P) on Mgip): for a scheme S an element a € D(P#P)(S) sends an element [(X,:)] €
Mpgp)(S) to [(X,a0t)] € Mg(p), where we write also a for the corresponding automorphism
of Spec(K[P]) Xgpec(i) S- By [AB05, Theorem 1.12] the functor Mg p| is representable by a
quasi-projective K-scheme, and by [ABO5, Corollary 3.4] the action of D(P®P) on Mgp) has
only finitely many orbits.

The pair (Spec(Rq),o) then defines a point of My/p)(€2). Since the action of D(P*P) on
Mp(p) has only finitely many orbits, we can find a finite extension Q' of Q over which there
exists an element o € D(P#P)(Q') such that (Spec(Rq), o o) defines a K-point of Mp). The

corresponding é—variety Spec(R') over K then has the desired properties. ]

With notation as in Lemma 5.6 fix also an isomorphism of toric varieties \: Spec(R'V) ~
Spec(K[P]). The isomorphism § induces by taking U-invariants an isomorphism of toric varieties

Spec ([P]) —= Spec (R§,) . Spec (R'Y &k Q) —2 . Spec (P ,

which corresponds to an element u € D(P8P)(£Y).

With notation as in Lemma 5.6 observe that the natural map ¢: F —  induced by the
standard map E — K[E]* is injective and that £ N K* = {1}. We can read off this map ¢ from
Rq and the given identifications o,: (Rq)q =~ R, ®k 2 using the multiplicative structure on
Rq (5.4.1). Similarly, we get a map /: F — K from the pair (Spec(R’), A). The existence of the
isomorphism 4 implies that the composition of .’ with the inclusion K < ' is equal to the map

E— Q' e—u(e) e).

In particular, + and ¢/ agree on the kernel x of the map £ — P® so (k) C ENK* = 0. It
follows that £ = 0. O

6. The standard construction

In this section we construct certain families of degenerating spherical varieties with log structures.
The construction is a generalization of the toric case [Ols08a, 3.1].

6.1. Fix an irreducible polarized spherical G—VarietyN(X , L) over k, which we will refer to as
the starting variety, and let X be its cone, an affine G-variety. Let Q = Q(X,L) C AE{J be the

corresponding rational convex polytope. Let R be the affine coordinate ring of X , S0 we have a
decomposition

R = @)\GKJF R)\ )
where each Ry equals F\ ® V() for a k-vector space F) of dimension 0 or 1.
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Let S be a paving of @ regular with respect to (X, L).

6.2. For w € S let B, denote the intersection P N Cone(w). For n C w we have a natural
inclusion P, C F,,. Let
Pg = hﬂ P,

wes
be the colimit in the category of integral monoids, and let ng be its associated group. By the
universal property of the group associated to a monoid we have

PEP = h%rn P8P

weS
For w € S let py: P, — P& be the natural map, and define p: P — PE” to be the set map
sending p € P, to p,(p) (as in [Ols08a, 3.1.4] the map p is well defined). Define Kg C PE” to be
the submonoid generated by elements of the form

p(A) + p(p) = p(n)

where A\, p,n € P are such that (A, u) > 7.

Remark 6.3. We will see below that the monoid Kg is finitely generated, but this does not follow
immediately from the definition.

Remark 6.4. In [Ols08a, 3.1.4] we considered the submonoid Hg C Kg generated by elements of
the form p(A) + p(p) — p(A+ ). In the case when G is a torus we have Hg = Kg, but in general
Ky is bigger than Hg.

Remark 6.5. There is a map P§” — P#P induced by the inclusions P5” < P8P, In [Los09], the
image of an element p(\) + p(p) — p(n) in PP is called a tail of X, and the real cone generated

by the image of Kg in Ag is called the tail cone.

6.6. Let R denote the k[Kg]-module R ®j k[Ks], and consider the map
R ®pirs) R — R

sending f ® g € Ry ® R, to the element whose 7-component is given by the n-component of fg
(multiplication in R) multiplied by the element p(A) + p(u) — p(n) € Kg.

LEMMA 6.7. (i) This gives R the structure of a commutative k[K g]-algebra.

(ii) There exist a finite-dimensional k-representation V of G and a G-equivariant surjection
k[Ks] ® Sym (V) — R. (6.7.1)
In particular, R is a k[Kg|-algebra of finite type.

Proof. For part (i) it suffices to show that for every homomorphism g: k[Kg| — A to a discrete
valuation ring sending all elements of Kg to nonzero elements of A we get an algebra structure
on R ®Qpxg A Fix a uniformizer m € A. The homomorphism g corresponds to two morphisms
of monoids u: Kg — A* and h: Kg — N defined by the formula

g(m) =u(m) - 7"™  meKg.

After replacing A by a finite extension (which is harmless for the purposes of verifying that R is
an algebra) we can extend these morphisms to morphisms

@: lim P% — A*, h: imP%® — 7.
% w % ps
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We then get an injective morphism of A-modules with G-action
R ®/€[KS] A— R®y Frac(A) R
which on R) ®; A C R ®yx4) A is given by ﬁ(/\)ﬂB(A) times the standard inclusion Ry ®p A <

Ry ®j Frac(A). This inclusion is compatible with the multiplication operations, from which it
follows that R ®j x4 A is a commutative A-algebra.

To prove part (ii) consider first a single w € S and choose a set of generators Ay, ..., A\, € P,,.
Choosing isomorphisms Ry, ~ V()\;), we obtain a morphism
E[Kg] @, Sym (V(M) @ ---aV(N)) — R. (6.7.2)

If vy, € V(\;) denotes a highest weight vector, then the image of v%lm ®-® vfi"r (for integers

n; > 0) maps to a highest weight vector in k[Kg| ®% V(niA1 + -+ +n,\) C R. It follows that
the image of (6.7.2) contains R for all A € F,,. Repeating the above construction for each w, we
then find a finite-dimensional representation V' of G and a surjective map (6.7.1) as desired. [J

6.8. A more subtle issue is to show that the algebra R is finitely presented as a k[Kg]-algebra.
Since k[Kg] is not a priori noetherian, this is not immediate from the above. In fact, we will show
that R is indeed finitely presented and then deduce from this that Kg is a finitely generated
monoid.

Fix a G-representation V and a surjective map (6.7.1) as in Lemma 6.7(ii). Let A(V') denote
Spec(Sym’(V)), and let h: A* — N be the function sending all elements of the weight set
A+()~( ,L) to 1 and other elements to 0. We can then consider the equivariant Hilbert functor

Hilbf(A(VN)) defined in [ABO5, Definition 1.5], which assigns to a k-scheme W the set of finitely
presented G-equivariant closed subschemes Z < A(V)w flat over T and with Hilbert function h.

By [AB05, Theorem 1.7] the functor Hilb§ (A(V)) is a quasi-projective scheme.
Let A(V)//U denote the spectrum of Sym'(V){, an affine scheme with action of the torus T.

We can then also consider the T-equivariant Hilbert scheme Hilbf(A(V) //U). By [AB05, Theo-
rem 1.7] there is a closed embedding

g: HilbS (A(V)) — HilbI (A(V)//U)
sending Z — A(V)w to Z//U — (A(V)//U)w.

