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Fourier—Mukai transforms and Bridgeland stability
conditions on abelian threefolds
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ABSTRACT

We use the ideas of Bayer, Bertram, Macri and Toda to construct a Bridgeland stability
condition on a principally polarized abelian threefold (X, L) with NS(X) = Z[{] by
establishing their Bogomolov—Gieseker-type inequality for certain tilt stable objects
associated with the pair (A\/§€/2,Z/2’Z\/§Z/2,€/2) on X. This is done by proving the
stronger result that A V30/2,0)2 is preserved by a suitable Fourier—Mukai transform.

Introduction

In [Bri07] Bridgeland introduced the notion of stability conditions on triangulated categories.
These now have many applications to the study of the geometry of the underlying spaces. More-
over, they highlight the role played by the derived categories of suitable categories of sheaves. The
space of stability conditions is known precisely for curves and for abelian surfaces and Bridge-
land’s geometric stability conditions provide examples for all projective surfaces (see, for example,
[Bri08, Mac07, AB13, Oka06]). A conjectural construction of Bridgeland stability conditions for
projective threefolds was introduced in [BMT13]. The problem is reduced to proving that an
inequality, which the authors call a Bogomolov—Gieseker-type (B-G-type for short) inequality,
holds for certain tilt-stable objects. This inequality has been shown to hold for three-dimensional
projective space (see [BMT13, Mac12]) and smooth quadric threefolds (see [Sch14]), and some
progress has been made for more general threefolds (see [Tod14, LM12]). However, there is no
known example of a stability condition on a projective Calabi—Yau threefold. This case is espe-
cially significant because of the interest from mathematical physics and also in connection with
Donaldson—-Thomas invariants. In this paper, we establish the existence of a stability condition on
a particular Calabi—Yau threefold (namely, a principally polarized abelian threefold with Picard
rank one). However, it is likely that the method will generalize to other Calabi—Yau threefolds.
The extension to other stability conditions for the abelian threefold case will be the subject of a
forthcoming article.

We reduce the requirement of the B-G-type inequality to a smaller class of tilt-stable objects
as defined in Definition 2.2. These are essentially minimal objects (also called simple objects
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FMTS AND STABILITY CONDITIONS ON ABELIAN THREEFOLDS

in the literature) of the heart of the stability condition. In this paper we use Fourier—-Mukai
theory to prove the B-G-type inequality for these minimal objects by showing that the heart is
preserved by a suitable Fourier—Mukai transform (or FMT for short). For the surface case, the fact
that a countable family of (Bridgeland’s) geometric stability conditions satisfies the numerical
conditions for being a stability condition is actually equivalent to the existence of a Fourier—
Mukai transform preserving the heart. The forward implication was proved by Huybrechts (see
[HuyO8]) and the reverse implication is a fairly straightforward exercise (partly done in [Yos09]).
For the threefold case, we build on these ideas to establish the reverse implication.

Throughout this paper our abelian varieties will be principally polarized with Picard rank
one over C. Let (X, L) be an abelian variety of dimension three and let ¢ be ¢;(L). We use L to
canonically identify X with Pic’(X). Let ®: D*(X) — D?(X) be the (classical) FMT with the
Poincaré line bundle on X x X as the kernel. Then the image of the category Coh(X ) under @ is a
subcategory of D?(X) with non-zero Coh(X )-cohomology in positions 0, 1, 2 and 3 . In Section 4,
we study the slope stability of Coh(X)-cohomology under the transform ® in great detail. In
particular, we investigate the images under ® of torsion sheaves supported in dimensions one
and two, and of torsion-free sheaves whose Harder—Narasimhan-semistable (or H-N-semistable
for short) factors satisfy certain slope bounds.

In [BMT13] and [BBMT14], the authors construct their conjectural stability condition hearts
as a tilt of a tilt. The first tilt of Coh(X) associated with the H-N filtration with respect to
the twisted (slope pi, p)-stability is denoted by B, p and the second, associated with the H-N
filtration with respect to the tilt (slope v, g)-stability, by A, . We shall consider the particular
case where w = v/30/2 and B = £/2. Let ¥ := L® and ¥ := ®L[1]. At the end of Section 4 we
prove that the images of the abelian category B, s, /2,/2 under the Fourier—-Mukai transforms ¥

and ¥ have non-zero B V30/2,0 /Q-Cohomology only in positions 0, 1 and 2 (see Theorem 4.20). On
the other hand, we have the isomorphisms (see [Muk81])

A

ol = (—1)*idpe(x)[~2] and ¥oW = (=1)"idps(x)[—2].

