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Fourier–Mukai transforms and Bridgeland stability

conditions on abelian threefolds
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Abstract

We use the ideas of Bayer, Bertram, Macŕı and Toda to construct a Bridgeland stability
condition on a principally polarized abelian threefold (X,L) with NS(X) = Z[`] by
establishing their Bogomolov–Gieseker-type inequality for certain tilt stable objects
associated with the pair (A√3`/2,`/2 , Z

√
3`/2,`/2) on X. This is done by proving the

stronger result that A√3`/2,`/2 is preserved by a suitable Fourier–Mukai transform.

Introduction

In [Bri07] Bridgeland introduced the notion of stability conditions on triangulated categories.
These now have many applications to the study of the geometry of the underlying spaces. More-
over, they highlight the role played by the derived categories of suitable categories of sheaves. The
space of stability conditions is known precisely for curves and for abelian surfaces and Bridge-
land’s geometric stability conditions provide examples for all projective surfaces (see, for example,
[Bri08, Mac07, AB13, Oka06]). A conjectural construction of Bridgeland stability conditions for
projective threefolds was introduced in [BMT13]. The problem is reduced to proving that an
inequality, which the authors call a Bogomolov–Gieseker-type (B-G-type for short) inequality,
holds for certain tilt-stable objects. This inequality has been shown to hold for three-dimensional
projective space (see [BMT13, Mac12]) and smooth quadric threefolds (see [Sch14]), and some
progress has been made for more general threefolds (see [Tod14, LM12]). However, there is no
known example of a stability condition on a projective Calabi–Yau threefold. This case is espe-
cially significant because of the interest from mathematical physics and also in connection with
Donaldson–Thomas invariants. In this paper, we establish the existence of a stability condition on
a particular Calabi–Yau threefold (namely, a principally polarized abelian threefold with Picard
rank one). However, it is likely that the method will generalize to other Calabi–Yau threefolds.
The extension to other stability conditions for the abelian threefold case will be the subject of a
forthcoming article.

We reduce the requirement of the B-G-type inequality to a smaller class of tilt-stable objects
as defined in Definition 2.2. These are essentially minimal objects (also called simple objects
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in the literature) of the heart of the stability condition. In this paper we use Fourier–Mukai
theory to prove the B-G-type inequality for these minimal objects by showing that the heart is
preserved by a suitable Fourier–Mukai transform (or FMT for short). For the surface case, the fact
that a countable family of (Bridgeland’s) geometric stability conditions satisfies the numerical
conditions for being a stability condition is actually equivalent to the existence of a Fourier–
Mukai transform preserving the heart. The forward implication was proved by Huybrechts (see
[Huy08]) and the reverse implication is a fairly straightforward exercise (partly done in [Yos09]).
For the threefold case, we build on these ideas to establish the reverse implication.

Throughout this paper our abelian varieties will be principally polarized with Picard rank
one over C. Let (X,L) be an abelian variety of dimension three and let ` be c1(L). We use L to
canonically identify X with Pic0(X). Let Φ: Db(X)→ Db(X) be the (classical) FMT with the
Poincaré line bundle on X×X as the kernel. Then the image of the category Coh(X) under Φ is a
subcategory of Db(X) with non-zero Coh(X)-cohomology in positions 0, 1, 2 and 3 . In Section 4,
we study the slope stability of Coh(X)-cohomology under the transform Φ in great detail. In
particular, we investigate the images under Φ of torsion sheaves supported in dimensions one
and two, and of torsion-free sheaves whose Harder–Narasimhan-semistable (or H-N-semistable
for short) factors satisfy certain slope bounds.

In [BMT13] and [BBMT14], the authors construct their conjectural stability condition hearts
as a tilt of a tilt. The first tilt of Coh(X) associated with the H-N filtration with respect to
the twisted (slope µω,B)-stability is denoted by Bω,B and the second, associated with the H-N
filtration with respect to the tilt (slope νω,B)-stability, by Aω,B. We shall consider the particular

case where ω =
√

3`/2 and B = `/2. Let Ψ := LΦ and Ψ̂ := ΦL−1[1]. At the end of Section 4 we
prove that the images of the abelian category B√3`/2,`/2 under the Fourier–Mukai transforms Ψ

and Ψ̂ have non-zero B√3`/2,`/2-cohomology only in positions 0, 1 and 2 (see Theorem 4.20). On

the other hand, we have the isomorphisms (see [Muk81])

Ψ ◦ Ψ̂ ∼= (−1)∗ idDb(X)[−2] and Ψ̂ ◦Ψ ∼= (−1)∗ idDb(X)[−2] .

Therefore the abelian category B√3`/2,`/2 behaves somewhat similarly to the category of coherent

sheaves on an abelian surface under the Fourier–Mukai transform (see [BBR09, Mac96, Yos09]
for further details). Now Theorem 4.20 becomes the key technical tool to show that the second
tilt A√3`/2,`/2 is preserved by Ψ.

Under this auto-equivalence, minimal objects are mapped to minimal objects. This provides
us with an inequality which bounds the top component of the Chern character of the object.
This is the main idea for showing that the B-G-type inequality is satisfied by our restricted class
of minimal objects in A√3`/2,`/2. In Section 5, we have to show that the B-G-type inequality is
satisfied by a very special class of minimal objects by showing that these objects actually do not
exist. This result is of interest in its own right as it shows that if a bundle E of such threefolds
satisfies c1(E) = 0 = c2(E), then it cannot carry a non-flat Hermitian-Einstein connection.
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Notation

(i) For 0 6 i 6 dimX, we set

Coh6i(X) := {E ∈ Coh(X) : dim Supp(E) 6 i} ,
Coh>i(X) := {E ∈ Coh(X) : for 0 6= F ⊂ E, dim Supp(F ) > i} , and

Cohi(X) := Coh6i(X) ∩ Coh>i(X) .

(ii) For an interval I ⊂ R∪{+∞}, we set HNµ
ω,B(I) := {E ∈ Coh(X) : [µ−ω,B(E), µ+

ω,B(E)] ⊂ I}.
We define the subcategory HNν

ω,B(I) ⊂ Bω,B similarly.

(iii) For a Fourier–Mukai transform Υ and a heart A of a t-structure for which Db(X) ∼= Db(A),
we set Υk

A(E) := Hk
A(Υ(E)).

(iv) For a sequence of integers i1, . . . , is, we set

V Υ
A (i1, . . . , is) := {E ∈ Db(X) : Υj

A(E) = 0 for j /∈ {i1, . . . , is}}.

Then E ∈ Coh(X) being Υ-WITi is equivalent to E being an element of V Υ
Coh(X)(i).

(v) Let (X,L) be a principally polarized abelian variety. Then we write Φ for the FMT from X
to X with the Poincaré line bundle P := m∗L⊗ p∗1L−1 ⊗ p∗2L−1 on X ×X as the kernel.

(vi) For E ∈ Coh(X), we set Ek := Φk
Coh(X)(E).

(vii) We set Ψ := LΦ and Ψ̂ := ΦL−1[1]. Here and elsewhere we abuse notation and write L for
the functor L⊗−.

(viii) For a polarized projective threefold (X,L) with Picard rank one over C, the Chern character
of E is ch(E) = (a0, a1`, a2`

2/2, a3`
3/6) for some ai ∈ Q. For simplicity we write ch(E) =

(a0, a1, a2, a3). The ai are integers for the principally polarized abelian threefold case.

1. Preliminaries

1.1 Construction of stability conditions

We recall the conjectural construction of stability conditions as introduced in [BMT13].

Let X be a smooth projective threefold over C. Let ω,B be in NSR(X) with ω an ample
class. The twisted Chern character chB with respect to B is defined by chB(−) = e−B ch(−). So
we have

chB0 = ch0 , chB1 = ch1−B ch0 , chB2 = ch2−B ch1 +1
2B

2 ch0 ,

chB3 = ch3−B ch2 +1
2B

2 ch1−1
6B

3 ch0 .

The twisted slope µω,B on Coh(X) is defined by

µω,B(E) =

{
+∞ if E is a torsion sheaf,

ω2 chB1 (E)/chB0 (E) otherwise

for E ∈ Coh(X). Then E is said to be µω,B-stable (respectively, µω,B-semistable), if for any
0 6= F  E, we have µω,B(F ) < µω,B(E/F ) (respectively, µω,B(F ) 6 µω,B(E/F )). The H-N
filtration of E with respect to µω,B-stability enables us to define the following slopes:

µ+
ω,B(E) = max

06=G⊆E
µω,B(G) , µ−ω,B(E) = min

G(E
µω,B(E/G) .
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For an interval I ⊂ R ∪ {+∞}, the subcategory HNµ
ω,B(I) ⊂ Coh(X) is defined by

HNµ
ω,B(I) = {E ∈ Coh(X) : [µ−ω,B(E), µ+

ω,B(E)] ⊂ I} .

Define the subcategories Tω,B and Fω,B of Coh(X) by setting

Tω,B = HNµ
ω,B(0,+∞] , Fω,B = HNµ

ω,B(−∞, 0] .

Then (Tω,B,Fω,B) forms a torsion pair on Coh(X). The corresponding tilt of Coh(X) is the
abelian category Bω,B = 〈Fω,B[1], Tω,B〉 ⊂ Db(X).

The central charge function Zω,B : K(X)→ C is defined by

Zω,B(E) = −
∫
X
e−B−iω ch(E) .

So Zω,B(E) =
(
− chB3 (E) + 1

2 ω
2) chB1 (E)

)
+ i
(
ω chB2 (E)− 1

6 ω
3 chB0 (E)

)
. The following result is

very useful.

Lemma 1.1 ([BMT13, Lemma 3.2.1]). For any 0 6= E ∈ Bω,B, one of the following conditions
holds:

(i) ω2 chB1 (E) > 0.

(ii) We have ω2 chB1 (E) = 0 and =(Zω,B(E)) > 0.

(iii) We have ω2 chB1 (E) = =(Zω,B(E)) = 0, −<(Zω,B(E)) > 0 and E ∼= T for some 0 6= T ∈
Coh0(X).

As a result of this lemma, the authors of [BMT13] go on to remark that for objects in Bω,B, the
vector (ω2 chB1 ,=(Zω,B)− <(Zω,B)) behaves like the Chern character vector ch = (ch0, ch1, ch2)
for coherent sheaves on a surface.

Following [BMT13], the tilt-slope νω,B on Bω,B is defined by

νω,B(E) =

{
+∞ if ω2 chB1 (E) = 0 ,

=(Zω,B(E))/ω2 chB1 (E) otherwise

for E ∈ Bω,B. Then E is said to be νω,B-stable (respectively, νω,B-semistable) if for any 0 6= F  E
in Bω,B, we have νω,B(F ) < νω,B(E/F ) (respectively, νω,B(F ) 6 νω,B(E/F )). In [BMT13] it is
proved that the abelian category Bω,B satisfies the H-N property with respect to the tilt-slope
stability. So the following slopes can be defined for E ∈ Bω,B:

ν+
ω,B(E) = max

06=G⊆E
νω,B(G) , ν−ω,B(E) = min

G(E
νω,B(E/G) .

For an interval I ⊂ R ∪ {+∞}, the subcategory HNν
ω,B(I) ⊂ Bω,B is defined by

HNν
ω,B(I) = {E ∈ Bω,B : [ν−ω,B(E), ν+

ω,B(E)] ⊂ I} .