The restriction of R to k[KE"] is finitely presented as k[KE"] is noetherian. The surjection
(6.7.1) restricted to k[KEP] therefore defines a morphism

b: Spec (k[KE]) — HilbY (A(V)).
LEMMA 6.9. The morphism b extends to a morphism b': Spec(k[Kg|) — Hilbhé(A(V)).

Proof. Fix an isomorphism RY ~ k[P] compatible with the T-actions. Let Hg C Kg be the
submonoid defined in [Ols08a, 3.1.4]. Then with notation as in [Ols08a, 3.1.9] we have

RY ~ k[P x Hg] ®ymq k[Ks] .

By [Ols08a, Corollary 3.1.8] the monoid Hg is finitely generated, from which it follows that RY
is finitely presented over k[Ks]. The algebra RY therefore defines a morphism

a: Spec(k[Ks]) — Hilbl (A(V)//U)
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fitting into a commutative diagram of solid arrows

Spec(k[Ks]) — Hilb (A(V) JU)

~ ,
~
a
~ q
~
B

Spec(k[K&]) —b—= Hilb{ (A(V)) .

Since q is a closed embedding, it follows that the indicated morphism a’ exists. O
COROLLARY 6.10. The k[Kg]-algebra R is finitely presented.
Proof. The morphism a’ corresponds to a surjection

k[Ks] ® Sym' (V) —= TR’
which, since ¢ o a’ = a, gives a factorization of (6.7.1) as

k[Ks] @ Sym (V) —=R' —=R

with R' — R an isomorphism over k[Kg’]. Since R’ and R are both flat over k[Kg], this implies
R ~R. O
COROLLARY 6.11. The monoid Kg is finitely generated.
Proof. Since R is finitely presented over k[Kg], there exist a finitely generated submonoid M C

K such that M# = K5 and a model Rg over k[M] with an isomorphism Ro @ k[Ks] ~ R.

This gives an embedding of k[M]-algebras with G-action Ry < R®y k[K £]. Now, if V() occurs
in Ry - Ry, then the n-component of R ) - Ro,, must be contained in R, ® k[M], which implies
Kg C M, whence M = Kg. ]

6.12. There is a log structure on Spec(R) defined as follows. The ring of invariants RV is a toric
variety with torus D(P#P). Choose an isomorphism RY ~ k[P]. If e? € RV is the “monomial”
corresponding to p € P, then the image of eP in R) is a highest weight vector vy € Ry (which
is noncanonically isomorphic to V(A)). These highest weight vectors vy have the property that
v) - Uy equals vy, in R.

Let Kg x P be the monoid whose underlying set is the product Kg x P but with additive
structure given by

(h.p) + (W',p') == ((p(p) + (1) = p(p + 1)) + h+ 1. p+ 1) .
See [Ols08a, 3.1.9] for a further discussion of this construction. We then get a morphism of
monoids
KsxP—7R (6.12.1)
induced by the set map P — R sending p to v, and the natural map Kg — k[Kg|. This defines

a log structure My on Spec(R). Furthermore, if M, denotes the log structure on Spec(k[Kg])
defined by Kg — k[Kg]|, then we get a morphism of fine log schemes

(f, %)+ (Spec(R), Mz) — (Spec(k[Ks]), Mk,) - (6.12.2)
There is an action of B on (Spec(R), Mz) over (Spec(k[Ks]), Mp ). In particular, removing the

origin in Spec(R) and taking the quotient by G,,, we obtain a family of polarized log schemes
with B-action

(f, 1°): (2", My, Ly) — (Spec(k[Ks)), Mky) (6.12.3)
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as well as an extension of the B-action to a G-action on the underlying scheme 2.

LEMMA 6.13. Let deg: P — N be the map corresponding to the grading on P. Then for every
n = 0 the natural map

DrepPdeg(N)=nRx — [ LG"
is an isomorphism, and the formation of f*L%” commutes with arbitrary base change S —
Spec(k[Ks))-

Proof. This follows from the same argument as in [AB06, Proposition 2.2.3 and discussion fol-
lowing Definition 3.2.1]. O

6.14. Let €° denote the complement of the origin in Spec(R), and let Myo denote the pullback
of the log structure Mg to €°. The chart Kg x P — Mg on Spec(R) induces a map Kg x P —
Mo which is E—equivariant, and hence descends to a morphism v: Kg x P — M 4, which
locally lifts to a chart.

6.15. There is a morphism k[Kg] — k defined as follows. Let K& C K& denote the units
in the saturation of Kg. Then the quotient Ko %" := K EP /K3 is torsion free, and therefore
there exists a (noncanonical) splitting K ~ K§"* @ K%' This implies that there exists a
unique homomorphism K — k (viewed as a multiplicative monoid) sending K;at’x to 1 and
the nonunits of K¥* to 0. Let v: k[Kg] — k denote the induced morphism, and let k[[Kg]] denote

the completion of k[Kg| with respect to this maximal ideal.

6.16. Let 8: Kg — k be an arbitrary morphism. Define a new paving S’ of @ which is coarser
than S as follows. By blowing up k[K] along 5 and looking at a generic point of the exceptional
fiber, we can find a field extension L of k and an inclusion §: [Ks] < A into a discrete valuation
ring A with residue field L such that the diagram

Spec(L)~——— Spec(A)
| |
Spec(k)<—6> Spec(k[Ks])
commutes. Let p: Kg — N be the map induced by the map B and the valuation on A, and write
also p: K gp — Z for the induced map on groups. Let R 4 denote the base change of R to A, so

R 4 is a subring of R ®;, K, where K denotes the field of fractions of A. Then the image of R 4\
in R®y K is equal to 7N - V(\) @, A € V(A\) ®; K for some function h': P — Z.

LEMMA 6.17. The function h' is admissible with respect to (X, L) and defines a regular paving
S’ of @ which is coarser than S.

Proof. Note that h' is linear on P, for each w € S. Furthermore, if V(n) occurs in Ry - R,
then we must have h'(\) + h/(u) > h'(n) since R is an algebra. It follows that the function A’ is
admissible and also that the associated paving S’ is coarser than S. O

6.18. Define PE” and P as in §6.2. Since S’ is coarser than S, there is a surjection
gp gp
P§" — Pg,

which induces a surjection 7: Kg — Kgr.
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6.19. Let
(%CM{@N,L%/) — (Spec(k[KS/]),MKS,)

be the polarized log scheme with B-action obtained from the construction of (6.12.3) using
S’ instead of S, and let (Y', My+,Ly/) — (Spec(k), M}.) be the base change along the vertex
morphism k[Kg/| — k.

Also let (Y, My, Ly,)/(Spec(k), M) be the polarized log scheme obtained by pullback along
B of the family (6.12.3).

PROPOSITION 6.20. There exist a commutative diagram

b
(Vg My,) — 220 (v, My)

N

(Spec(k), M) L (Spec(k), M]),

where the horizontal morphisms are isomorphisms, (g, g") is B-equivariant, and g is G-equivari-
ant, and a G-equivariant isomorphism g*Ly+ =~ Ly,.

Proof. Fix amap f3: Kg — A to a discrete valuation ring A, as in § 6.16. After possibly replacing
A by a finite extension, we can extend this to a map K%' — A, which we will again denote by B.
Let F C Kg denote the face generated by elements p(A) + p(u) — p(A + p), where A\, u € P lie
in a single P,, for some w € S’, and let Kg r denote the localization of Kg with respect to the
face F.