Therefore the abelian category B, 3, /2,/2 behaves somewhat similarly to the category of coherent
sheaves on an abelian surface under the Fourier—Mukai transform (see [BBR09, Mac96, Yos09]
for further details). Now Theorem 4.20 becomes the key technical tool to show that the second
tilt A, 7z, /2,0/2 18 preserved by W.

Under this auto-equivalence, minimal objects are mapped to minimal objects. This provides
us with an inequality which bounds the top component of the Chern character of the object.
This is the main idea for showing that the B-G-type inequality is satisfied by our restricted class
of minimal objects in A V30/2,/2° In Section 5, we have to show that the B-G-type inequality is
satisfied by a very special class of minimal objects by showing that these objects actually do not
exist. This result is of interest in its own right as it shows that if a bundle E of such threefolds
satisfies ¢1(E) = 0 = ¢o(F), then it cannot carry a non-flat Hermitian-Einstein connection.
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A. MAciociAa AND D. PIYARATNE

Notation
For 0 < i < dim X, we set
CohS"(X) := {E € Coh(X) : dim Supp(E) < i},
Coh?(X) := {E € Coh(X) : for 0 # F C E, dim Supp(F) >}, and
Coh’(X) := Coh~"(X) N Coh”(X).
For an interval I C RU{+oc}, we set HNY) 5(I) := {E € Coh(X) : [u, p(E), u} g(E)] C I}.
We define the subcategory HNY, 5(I) C By, p similarly.

For a Fourier-Mukai transform T and a heart 2 of a t-structure for which D°(X) = Db(),
we set Y5 (E) := HE(T(E)).

For a sequence of integers i1, ...,1s, we set
Vot (i1, -+ yis) i= {E € D’(X) : T)(E) = 0 for j ¢ {i1,...,is}}.
Then E € Coh(X) being T-WIT; is equivalent to E being an element of V. n(X) (7).

Let (X, L) be a principally polarized abelian variety. Then we write ® for the FMT from X
to X with the Poincaré line bundle & := m*L @ p{L~! @ p4L~! on X x X as the kernel.

For E € Coh(X), we set EF := @’éoh(x)(E).
We set ¥ := L® and ¥ := ®L'[1]. Here and elsewhere we abuse notation and write L for
the functor L ® —.

For a polarized projective threefold (X, L) with Picard rank one over C, the Chern character
of E is ch(E) = (ag,ail,azf?/2,a3l3/6) for some a; € Q. For simplicity we write ch(E) =
(ao,a1,az,as). The a; are integers for the principally polarized abelian threefold case.

1. Preliminaries

1.1 Construction of stability conditions

We recall the conjectural construction of stability conditions as introduced in [BMT13].

Let X be a smooth projective threefold over C. Let w, B be in NSg(X) with w an ample
class. The twisted Chern character ch? with respect to B is defined by ch?(—) = e~ ch(—). So
we have

chf =chg, chf =ch; —Bchg, chf =chy—Bch+1B%chy,
chéB = chg —Bchy JF%B2 ch; —%B?’ chg .

The twisted slope p, p on Coh(X) is defined by

(E) = 400 if F is a torsion sheaf,
HeorB w?chP(E)/chf(E) otherwise

for E € Coh(X). Then E is said to be p, p-stable (respectively, p, p-semistable), if for any
0 # F ¢ E, we have u, B(F) < pw,B(E/F) (respectively, po B(F) < pop(E/F)). The H-N
filtration of F with respect to p,, p-stability enables us to define the following slopes:

Hop(E) = max  pop(C),  w,p5(E) = min pu5(B/G).
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For an interval I C RU {+o0}, the subcategory HN&B(I) C Coh(X) is defined by
HN" (1) = {E € Coh(X) : [15 (B), 1t (E)] € T}
Define the subcategories 7, p and F, p of Coh(X) by setting
Top = HNY (0, 400],  Fup = HNY ;(—00,0].

Then (7., B, Fu,p) forms a torsion pair on Coh(X). The corresponding tilt of Coh(X) is the
abelian category B, 5 = (F., 5[1], Tu.5) C D°(X).
The central charge function Z,, p: K(X) — C is defined by

Z,5(E)=— /X e B ch(E).

So Z, 5(E) = (- chf(E) + 3 w?) chP(B)) +i (wchy (E) — Tw? chf (E)). The following result is
very useful.