Define the subcategories T ′ω,B and F ′ω,B of Bω,B by setting

T ′ω,B = HNν
ω,B(0,+∞] , F ′ω,B = HNν

ω,B(−∞, 0] .

Then (T ′ω,B,F ′ω,B) forms a torsion pair on Bω,B. The corresponding tilt of Bω,B is the abelian

category Aω,B = 〈F ′ω,B[1], T ′ω,B〉 ⊂ Db(X).

Conjecture 1.2 ([BMT13, Conjecture 3.2.6]). The pair (Zω,B,Aω,B) is a Bridgeland stability
condition on Db(X).
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Definition 1.3. Let Cω,B be the class of νω,B-stable objects E ∈ Bω,B with νω,B(E) = 0.

We have E[1] ∈ Aω,B for any E ∈ Cω,B.

Conjecture 1.4 ([BMT13, Conjecture 3.2.7]). Any E ∈ Cω,B satisfies the so-called Bogomolov–
Gieseker-type inequality :

<(Zω,B(E[1])) < 0 ; that is, chB3 (E) < 1
2 ω

2 chB1 (E) .

Assume B ∈ NSQ(X) and let ω ∈ NSR(X) be an ample class with ω2 rational. Then the
abelian category Aω,B satisfies the important property stated in the following lemma. This was
proved for rational classes ω in [BMT13]. However, a similar proof can be used when we have a
weaker condition, namely ω2 rational. For example, a different parametrization given by ω 7→

√
3ω

is considered in [Mac12].

Lemma 1.5 ([BMT13, Proposition 5.2.2]). The abelian category Aω,B is Noetherian.

As a corollary we have the following result.

Corollary 1.6 ([BMT13, Corollary 5.2.4]). Conjectures 1.2 and 1.4 are equivalent.

1.2 Fourier–Mukai transforms on abelian threefolds

Let us quickly recall the notion of Fourier–Mukai transform on abelian threefolds. See [BBR09,
Huy06] for further details on Fourier–Mukai theory.

Let (X,L) be a principally polarized abelian threefold with Picard rank one. Let ` := c1(L).
Then χ(L) = `3/6 = 1. Let P = m∗L⊗ p∗1L−1 ⊗ p∗2L−1 be the Poincaré line bundle on X ×X.
Then the Fourier–Mukai transform Φ: Db(X)→ Db(X) with kernel P is defined by

Φ(−) := R p2∗(P
L
⊗ p∗1(−)).

Here X
p1←− X × X

p2−→ X are the projection maps. In [Muk81] Mukai proved that Φ is an
auto-equivalence of the derived category Db(X) and also that

Φ ◦ Φ ∼= (−1)∗ idDb(X)[−3] .

The Chern character of any E ∈ Db(X) is of the form ch(E) = (a0, a1`, a2`
2/2, a3`

3/6) for some
integers ai. We have

ch(Φ(E)) = (a3,−a2`, a1`
2/2,−a0`

3/6)

(see [Huy06, Lemma 9.23]).

2. Minimal objects of Aω,B and B-G-type inequality of threefolds

2.1 Some minimal objects of Aω,B
We identify some classes of minimal objects of the abelian category Aω,B of a projective threefold
X. See [Huy08] for a detailed discussion on minimal objects of some abelian categories associated
with Bridgeland stability conditions on a surface.

Proposition 2.1. For any x ∈ X, the skyscraper sheaf Ox is a minimal object in Aω,B.

Proof. For any x ∈ X, we have Ox ∈ Tω,B and also Ox ∈ T ′ω,B. Therefore Ox ∈ Aω,B. Let

0→ a→ Ox → b→ 0
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be a short exact sequence in Aω,B such that a 6= 0. Then in order to prove that Ox ∈ Aω,B is
minimal, we need to show b = 0. We obtain the following long exact sequence of Bω,B-cohomology
associated with the Aω,B-short exact sequence above:

0→ A−1 → 0→ B−1 → A0 → Ox → B0 → 0 .

Here Ak := Hk
Bω,B

(a) and Bk := Hk
Bω,B

(b). We have A−1 = 0 and so a ∼= A0 6= 0. Let C :=

A0/B−1. Then

0→ C → Ox → B0 → 0

is a short exact sequence in Bω,B. We obtain the following long exact sequence of Coh(X)-
cohomology associated with the Bω,B-short exact sequence above:

0→ C−1 → 0→ B−1
0 → C0 → Ox → B0

0 → 0 .

Here Ck := Hk
Coh(X)(C) and Bk

0 := Hk
Coh(X)(B0). We have C−1 = 0 and so C ∼= C0.

If B0
0 6= 0, then Ox ∼= B0

0 and B−1
0
∼= C0 ∈ Tω,B ∩ Fω,B = {0}. So C = 0 and B−1

∼=
A0 ∈ T ′ω,B ∩ F ′ω,B = {0}, which implies A0 = 0. This is not possible and so B0

0 = 0. Therefore

B0
∼= B−1

0 [1] and

0→ B−1
0 → C0 → Ox → 0

is a short exact sequence in Coh(X). Here ch(Ox) = (0, 0, 0, 1). If B−1
0 6= 0, then

0 > µω,B(B−1
0 ) = µω,B(C0) > 0 .

This is not possible and so B−1
0 = 0 and C0 ∼= Ox. Therefore b ∼= B−1[1], and we have the

following short exact sequence in Bω,B:

0→ B−1 → A0 → Ox → 0 .

Since ch(Ox) = (0, 0, 0, 1), if B−1 6= 0, then

0 > νω,B(B−1) = νω,B(A0) > 0 .

This is not possible and so B−1 = 0. Therefore b = 0 and so Ox ∈ Aω,B is a minimal object, as
required.

We now identify further minimal objects.

Definition 2.2. Let Mω,B be the class of all objects E ∈ Bω,B such that

(i) the object E is νω,B-stable;

(ii) we have νω,B(E) = 0; and

(iii) we have Ext1(Ox, E) = 0 for any skyscraper sheaf Ox with x ∈ X.

We clearly have Mω,B ⊂ Cω,B.

Lemma 2.3. Let E ∈Mω,B. Then E[1] is a minimal object of Aω,B.

Proof. By definition Mω,B ⊂ F ′ω,B and so E[1] ∈ Aω,B. Let

0→ a→ E[1]→ b→ 0

be a short exact sequence in Aω,B such that b 6= 0. Now we need to show a = 0 or, equivalently,
b ∼= E[1]. We have the following long exact sequence of Bω,B-cohomology associated with the
Aω,B-short exact sequence above:

0→ A−1 → E → B−1 → A0 → 0→ B0 → 0 .
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Here Ak := Hk
Bω,B

(a) and Bk := Hk
Bω,B

(b). We have B0 = 0 and so b ∼= B−1[1], which implies
B−1 6= 0.

(i) Suppose A−1 6= 0. If E/A−1 6= 0, then E/A−1 ↪→ B−1 and ν+
ω,B(B−1) 6 0 implies

νω,B(E/A−1) 6 0. On the other hand, νω,B(E/A−1) > 0 as A−1 6= 0 and E is νω,B-stable with
νω,B(E) = 0. But this not possible.

If E/A−1 = 0, then A−1
∼= E and B−1

∼= A0 ∈ F ′ω,B ∩ T ′ω,B = {0}. This is not possible as
B−1 6= 0.

(ii) Suppose A−1 = 0. Then we have the following short exact sequence in Bω,B:

0→ E → B−1 → A0 → 0 . (2.1)

If A0 6= 0, then νω,B(E) = 0 implies ω2 chB1 (E) > 0 and =(Zω,B(E)) = 0. Then

νω,B(B−1) =
=(Zω,B(A0))

ω2 chB1 (E) + ω2 chB1 (A0)
6 0

implies =(Zω,B(A0)) 6 0. If ω2 chB1 (A0) 6= 0, then νω,B(A0) > 0 implies =(Zω,B(A0)) > 0, which
is not possible. Hence ω2 chB1 (A0) = 0 and by Lemma 1.1, =(Zω,B(A0)) > 0. So =(Zω,B(A0)) = 0
and A0

∼= T for some 0 6= T ∈ Coh0(X). Then the Bω,B-short exact sequence (2.1) corresponds
to an element from Ext1(A0, E) = Ext1(T,E). But we have Ext1(Ox, E) = 0 for any x ∈ X and
so Ext1(T,E) = 0. Hence B−1

∼= T ⊕ E. Then T is a subobject of B−1. But this is not possible
as νω,B(T ) = +∞ and E ∈Mω,B.

If A0 = 0, then a = 0 and b ∼= B−1[1] ∼= E[1], as required.

This completes the proof of the lemma.

Some classes of tilt-stable candidates have been identified in [BMT13].

Recall that for E ∈ Db(X), the discriminant ∆ω in the sense of Drézet is defined by

∆ω(E) =
(
ω2 chB1 (E)

)2 − 2ω3 chB0 (E) · ω chB2 (E) .

Proposition 2.4 ([BMT13, Proposition 7.4.1]). Let E be a µω,B-stable locally free sheaf on X
with ∆ω(E) = 0. Then either E or E[1] in Bω,B is νω,B-stable.

Example 2.5. Let (X,L) be a polarized projective threefold and let ` := c1(L). Consider the
classes B = `/2 and ω =

√
3`/2. Then ∆ω(O) = ∆ω(L) = 0. So, by Proposition 2.4, the elements

O[1] and L of Bω,B are νω,B-stable. We also have =(Zω,B(O[1])) = =(Zω,B(L)) = 0. Therefore
νω,B(O[1]) = νω,B(L) = 0. So by Lemma 2.3, the objects O[2] and L[1] in Aω,B are minimal.

Remark 2.6. The tilt stable objects associated with minimal objects in Example 2.5 clearly
satisfy the corresponding B-G-type inequalities.

2.2 Reduction of B-G-type inequalities for minimal objects

The following propositions play an important role in this paper.

Proposition 2.7 ([LM12, Proposition 3.1]). Let E ∈ Bω,B be a νω,B-semistable object with
νω,B < +∞. Then H−1

Coh(X)(E) is a reflexive sheaf.

Proposition 2.8 ([LM12, Proposition 3.5]). Let 0→ E → E′ → Q→ 0 be a non-splitting short
exact sequence in Bω,B with Q ∈ Coh0(X), Hom(Ox, E′) = 0 for all x ∈ X and ω2 chB1 (E) 6= 0.
If E is νω,B-stable, then E′ is νω,B-stable.
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Recall that Cω,B is the class of νω,B-stable objects E ∈ Bω,B with νω,B(E) = 0.

Proposition 2.9. Let E ∈ Cω,B. Then there exists an E′ ∈ Mω,B (that is, E′[1] is a minimal
object of Aω,B) such that

0→ E → E′ → Q→ 0

is a short exact sequence in Bω,B for some Q ∈ Coh0(X).

Proof. Let E ∈ Cω,B \Mω,B. Assume the opposite of the claim in the proposition for E. Then
there exists a sequence of non-splitting short exact sequences in Bω,B for i > 1,

0→ Ei−1 → Ei → Oyi → 0 ,

where E0 = E, Ei ∈ Cω,B (see Proposition 2.8). So for each i > 1,

0→ Oyi → Ei−1[1]→ Ei[1]→ 0

is a short exact sequence in Aω,B. Therefore

E[1] = E0[1]� E1[1]� E2[1]� · · ·

is an infinite chain of quotients in Aω,B. But this is not possible as Aω,B is Noetherian by
Lemma 1.5. This is a contradiction.