LEMMA 6.21. The surjection Kg — Kg induces an isomorphism Kg p/F® ~ Kg.

Proof. Let Ps and Ps/ be as in §6.2. Then by the same argument as in [Ols08a, Proof of
Lemma 3.1.21] the kernel of the surjection P§* — PEP is generated by elements p(A) + p(p) —
p(A+ ), where A and p lie in a single w € S’. Since these elements already lie in F', this implies
that the induced map

KSJ«"/ng — KS’

is injective. Since it is evidently surjective we obtain the lemma. O

Proof of Proposition 6.20, continued. Note that we have B(F) C A*. After possibly replacing A
by a finite extension once more, we can find a homomorphism ~: K gp — A* whose restriction to
F®P is equal to the restriction of 8. Let 3’: Kg — A be the map sending h € Kg to y(h)~!-3(h).
Let R/, denote the base change along 5’ of R.

Fix an extension 7: (Kg x P)8 — A* of 4. Then the map
'RA — RA/

induced by multiplication by 4(\) on the A-components is an isomorphism of k[Kgl-algebras.
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Furthermore, we have a commutative diagram

KS KS x P
mid) /
B A* @ Kg Ra (3~ 1,id)

7?'A/ )

where the maps labeled k are the charts (6.12.1). From this it follows that it suffices to prove
Proposition 6.20 after replacing 8 by 8’. We may therefore assume S(F) = 1, in which case the
map f factors through a map B Kg — A. Similarly, we may assume that the induced map
B K%' — A sends KJ, to 1, in which case the induced map k[Kg/| — k is the vertex. In this
case Proposition 6.20 follows immediately from the construction. O

7. Some calculations for the standard family

In this section we collect various calculations of global sections that will be used in what follows.

7.1. Fix an irreducible polarized spherical variety (Xo, L) over k with moment polytope Q
and let S be a paving of @ admissible with respect to (Xo, Lo). Let (f, f%): (X, Mx,L) —
(Spec(k), M}) be the polarized log scheme obtained by base change from the standard construc-
tion along a morphism Kg — k factoring through a morphism K¥* — k sending all nonunits
of K¥% to 0. Let R (respectively, Ry) be the coordinate ring of the cone of (X, L) (respectively,
(Xo, Log)). So if ()Z',M;()/(Spec(k:),Mk) denotes the base change of the log scheme (6.12.2),
then X is affine with coordinate ring R.

To ease the notation, let £ denote the log scheme (Spec(k), My). Let Mx /g be the relative
characteristic of (X, Mx)/E. By definition this is the cokernel in the category of sheaves of inte-
gral monoids on X of the morphism fb: f*Mp — My. Similarly, define the relative characteristic
M)N(/E of (X, M)?)/(Spec(k), Mk)

PROPOSITION 7.2. The natural map P& — H°(X, Mf%p/E) is an isomorphism.

The proof occupies 7.3-7.9.

7.3. For w € S we have a natural inclusion P, < Kg x P which induces a morphism of
log structures M, — Mx on X, where M, is the log structure induced by the composition
P, - Ksgx P — R. Let R — R, be the quotient corresponding to the irreducible G-subscheme
of Spec(R) defined by w. So R, , is nonzero if and only if a lies in the integral points P, of the
cone over w. Let i,,: )N(w < X be the spectrum of R,,.

Note that
X./JU = Spec(RY)
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is an irreducible affine toric variety, and M| %, s the pullback of the standard log structure on
this toric variety.

We have an exact sequence of sheaves of groups on X,

0— M|y — M2

X/E|Xw — P8 /PSP — 0, (7.3.1)

where P8P /PSP denotes the constant sheaf. To prove Proposition 7.2 it suffices to show that the
map

0 8P
P — H (X M| Xw)
is an isomorphism. For then using (7.3.1) we get that the map

Wtﬁm@]@ﬂm)

is an isomorphism. Now choose an ordering {wy,...,w,} of the top-dimensional simplices of S
and for two indices 4, j let w;; denote the intersection w; Nw;. Then we have an exact sequence
of sheaves on X

— M — Hz c  — H i
0 X/E wi* X/E Wik X/E
J<k

Taking global sections, we then get Proposition 7.2 in general.

It therefore suffices to prove Proposition 7.2 in the case when X is irreducible, which we
assume henceforth. Note that in this case Mx/p = M x.

LEMMA 7.4. Let X be a finite type k-scheme and let A be a torsion Gorenstein local ring of
dimension 0. Let v > 0 be an integer and let f: X x A" — X be the first projection. Then for
any F in the derived category D%(X,A) of bounded complexes of A-modules on the étale site
of X with constructible cohomology sheaves, the adjunction map

F— Rf.f'F
is an isomorphism.

Proof. Using Verdier duality, it suffices to show the dual statement: for any F' € D%(X,A) the
adjunction map

Rfif'F — F

is an isomorphism. Note that f'F ~ f*F(r)[2r] since f is smooth of relative dimension r. By the
base change theorem for Rf; we can verify this after base changing to a point. Applying duality
again over a point this then reduces the proof to the case when X = Spec(k), where the result
is immediate. O

Remark 7.5. Lemma 7.4 remains true (with the same proof) over fields of positive characteristic
invertible in A.

For a k-scheme T, let X7 denote the base change of X to T and let M % denote the pullback
of the log structure Mg to XT.

LEMMA 7.6. For any k-scheme T the action of U(T) on HO()Z'T,M%})T) is trivial.
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Proof. For an integer N let F denote the sheaf M%)T /NM%I)T. It suffices to show that the
U(T)-action on each HO(Xp, Fy) is trivial. Consider the diagram

XT XT UT # XT
|’
Xr,
where the map f is the projection and the map p is the action. This is a diagram of schemes over

(X//U)7, and since Fy is pulled back from (X//U)r, we get an isomorphism e: p*Fy — f*Fy.
For a point u € U(T) the action on HY(Xp, Fy) is then the composite map

HO()ZT,FN) LHO(XT XT UT,/,L*FN) 4E>H0()ZT XT UT,f*FN)(ldXU) HO(XT,FN)
(7.6.1)
Now observe that the map
H (X7 %7 UT,f*FN)(ldxu) H(Xr, Fy)

is inverse to the pullback map f*: H° ()A(:T, Fn) — HO(X'T x1Ur, f*Fx), which is an isomorphism
by Lemma 7.4. In particular, the composite map (7.6.1) is independent of the choice of u. Taking
u the identity element of U, we obtain the lemma. O
Remark 7.7. Tt follows that we get an action of U on HO(X, M f%p). Indeed, for any m €
HO (X, M )%p) and a point u € U(T') over some scheme T, there exists a unique unit vy, (u) €
(X, 0% ) = I(T, 03) for which in HO()N(T,M;%I)) we have u*m = v, (u) + m. This in fact
T

defines a morphism of group schemes vy,: U — Gy, which must be trivial since U is unipotent.
It follows that the action of U on H(X, M ;i(p) is also trivial.

Let j: V — X //U be the locus of triviality of the log structure on X /U (so V is isomorphic
to a torus), and let IR XV < X be the preimage.