LEMMA 1.1 ([BMT13, Lemma 3.2.1]). For any 0 # E € B, g, one of the following conditions
holds:

(i) w?chP(E) > 0.
(ii) We have w? ch?(F) = 0 and ¥(Z, (E)) > 0.
(iii) We have w? ch?(E) = S(Z,5(E)) = 0, —R(Z, 5(E)) > 0 and E = T for some 0 # T €
Coh%(X).

As aresult of this lemma, the authors of [BMT13] go on to remark that for objects in B, g, the
vector (w?ch? 3(Z, 5) — R(Z, p)) behaves like the Chern character vector ch = (chg, chy, chy)
for coherent sheaves on a surface.

Following [BMT13], the tilt-slope v, p on B, p is defined by
(B) +00 if w?ch?(E) =0,
Uy =
B (Zop(E))/w? chP(E)  otherwise

for E € B,, p. Then F is said to be v, p-stable (respectively, v, p-semistable) if for any 0 # F ¢ E
in By, B, we have v, p(F) < v, g(E/F) (respectively, v, p(F) < vy, g(E/F)). In [BMT13] it is
proved that the abelian category B, p satisfies the H-N property with respect to the tilt-slope
stability. So the following slopes can be defined for £ € B, p:

vop(B) = max vap(G), v, p(E) = min w,5(E/G).

For an interval I C R U {+oo}, the subcategory HN, 5(I) C By, p is defined by
HN 5(I) = {E € Bup : [v, g(E), v} z(E)] C I}.
Define the subcategories 7  and F, g of By, p by setting
o5 = HN, 5(0, +00] o5 = HN, p(—00,0].

Then (7] 5, F. p) forms a torsion pair on B, g. The corresponding tilt of B, p is the abelian
category Aw,p = (F,, p[1], 7 g) C DY(X).

CONJECTURE 1.2 ([BMT13, Conjecture 3.2.6]). The pair (Z,, g, Aw,B) is a Bridgeland stability
condition on D®(X).
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DEFINITION 1.3. Let €, p be the class of v, p-stable objects E € B, p with v, p(E) = 0.

We have E[1] € A, p for any E € 6, p.
CONJECTURE 1.4 ([BMT13, Conjecture 3.2.7]). Any E € 6, p satisfies the so-called Bogomolov—
Gieseker-type inequality:

R(Z.,p(E[1])) < 0; that is, chf(E) < $w?ch{(E).

Assume B € NSg(X) and let w € NSg(X) be an ample class with w? rational. Then the
abelian category A, p satisfies the important property stated in the following lemma. This was
proved for rational classes w in [BMT13]. However, a similar proof can be used when we have a

weaker condition, namely w? rational. For example, a different parametrization given by w — /3w
is considered in [Macl2].

LEMMA 1.5 ([BMT13, Proposition 5.2.2]). The abelian category A, g is Noetherian.

As a corollary we have the following result.

COROLLARY 1.6 ([BMT13, Corollary 5.2.4]). Conjectures 1.2 and 1.4 are equivalent.

1.2 Fourier—Mukai transforms on abelian threefolds

Let us quickly recall the notion of Fourier-Mukai transform on abelian threefolds. See [BBR09,
Huy06] for further details on Fourier—Mukai theory.

Let (X, L) be a principally polarized abelian threefold with Picard rank one. Let ¢ := ¢1(L).
Then x(L) = 63/6 =1.Let & =m*L ®p’1‘L_1 ®p§L‘1 be the Poincaré line bundle on X x X.
Then the Fourier—-Mukai transform &: Db(X ) — Db(X ) with kernel & is defined by

L
P(—) == Rp2.(Z @ pi(-)).

Here X ¢~ X x X 2 X are the projection maps. In [Muk81] Mukai proved that ® is an
auto-equivalence of the derived category D?(X) and also that

bod = (—1)* idDb(X)[—3] .

The Chern character of any E € D°(X) is of the form ch(E) = (ao, a1/, azl?/2,az¢3/6) for some
integers a;. We have

ch(®(E)) = (a3, —asl, a1l?/2, —apl?/6)
(see [Huy06, Lemma 9.23]).

2. Minimal objects of A, 5 and B-G-type inequality of threefolds

2.1 Some minimal objects of A,

We identify some classes of minimal objects of the abelian category A,, g of a projective threefold
X. See [Huy08] for a detailed discussion on minimal objects of some abelian categories associated
with Bridgeland stability conditions on a surface.