It follows that E ∈ Cω,B satisfies the B-G-type inequality if the corresponding E′ ∈ Mω,B

satisfies the B-G-type inequality.

3. The abelian category A√3B,B, Fourier–Mukai transforms and stability conditions

3.1 Some properties of A√3B,B

We discuss some of the properties of the abelian category A√3B,B for an arbitrary polarized
projective threefold (X,L) with Picard rank one. Let ` := c1(L). Let B = b` for b ∈ Q>0. Then
for E ∈ Db(X), we have

=(Z√3B,B(E)) =
√

3b`(ch2(E)− b` ch1(E)).

Proposition 3.1. Let E ∈ B√3B,B and let Ei = H i
Coh(X)(E). Let E±i be the H-N-semistable

factors of Ei with highest and lowest µ√3B,B-slopes. Then we have the following results:

(i) If E ∈ HNν√
3B,B

(−∞, 0) and E−1 6= 0, then `2 ch1(E+
−1) < 0.

(ii) If E ∈ HNν√
3B,B

(0,+∞] and rk(E0) 6= 0, then `2 ch1(E−0 ) > 2b`3 ch0(E−0 ).

(iii) If E is tilt-semistable with ν√3B,B(E) = 0, then

(a) for E−1 6= 0, we have `2 ch1(E−1) 6 0 with equality if and only if ch2(E−1) = 0;
(b) for rk(E0) 6= 0, we have `2 ch1(E0) > 2b`3 ch0(E0), with equality if and only if

(ch1(E0))2 = 2 ch0(E0) ch2(E0).

Proof. The object E ∈ B√3B,B fits into the B√3B,B-short exact sequence

0→ E−1[1]→ E → E0 → 0 .

(i) Since E is an element of HNν√
3B,B

(−∞, 0), we have E−1[1] ∈ HNν√
3B,B

(−∞, 0). We also

have 0 6= E+
−1 ⊆ E−1. Hence E+

−1[1] ∈ HNν√
3B,B

(−∞, 0).
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Let ch(E+
−1) = (a0, a1, a2, a3). Assume the opposite of statement (i) for a contradiction, so

that a1 > 0. We have

ν√3B,B(E+
−1[1]) =

−=(Z√3B,B(E+
−1))

−3B2 chB1 (E+
−1)

=

√
3ba1(ba0 − a1) + 1

2

√
3ba2

1 + 1
2

√
3b(a2

1 − a0a2)

3a0b2(ba0 − a1)
.

Since E+
−1 is µ√3B,B-semistable, we have, by the usual B-G inequality,

a2
1 − a0a2 > 0 ,

and since E+
−1 ∈ F√3B,B, we have ν√3B,B(E+

−1[1]) 6= +∞ and so ba0 − a1 > 0. Hence, as a0 > 0,

we have ν√3B,B(E+
−1[1]) > 0. But this is not possible as E+

−1[1] ∈ HNν√
3B,B

(−∞, 0). This is the

contradiction required to complete the proof.

(ii) Since E is an element of HNν√
3B,B

(0,+∞], we have E0 ∈ HNν√
3B,B

(0,+∞]. The element

0 6= E−0 is a torsion-free quotient of E0. Since E0 is an element of HNν√
3B,B

(0,+∞], we have

E−0 ∈ HNν√
3B,B

(0,+∞] .

Let ch(E−0 ) = (a0, a1, a2, a3). Assume the opposite of statement (ii) for a contradiction, so
that a1 6 2ba0. We have

ν√3B,B(E−0 ) =
=(Z√3B,B(E−0 ))

3B2 chB1 (E−0 )

=
−1

2

√
3b(a2

1 − a0a2) + 1
2

√
3ba1(a1 − 2ba0)

3b2a0(a1 − ba0)
.

Here E−0 ∈ T√3B,B is torsion free, which implies

a1 − ba0 > 0 .

The object E−0 is µ√3B,B-semistable, which implies (by the usual B-G inequality)

a2
1 − a0a2 > 0 .

Therefore ν√3B,B(E−0 ) 6 0. But this is not possible as E−0 ∈ HNν√
3B,B

(0,+∞]. This is the

contradiction required to complete the proof.

(iii) As in the proof of statement (i), one can show that if E ∈ HNν√
3B,B

(−∞, 0] and E−1 6= 0,

then `2 ch1(E+
−1) 6 0. Hence, for E ∈ HNν√

3B,B
[0], we have `2 ch1(E−1) 6 0. The equality

holds if and only if E−1 is slope-semistable, and so it satisfies the usual B-G inequality. Since
ν√3B,B(E−1) 6 0, we have `2 ch1(E−1) = 0 if and only if ch2(E−1) = 0.

The proof of assertion (b) is similar to that of assertion (a).

3.2 The relation of Fourier–Mukai transforms to stability conditions

Let (X,L) be a principally polarized abelian threefold with Picard rank one. Let ` := c1(L).
Then χ(L) = `3/6 = 1 and the Chern character of E ∈ Db(X) is of the form ch(E) =
(a0, a1`, a2`

2/2, a3`
3/6) for some integers ai. Define the classes B = `/2 and ω =

√
3`/2.

The following is a key result in this paper.

Proposition 3.2. If Φ(L−1E)[2] ∈ Bω,B for any E ∈Mω,B \{LPx : x ∈ X}, then the B-G-type
inequality holds for the objects in Cω,B.
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Proof. By Proposition 2.9, it is enough to check that the B-G-type inequality is satisfied by
each object in Mω,B. Moreover, the objects in {LPx : x ∈ X} ⊂ Mω,B satisfy the B-G-type
inequality (see Remark 2.6). Hence we only need to check the inequality for objects in the set
Mω,B \ {LPx : x ∈ X}.

Let E ∈ Mω,B \ {LPx : x ∈ X} and assume that Φ(L−1E)[2] is an element of Bω,B. Let
ch(E) = (a0, a1`, a2`

2/2, a3`
3/6). Then =(Zω,B(E)) = 0 implies a1 = a2. Now the B-G-type

inequality says

∆ := −a0 + 3a1 − a3 > 0 .

By Proposition 3.1, we have `2 ch1(E−1) 6 0 and `2 ch1(E0) > 0, where Ei = H i
Coh(X)(E). So

a1`
3 = `2 ch1(E) = `2 ch1(E0)− `2 ch1(E−1) > 0.

Let F = Φ(L−1E)[2] and let ch(F ) = (b0, b1`, b2`
2/2, b3`

3/6). Then b0 = a3 − a0 and b1 =
b2 = a1 − a0. Now b1 = b2 implies =(Zω,B(F )) = 0. Also, F ∈ Bω,B implies ω2 chB1 (F ) > 0; that
is, 2b1 − b0 > 0. If ω2 chB1 (F ) = 0, then =(Zω,B(F )) = 0 implies F ∼= T for some T ∈ Coh0(X)
(see Lemma 1.1). If T 6= 0, then E has a filtration with factors of the form LPx[1] 6∈Mω,B. This
is not possible and so ω2 chB1 (F ) > 0; that is, 2b1 − b0 = −a0 + 2a1 − a3 > 0. Hence ∆ > 0 and
so E satisfies the B-G-type inequality. This completes the proof.

Our main goal in the rest of this paper is to prove that ΦL−1[2] and its quasi-inverse LΦ[1]
are auto-equivalences of the abelian category Aω,B. Under an equivalence of abelian categories
minimal objects are mapped to minimal objects and so the hypothesis of Proposition 3.2 is
satisfied. Therefore, by Corollary 1.6, we have the following result.

Theorem 3.3. The pair (Aω,B, Zω,B) is a Bridgeland stability condition on Db(X).

4. Fourier–Mukai transforms on the sheaves Coh(X) of abelian threefolds

From here onward, we always assume that (X,L) is a principally polarized abelian threefold
with Picard rank one. Let ` := c1(L). Then χ(L) = `3/6 = 1 and the Chern character of any
E ∈ Db(X) is of the form ch(E) = (a0, a1`, a2`

2/2, a3`
3/2) for some integers ai. Define the classes

B = `/2 and ω =
√

3`/2.

If E ∈ Coh(X), then the slope µ(E) is defined by µ(E) := µ`/
√

6,0(E); that is, µ(E) = a1/a0

when a0 6= 0 and µ(E) = +∞ when a0 = 0. In the rest of the paper we mostly use µ-slope for
coherent sheaves and we simply write HN for HNµ

`/
√

6,0
. Then µω,B(E) = 9

2(µ(E)− 1
2). Moreover,

define T0 = HN(0,+∞] and F0 = HN(−∞, 0]. For simplicity, we write T = Tω,B, F = Fω,B,
B = Bω,B, ν = νω,B, HNν

ω,B = HNν , T ′ = T ′ω,B, F ′ = F ′ω,B and A = Aω,B. By the definitions,

we have F = HN(−∞, 1
2 ] and T = HN(1

2 ,+∞].

Let Φ be the FMT with kernel the Poincaré line bundle P. The isomorphism Φ ◦ Φ ∼=
(−1)∗ idid

Db(X)
[−3] gives us the following convergence of a spectral sequence.

Proposition 4.1 (Mukai spectral sequence). We have

Ep,q2 = Φp
Coh(X)Φ

q
Coh(X)(E) =⇒ Hp+q−3

Coh(X)((−1)∗E) (4.1)

for E ∈ Coh(X), where Φi
Coh(X)(F ) = H i

Coh(X)(Φ(F )).

For E ∈ Coh(X), we write

Ek = Φk
Coh(X)(E) .
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Then for example E120 = Φ0
Coh(X)Φ

2
Coh(X)Φ

1
Coh(X)(E). Using this notation, we can deduce the

following immediately from the spectral sequence:

E00 = E01 = E32 = E33 = 0 , E10 ∼= E02 and E31 ∼= E23 .

Let R∆ denote the derived dualizing functor RHom(−,O)[3]. Then by [Muk81, (3.8)], we
have

(Φ ◦R∆)[3] ∼= (−1)∗R∆ ◦ Φ .

This gives us the convergence of the following spectral sequences.

Proposition 4.2 (Duality spectral sequence). For any E ∈ Coh(X) we have two spectral se-
quences

Φp
Coh(X)

(
Ext q+3(E,O)

)
and (−1)∗ Ext p+3

(
Φ3−q

Coh(X)(E),O
)
, (4.2)

which are co-convergent.

The aim of this section is to use mainly the Mukai and duality spectral sequences to study the
slope stability of sheaves under the Fourier–Mukai transform Φ. More precisely, we consider the
Coh(X)-cohomology sheaves of the images under Φ of torsion sheaves supported in dimensions
one and two. We also study the transforms of torsion-free sheaves whose H-N-semistable factors
satisfy certain slope bounds.

Notation 4.3. Any E ∈ Coh(X) fits into Coh(X)-short exact sequence

0→ T → E → F → 0

for some T ∈ T0 and F ∈ F0. Denote T (E) by T and F (E) by F .

Any torsion-free sheaf E fits into a non-splitting Coh(X)-short exact sequence

0→ E → E∗∗ → T → 0

for some T ∈ Coh61(X). Here E∗∗ is a reflexive sheaf. If E has rank one, then E∗∗ is a line
bundle and so E∗∗ ∼= LkPx for some k ∈ Z and x ∈ X.