LEMMA 7.8. The natural maps

* v * U(k * *

ko P — H(Xy, 0% )" and PE— 0O(X, (0% /k%)""
are isomorphisms.
Proof. Note first of all that since k* is a constant sheaf and X is irreducible, the map

0(y * 0 * *
HY(Xy,0% ) — H (X, (j.O% LK)

is surjective. We claim that it remains surjective after taking U-invariants. To see this, let
m € HY(X (]*ﬁ* /k'*)) be a U(k)-invariant section, and let T be the set of liftings of m

to HO(Xy, 0% ). The set T}7, has a simply transitive action of £* and a commuting U (k)-action.
\%

To prove the lemma it suffices to show that Tj;, with its k*- and U(k)-actions, is the set of k-
points of a G;,-torsor with U-action. For such torsors are classified by homomorphisms U — G,
and all such homomorphisms are trivial since U is unipotent.

Consider the inclusion of sets with k*- and U(k)-action

HU(Xv, ﬁ}v) — HO(Xv, ﬁy{v) .
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Let Ry denote the coordinate ring of )?V. We can then consider the sheaf @7 on the big étale
site of Spec(k) associating to any k-algebra B the ring Ry ®j B. This is a sheaf with U-action
and we also have an action of Gy, on this sheaf. Let 2 denote the quotient, in the category of
sheaves on the big étale site of Spec(k), of </ by the G,,-action. The section m then defines a
global section g5 € H°(Spec(k), 2) and Ty, is the set of k-points of the G,,-torsor of liftings of
g to .

It follows that it suffices to show that the map k*® P8P — F()? Vs ﬁ;‘? )U(k) is an isomorphism.
v

This follows from noting that T'( Xy, 0% )WE) =T(V, 0%) and that V' is isomorphic to the torus
14
associated to P8P, O

7.9. To complete the proof of Proposition 7.2 observe that the map Mx — 0% induces an
inclusion of sheaves

3 78P ~ * *
MY s (G.0%)/K
and therefore also an inclusion

0: HO(X, M¥) — HO(X, (j.0% )/k*)"" = Pev.

Since the composite of § with the map p: P8P — H 0()? , M?{p) is the identity on P8P, this implies
that p is an isomorphism.
This completes the proof of Proposition 7.2.

Let X° denote the complement of the vertex in X.
LEMMA 7.10. (i) The natural map P — HO(X°, M;%p/E

(ii) The map P& — H(X, Mf(r/)E) is an isomorphism.

) is an isomorphism.

Proof. Statement (i) follows from the same reasoning as that proving Proposition 7.2, replacing

X by X°. Statement (ii) follows from statement (i), after noting that there is an inclusion
0 gp 0(y gp ; ;

H°(X, MX/E) — HY(X°, M)?/E) compatible with the maps from P®P. O

Remark 7.11. A variant of the argument proving Proposition 7.2 also shows that the restriction

map

H°(X, Mg

%/0) — HO(X°, Mg

Xo /E)
is an isomorphism.

Remark 7.12. By the same argument as in [Ols08a, Lemma 3.3.7] the restriction map
I'(X,05) — (X% 0%.)

is an isomorphism. The isomorphism P8P — H?(X, M f?/’ ) is characterized by the property that

for any p € P the image of p in H°(X, M;I;E) admits a lifting to H%(X, Mx) whose image in

F()NC °0%.) ~ F()Z' , 05) maps to a highest weight vector for the representation corresponding

to p.

LEMMA 7.13. Let o« € P8 be an element not in P, and let K¢ denote the image of Kg in
KP'/K#%. Then there exist morphisms of monoids h: K x P — N and g: P — N such that
the following hold:

(i) h(Kg—{0}) C Nso.
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(ii) There exists a nonzero element p € P such that h(0,p) = 0 and g(p) = 0.
(iii) We have g®P(a) < 0, where ¢g8P: PSP — Z is the map induced by g.

Proof. Recall [Kat94, Proposition 5.8(1)] that we have
P=()Pr,
F

where the intersection runs over the faces of codimension 1 of P. We can therefore find a face F’
of the polytope @ such that o does not lie in Pp. By duality for monoids [Ogul4, Theorem 2.2.3]
we can then find a homomorphism g: P — N sending F' to 0 and such that g®P(a) < 0. Note
that the subset {0} x F' C K§ x P is also a face. We can therefore find a homomorphism

h: K¢ x P— N

sending {0} x F to 0 and K5 — {0} to Nso. O
LEMMA 7.14. The diagram
P pep
l i(Lemma 7.10(ii))
HY(X, Mx/p) — H°(X, M) )

is cartesian, so in particular the natural map P — H°(X, My /E) Is an isomorphism.

Proof. Let a € P8P be an element not in P whose image in H°(X, M}‘?;E) lies in H(X, Mx/p).
We show that this gives a contradiction. Choose h: Kgx P — Nand g: P — N as in Lemma 7.13.
Let N denote the log structure k* @ N @ N on Spec(k) sending all nonzero elements of N? to 0

in k. We then have a commutative diagram of monoids

Kex P ¥ NeN

T TaH(a,O)
hlkg N

Kg

such that the induced morphism on relative characteristics P — N is the map g. This diagram
induces a morphism of log schemes

(Spec(k), N) — (Spec(RY), Mpv)

over (Spec(k), My,). As discussed in [AB05, proof of Lemma 1.2] the map Spec(R) — Spec(RY)
is surjective. We can therefore lift this point to a morphism of log schemes

(Spec(k), N) — (X, Mz).
The image of this point is not the vertex of X since g sends a nonzero face to 0 in N. We therefore
get a morphism of log schemes
(t:£): (Spec(k), N) — (X, Mx)
such that the induced map
P& ~ HO(X, M) ;) — (N/M)® ~ 7

is the map g and sends H(X, MX/E) to N. This gives a contradiction since g(a)) < 0. O
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8. Enriched log structures

8.1. Let T be a k-scheme and consider a collection of data

(MTa(fa fb): (X7MX) — (TaMT)7(p7pb)7L) (811)
as follows:

(i) My is a fine log structure on 7.
(ii) (f, f?): (X, Mx) — (T, M) is a morphism of fine log schemes whose underlying morphism
of schemes f is proper, locally of finite presentation, and flat.
(iii) p is an action of G on X/T, and p’ is an action of B on (X, Mx) over (T, M) such that
the underlying action of B on X is equal to the action obtained by restriction from G.
(iv) L is a G-linearized ample invertible sheaf on X such that (X, L) is a stable spherical variety
over T'.

(v) For every geometric point ¢ — T the pullback of the collection (8.1.1) to ¢ is isomorphic to
that obtained by the standard construction from some starting variety (Xo, Lo) and some
paving regular with respect to (Xg, Lo).

Let R denote the quasi-coherent sheaf of O7-algebras given by the relative cone of (X, L), and
for a € P let R, denote the corresponding Or-submodule of R. Let f: X — T denote the
relative spectrum of R, and let f": X° — T denote the complement of the vertex, so that X is
the quotient of X° by the natural Gy,-action. Let Mz, denote the pullback of Mx.

By the proper base change theorem and Lemma 7.14, the stalk of f.My 7 is isomorphic to P
at every geometric point. Assume in addition to the above that the following conditions hold:

(vi) There exists an isomorphism P — f.My/ 7 inducing the isomorphism of Lemma 7.14 in
every geometric fiber.