PROPOSITION 2.1. For any = € X, the skyscraper sheaf O, is a minimal object in A, p.

Proof. For any x € X, we have O, € 7, p and also O, € 71 g- Therefore O, € A, p. Let

0—=a—>0,—>b—0
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be a short exact sequence in A, g such that a # 0. Then in order to prove that O, € A, p is
minimal, we need to show b = 0. We obtain the following long exact sequence of B,, g-cohomology
associated with the .Aw, B-short exact sequence above:

0—-A_1—-0—-B_1—>A4,—- 0, — By—0.

Here Ay = ngB(a) and By := Hl]}wB(b). We have A1 = 0 and so a = Ay # 0. Let C :=
AQ/B_]_. Then
0—-C—-0; —By—0

is a short exact sequence in B, p. We obtain the following long exact sequence of Coh(X)-
cohomology associated with the B,, p-short exact sequence above:

0-C'-0-B'-C"=0,— B)—0.
Here C* := Héoh(x)(C’) and Bf = Héoh(X)(Bg). We have C~1 =0 and so C = CY.

If B # 0, then O, = BY and By' =~ C° € T, 3N Fup = {0}. So C = 0 and B_; =
Ag € 7:; N ]-'L’% 5 = {0}, which implies Ay = 0. This is not possible and so BJ = 0. Therefore
By = By '[1] and

0Byt —=C"- 0,0
is a short exact sequence in Coh(X). Here ch(0,) = (0,0,0,1). If By* # 0, then
0> fo.8(By") = 1.(C%) > 0.

This is not possible and so By' = 0 and C° = O,. Therefore b = B_;[1], and we have the
following short exact sequence in B, p:

0—-B_1—A4 — 0, —0.
Since ch(O,) = (0,0,0,1), if B_; # 0, then
0> Vw,B(B—l) = waB(A()) >0.

This is not possible and so B_; = 0. Therefore b = 0 and so O, € A, p is a minimal object, as
required. O

We now identify further minimal objects.
DEFINITION 2.2. Let .#, p be the class of all objects E € B,, g such that
(i) the object E is v, p-stable;
(ii) we have v, p(F) = 0; and
(iii) we have Ext!(0,, F) = 0 for any skyscraper sheaf O, with z € X.
We clearly have .Z,, g C 6, B.
LEMMA 2.3. Let E € 4, p. Then E[1] is a minimal object of A, p.
Proof. By definition .#, p C F, 5 and so E[1] € A, p. Let
0—a—E[l]l—-b—0

be a short exact sequence in A,, g such that b # 0. Now we need to show a = 0 or, equivalently,
b = E[1]. We have the following long exact sequence of B, p-cohomology associated with the
A, B-short exact sequence above:

0—+A1—>FEF—+B_1—>A4—>0—By—0.
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Here Aj, := ng’B(a) and By, := ng’B(b). We have By = 0 and so b = B_4[1], which implies
B_; #0.

(i) Suppose A_y # 0. If E/A_; # 0, then E/A_; < B_; and v, 5(B_1) < 0 implies
v, B(E/A_1) < 0. On the other hand, v, p(E/A_1) > 0as A_; # 0 and E is v, B-stable with
v,8(E) = 0. But this not possible.

If E/A1 =0, then Ay = F and B_1 = Ay € F/, 3 N T p = {0}. This is not possible as
B_1 #0.

(ii) Suppose A_; = 0. Then we have the following short exact sequence in By, p:

0—-F—B1—>A,—0. (2.1)
If Ag # 0, then v, g(E) = 0 implies w? ch?(E) > 0 and 3(Z,, p(F)) = 0. Then

v B(B 1) — %(ZW,B(AO))
LT w? chP(E) + w2 chP(4y)

implies 3(Z, p(Ao)) < 0. If w? chP(Ag) # 0, then v, p(Ag) > 0 implies I(Z, p(Ag)) > 0, which
is not possible. Hence w? ch?(Ay) = 0 and by Lemma 1.1, S(Z,, 5(Ag)) = 0. So I(Z,, 5(Ap)) = 0
and Ag = T for some 0 # T € Coh’(X). Then the B, B-short exact sequence (2.1) corresponds
to an element from Ext!(Ag, E) = Ext!(T, E). But we have Ext!(O,, E) = 0 for any z € X and
so Ext}(T,E) = 0. Hence B_; 2 T & E. Then T is a subobject of B_;. But this is not possible
as v, p(T) = +oo and E € 4, p.