Notation 4.4. If E is a rank one torsion-free sheaf with c1(E) = k`, then we can write E =
LkPxIC . Here IC is the ideal sheaf of the structure sheaf OC := L−kP−x⊗(E∗∗/E) ∈ Coh61(X)
of a subscheme C ⊂ X of dimension at most one.

Proposition 4.5. Let E ∈ Coh(X). If E0 6= 0, then E0 is a reflexive sheaf.

Proof. Let x ∈ X. Then for 0 6 i 6 2, we have

Hom(Ox, E0[i]) ∼= Hom(Φ(Ox),Φ(E0)[i]) ∼= Hom(Px, E
02[−2 + i])

from the convergence of the Mukai spectral sequence (4.1) for E. Consequently, Hom(Ox, E0) =
Ext1(Ox, E0) = 0, and

Ext2(Ox, E0) ∼= Hom(Px, E
02)

∼= Hom(Px, E
10) , by the Mukai spectral sequence for E

∼= Hom(Φ(Ox),Φ(E1))

∼= Hom(Ox, E1) .

Hence, as any map Ox → E1 must factor through the torsion subsheaf of E1 and E1 is coherent,
only finitely many of these maps can be non-zero. So dim{x ∈ X : Ext2(Ox, E0) 6= 0} 6 0.
Therefore E0 is a reflexive sheaf.
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Proposition 4.6. Let E ∈ Coh(X). If E ∈ T0, then E3 = 0, while if E ∈ F0, then E0 = 0.

Proof. Let E ∈ T0. Then for any x ∈ X, we have

Hom(E3,Ox) ∼= Hom(Φ(E)[3],Φ(P−x)[3]) ∼= Hom(E,P−x) = 0 ,

as P−x ∈ F0. Therefore E3 = 0, as required.

Now, let E ∈ F0. We may assume that E is µ-stable using H-N and Jordan–Hölder filtrations.
For generic x ∈ X and i = 1, 2, we have

Hom(E1,Ox[i]) = Hom(E2,Ox[i+ 1]) = Hom(E3,Ox[i+ 2]) = 0 .

Hence for generic x ∈ X, we have

Hom(E0,Ox) ∼= Hom(Φ(E),Ox)
∼= Hom(Φ(E),Φ(P−x)[3])
∼= Hom(E,P−x[3])
∼= Hom(P−x, E)∗ .

If µ(E) < 0, then Hom(P−x, E) = 0.

Assume µ(E) = 0. Since E is assumed to be µ-stable, any map in Hom(P−x, E) must be an
isomorphism and so E0 = 0. Consequently, for generic x ∈ X, we have Hom(E0,Ox) = 0. By
Proposition 4.5 if E0 6= 0, then it is reflexive. So E0 = 0.

Proposition 4.7. Let E ∈ Coh(X); then E3 ∈ T0 and E0 ∈ F0.

Proof. For the first statement, let T = T (E3) ∈ T0 and F = F (E3) ∈ F0, so that

0→ T → E3 → F → 0

is a short exact sequence in Coh(X). We need to show F = 0. Apply Φ to the short exact
sequence above and consider the long exact sequence of Coh(X)-cohomology. Then we have
F ∈ V Φ

Coh(X)(1) and T ∈ V Φ
Coh(X)(0, 1, 2) (for the definition of V , see the notation section of the

introduction), and

0→ T 1 → E31 → F 1 → T 2 → 0

is a long exact sequence in Coh(X). Here E31 ∼= E23 (from the Mukai spectral sequence (4.1)
for E) and so

Hom(E31, F 1) ∼= Hom(E23, F 1)

∼= Hom(Φ(E2)[3],Φ(F )[1])

∼= Hom(E2, F [−2]) = 0 .

Hence F ∼= (−1)∗F 12 ∼= (−1)∗T 22 = 0 (from the Mukai spectral sequence (4.1) for T ), as required.

The proof of the second statement is similar to that of the first.

Proposition 4.8. Let E ∈ F0. If E1 6= 0, then E1 is a reflexive sheaf.

Proof. By Proposition 4.6, we have E0 = 0. Let x ∈ X. Then from the convergence of the Mukai
spectral sequence (4.1) for E and 0 6 i 6 2, we have

Hom(Ox, E1[i]) ∼= Hom(Φ(Ox),Φ(E1)[i])

∼= Hom(Px, E
12[i− 2])
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as Hom(Px, τ>2Φ(E1)[i]) ∼= Hom(Px, E
13[i− 3]) = 0. Hence Hom(Ox, E1) = Ext1(Ox, E1) = 0

and Ext2(Ox, E1) ∼= Hom(Px, E
12).

From the convergence of the Mukai spectral sequence (4.1) for E,

0→ E20 → E12 → F → 0

is a short exact sequence in Coh(X). Here F is a subobject of (−1)∗E. By applying the functor
Hom(Px,−), we obtain the exact sequence

0→ Hom(Px, E
20)→ Hom(Px, E

12)→ Hom(Px, F )→ · · · .

Now F ∈ F0 and by Proposition 4.7, we also have E20 ∈ F0. Therefore we have Hom(Px, F ) 6= 0
or Hom(Px, E

20) 6= 0 for at most a finite number of points x ∈ X; that is, dim{x ∈ X :
Ext2(Ox, E1) 6= 0} 6 0. Hence E1 is a reflexive sheaf.

Proposition 4.9. If E is a torsion sheaf, then E2 ∈ T0.

Proof. Let T := T (E2) and let F := F (E2). Then 0 → T → E2 → F → 0 is a short exact
sequence in Coh(X). By applying Φ, we obtain the long exact sequence

0→ T 1 → E21 → F 1 → T 2 → 0

in Coh(X). Here F ∈ V Φ
Coh(X)(1). From the convergence of the Mukai spectral sequence (4.1)

for E, the sheaf E21 fits into the Coh(X)-short exact sequence

0→ Q→ E21 → E13 → 0 ,

where Q is a quotient of (−1)∗E. So Q is a torsion sheaf and Hom(Q,F 1) = 0, as F 1 is a reflexive
sheaf (see Proposition 4.8). Therefore we have

Hom(E21, F 1) ∼= Hom(E13, F 1)

∼= Hom(Φ(E1)[3],Φ(F )[1])

∼= Hom(E1, F [−2]) = 0 .

Hence F 1 ∼= T 2 and so F ∼= (−1)∗F 12 ∼= (−1)∗T 22 = 0 (from the Mukai spectral sequence (4.1)
for T ), as required.

For x ∈ X, we denote LPx by Lx. Since h0(X,Lx) = χ(Lx) = 1, let the divisor Dx be
the zero locus of the unique (up to scaling) non-zero section sx ∈ H0(X,Lx). Moreover, as
t∗xL⊗L−1 = Px, we have Dx = t∗xDe, where e ∈ X is the identity element. For a positive integer
m, let mDx be the non-reduced divisor in the linear system |m`| topologically supported on Dx.
So mDx is the zero locus of the section s⊗mx of Lmx , and we have the short exact sequence

0→ L−mx →OX → OmDx → 0

in Coh(X). For E ∈ Coh(X), apply the functor E
L
⊗ (−) to the short exact sequence above and

consider the long exact sequence of Coh(X)-cohomology. Since L−mx and OX are locally free,
we have Tori(E,OmDx) = 0 for i > 2. Now assume E ∈ Cohk(X) for some k ∈ {0, 1, 2, 3}. For
generic x ∈ X, we have dim(Supp(E) ∩ Dx) 6 (k − 1) and so Tor1(E,OmDx) ∈ Coh6k−1(X).
However, L−mx E ∈ Cohk(X), and so Tor1(E,OmDx) = 0. Therefore we have the short exact
sequence

0→ L−mx E → E → E|mDx → 0 (4.3)

in Coh(X). Since any E ∈ Coh(X) is an extension of sheaves from Cohk(X), for generic x ∈ X,
Tori(E,OmDx) = 0 for i > 1 and so we have the short exact sequence (4.3) for all E ∈ Coh(X).
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Moreover, when 0→ E1 → E2 → E3 → 0 is a short exact sequence in Coh(X), for generic x ∈ X
we have Tori(Ej ,OmDx) = 0 for all i > 1 and each j, and so

0→ E1|mDx → E2|mDx → E3|mDx → 0

is a short exact sequence in Coh(X).

Proposition 4.10. Let E ∈ Coh61(X); then E1 ∈ T0.

Proof. The sheaf E ∈ Coh61(X) fits into the torsion sequence 0 → E0 → E → E1 → 0, where
E0 ∈ Coh0(X) and E1 ∈ Coh1(X). Here E0 ∈ V Φ

Coh(X)(0) and so E1 = E1
1 . Therefore we only

need to prove the claim for a pure dimension one torsion sheaf E. Then for sufficiently large
m > 0 and suitable x ∈ X, we have L−mx E ∈ V Φ

Coh(X)(1), and

0→ L−mx E → E → E|mDx → 0

is a short exact sequence in Coh(X) for E|mDx ∈ Coh0(X). By applying the Fourier–Mukai
transform Φ, we have (L−mx E)1 � E1. Therefore, we only need to show (L−mx E)1 ∈ T0. Let
us show this by proving the claim for a pure dimension one torsion sheaf E ∈ V Φ

Coh(X)(1). Then

ch(E) = (0, 0, α, β), where α > 0 and β 6 0 since β = − rk(E1).

Let T := T (E1) and let F := F (E1). Then 0→ T → E1 → F → 0 is a short exact sequence
in Coh(X). We need to show F = 0. Suppose F 6= 0 for a contradiction. Apply the Fourier–
Mukai transform Φ and consider the long exact sequence of Coh(X)-cohomology. Then we have
T ∈ V Φ

Coh(X)(2) and F ∈ V Φ
Coh(X)(1, 2), and

0→ F 1 → T 2 → E → F 2 → 0

is a long exact sequence in Coh(X).

(i) Assume that the map T 2 → E is zero. Then T ∼= (−1)∗T 21 ∼= (−1)∗F 11 = 0 from the
Mukai spectral sequence (4.1), as F ∈ V Φ

Coh(X)(1, 2). So E = F 2 and hence F ∈ V Φ
Coh(X)(2).

Therefore F ∼= (−1)∗E1 and so ch(F ) = (−β, α, 0, 0). Here α > 0, which is not possible as
µ(F ) 6 0.

(ii) Now assume that the map T 2 → E is non-zero. Let K = im(T 2 → E). Then K ∈ Coh1(X)
and the Coh(X)-short exact sequence 0 → F 1 → T 2 → K → 0 corresponds to an element from
Ext1(K,F 1). Here F 1 is a reflexive sheaf and so there exist a locally free sheaf U and a torsion
free sheaf V such that 0→ F 1 → U → V → 0 is a non-splitting short exact sequence in Coh(X).
By applying the functor Hom(K,−), we obtain the following exact sequence:

· · · → Hom(K,V )→ Ext1(K,F 1)→ Ext1(K,U)→ · · · .

Here Hom(K,V ) = 0 and Ext1(K,U) ∼= Ext2(U,K)∗ ∼= H2(X,U∗⊗K)∗ = 0, as K ∈ Coh61(X).
So Ext1(K,F 1) = 0 implies T 2 ∼= F 1 ⊕K. Here T 2 ∈ V Φ

Coh(X)(1) implies F 1 = 0 and so K ∼= T 2.

Then F 2 ∼= E/T 2 and also F ∈ V Φ
Coh(X)(2). Since F 2 is an element of V Φ

Coh(X)(1), it is a pure

dimension one torsion sheaf. So ch(F 2) = (0, 0, α′, β′), where α′ > 0 and β′ 6 0. Therefore
ch(F ) = (−β′, α′, 0, 0), which is not possible as µ(F ) 6 0 implies α′ 6 0.