(vii) The natural map f,f Mg, — f«Mx 7 is surjective, and the same remains true after arbitrary
base change 7" — T.

Remark 8.2. Note that it follows from condition (vi) that the pullback map f.Mx /7 — foM Ko7

is an isomorphism. The map foM %o — f«Mx/ 7 in condition (vii) is the one induced from this

and the map f: Mg, — fiMz arising from the quotient map Mg, — My

°/T Xo/T"

8.3. The discussion of §2.5 then applies and we get for every element p € P an Oj-torsor L,
and for any two elements p,q € P a map
Opg: Ly NLy — Mp AN Lpyy.
LEMMA 8.4. The restriction map
R — f: 17 Xo
is an isomorphism.
Proof. Since X = [X°/G,,], we have
ff ﬁf(o = @nEZf*L(Xm .

By [ABO06, paragraph following Definition 3.2.1] we have

R =~ B0 foLE",
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so to prove the lemma it suffices to show f,L®" = 0 for n < 0, which follows from Remark 7.12,
which shows it holds in every fiber. O

8.5. For a € P let
aq: Ly — Rg
denote the map induced by the map

~ €3 o ~
f"?M)?O Hx-ffﬁ)zo ~R.
DEFINITION 8.6. A logarithmic enrichment n = {n5,} on the family (8.1.1) is a collection of
maps
Nap: La ALy — My A Le,
one for each triple a,b,c € P with (a,b) > ¢, such that the following conditions hold:

(i) For all a,b € P we have ngzb =04p-

(ii) For all (a,b) - c we have ng , =g .
(iii) For all a,b,c,d, e, f € P (some of them possibly equal) with
e < (a,b), d<(e,c), f<(bc), and d < (a, f)
the diagram

e

Mg gc
Lo ALy A Ly —" My A Ly A Lo —=“> My A My A Ly
J/”z{,c i-&-MT
nfj,f +Mp
La/\MT/\LfHMT/\MT/\Ld—>MT/\Ld
commutes.
(iv) For all a,b,c,d,e, f € P with
the diagram

e d

na, 775,5
Lo ALy A Le—2"> Mp A L A L —=5> My A My A Ly
J/Thj:,b l-ﬁ-MT
ngﬁf +

My ALp A L — My A Mp A Ly —Z = My A Ly

commutes.
(v) For every ¢ < (a,b) the diagram

c

Mq,
Lo x Ly ° My A L,
iaaxab lOtMT/\OCc
Ra ® Rb mult R proj Rc

commutes, where proj: R — R is the projection.
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8.7. With notation as in § 6.1, the standard family (6.12.3) over k[Kg] has a canonical logarith-
mic enrichment 7. Indeed, in this case the torsor L, is the G,,-torsor of highest weight vectors
in R, (notation as in §6.12). In particular, we have a trivialization v, for R,. For ¢ < (a,b) the
map

n27b: La/\Lb — MKS /\Lc

is given by sending v, A vy to the image of a +b — ¢ € Kg in Mg, times v.. The fact that this
defines a logarithmic enrichment follows immediately from the construction.

8.8. Assume now that 7" = Spec(A) is the spectrum of an artinian local ring A with residue
field k, and that the closed fiber

(M, (fas J2): (X, Mx,) — (Spec(r), M), (b, £1), Lic) (8.8.1)
of (8.1.1) is isomorphic to the base change of the standard family associated to a paving S of @

and a morphism f,: Kg —  induced by a morphism K%' — £ sending all nonunits to 0.
Assume further given a logarithmic enrichment 7 = {n$,} on (8.1.1) reducing to the standard

enrichment on the closed fiber (8.8.1) arising from its description as a standard family.

PROPOSITION 8.9. There exists a homomorphism (: Kg — A such that the family (8.1.1)
together with its enrichment n is isomorphic, as a deformation of the closed fiber, to the base
change along 3 of the standard family.

We will in fact prove a slightly stronger statement (Proposition 8.11) that we will need later.

8.10. Let A — Ag be a surjective map of artinian local rings with kernel J C A annihilated
by the maximal ideal of A, so J can be viewed as a k-vector space. Assume given a morphism
Ba,: Ks — Ap lifting S, so that the family over Ay is isomorphic to the base change of the
standard family along $4,, and fix such an isomorphism.

PROPOSITION 8.11. There exists a morphism $4: Kg — A lifting B4, such that the family over A
is isomorphic to the base change of the standard family along (4.

Remark 8.12. Note that if we proceed by induction on the length of A, Proposition 8.11 implies
Proposition 8.9.

The proof of Proposition 8.11 occupies the remainder of this section.

LEMMA 8.13. (i) The map HO(X%, Mg.) — HO(XS, , Mg, )is surjective.
A

Ao
(ii) The action of U on H(X§, Mg, ) is trivial.
A
Proof. 1t suffices to prove the analogous results with M %4 (respectively, M % ) replaced by M )g?p
0 A

respectively, M& ). For this note that by assumption 8.1(vii) we have a commutative diagram
X
Ao

with exact rows

0— HO(X§, M§") —— H(X§, M® ) —— H (X5, M& ) —0
A A

| >

0 HO (3 M) —m HO(3, M2 ) —m B3, M) 0.
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From this and the snake lemma, statement (i) follows.

Statement (ii) follows from a similar argument as in Remark 7.7. t

Let v4,: Kg X P — HO()Z;’}O,M;(O ) be the chart obtained from the identification of the
A
family over Ag with the standard famil}?.

LEMMA 8.14. The chart v4, lifts to a chart y4: Kg < P — HO()?IZ,M)?O ).
A

Proof. Tt suffices to show that the map .4, lifts to a map Kg x P — H(X9, M;‘f} ).
A
From the exact sequence of sheaves

- gp gp
0—>1+J®ﬁxﬁ—>M@—>M}?ZO—>O

we get a diagram
0 BT 0 Og,) = (X3, M2) = HO(X5,, M2 ) 1 (2, @ 05,
~ - ) 7AOT /
Kgx P

Since H(X2,J ® O $o) s a Q-vector space, to prove the existence of the dotted arrow it suffices

to show that the map € is 0. Let z € Kg x P be an element. The class €(z) is the class of the
torsor of liftings of v4,(2) to Mg, . Considering the commutative diagram
A

0—>1+J®ﬁ)}04>M)~(2 M;(% 0
)

0—1+J® 0%, ﬁf(ﬁi ﬁ)}% 0,
K 0

we get that the torsor corresponding to €(z) is equal to the torsor of liftings of a(va4,(2)) €
HY(X§,, O ) to Ox. . Since the section a(y4,(z)) extends to X4, by Lemma 8.4, it follows
A A
that the class €(z) is in the image of the restriction map
HY (X, J® 05 ) — H' (X2, J® 0%.),

whence 0 since X, is affine. ]

8.15. Fix a lifting y4 of 74,. By Lemma 8.13(ii) this lifting induces a morphism Kg x P — R%
and therefore a T-equivariant log structure on Spec(RY) lifting the log structure on Spec(R%O).
Let Ba: Kg — M4 be the restriction of 4, so 84 is a lifting of the chart 34,,.