If Ap =0, then a =0 and b= B_[1] = EJ[1], as required.

This completes the proof of the lemma. ]

Some classes of tilt-stable candidates have been identified in [BMT13].
Recall that for E € D?(X), the discriminant A, in the sense of Drézet is defined by

Au(E) = (w2 chP(E))? - 2u® chB(E) - wchB(E).

PROPOSITION 2.4 ([BMT13, Proposition 7.4.1]). Let E be a p, p-stable locally free sheaf on X
with A, (E) = 0. Then either E or E[1] in B, p is v, g-stable.

Ezample 2.5. Let (X, L) be a polarized projective threefold and let ¢ := ¢;(L). Consider the
classes B = £/2 and w = v/3(/2. Then A,,(0) = A, (L) = 0. So, by Proposition 2.4, the elements
O[1] and L of B, p are v, g-stable. We also have J(Z,, p(O[1])) = 3(Zu,B(L)) = 0. Therefore
v,B(O[1]) = v, (L) = 0. So by Lemma 2.3, the objects O[2] and L[1] in A, p are minimal.

Remark 2.6. The tilt stable objects associated with minimal objects in Example 2.5 clearly
satisfy the corresponding B-G-type inequalities.

2.2 Reduction of B-G-type inequalities for minimal objects

The following propositions play an important role in this paper.

PropOSITION 2.7 ([LM12, Proposition 3.1]). Let E € B, g be a v, g-semistable object with

Vy,B < +00. Then H(_Jolh(x)(E) is a reflexive sheaf.

PROPOSITION 2.8 ([LM12, Proposition 3.5]). Let 0 - E — E' — @ — 0 be a non-splitting short
exact sequence in B, g with Q € Coh®(X), Hom(O,, E') = 0 for all x € X and w?ch?(E) # 0.
If E is v, g-stable, then E' is v, g-stable.
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Recall that €, p is the class of v, p-stable objects E € B, p with v, g(E) = 0.
PROPOSITION 2.9. Let E € 6, p. Then there exists an E' € 4, p (that is, E'[1] is a minimal
object of A,, p) such that

0>E—-FE —-Q—0
is a short exact sequence in B,, g for some Q € Coh®(X).

Proof. Let E € 6, \ #, 5. Assume the opposite of the claim in the proposition for E. Then
there exists a sequence of non-splitting short exact sequences in B, p for ¢ > 1,

0—=FE,_1—E —0,—0,
where Ey = E, E; € 6, p (see Proposition 2.8). So for each i > 1,
0—= 0, = Ei1[1] = E;[1] =0
is a short exact sequence in A, . Therefore
E[l] = Eo[l] - Er[1] — Ep[1] — -

is an infinite chain of quotients in A, p. But this is not possible as A, p is Noetherian by
Lemma 1.5. This is a contradiction. ]

It follows that E € €, p satisfies the B-G-type inequality if the corresponding E' € .,
satisfies the B-G-type inequality.

3. The abelian category A v3p.p» Fourier—Mukai transforms and stability conditions

3.1 Some properties of A zp

We discuss some of the properties of the abelian category A V3B.B for an arbitrary polarized
projective threefold (X, L) with Picard rank one. Let ¢ := ¢;(L). Let B = bl for b € Qs¢. Then
for E € D*(X), we have

(2 j3p,5(E)) = V3bl(cha(E) — bl chy (E)).

PROPOSITION 3.1. Let E € B ;55 g and let E; = Héoh(X) (E). Let Ef be the H-N-semistable
factors of E; with highest and lowest p sz g-slopes. Then we have the following results:

(i) If B € Nz 1 (=00,0) and E_; # 0, then 2chy(ET)) <.

(i) If B € HN"- o (0, +o0] and rk(Ey) # 0, then (2 chy (Ey ) > 2b03 chy(Ey ).
(ili) If E is tilt-semistable with v, 55 p(E) =0, then

(a) for E_1 # 0, we have (% chy(E_1) < 0 with equality if and only if chg(E_1) = 0;
(b) for tk(Eg) # 0, we have (?chy(Eg) > 2b3chg(Ey), with equality if and only if
(Chl(E()))2 = 2Ch0(E0) ChQ(Eo).
Proof. The object £ € B V3B.B fits into the B V3B, p-short exact sequence
0—E_ (1] = E—Ey—0.