Therefore F = 0, as required to complete the proof.

Recall from [Muk78, Proposition 6.16] that for any positive integer s, the semi-homogeneous
bundle (Ls)0 is slope stable. In the rest of this section we abuse notation and write (Ls)0 for the
functor (Ls)0 ⊗−.
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Proposition 4.11. Let En ∈ HN[0,+∞) for n ∈ N be a sequence of coherent sheaves on X.
Suppose that for any s > 0, there is an N(s) > 0 such that for any n > N(s), we have
(Ls)0En ∈ V Φ

Coh(X)(3). Then µ+(En)→ 0 as n→ +∞.

Proof. Assume µ+(En) 6→ 0 as n → +∞ for a contradiction. Then there exists an ε > 0 such
that for any N ′ > 0 there is an n > N ′ satisfying µ+(En) > ε.

Let Tn be the slope-semistable H-N factor of En with the highest slope; that is, µ(Tn) =
µ+(En). There is an s ∈ N such that µ((Ls)0) > −ε. Then for any N ′ > 0, there is an n > N ′

such that (Ls)0Tn ∈ T0. Consequently, for some n > N(s) we have

Hom((Ls)0Tn, (L
s)0En) ∼= Hom(Φ((Ls)0Tn),Φ((Ls)0En)) ∼= 0 ,

as ((Ls)0Tn)3 = 0 (from Proposition 4.6) and (Ls)0En ∈ V Φ
Coh(X)(3). This is the contradiction

required to complete the proof.

Let s be a positive integer. Consider the Fourier–Mukai functor defined by

Π = Φ ◦ (Ls)0 ◦ Φ[3] .

Then Πi
Coh(X)(Ox) = 0 for i 6= 0 and Π0

Coh(X)(Ox) = LsPy for some y ∈ X. Define the Fourier–
Mukai functor

Π̂ = Φ ◦ (L−s)3 ◦ Φ .

One can show that Π̂[3] is right and left adjoint to Π (and vice versa). We have Π̂i
Coh(X)(Ox) = 0

for i 6= 0, and Π̂0
Coh(X)(Ox) = L−sPz for some z ∈ X. Therefore Π is a Fourier–Mukai functor

with kernel a locally free sheaf U on X ×X.

We have the spectral sequence

Φp
(
(Ls)0 Φq(E)

)
=⇒ Πp+q−3(E) (4.4)

for E.

Proposition 4.12. Let E be a coherent sheaf such that L−nE ∈ V Φ
Coh(X)(k) for sufficiently large

n, where k ∈ {0, . . . , 3}. Then µ+((L−nE)k)→ 0 as n→ +∞.

Proof. Since L−nE ∈ V Φ
Coh(X)(k) for sufficiently large n, we have E ∈ Cohk(X). If k = 0, then

E ∈ Coh0(X) and so we have µ+((L−nE)0) = 0. Otherwise, by Propositions 4.10, 4.9 and 4.7,
for E ∈ Cohk(X) we have (L−nE)k ∈ T0. Let s be a positive integer. Consider the convergence
of the spectral sequence (4.4). For large enough n, we also have L−nE ∈ V Π

Coh(X)(k). Therefore

(Ls)0(L−nE)k ∈ V Φ
Coh(X)(3). By Proposition 4.11, we have µ+((L−nE)k)→ 0 as n→ +∞.

Proposition 4.13. Let E be a reflexive sheaf. Then for sufficiently large n > 0, L−nE ∈
V Φ

Coh(X)(2, 3), and we have (L−nE)2 ∼= (T0)0 for some T0 ∈ Coh0(X).

Proof. Consider a minimal locally free resolution of E,

0→ F2 → F1 → E → 0 .

By applying the Fourier–Mukai transform ΦL−n for sufficiently large n > 0, we obtain L−nE ∈
V Φ

Coh(X)(2, 3).

Since E is a reflexive sheaf, there are a locally free sheaf P and a torsion-free sheaf Q such
that

0→ E → P → Q→ 0
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is a short exact sequence in Coh(X). By applying the Fourier–Mukai transform ΦL−n for suffi-
ciently large n, we have (L−nE)2 ∼= (L−nQ)1.

The torsion-free sheaf Q fits into the short exact sequence 0 → Q → Q∗∗ → T → 0 for
some T ∈ Coh61(X). Apply the Fourier–Mukai transform ΦL−n for sufficiently large n and
consider the long exact sequence of Coh(X)-cohomology. Since L−nQ∗∗ ∈ V Φ

Coh(X)(2, 3), we have

(L−nQ)1 ∼= (L−nT )0. The torsion sheaf T ∈ Coh61(X) fits into a short exact sequence 0→ T0 →
T → T1 → 0 in Coh(X) for Ti ∈ Cohi(X) with i = 0, 1. Therefore (L−nT )0 ∼= (T0)0, and so
(L−nE)2 ∼= (T0)0, as required.

Proposition 4.14. Let E ∈ Coh1(X) with E ∈ V Φ
Coh(X)(1). If 0 6= T ∈ HN[0,+∞] is a subsheaf

of E1, then ` ch2(T ) 6 0.

Proof. For n > 0 and generic z ∈ X, we have the Coh(X)-short exact sequence

0→ L−nz E → E → T0 → 0

for T0 := E|nDz ∈ Coh0(X). By applying the Fourier–Mukai transform Φ, we get the commutative
diagram

0 // T 0
0

// (L−nz E)1 // E1 // 0

0 // T 0
0

// A //?�

OO

T //?�

OO

0 ,

for some A ∈ HN[0,+∞]. So we have chk(A) = chk(T ) for k = 1, 2, 3.

Let G be a slope-semistable H-N factor of A. From the usual B-G inequality, we have
`(ch1(G)2 − 2 ch0(G) ch2(G)) > 0. Consequently,

2` ch2(G) 6
` ch1(G)2

ch0(G)

= `2 ch1(G)µ(G)

6 `2 ch1(A)µ(G)

6 `2 ch1(T )µ+
(
(L−nz E)1

)
.

By Proposition 4.12, we have µ+((L−nz E)1)→ 0 as n→ +∞. So choose n > 0 large enough such
that `2 ch1(T )µ+((L−nz E)1) < `3. Since 2` ch2(G) ∈ `3Z, we have ` ch2(G) 6 0. So ` ch2(T ) =
` ch2(A) 6 0.

Proposition 4.15. (i) Let E ∈ F0 be a reflexive sheaf. If 0 6= T ∈ T0 is a subsheaf of E1, then
` ch2(T ) 6 0.

(ii) Let E ∈ T0 be a torsion free. If 0 6= F ∈ F0 is a quotient of E2, then ` ch2(F ) 6 0.

Proof. (i) Recall that, for any positive integer m, non-reduced divisors mDx of Lmx are topolog-
ically supported on Dx.

Since E is a reflexive sheaf, one can choose x, y ∈ X such that

– dim(Dx ∩Dy) = 1;

– the restriction E|Dx is locally free on Dx; and

– the restriction E|Dy is locally free on Dy.
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By Proposition 4.13, for sufficiently large m > 0, we have L−mx E ∈ V Φ
Coh(X)(2, 3). By applying

the Fourier–Mukai transform Φ to the Coh(X)-short exact sequence

0→ L−mx E → E → E|mDx → 0 ,

we obtain E|mDx ∈ V Φ
Coh(X)(1, 2) and E1 ↪→ (E|mDx)1. Since E|Dx is locally free on Dx, for large

enough n > 0, we have L−ny E|mDx ∈ V Φ
Coh(X)(2) . By applying the Fourier–Mukai transform Φ

to the Coh(X)-short exact sequence

0→ L−ny E|mDx → E|mDx → E|mDx∩nDy → 0 ,

we obtain E|mDx∩nDy ∈ V Φ
Coh(X)(1) and (E|mDx)1 ↪→

(
E|mDx∩nDy

)1
. Therefore we have

T ↪→ E1 ↪→
(
E|mDx∩nDy

)1
.

The result follows from Proposition 4.14.

(ii) Since F 6= 0 is a quotient of E2, we have F ∗ ↪→ (E2)∗. Here F ∗ ∈ HN[0,+∞) fits into the
Coh(X)-short exact sequence 0 → T → F ∗ → F0 → 0 for some T ∈ T0 and F0 ∈ HN[0]. By the
usual B-G inequality, ` ch2(F0) 6 0.

By Proposition 4.6, we have E3 = 0 = (E∗)0. Therefore from the convergence of the duality
spectral sequence (4.2) for E, we have the Coh(X)-short exact sequence

0→ (−1)∗(E∗)1 → (E2)∗ → P → 0

for some subsheaf P of (Ext1(E,O))0. By Proposition 4.7, we have (Ext1(E,O))0 ∈ F0 and so
P ∈ F0. Therefore Hom(T, P ) = 0 and so P ↪→ (−1)∗(E∗)1. Here E∗ ∈ F0 and so by part (i), we
have ` ch2(T ) 6 0. Therefore ` ch2(F ) 6 ` ch2(F ∗∗) = ` ch2(F ∗) = ` ch2(F0) + ` ch2(T ) 6 0.

Proposition 4.16. Let E ∈ Coh(X).

(i) If E ∈ F0, then E1 ∈ F0.

(ii) If E ∈ HN[0,+∞) with E3 = 0, then E2 ∈ HN[0,+∞].

Proof. (i) Assume the opposite for a contradiction. Let T := T (E1) and F := F (E1). Then
0 → T → E1 → F → 0 is a short exact sequence in Coh(X). By Proposition 4.8, the object
E1 is reflexive and so non-trivial T is reflexive. Hence `2 ch1(T ) > 0. By applying the Fourier–
Mukai transform Φ to this short exact sequence we obtain T ∈ V Φ

Coh(X)(2) and F ∈ V Φ
Coh(X)(1, 2).

Moreover, we have the Coh(X)-short exact sequence

0→ F 1 → T 2 → E1 → 0

for some subsheaf E1 of E12. From the Mukai spectral sequence (4.1) for E we have the Coh(X)-
short exact sequence

0→ E20 → E12 → E2 → 0

for some subsheaf E2 of (−1)∗E. Therefore E2 ∈ F0 and by Proposition 4.7, we have E20 ∈ F0.
So we have E12 ∈ F0, and consequently E1 ∈ F0.

Let T1 := T (F 1) and F1 := F (T 2). These fit into the following commutative diagram for
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some F2 ∈ F0:

0 0

0 // F2
//

OO

F1
//

OO

E1
// 0

0 // F 1 //

OO

T 2 //

OO

E1
// 0

T1

OO

T1

OO

0

OO

0 .

OO

By Proposition 4.15, we have ` ch2(F1) 6 0.