For a € P let L, 4 be the torsor defined as in §8.3. The map y4 defines a trivialization
of these torsors L, 4 lifting the standard trivializations over Ap. In particular, the maps nfL,b
for ¢ < (a,b) become identified with elements 75, € I'(Spec(A), M), lifting the corresponding
elements over Ay. It follows that 77 , can be written uniquely as ug , plus the image under B8 of
the element p(a) + p(b) — p(c) € Kg, where ug , is an element of

Ker(A* — Aj) =1+ J.
Let E be as in §5.3.
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LEMMA 8.16. The elements u{ , define a homomorphism w: E — J.

Proof. Indeed, the conditions on the N5, imply that the conditions in §5.3 hold for the elements

ug ,, S0 we get a homomorphism £ — J. Since J is torsion free, this descends to a homomorphism

E — J. O

8.17. After modifying our choice of 74, we can arrange that v = 0. The map 4 is also
compatible with the T-action by construction.

Using Lemma 8.4, the map 4 defines a morphism
Ksx P — H°(Xa,0%,),

compatible with the T-action and whose image is contained in the U-invariants. Let R 4 (respec-
tively, Rffd) denote the coordinate ring of X4 (respectively, the base change of the cone over the
standard family to A). Then it follows that there exists a unique G-invariant map of A-modules

R — Ry (8.17.1)

which on the highest weight vectors is given by 4. In fact, it follows from the construction that
this is a map of A-algebras. Indeed, for any a,b,c € P with (a,b) > ¢ the R component of
Ra,a-Rayp is given by the image of 1§ ,, viewed as an element of Kg as in §8.7, under 4. This
implies that the map (8.17.1) is a riné homomorphism. Since both algebras are flat over A, it
follows that (8.17.1) is an isomorphism. From this Proposition 8.11 follows.

9. Stable spherical log varieties

Fix a subgroup I C A and an irreducible polarized spherical variety (Xo, Lo) with weights in T

DEFINITION 9.1. Let T be a scheme. A stable spherical log variety over T with weights in T’
adapted to (Xo, Lo) is a collection of data

(MT7 (fa fb): (XvMX) — (T7 MT)v (p,pb),L,ﬂ) )

where (Mr, (f, f°): (X, Mx) — (T, Mr), (p, p*), L) satisfies conditions 8.1(i)—(vii) and 7 is a
logarithmic enrichment, such that in every geometric fiber the isomorphism with the standard
family occurring in 8.1(v) can be chosen to be compatible with the logarithmic enrichments and
with starting variety the given (X, Lo).

9.2. For two stable spherical log varieties with weights in I' and adapted to (X, Lg) over a
scheme T’
(MT7 f: (X7 MX) — (Tv MT)» P LX)Q) ) (Mi%v f/: (X,a MX/) — (Ta Mé“)v pl7 LX/7ﬂ/) )
(9.2.1)
an isomorphism between them is a triple (o, (g, ¢°),r), where o: M+ — My is an isomorphism
of log structures on T, (g,4°): (X, Mx) — (X', Mx/) is an isomorphism of log schemes, and
r: ¢g*Lxs — Lx is an isomorphism of line bundles on X, such that the following conditions hold:

(i) The isomorphism g is compatible with the G-action, and the pair (g, g*) is compatible with
the B-action.

615



M. OLSSON

(ii) The diagram

J/ (id,o) i

(Ta MT) (T7 Mé“)

commutes.
(iii) The isomorphisms (o, (g, ¢”)) are compatible with the logarithmic enrichments  and 7.

(iv) The isomorphism r is compatible with the G-linearizations.

Let yllo(gxo Lo) denote the fibered category over the category of k-schemes whose fiber over T

is the groupoid of stable spherical log varieties over T" with weights in I and adapted to (Xg, Lg).

9.3. We show in Theorem 9.6 below that yllo(gXO Lo) is an algebraic stack. The key ingredient

is understanding the isomorphisms between two objects of yéo(gxo Lo):

So fix two objects

(MTa (X> MX)vpa LX»ﬂ) ) (Mé“a (XlaMX’)aplaLX’aﬂ,) € yll?(ngLO)(T) (931)

over a scheme T. Let I'°8 denote the functor on the category of T-schemes which to any T"/T
associates the set of isomorphisms

(MT7 (X7 MX)7p7 LX’H)T’ — (M’}’v (Xla MX’):/717 LX’vQI)T/

in yllo(gXO 10)(T"); where we write (Mr, (X, Mx), p, Lx, 1)1 etc. for the base change to T”. Let
denote the functor sending 7" /T to the set of pairs (a,b), where a: X7v — X/, is a G-equivariant

isomorphism over 7" and b: a*L X, = Lx,, is an isomorphism of line bundles on X7.

LEMMA 9.4. The functor I is representable by a T-scheme which is Zariski locally on T quasi-
projective over T

Proof. We may work Zariski locally on 7', and can therefore assume that 7' is an affine scheme.
Let J be the functor sending 7”/T to the set of G-equivariant isomorphisms X7+ — X/.,. Then J
is a quasi-projective scheme represented by a locally closed subscheme of the Hilbert scheme of
X x X'. In particular, J is a quasi-projective scheme. Over J there is a tautological isomorphism
aj: X5 —> X 9 The two invertible sheaves Lx and aLx- therefore define two morphisms J —
Picx/p to the relative Picard scheme of X/T'. Let H C J be the fiber product of the diagram

PiCX/T

|a

JHPiCx/T X PiCx/T s

where the horizontal morphism is given by [Lx] x [a%Lx]. Then H is again a quasi-projective
scheme over T'. Let ay denote the restriction of ay to H. Then the two invertible sheaves Lx
and aj; Lxs on H are locally isomorphic for the faithfully flat of finite presentation topology. Let
M denote Lx ® a*HL)_(}. Then f,M is a locally free sheaf of rank 1 on H. The functor I is then
isomorphic to the functor over H of G-equivariant trivializations of M, which is quasi-projective
over T O
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ProprosiTION 9.5. The forgetful map i: I'°¢ — T is an isomorphism. In particular, I'°% is a
scheme which is Zariski locally on T' quasi-projective over T.

Proof. Let T’ be a T-scheme, and let
(CL: Xpr —> Xév, b: a*LX%/ — LXT’)

be a G-equivariant isomorphism. We have to show that this extends uniquely to an isomorphism

in YFIO(gXO Lo)" For this we may as well replace T by T”, so we may assume 1T = T".

Consider first the case when T' = Spec(k) for k an algebraically closed field. In this case we
have pavings S and S’ of @ such that the family

(Mk7 (X7 MX)7 P LX) (reSPeCtiVel}G (M]/m (X/7 MX’)7 pla LX’))

is induced by base change along the vertex map k[Kg| — k (respectively, k[Kg/| — k) from the
standard family. We claim S = §’.