(i) Since E is an element of HNY p(—00,0), we have E_4[1] € HNZ\’/gBB(—oo,O). We also

have 0 # E*, C E_;. Hence E*|[1] € HN 5, 5(=00,0).
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Let ch(EJr ) = (ag, a1, az2,a3). Assume the opposite of statement (i) for a contradiction, so
that a; > 0. We have

—S(Z\/gB,B(EL))
—3B2chP(ET))
V3bai (bag — a1) + 3v/3ba? + 3v/3b(a} — apas)
- 3agb?(bag — aq) '

a5 (EL (1) =

Since Efl is p, ;35 p-semistable, we have, by the usual B-G inequality,

a%—a0a220,

and since Et, € F/3p.p> We have V\/§B,B(Eir1 [1]) # 400 and so bag — a; > 0. Hence, as ag > 0,
we have V\/§B7B(Ef1[1]) > 0. But this is not possible as E*[1] € HN\[B 5(—00,0). This is the
contradiction required to complete the proof.

(ii) Since E is an element of HNV\/B 5(0,+00], we have Ej € HN\[B (0, +00]. The element
0 # E; is a torsion-free quotient of Fy. Since Fj is an element of HN” V3B, B(O, +o0], we have
Ey € HNYg (0, +00] .

Let ch(Ey) = (aog,a1, a2, a3). Assume the opposite of statement (ii) for a contradiction, so
that a1 < 2bag. We have

_ %(Z\/EB,B(EO_))
V\/§B,B(EO ) 382l (E =)

\fb(al — aoag) + fbal(al — 2ba0)
3()2610(@1 — bao)

Here Ejy € T g p is torsion free, which implies

a1 —bag > 0.
The object Ey is p, g5 g-semistable, which implies (by the usual B-G inequality)

a2 —agas = 0.
Therefore v, 55 p(Ey) < 0. But this is not possible as E; € HN\[BB(O,—FOO]. This is the
contradiction required to complete the proof.

(iii) As in the proof of statement (i), one can show that if £ € HN\[B (=00, 0] and E_; # 0,
then ¢2ch;(EY,) < 0. Hence, for E € HN\TBB[ ], we have ¢?ch;(E_1) < 0. The equality
holds if and only if F_; is slope-semistable, and so it satisfies the usual B-G inequality. Since
v3p.p(E-1) <0, we have ¢ chy(E_1) = 0 if and only if chy(E_1) = 0.

The proof of assertion (b) is similar to that of assertion (a). O

3.2 The relation of Fourier—Mukai transforms to stability conditions
Let (X, L) be a principally polarized abelian threefold with Picard rank one. Let ¢ := ¢1(L).
Then x(L) = ¢3/6 = 1 and the Chern character of E € D’(X) is of the form ch(E) =
(ag, a1?, azl?/2,az¢?/6) for some integers a;. Define the classes B = ¢/2 and w = /3(/2.

The following is a key result in this paper.

PROPOSITION 3.2. If ®(L'E)[2] € B, p for any E € M, p\{LP, : © € X}, then the B-G-type
inequality holds for the objects in 6, p.
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Proof. By Proposition 2.9, it is enough to check that the B-G-type inequality is satisfied by
each object in .#, p. Moreover, the objects in {LZ, : © € X} C ., p satisty the B-G-type
inequality (see Remark 2.6). Hence we only need to check the inequality for objects in the set
e//%B \ {Le@m X E X}

Let E € Myp\{LP, : € X} and assume that ®(L"1E)[2] is an element of B, p. Let
ch(E) = (ag,a1t,a(?/2,a3¢3/6). Then $(Z, p(F)) = 0 implies a1 = az. Now the B-G-type
inequality says

A:=—ag+3a; —asz>0.

By Proposition 3.1, we have ¢ ch;(E_1) < 0 and 2 chy(Ep) > 0, where E; = Héoh(X)(E). So
a1£3 = (2 chy (E) = (2 Chl(Eo) — (2 Chl(E_1> > 0.