By applying the Fourier–Mukai transform Φ to the Coh(X)-short exact sequence 0→ T1 →
F 1 → F2 → 0, we obtain the Coh(X)-short exact sequence

0→ F 1
2 → T 2

1 → F3 → 0

for some subsheaf F3 of F 12. We also have T1 ∈ V Φ
Coh(X)(2). By considering the Mukai spectral

sequence (4.1) for F , one can show F3 ∈ F0. By Proposition 4.8, the sheaf F 1
2 is reflexive. So T 2

1

is torsion free and fits into the Coh(X)-short exact sequence

0→ T 2
1 → (T 2

1 )∗∗ → Q→ 0

for some Q ∈ Coh61(X). The torsion sheaf Q fits into the Coh(X)-short exact sequence

0→ Q0 → Q→ Q1 → 0

for Q0 ∈ Coh0(X) and Q1 ∈ Coh1(X). By Proposition 4.13, for large enough m > 0, we have
(L−mT 2

1 )1 ∼= (L−mQ)0 ∼= Q0
0. Also, (L−mQ1)1 ∼= (L−mQ)1 and (L−m(T 2

1 )∗∗)2 ∼= R0
0 for some

R0 ∈ Coh0(X). So we have the Coh(X)-short exact sequence

0→ (L−mQ1)1 → (L−mT 2
1 )2 → R0

0 → 0 .

By Proposition 4.10, we have (L−mT 2
1 )2 ∈ HN[0,+∞) and ` ch2((L−mT 2

1 )2) = 0.

The torsion-free sheaf F3 also fits into the Coh(X)-short exact sequence 0 → F3 → F ∗∗3 →
S → 0 for some S ∈ Coh61(X).

Choose x, y ∈ X such that

– dim(Dx ∩Dy) = 1,

– Dx ∩ Supp(Q0) = ∅,
– dim(Supp(Q1) ∩Dx) 6 0,

– Dx ∩Dy ∩ Supp(Q) = ∅,
– Dx ∩Dy ∩ Supp(S) = ∅.

Since F 1
2 is reflexive, F 1

2 |Dx is locally free on Dx and F 1
2 |Dy is locally free on Dy, and since F ∗∗3

is reflexive, F ∗∗3 |Dx is locally free on Dx and F ∗∗3 |Dy is locally free on Dy.

From the Mukai spectral sequence for F2, we know F 1
2 ∈ V Φ

Coh(X)(2, 3). Since it is reflexive,

for large enough m > 0, the sheaf L−mx F 1
2 is an element of V Φ

Coh(X)(2, 3), and since F 1
2 |Dx

is locally free on Dx, we have L−ny F 1
2 |mDx ∈ V Φ

Coh(X)(2). So F 1
2 |mDx∩nDy ∈ V Φ

Coh(X)(1). Since
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Dx ∩ Dy ∩ Supp(S) = ∅, similarly one can show F3|mDx∩nDy
∼= F ∗∗3 |mDx∩nDy is in V Φ

Coh(X)(1).

Therefore, T 2
1 |mDx∩nDy

∼= (T 2
1 )∗∗|mDx∩nDy is in V Φ

Coh(X)(1).

By applying the Fourier–Mukai transform Φ to the Coh(X)-short exact sequence

0→ L−mx T 2
1 → T 2

1 → T 2
1 |mDx → 0 ,

for large enough m > 0 we obtain the Coh(X)-long exact sequence

0→ Q0
0 → (−1)∗T1 → (T 2

1 |mDx)1 → (L−mT 2
1 )2 → 0 .

So
(
T 2

1 |mDx

)1 ∈ HN[0,+∞] and ch2((T 2
1 |mDx)1) = ch2(T1). Moreover, we have the Coh(X)-short

exact sequence

0→ T 2
1 |mDx → (T 2

1 )∗∗|mDx → Q1|mDx → 0 .

Here Q1|mDx ∈ Coh0(X). So for large enough n > 0, we have (L−nT 2
1 |mDx)1 ∼= (Q1|mDx)0.

By applying the Fourier–Mukai transform Φ to the Coh(X)-short exact sequence

0→ L−ny T 2
1 |mDx → T 2

1 |mDx → T 2
1 |mDx∩nDy → 0 ,

we have the Coh(X)-long exact sequence

0→ (Q1|mDx)0 α→
(
T 2

1 |mDx

)1 → (T 2
1 |mDx∩nDy)1 → · · · .

Let T2 := coker(α). Then T2 ∈ HN[0,+∞] and ch2(T2) = ch2(T1). By Proposition 4.14, we have
` ch2(T2) 6 0. So ` ch2(T 2) = ` ch2(T1) + ` ch2(F1) 6 0. Therefore we have `2 ch1(T ) 6 0. This is
the contradiction required to complete the proof.

(ii) Since E∗ ∈ HN(−∞, 0], it follows from part (i) that (E∗)1 ∈ HN(−∞, 0]. By the
convergence of the duality spectral sequence (4.2) for E, we have (E2)∗ ∈ HN(−∞, 0]. So
E2 ∈ HN[0,+∞], as required.

Corollary 4.17. Let E ∈ T0; then E2 ∈ T0.

Proof. Let T := T (E2) and F := F (E2). Then 0→ T → E2 → F → 0 is a short exact sequence
in Coh(X). Now we need to show F = 0. Apply the Fourier–Mukai transform Φ and consider
the long exact sequence of Coh(X)-cohomology. So we have F ∈ V Φ

Coh(X)(1) and

0→ T 1 → E21 → F 1 → T 2 → 0

is a long exact sequence in Coh(X). From the convergence of the Mukai spectral sequence (4.1)
for E, we have the Coh(X)-short exact sequence

0→ Q→ E21 → E13 → 0 ,

where Q is a quotient of (−1)∗E. Then Q ∈ T0 and, by Proposition 4.7, we have E13 ∈ T0 and
so E21 ∈ T0. On the other hand, by Proposition 4.16, we have F 1 ∈ F0. So the map E21 → F 1

is zero and F 1 ∼= T 2. Hence F ∼= (−1)∗F 12 ∼= (−1)∗T 22 = 0 (from the Mukai spectral sequence
(4.1) for T ), as required.

Proposition 4.18. Let E ∈ HN(0, 1]; then E0 ∈ HN(−∞,−1
2 ].

Proof. Due to Mukai, we know that ΦLΦ ∼= (−1)∗L−1ΦL−1. Therefore we have the following
convergence of a spectral sequence:

Ep,q2 = Φp
Coh(X)LΦq

Coh(X)(E) =⇒ (−1)∗L−1Φp+q
Coh(X)(L

−1E) .
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Here L−1E ∈ HN(−1, 0], and so by Proposition 4.6, we have (L−1E)0 = 0. So from the conver-
gence of the spectral sequence above for E we have (LE0)0 = 0. Also, (LE0)1 ↪→ L−1(L−1E)1.
By Proposition 4.16, we have (L−1E)1 ∈ F0 and so (LE0)1 ∈ HN(−∞,−1] ⊂ F0.

Let F ⊂ E0 be the H-N-semistable factor of E0 with the highest slope and let µ := µ(F ).
Then (LF )0 ↪→ (LE0)0 and so (LF )0 = 0. Let ch(F ) = (a0, µa0, a2, a3). Now suppose µ > −1/2
for a contradiction. Then LF ∈ T0 and F fits into the Coh(X)-short exact sequence

0→ F → E0 → G→ 0 (4.5)

for some G ∈ HN(−∞, 0]. By Proposition 4.5, the sheaf E0 is reflexive. Since G is torsion-free,
it follows that F is also reflexive. Apply the Fourier–Mukai transform Φ and consider the long
exact sequence of Coh(X)-cohomology. Then we have F ∈ V Φ

Coh(X)(2, 3) and

0→ G1 → F 2 → E02 → · · ·

is an exact sequence in Coh(X). From the convergence of the Mukai spectral sequence (4.1)
for E, E02 ∼= E10 and E10 ∈ H(−∞, 0] by Proposition 4.7. Also, by Proposition 4.16, we have
G1 ∈ HN(−∞, 0]. So F 2 ∈ HN(−∞, 0] and we have `2 ch1(F 2) 6 0. Moreover, by Proposition 4.7,
we have F 3 ∈ HN(0,+∞] and so `2 ch1(F 3) > 0. Therefore `2 ch1(Φ(F )) 6 0 and so ch(Φ(F )) =
(a3,−a2, µa0,−a0) implies

a2`
3 = 2` ch2(F ) > 0 .

Apply the Fourier–Mukai transform ΦL to the short exact sequence (4.5) and consider the long
exact sequence of Coh(X)-cohomology. Then we have the Coh(X)-long exact sequence

0→ (LG)0 → (LF )1 → (LE0)1 → · · · .

Here (LE0)1 ∈ F0 and so (LF )1 ∈ F0. By Corollary 4.17, we have (LF )2 ∈ HN(0,+∞]. So
`2 ch1(LF 1) 6 0 and `2 ch1(LF 2) > 0, which imply `2 ch1(Φ(LF )) > 0. Hence

(a0 + 2µa0 + a2)`3 = 2` ch2(LF ) 6 0.

Here, by assumption 2µ+1 > 0, and we have already obtained a2 > 0. Hence (2µ+1)a0 +a2 > 0,
which is not possible. This is the contradiction required to complete the proof.

Proposition 4.19. Let E ∈ HN[−1, 0]; then E3 ∈ HN[1
2 ,+∞].

Proof. From the duality spectral sequence (4.2) for E we have (E∗)0 ∼= (−1)∗(E3)∗. Here E∗ ∈
HN[0, 1] and so by Propositions 4.6 and 4.18, we have (E∗)0 ∈ HN(−∞,−1

2 ]. Hence (E3)∗ ∈
HN(−∞,−1

2 ] and so E3 ∈ HN[1
2 ,+∞], as required.

Theorem 4.20. We have the following inclusions:

(i) LΦ (B) ⊂ 〈B,B[−1],B[−2]〉;
(ii) ΦL−1[1] (B) ⊂ 〈B,B[−1],B[−2]〉.

Proof. (i) We can visualize B as follows:

B

A

−1 0

B = 〈F [1], T 〉 : A∈T =HN( 1
2
,+∞], B∈F=HN(−∞, 1

2
]

If E ∈ F = HN(−∞, 1
2 ], then by Propositions 4.6 and 4.18, we have LE0 ∈ F . Also, by Propo-

sition 4.7, we have LE3 ∈ HN(1,+∞] ⊂ F . Therefore LΦ(E) has B-cohomology in positions 1,
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2 and 3; that is,

LΦ (F) [1] ⊂ 〈B,B[−1],B[−2]〉 .

LB0
LB1 LB2

LB3

−1 0 1 2 3

B

−1 0

LΦ =

On the other hand, if E ∈ T = HN(1
2 ,+∞], then by Proposition 4.6, we have LE3 = 0 and by

Corollary 4.17, we have LE2 ∈ HN(1,+∞] ⊂ T . So LΦ(E) has B-cohomology in positions 0, 1
and 2; that is,

LΦ (T ) ⊂ 〈B,B[−1],B[−2]〉 .

LA0 LA1
LA2

−1 0 1 2 3

A

−1 0

LΦ =

Hence LΦ (B) ⊂ 〈B,B[−1],B[−2]〉, as B = 〈F [1], T 〉.
(ii) We can use Propositions 4.6, 4.7, 4.19 and 4.16 in a way similar to that used for the proof
of part (i).

5. (Semi)stable sheaves with the Chern character (r, 0, 0, χ)

In this section we shall consider sheaves E with chk(E) = 0 for k = 1, 2 which arise as the Coh(X)-
cohomology of some of the tilt-stable objects, for example when F ∈ B is a tilt-stable object
with ν(F ) = 0 and Fi := H i

Coh(X)(F ). By Proposition 3.1, if µ(F−1) = 0, then chk(F−1) = 0,

and if µ(F0) = 1, then chk(L
−1F0) = 0 for k = 1, 2.

We would like to show that such sheaves can only take on a very special form.