Let R (respectively, R’) denote the affine cone of (X, Lx) (respectively, (X', Lx)), so we get a
G-equivariant isomorphism o: R — R'. This induces an isomorphism oy: Ry — R/, for all \. Now
by the construction of the standard family, we have isomorphisms Ry ~ V(A) and R\ ~ V()),
and the map o) is identified with multiplication by an element uy € k*. Let vy € V(\) be a
highest weight vector as before. The paving S (respectively, S’) is characterized by the condition
that vy - v, = 0 in R (respectively, R') if and only if A and p lie in a common element of S. It
follows that S = S’

Therefore our two objects are isomorphic, and the proof in the case when T' = Spec(k) is
reduced to showing that an automorphism (a,b) of the underlying polarized G-scheme (X, Ly )
extends uniquely to an automorphism in yrl(,)égxo, LO)(k). Let Hg C Kg be as in Remark 6.4 and
let N C Mr be the sub-log structure defined by Hg. By the same argument as in the previous
paragraph, the map Hg — k is induced by a map Hgaat — k sending all nonunits to 0. Let
Mpg, denote the log structure on the cone Spec(R) induced by the map Kg x P — RY, and let
Npr C Mg be the sub-log structure obtained from the submonoid P x Hg C Kg x P. We then

have a cartesian diagram of log schemes with B-action
(Spec(R), M) — (Spec(R), Nr) (9.5.1)
(Spec(k‘), MT) - (Spec(k)7 N) )

where the horizontal morphisms are the identity maps on the underlying schemes. The log struc-
ture Ng is by construction obtained from a log structure Nzv on Spec(RY), and the morphism

(Spec(RY), Ngu) — (Spec(k), N)
is a standard family in the sense of [Ols08a, 3.2.1]. By [Ols08a, Proposition 3.2.2] the pair (a, b)
therefore is induced by a unique B-equivariant automorphism of (N, (Spec(R), Ng)). Let
(o/: N— N, (a,a"): (Spec(R), Nr) — (Spec(R), Ng)) (9.5.2)

denote this automorphism. It follows from the proof of [Ols08a, Proposition 3.2.2] that the in-
duced map ¢’: N — N is the identity, and therefore ¢ is induced by a homomorphism p': HE® —
k*. Since HE" is included into K&, we can extend this to a homomorphism p: K& — k* to get
an automorphism o: M — Mr extending o. Since the square (9.5.1) is cartesian, we therefore
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get an automorphism
(o: My — My, (a,a"): (Spec(R), Mg) — (Spec(R), Mg))

inducing the pair (a, b), where we abusively also write (@, @’) for the automorphism of log schemes
obtained from the automorphism in (9.5.2) by base change to (Spec(k), Mr) . Note that while the
data (¢’, @, a’) is uniquely determined by (a,b), this is not the case for o. But we claim that there
exists a unique choice of p extending p’ such that (o, a,a’) is compatible with the logarithmic
enrichments. Indeed, choose any extension p as above, and for ¢ € P let a.: L. — L. be the
induced isomorphism. The failure of (o, @, @") to be compatible with the logarithmic enrichment
is measured by the squares

Ned
Le A Lg— My A L, (9.5.3)
lae/\ad la/\ae
Ne,d

LeNLg—— M7 A L

defined for each c¢,d,e € P with (¢,d) = e. The map a, is given by a unit 7. € k* and the
condition that (9.5.3) commute amounts to having the equality

Ye + P(Me.q) = Ve Vd
for all (¢,d) > e. Now observe that the -, define a homomorphism

A lignp(fp — k",
weS

so, modifying the choice of p by the homomorphism
K& — k", zr—plx)™ " A2),

we get the desired extension of p’. From this it is also clear that the choice of p is unique subject
to the condition that it be compatible with the enrichments.

Next, we consider the case when T' = Spec(A’) is an artinian local ring with residue field k,
and J C A’ is an ideal annihilated by the maximal ideal of A’ and such that the result holds
over A:= A'/J. Let (o,(g,g"),7) € I'(A) be an isomorphism over A. We show how to lift this
to an isomorphism (o”, (¢’, "), ") € 1'°¢(A’) inducing the given isomorphism (a,b) € I(A’). By
descent theory (using the uniqueness) we may assume that k is algebraically closed.

By Proposition 8.11 and using the case of an algebraically closed field, there exist maps
B,5": Kg — A’ such that the two objects (9.3.1) are obtained by base change along these maps
from the standard family. Furthermore, the isomorphism o over A is induced by a homomorphism
u: K& — A* such that for every m € Kg we have 8'(m) = u(m) - B(m), where 3,5': Kg — A
are the maps induced by 3 and '

Let R4/ (respectively, R';,) denote the coordinate ring of the cone of (X, Lx) (respectively,
(X', Lx)), and let a: Ry — R/;, be the isomorphism induced by (a,b). For ¢ € P, let Ra/ .
(respectively, Rf4,7 .) denote the corresponding subrepresentation of R (respectively, R';,). The
presentation of the objects (9.3.1) as induced by base change from the standard family defines
trivializations of each Ry . and R;v, .» and using these trivializations the map a is induced by a
map

v: lim per — A
weS
Let u': KE° — A™ be the restriction of this map to Kg&’. Then v’ restricts to u over A. By
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construction for any ¢, d,e € P with (¢,d) = e the diagram

Ry o @Ry g—Rare

L

R£4/,c & Ri‘l/,d _— R, ‘e

commutes, where the horizontal morphisms are induced by the multiplication map and the
vertical morphisms are induced by a. From this it follows that for every m € Kg we have
B'(m) = u/(m) - B(m), and therefore v’ defines a lifting My — My of o. This also shows that
the morphism @ extends to an element of 1'°¢(A’). The uniqueness of this extension also follows
from the preceding discussion.

Having treated the case of an artinian local ring, we get the extension of (a, b) to an element of
I'°8 in the case of a complete local ring by passing to the limit as in [Ols08a, proof of Lemma 3.7.6].

From this we deduce that if T is a k-scheme, then the map
I'°8(T) — I(T) (9.5.4)

is bijective, as follows. Both I and I'°% are sheaves for the étale topology on the category of
k-schemes, so to prove that (9.5.4) is bijective we may replace T' by an étale cover, which reduces
the proof to the case when T is affine. In this case write T' = yLnjEJ T; as a projective limit of
affine k-schemes Tj of finite type. By a standard limit argument the objects (9.3.1) are defined
over some 7T and any element of I(7T') is induced by an element of I(T}) for some j. From this it
follows that it suffices to prove the bijectivity of (9.5.4) in the case when T is an affine scheme
of finite type over k. In this case the Artin approximation theorem and the case when T is a
complete noetherian local ring imply that for any (a,b) € I(T') there exists an étale neighborhood
of any point of T over which (a,b) lifts uniquely to an element of I'°8(T). Using again that I'°®
and I are sheaves for the étale topology, this implies that I'°8(T") — I(T) is a bijection in general.

This completes the proof of Proposition 9.5. 0

THEOREM 9.6. The fibered category yplo(gXO Lo) is a quasi-separated algebraic stack.

Proof. We have just shown that the diagonal of YFIO(gXO Lo) is representable by separated schemes,
so it remains to exhibit a smooth cover. Such a cover is provided by the standard families for

various pavings S, by Proposition 8.11. O

10. Global moduli

10.1. Fix a subgroup I' C A and a finite-dimensional G-representation V. Following [ABO06, 4.1]
we define .#t py to be the stack whose fiber over a k-scheme T is the groupoid of triples (X, L, €),
where (X, L) is a stable polarized spherical variety over T with weights in ' and e: V' — T'(X, L)
is a morphism of G-representations which induces a finite map 7: X — PVp such that the map
7*0py (1) — L (defined by ¢€) is an isomorphism.