Let F = ®(L71E)[2] and let ch(F) = (bg, b1f, bat?/2,b3¢3/6). Then by = az — ap and by =
by = a; — ag. Now by = by implies (Z, g(F)) = 0. Also, F € B, p implies w? ch?(F) > 0; that
is, 2b1 — by = 0. If w? ch? (F) = 0, then I(Z, p(F)) = 0 implies F = T for some T € Coh’(X)
(see Lemma 1.1). If T' # 0, then F has a filtration with factors of the form L2, (1] & 4, p. This
is not possible and so w? ch?(F) > 0; that is, 2b; — by = —ag + 2a; — a3 > 0. Hence A > 0 and
so FE satisfies the B-G-type inequality. This completes the proof. O

Our main goal in the rest of this paper is to prove that ®L~1[2] and its quasi-inverse L®][1]
are auto-equivalences of the abelian category A, p. Under an equivalence of abelian categories
minimal objects are mapped to minimal objects and so the hypothesis of Proposition 3.2 is
satisfied. Therefore, by Corollary 1.6, we have the following result.

THEOREM 3.3. The pair (A, B, Z, 5) is a Bridgeland stability condition on D?(X).

4. Fourier—Mukai transforms on the sheaves Coh(X) of abelian threefolds

From here onward, we always assume that (X, L) is a principally polarized abelian threefold
with Picard rank one. Let £ := ¢;(L). Then x(L) = ¢3/6 = 1 and the Chern character of any
E € Db(X) is of the form ch(E) = (ag, a14, a2f?/2, a3¢3/2) for some integers a;. Define the classes
B =//2 and w = v/3(/2.

If E € Coh(X), then the slope p(F) is defined by u(E) = ,U,é/\/ao(E); that is, u(F) = a1/ag
when ap # 0 and u(E) = 400 when ag = 0. In the rest of the paper we mostly use u-slope for

coherent sheaves and we simply write HN for HN’Z G0 Then p, p(E) = %(,u(E) — 3). Moreover,

define 7y = HN(0, +o0] and Fy = HN(—o0,0]. For simplicity, we write T = T, 5, F = Fu B,
B = Byp, V=g, HN}, p = HN", T' =T 5, F' = F/ p and A = A, . By the definitions,
we have F = HN(—o0, 2] and T = HN(3}, 4+oc].

Let ® be the FMT with kernel the Poincaré line bundle . The isomorphism & o & =

(=1)* ididDb<X) [—3] gives us the following convergence of a spectral sequence.
PROPOSITION 4.1 (Mukai spectral sequence). We have
4 __ + -3 *
By = (I)Iéoh(X)(I)quh(X)(E) = Hgog(X)((_l) E) (4.1)

for E € Coh(X), where (I)zjoh(X)(F) = Héoh(X)((I)<F)>'

For E € Coh(X), we write
k k
EY = O, x)(E) -
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Then for example E'20 = @Ocoh( X)q%oh( X)<I>1€Oh( X) (E). Using this notation, we can deduce the

following immediately from the spectral sequence:
EOO — EOl — E32 — E33 =0 EIO ~ E02 and E31 ~ E23 )

Let R A denote the derived dualizing functor R Hom(—, O)[3]. Then by [Muk81, (3.8)], we
have

(PoRA)B]=Z(-1)"RAcD.
This gives us the convergence of the following spectral sequences.

PROPOSITION 4.2 (Duality spectral sequence). For any E € Coh(X) we have two spectral se-
quences
* 3—
By (EatT(E,0))  and (=1)* Ext?+? (@Coﬁ(x)(E),(’)) : (4.2)

which are co-convergent.

The aim of this section is to use mainly the Mukai and duality spectral sequences to study the
slope stability of sheaves under the Fourier—-Mukai transform ®. More precisely, we consider the
Coh(X)-cohomology sheaves of the images under ® of torsion sheaves supported in dimensions
one and two. We also study the transforms of torsion-free sheaves whose H-N-semistable factors
satisfy certain slope bounds.

Notation 4.3. Any E € Coh(X) fits into Coh(X)-short exact sequence
0=-T—-E—=F—=0
for some T' € Ty and F' € Fy. Denote T'(E) by T and F(E) by F.
Any torsion-free sheaf E fits into a non-splitting Coh(X)-short exact sequence
0O—-E—-E"—=>T—0

for some T € CohS}(X). Here E** is a reflexive sheaf. If E has rank one, then E** is a line
bundle and so E** =2 LF 2, for some k € Z and z € X.

Notation 4.4. If E is a rank one torsion-free sheaf with ¢;(E) = k¢, then we can write F =
LF2,Tc. Here I is the ideal sheaf of the structure sheaf O¢ := L™*2_,®(FE**/FE) € Cohs!(X)
of a subscheme C' C X of dimension at most one.