Theorem 5.1. Let E be a slope-semistable sheaf with chk(E) = 0 for k = 1, 2. Then E∗∗ is a
homogeneous bundle. In other words, E∗∗ is filtered with quotients from Pic0(X).

Proof. Assume the opposite for a contradiction. Then there exists a stable reflexive sheaf E with
chk(E) = 0 for k = 1, 2 and Hk(X,E ⊗Px) = 0 for k = 0, 3 and any x ∈ X. By a result
of Simpson ([Sim92, Theorem 2]), we have ch3(E) = 0. Therefore, ch(E) = (r, 0, 0, 0) for some
positive integer r.

Since Hk(X,E ⊗ Px) = 0 for k = 0, 3 and any x ∈ X, we have E0 = E3 = 0. By
Proposition 4.16, we have E1 ∈ HN(−∞, 0] and E2 ∈ HN[0,+∞]. So `2 ch1(E1) 6 0 and
`2 ch1(E2) > 0. Therefore `2 ch1(Φ(E)) > 0, which implies ` ch2(E) 6 0. Since ch2(E) = 0,
we obtain ch1(E1) = ch1(E2) = 0. Consequently,

ch(E1) = (a, 0,−b, c) , ch(E2) = (a, 0,−b,−r + c) ,

for some a > 0 and b > 0. Moreover, we have E1 ∈ HN[0].

If E13 6= 0, then E1 fits into a Coh(X)-short exact sequence of the form 0 → K1 → E1 →
Pz1IC1 → 0. Then K1 ∈ HN[0] and we have the following exact sequence in Coh(X):

· · · → K3
1 → E13 → O−z1 → 0 .
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If K3
1 6= 0, then K1 fits into a Coh(X)-short exact sequence 0 → K2 → K1 → Pz2IC2 → 0 . So

K2 ∈ HN[0] and we have the following exact sequence in Coh(X):

· · · → K3
2 → K3

1 → O−z2 → 0 .

We can continue this process for only a finite number of steps since rk(E1) < +∞ and hence
E13 is filtered by skyscraper sheaves. Moreover, from the convergence of the Mukai spectral
sequence (4.1) for E, we have the Coh(X)-short exact sequence

0→ E20 → E12 → Q→ 0 ,

where Q is a subsheaf of (−1)∗E, and so Q ∈ HN(−∞, 0]. By Proposition 4.7, we have E20 ∈
HN(−∞, 0]. This implies E12 ∈ HN(−∞, 0]. Then `2 ch1(Φ(E1)) 6 0 and so −b`3 = 2` ch2(E1) >
0. Hence b = 0. By Proposition 4.8, the sheaf E1 is reflexive. Since E1 is an element of HN[0], it
is slope-semistable. So by [Sim92, Theorem 2], we have c = ch3(E1) = 0. Therefore ch(Φ(E1)) =
(0, 0, 0,−a). Since E13 is an element of Coh0(X), we have chk(E

12) = 0 for k = 0, 1, 2. So
E12 ∈ HN(0,+∞]. Therefore E12 = 0 and we have the Coh(X)-short exact sequence

0→ (−1)∗E → E21 → E13 → 0 .

Since E13 is an element of Coh0(X) and E is locally free, Ext1(E13, (−1)∗E) = 0. Hence E21 ∼=
(−1)∗E ⊕ E13. Since E21 is an element of V Φ

Coh(X)(2), we have E13 = 0 and so E ∈ V Φ
Coh(X)(2).

Therefore ch(E2) = (0, 0, 0,−r). But it is not possible to have −r > 0. This is the contradiction
required to complete the proof.

Remark 5.2. Theorem 5.1 can be interpreted as saying that if a vector bundle E over X satisfies
c1(E) = 0 = c2(E), then it cannot carry a non-flat Hermitian–Einstein connection. This is
analogous to the case where there are no charge one SU(r)-instantons on an abelian surface.
This is proved in a slick way using the Fourier–Mukai transform and it would be good to avoid
the direct proof given for Theorem 5.1 as it would follow more directly from Theorem 6.10.

6. Auto-equivalences of A√3`/2,`/2 under Fourier–Mukai transforms

Let us define the Fourier–Mukai transforms Ψ = LΦ and Ψ̂ = ΦL−1[1]. Then by Theorem 4.20,
the images of an object from B under Ψ and Ψ̂ are complexes whose B-cohomology can only be
non-zero in positions 0, 1 or 2. We have Ψ◦Ψ̂ ∼= (−1)∗ idDb(X)[−2] and Ψ̂◦Ψ ∼= (−1)∗ idDb(X)[−2].
This gives us the following convergence of spectral sequences.

Proposition 6.1. We have

Ep,q2 = Ψp
BΨ̂q
B(E) =⇒ Hp+q−2

B ((−1)∗E) ,

Ep,q2 = Ψ̂p
BΨq
B(E) =⇒ Hp+q−2

B ((−1)∗E)
(6.1)

for E ∈ B, where Ψi
B(F ) := H i

B(Ψ(F )) and Ψ̂i
B(F ) := H i

B(Ψ̂(F )).

This convergence of the spectral sequences for E ∈ B looks similar to the convergence of
certain spectral sequences in an abelian surface for coherent sheaves. See [BBR09, Mac96, Yos09]
for further details.

Recall that if B1, B2 ∈ B, then Exti(B1, B2) = 0 for any i < 0.

Proposition 6.2. For E ∈ Db(X) we have

=(Z(Ψ(E))) = −=(Z(E)) and =(Z(Ψ̂(E))) = −=(Z(E)) .
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Proof. Let ch(E) = (a0, a1, a2, a3). Then =(Z(E)) = 3
4

√
3(a2 − a1). Also, we have ch(Ψ(E)) =

(∗, a3− a2, a3− 2a2 + a1, ∗) and ch(Ψ̂(E)) = (∗, a2− 2a1 + a0,−a1 + a0, ∗). Then =(Z(Ψ(E))) =
=(Z(Ψ̂(E))) = −3

4

√
3(a2 − a1), as required.

From Propositions 2.7 and 3.1 and Theorem 5.1, we obtain the following result.

Remark 6.3. Let E ∈ B. If E ∈ HNν(−∞, 0), then µ+(E−1) < 0. If on the other hand, E ∈
HNν(0,+∞], then µ−(E0) > 1.

For tilt-stable E with ν(E) = 0, we have µ+(E−1) 6 0 and µ−(E0) > 1. Moreover, if
µ(E−1) = 0, then E−1 = Px for some x ∈ X; and if µ(E0) = 1, then E∗∗0 = LPx for some
x ∈ X.

Proposition 6.4. Let E ∈ T ′.

(i) H0
Coh(X)(Ψ̂

2
B(E)) = 0.

(ii) If Ψ̂2
B(E) 6= 0, then =(Z(Ψ̂2

B(E))) > 0.

Proof. (i) For any x ∈ X, we have

Hom(Ψ̂2
B(E),Ox) ∼= Hom(Ψ̂2

B(E), Ψ̂2
B(LP−x))

∼= Hom(Ψ̂(E), Ψ̂(LP−x))
∼= Hom(E,LP−x) = 0 ,

since E ∈ T ′ and LP−x ∈ F ′. Therefore H0
Coh(X)(Ψ̂

2
B(E)) = 0, as required.

(ii) From part (i), we have Ψ̂2
B(E) ∼= A[1] for some non-zero A ∈ HN(−∞, 1/2].

Consider the convergence of the spectral sequence

Ep,q2 = Ψ̂p
Coh(X)(H

q
Coh(X)(E)) =⇒ Ψ̂p+q

Coh(X)(E)

for E. Let Ei := H i
Coh(X)(E). Then by Remark 6.3, we have E0 ∈ HN(1,+∞] and so by Corollary[]

4.17 and Proposition 4.7, we have

(L−1E0)2, (L−1E−1)3 ∈ HN(0,+∞] .

Therefore, from the convergence of the spectral sequence for E given above, we have

A ∈ HN(−∞, 1
2 ] ∩HN(0,+∞] = HN(0, 1

2 ] .

Let ch(A) = (a0, a1, a2, a3). Then from the B-G inequalities for all the H-N-semistable factors
of A, we have

=(Z(Ψ̂2
B(E))) = =(Z(A[1])) = 3

4

√
3(a1 − a2) > 0 ,

as required.

Proposition 6.5. Let E ∈ F ′.

(i) H−1
Coh(X)(Ψ̂

0
B(E)) = 0.

(ii) If Ψ̂0
B(E) 6= 0, then =(Z(Ψ̂0

B(E))) < 0.
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Proof. (i) Let x ∈ X. Then we have

Hom(Ψ̂0
B(E),Ox[1]) ∼= Hom(ΨΨ̂0(E),Ψ(Ox[1]))

∼= Hom(Ψ2
BΨ̂0
B(E)[−2], LPx[1])

∼= Hom(Ψ2
BΨ̂0
B(E), LPx[3])

∼= Hom(LPx,Ψ
2
BΨ̂0
B(E))∗ .

From the convergence of the spectral sequence (6.1) for E, we have the B-short exact sequence

0→ Ψ0
BΨ̂1
B(E)→ Ψ2

BΨ̂0
B(E)→ F → 0 ,

where F is a subobject of (−1)∗E and so F ∈ F ′. Moreover, by the H-N filtration, F fits into
the following B-short exact sequence:

0→ F0 → F → F1 → 0 ,

where F0 ∈ HNν [0] and F1 ∈ HNν(−∞, 0). Since LPx is an element of HNν [0], we have

Hom(LPx, F1) = 0 .

Moreover, F0 has a filtration of ν-stable objects F0,i with ν(F0,i) = 0. By Proposition 2.9, each
F0,i fits into a non-splitting B-short exact sequence

0→ F0,i →Mi → Ti → 0

for some Ti ∈ Coh0(X) such that Mi[1] ∈ A is a minimal object. Moreover, LPx[1] ∈ A is a
minimal object. Consequently, for finitely many x ∈ X, we can have LPx

∼= Mi for some i. So
for a generic x ∈ X, we have Hom(LPx,Mi) = 0 and therefore Hom(LPx, F0,i) = 0, which
implies Hom(LPx, F0) = 0. Hence for a generic x ∈ X, we have Hom(LPx, F ) = 0.

On the other hand, we have

Hom(LPx,Ψ
0
BΨ̂1
B(E)) ∼= Hom(Ψ0

B(Ox),Ψ0
BΨ̂1
B(E))

∼= Hom(Ψ(Ox),ΨΨ̂1
B(E))

∼= Hom(Ox, Ψ̂1
B(E)) .

Here Ψ̂1
B(E) fits into the B-short exact sequence

0→ H−1
Coh(X)(Ψ̂

1
B(E))[1]→ Ψ̂1

B(E)→ H0
Coh(X)(Ψ̂

1
B(E))→ 0 ,

where H−1
Coh(X)(Ψ̂

1
B(E)) is torsion free and H0

Coh(X)(Ψ̂
1
B(E)) can have torsion supported on a

zero-scheme of finite length. Hence for generic x ∈ X, we have Hom(Ox, Ψ̂1
B(E)) = 0. Con-

sequently for generic x ∈ X, the equalities Hom(LPx,Ψ
0
BΨ̂1
B(E)) = Hom(LPx, F ) = 0 im-

ply Hom(LPx,Ψ
2
BΨ̂0
B(E)) = 0. Therefore Hom(Ψ̂0

B(E),Ox[1]) = 0 for generic x ∈ X. But

H−1
Coh(X)(Ψ̂

0
B(E)) is torsion free and so H−1

Coh(X)(Ψ̂
0
B(E)) = 0, as required.