By [AB06, Remark 4.1.2(3)] the stack .#t py is a proper algebraic stack with finite diagonal
over k.

10.2. There are certain distinguished (or main) components of .Zt py defined as follows.

First of all, we have an open substack ///ﬁpv C My py classifying triples (X, L, e) with X
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irreducible. For any such triple, the weight set K*(X ,L) C T is a submonoid which is locally
constant in families. For each submonoid P C I" we therefore have an open and closed substack
My pyp C MY py classifying triples (X, L,€) with weight monoid P.

For any scheme 7" and object (X, L,€) € 4y py, p(T), we can consider the relative cone X

and the quotient X //U. This quotient is a family of toric varieties with torus D(P2P) which étale
locally on 7' is isomorphic to Ypr := Spec(k[P]) Xgpec(k) T

As in [ABO5, Definition 1.10], let My, denote the scheme classifying affine G-varieties of type
Yp. So for a scheme T' an element of My, (T') is given by a family of affine G-schemes 7: Z — T
and an isomorphism ¢: Z//U ~ Ypr.

Note that the automorphism group scheme of Yp 7 (as a toric variety) is D(P®P), and therefore
there is an action of D(P*P) on My, obtained by modifying the choice of isomorphism ¢. By
[ABO5, Corollary 3.4] this action has finitely many orbits.

Now let (Xo, Ly) be an irreducible polarized spherical variety over k with weight monoid P.
Choosing an isomorphism )Z'((]] ~ Yp, we get a point of My, , and the corresponding D(P*P)-orbit
O(x,,L,) is independent of the choice of isomorphism. We say that (Xo, Ly) is generic if the orbit
O(xo,Lo) 18 open in My,,.

10.3. Let (Xo, Lo) be a fixed irreducible polarized spherical variety over k with weight monoid
P C T and assume that (Xo, L) is generic. Define //lllfﬁv( Xo,Lo) O be the fibered category over
the category of k-schemes whose fiber over a scheme T' is the groupoid of data

(M, (f, £): (X, Mx) — (T, Mr), (p, "), L, m). €)
where
(Mr, (f, *): (X, Mx) — (T, Mr), (p, p"), L) € A8, 1) (T)
and e: V — I'(X, L) is a morphism of G-representations such that the collection (X, L, ¢€) is an
object of A1 py(T).
There is a forgetful map

. it
T MR By (xoL) ARV (10.3.1)

LEMMA 10.4. Let A be a discrete valuation ring over k with field of fractions K and residue field k,
and let (X, L,€) € 4 py(A). Suppose that the closed fiber (X, L) of (X, L) is irreducible with
weight monoid P and generic. Then there exists a polarized spherical variety (Xg, Lo) over k with
weight monoid P which is generic and such that, after possibly replacing A by a finite extension,
we have (X, L) ~ (Xo, Lo) @ A.

Proof. Let R be the cone of (X, L), which is a stable affine spherical variety over A. By [ABO0G,
Proposition 3.1.4], after replacing A by a finite extension, we may assume that R is standard in
the terminology of loc. cit. This means that there exists a polarized spherical variety (Xo, Lg)
over k such that if Ry denotes the corresponding cone, then we have an inclusion R — Ro®y K of
algebras with G-action over A which induces an isomorphism over K. Let m € A be a uniformizer
and let P C I' be the monoid of weights occurring in Ry. Then for each A € P the image of R,
in Ry ® K is equal to "M Ry @ A for some function h: P — Z admissible with respect to
(Xo, Lo). Now observe that since the closed fiber of (X, L) is irreducible, the function A is in fact
linear. It follows that the T-orbit O(x, 1) is in the closure of the orbit O(x 1. Since (Xy, Ly)
was assumed generic, this implies O(x, 1) = O(x, L), Which in turn implies the result. O

620



MODULI OF SPHERICAL VARIETIES AND LOG GEOMETRY

LEMMA 10.5. There exists a unique open substack 4R py, (Xo,Lo) © At py such that a geometric
point T — ./ py corresponding to an object (X, L, €) is in Mg p,, (Xo,Lo) if and only if (X, L) ~
(Xo, Lo) ® k(Z).

Proof. The uniqueness is clear.

For the existence, let (27, ) be the universal polarized scheme over .#t py. By Lemma 9.4
the functor over .#t py classifying isomorphisms between (2°,.%) and (X, Lg) is a relative
scheme ¥ — .t py, locally quasi-projective over . py. Let V. — .1 py be a smooth morphism
with V' an affine scheme and let .4, — V be the base change of .#. Then the image V' C V
of # in V is a constructible subset and we need to show that it is open. For this it suffices to
show that if A is a discrete valuation ring and Spec(A) — V' is a morphism sending the closed
point of Spec(A) to V', then the generic point of Spec(A) also maps to V'. Equivalently, we need
to show that if A is a discrete valuation ring with field of fractions K and algebraically closed
residue field &, and if (X, L, €) is an object of .4t py over A such that (X, Ls) ~ (Xo, Lo) ®y K,
then (Xg, Li) ~ (Xo, Lo) ®k K, after possibly replacing A by an extension. This follows from
Lemma 10.4. ]

Let A pv,xo,10) C 41 pv be the scheme-theoretic closure of .Z PV,(Xo,Lo)"
THEOREM 10.6. The map 7 in (10.3.1) factors through a finite universal homeomorphism

/. log
T ///F,Pv,(XO,LO) > My PV,(Xo,Lo) -

In particular, //401%\/( Xo.Lo) 1S @ proper algebraic stack with finite diagonal.
Proof. For an object (Mr, (f, f*): (X, Mx) — (T, Mr), (p,p°), L, n) onIEOEgXO Lo) Over ascheme T
and a morphism e: V' — I'(X, L), the condition that (X, L, €) define an object of .#t py is an open
condition on T If (X, £) is the universal polarized scheme over LS”FI?(gXO’ Lo) and f: X — YFIC:(gXO, Lo)

is the structure morphism, then f.L is a locally free sheaf on Yllo(gxo Lo) whose formation com-

mutes with arbitrary base change (by [AB06, Proposition 2.2.3]), and j/llogv (Xo.Lo) 15 realized

as an open substack of the total space of VV ® f,£. In particular, //ZILO]%V( Xo.Lo) 18 an algebraic

stack by Theorem 9.6. Furthermore, the map 7 is fully faithful by Proposition 9.5. Therefore the

diagonal of /40%\/ (Xo.Lo) 18 finite.

The map 7’ is also proper. Indeed, by [DM69, paragraph preceding Proposition 4.20] applied
to the base change of 7/ to a smooth cover of .Z py, (Xo,Lo), to verify this it suffices to show that
for any discrete valuation ring A and morphism g: Spec(A) — A1 py,(x,,1,) sending the generic
point of Spec(A) to //ZFPV,(XO,LO) the morphism g lifts to ///%?I%W(XO,L())‘ This follows from [ABOG6,
Proposition 3.1.4].

Thus our morphism 7’ is a finite morphism of algebraic stacks such that for any algebraically
closed field k the induced map

//lrl‘?gv,(xoyLo) (’i) — %F,IP’V,(XO,LO) (’{)

is an equivalence of categories (again using Proposition 9.5). This implies that 7/ is a universal
homeomorphism. 0
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