(ii) From part (i), we have Ψ̂0
B(E) ∼= A for some coherent non-zero sheaf A ∈ HN(1

2 ,+∞].
For any x ∈ X, we have

Ext1(Ox, A) ∼= Ext1(Ox, Ψ̂0
B(E)) ∼= Hom(Ψ(Ox),ΨΨ̂0

B(E)[1])

∼= Hom(LPx,Ψ
2Ψ̂0
B(E)[−1]) = 0 .

So A ∈ Coh>2(X), and if ch(A) = (a0, a1, a2, a3), then a1 > 0.
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Apply the Fourier–Mukai transform Ψ to Ψ̂0
B(E). Since Ψ̂0

B(E) is an element of V Ψ
B (2), the

transform Ψ2
BΨ̂0
B(E) ∈ B has Coh(X)-cohomology LA1 in position −1 and LA2 in position 0.

So we have A ∈ V Φ
Coh(X)(1, 2), LA1 ∈ HN(−∞, 1

2 ] and, by Corollary 4.17, A2 ∈ HN(0,+∞].

Therefore `2 ch1(A1) 6 0 and `2 ch1(A2) > 0. Hence

a2`
3 = 2` ch2(A) = −`2 ch1(Φ(A)) = −`2 ch1(A2) + `2 ch1(A1) 6 0 .

So we have

=(Z(Ψ̂0
B(E))) = =(Z(A)) = 3

4

√
3(a2 − a1) < 0 ,

as required.

Proposition 6.6. (i) Let E ∈ T ′. We have H0
Coh(X)(Ψ

2
B(E)) = 0, and if Ψ2

B(E) 6= 0, then

=(Z(Ψ2
B(E))) > 0.

(ii) Let E ∈ F ′. We have H−1
Coh(X)(Ψ

0
B(E)) = 0, and if Ψ0

B(E) 6= 0, then =Z(Ψ0
B(E)) < 0.

Proof. (i) Let E ∈ T ′. The proof of the first assertion is similar to the proof of part (i) of
Proposition 6.4. From the first assertion, we have Ψ2

B(E) ∼= A[1] for some coherent non-zero sheaf
A ∈ HN(−∞, 1

2 ]. Let ch(A) = (a0, a1, a2, a3). Then ch(L−1A) = (a0, a1−a0, a2−2a1 +a0, ∗) and
so a1 − a0 < 0.

Apply the Fourier–Mukai transform Ψ̂ to Ψ2
B(E). Since Ψ2

B(E) is an element of V Ψ̂
B (0), the

transform Ψ̂0
BΨ2
B(E) ∈ B has Coh(X)-cohomology (L−1A)1 in position −1 and (L−1A)2 in po-

sition 0. So we have (L−1A)2 ∈ HN(1
2 ,+∞], and, by Proposition 4.16, (L−1A)1 ∈ HN(−∞, 0].

Therefore `2 ch1((L−1A)1) 6 0 and `2 ch1((L−1A)2) > 0. Hence we have

(a2 − 2a1 + a0)`3 = 2` ch2(L−1A) = −`2 ch1(Φ(L−1A))

= −`2 ch1((L−1A)2) + `2 ch1((L−1A)1) 6 0 ,

and consequently

=(Z(Ψ2
B(E))) = =(Z(A[1])) = 3

4

√
3(a1 − a2)

= −3
4

√
3((a1 − a0) + (a2 − 2a1 + a0)) > 0 ,

as required.

(ii) Let E ∈ F ′. The proof of the first assertion is similar to the proof of part (i) of Proposi-
tion 6.5. From the first assertion, we have Ψ0

B(E) ∼= A for some non-zero A ∈ HN(1
2 ,+∞].

Consider the convergence of the spectral sequence

Ep,q2 = Ψp
Coh(X)(H

q
Coh(X)(E)) =⇒ Ψp+q

Coh(X)(E)

for E. Let Ei := H i
Coh(X)(E). Then by Remark 6.3, we have E−1 ∈ HN(−∞, 0] and so by

Propositions 4.16 and 4.7, we have

LE1
−1 ∈ HN(−∞, 1] and LE0

0 ∈ HN(−∞, 1] .

Therefore, from the convergence of the spectral sequence for E given above, we have

A ∈ HN(1
2 ,+∞] ∩HN(−∞, 1] = HN(1

2 , 1] .

Also, A is reflexive, as LE0
0 and LE1

−1 are reflexive sheaves by Propositions 4.5 and 4.8. Let
ch(A) = (a0, a1, a2, a3). Then from the B-G inequalities for all the H-N-semistable factors of A,
we have

=(Z(Ψ0
B(E))) = =(Z(A)) = 3

4

√
3(a2 − a1) 6 0 .
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Equality holds when A ∈ HN[1] with ch(A) = (a0, a0, a0, ∗). Then, by considering a Jordan–
Hölder filtration for A together with Theorem 5.1, we see that L−1A has a filtration of ideal

sheaves PxiIZi of some zero-subschemes. Here Ψ0
B(E) ∼= A ∈ V Ψ̂

B (2) implies that we have
L−1A ∈ V Φ

Coh(X)(2, 3). An easy induction on the rank of A also shows that L−1A ∈ V Φ
Coh(X)(1, 3)

and so L−1A ∈ V Φ
Coh(X)(3). But then Zi = ∅ for all i. Therefore Ψ̂2

BΨ0
B(E) ∈ Coh0(X). Now

consider the convergence of the spectral sequence (6.1) for E. We have a B-short exact sequence

0→ Ψ̂0
BΨ1
B(E)→ Ψ̂2

BΨ0
B(E)→ F → 0 ,

where F is a subobject of (−1)∗E, and so F ∈ F ′. Then Ψ̂2
BΨ0
B(E) ∈ Coh0(X) ⊂ T ′, which

implies F = 0 and Ψ̂0
BΨ1
B(E) ∼= Ψ̂2

BΨ0
B(E). But then we have Ψ0

B(E) ∼= (−1)∗Ψ0
BΨ̂0
BΨ1
B(E) = 0.

This is not possible as Ψ0
B(E) 6= 0. Therefore we have the strict inequality =(Z(Ψ0

B(E))) < 0, as
required to complete the proof.

Lemma 6.7. (i) Let E ∈ T ′; then Ψ̂2
B(E) = 0 and Ψ2

B(E) = 0.

(ii) Let E ∈ F ′; then Ψ̂0
B(E) = 0 and Ψ0

B(E) = 0.

Proof. (i) Let E ∈ T ′. From the convergence of the spectral sequence (6.1) for E, we have the
B-short exact sequence

0→ Q→ Ψ0
BΨ̂2
B(E)→ Ψ2

BΨ̂1
B(E)→ 0 .

Here Q is a quotient of (−1)∗E ∈ T ′ and so Q ∈ T ′. Then Ψ0
BΨ̂2
B(E) fits into the B-short exact

sequence

0→ T → Ψ0
BΨ̂2
B(E)→ F → 0

for some T ∈ T ′ and F ∈ F ′. Now apply the Fourier–Mukai transform Ψ̂ and consider the
long exact sequence of B-cohomology. Then we have Ψ̂0

B(T ) = 0 and Ψ̂1
B(T ) ∼= Ψ̂0

B(F ). By

Proposition 6.5, we have =(Z(Ψ̂0
B(F ))) 6 0 and by Proposition 6.4, we have =(Z(Ψ̂2

B(T ))) > 0.

So =(Z(Ψ̂(T ))) > 0 and by Proposition 6.2, we have =(Z(T )) 6 0. Since T is an element of
T ′, we have =(Z(T )) = 0 and ω2 chB1 (T ) = 0. Then by Lemma 1.1, we have T ∼= T0 for some

T0 ∈ Coh0(X). But Coh0(X) ⊂ V Ψ̂
B (0); hence T = 0 and therefore Q = 0. Then Ψ0

BΨ̂2
B(E) ∼=

Ψ2
BΨ̂1
B(E) and so we have Ψ̂2

B(E) ∼= (−1)∗Ψ̂2
BΨ2
BΨ̂1
B(E) = 0, giving the first assertion. The proof

of the second assertion is similar to that of the first.

(ii) The proof of part (ii) is similar to that of part (i).

Corollary 6.8. Let E ∈ B. Then Ψ2
B(E) and Ψ̂2

B(E) are elements of T ′ and Ψ0
B(E) and Ψ̂0

B(E)
are elements of F ′.

Proof. By the definition of T ′ and F ′, the object Ψ2
B(E) fits into a B-short exact sequence

0→ T → Ψ2
B(E)→ F → 0

for some T ∈ T ′ and F ∈ F ′. Now apply the Fourier–Mukai transform Ψ̂ and consider the long
exact sequence of B-cohomology. Then by Lemma 6.7, we have F = 0, giving Ψ2

B(E) ∈ T ′.
The other results can be shown in a similar manner.

Proposition 6.9. (i) Let E ∈ F ′; then Ψ̂1
B(E) ∈ F ′ and Ψ1

B(E) ∈ F ′.
(ii) Let E ∈ T ′; then Ψ̂1

B(E) ∈ T ′ and Ψ1
B(E) ∈ T ′.

Proof. (i) By torsion theory Ψ̂1
B(E) fits into a B-short exact sequence

0→ T → Ψ̂1
B(E)→ F → 0
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for some T ∈ T ′ and F ∈ F ′. For the first assertion, we now need to show T = 0. Apply
the Fourier–Mukai transform Ψ and consider the long exact sequence of B-cohomology. We get
Ψ1
B(T ) ↪→ Ψ1

BΨ̂1
B(E) and T ∈ V Ψ

B (1). Also, by the convergence of the spectral sequence (6.1) for

E, we see that Ψ1
BΨ̂1
B(E) is a subobject of (−1)∗E. Hence Ψ1

B(T ) ∈ F ′ implies =(Z(Ψ1
B(T ))) 6 0.

On the other hand, by Proposition 6.2, we have =(Z(Ψ1
B(T ))) = =(Z(T )) > 0, as T ∈ T ′. Hence

=(Z(T )) = 0 and T ∈ T ′ implies ω2 chB1 (T ) = 0. So by Lemma 1.1, we have T ∼= T0 for some
T0 ∈ Coh0(X). Since any object of Coh0(X) belongs to V Ψ

B (0), we have Ψ1
B(T ) = 0. So T = 0,

as required to prove the first assertion. The proof of the second assertion is similar to that of the
first one.

(ii) The proof of part (ii) is similar to that of part (i).

By Lemma 6.7, Corollary 6.8 and Proposition 6.9, it follows that

Ψ[1]
(
F ′[1]

)
⊂ A and Ψ[1]

(
T ′
)
⊂ A .

Since A = 〈F ′[1], T ′〉, we have Ψ[1] (A) ⊂ A. Similarly, we have Ψ̂[1] (A) ⊂ A. The isomorphisms
Ψ̂[1] ◦Ψ[1] ∼= (−1)∗ idDb(X) and Ψ[1] ◦ Ψ̂[1] ∼= (−1)∗ idDb(X) give us the following result.

Theorem 6.10. The Fourier–Mukai transforms Ψ[1] and Ψ̂[1] give the auto-equivalences

Ψ[1] (A) ∼= A and Ψ̂[1] (A) ∼= A

of the abelian category A.
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