PROPOSITION 4.5. Let E € Coh(X). If E° # 0, then E° is a reflexive sheaf.
Proof. Let x € X. Then for 0 < i < 2, we have
Hom(O,, E°[i]) = Hom(®(0,), ®(E®)[i]) = Hom(Z,, EY?[—2 + i])

from the convergence of the Mukai spectral sequence (4.1) for E. Consequently, Hom(O,, EY) =
Ext'(O,, E®) = 0, and

Ext?(O,, ) = Hom

>~ Hom(O,, E).

Hence, as any map O, — E'! must factor through the torsion subsheaf of E! and E' is coherent,
only finitely many of these maps can be non-zero. So dim{z € X : Ext*(0,, E°) # 0} < 0.
Therefore E? is a reflexive sheaf. O
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PROPOSITION 4.6. Let E € Coh(X). If E € Ty, then E3 = 0, while if E € Fy, then E° = 0.

Proof. Let E € Ty. Then for any x € X, we have
Hom(E?, 0,) = Hom(®(E)[3], ®(Z_,)[3]) = Hom(E, Z_,) =0,

as P_, € Fo. Therefore E3 = 0, as required.

Now, let E € Fy. We may assume that F is p-stable using H-N and Jordan—Holder filtrations.
For generic x € X and i = 1,2, we have

Hom(E*!, 0,[i]) = Hom(E? O,[i + 1)) = Hom(E?, O,[i +2]) = 0.

Hence for generic z € X, we have

If u(F) < 0, then Hom(#_,, E) = 0.
Assume pu(E) = 0. Since E is assumed to be p-stable, any map in Hom(Z_,, F') must be an

isomorphism and so E° = 0. Consequently, for generic z € X, we have Hom(E°, O,) = 0. By
Proposition 4.5 if E? # 0, then it is reflexive. So E? = 0. O

PROPOSITION 4.7. Let E € Coh(X); then E3 € Ty and EY € Fy.

Proof. For the first statement, let T = T(E3) € Ty and F = F(E3) € F, so that
0T —=E*=F—0

is a short exact sequence in Coh(X). We need to show F = 0. Apply ® to the short exact
sequence above and consider the long exact sequence of Coh(X)-cohomology. Then we have
F e V&h(x)(l) and T € Vgoh(x) (0,1,2) (for the definition of V, see the notation section of the

introduction), and

0T - FE¥* - F' -T2 50
is a long exact sequence in Coh(X). Here E3 = E?3 (from the Mukai spectral sequence (4.1)
for E) and so

Hom(E', F1) = Hom(E?, F!)
=~ Hom(®(E?)[3], (F)[1])
>~ Hom(E?, F[-2]) = 0.
Hence F = (—1)*F'? = (—=1)*T?2 = 0 (from the Mukai spectral sequence (4.1) for T'), as required.
The proof of the second statement is similar to that of the first. O
PROPOSITION 4.8. Let E € Fy. If E* # 0, then E' is a reflexive sheaf.

Proof. By Proposition 4.6, we have E° = 0. Let # € X. Then from the convergence of the Mukai
spectral sequence (4.1) for E and 0 < ¢ < 2, we have

Hom(O,, E'[i]) = Hom(®(O,), ®(E")[i])
>~ Hom(Z,, E'%[i — 2])
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as Hom(Z,, 7-9®(EY)[i]) = Hom(Z,, E'3[i — 3]) = 0. Hence Hom(O,, E') = Ext}(O,, E') = 0
and Ext*(O,, F') = Hom(Z,, E'2).
From the convergence of the Mukai spectral sequence (4.1) for FE,

0—-EYSE2 S5 F -0

is a short exact sequence in Coh(X). Here F' is a subobject of (—1)*E. By applying the functor
Hom(Z,,—), we obtain the exact sequence
0 — Hom(Z,, E*) — Hom(Z,, E'?) — Hom(%,, F) —

Now F € Fy and by Proposition 4.7, we also have E?° € Fy. Therefore we have Hom(Z2,, F) # 0
or Hom(Z,, E*’) # 0 for at most a finite number of points x € X; that is, dim{zr € X :
Ext?(0,, E') # 0} < 0. Hence E' is a reflexive sheaf. O

PROPOSITION 4.9. If E is a torsion sheaf, then E? € Ty.

Proof. Let T := T(E?) and let F := F(E?). Then 0 — T — E? — F — 0 is a short exact
sequence in Coh(X). By applying ®, we obtain the long exact sequence

0-T' - E*» - F' 512 >0
in Coh(X). Here F € Vgoh( )(1). From the convergence of the Mukai spectral sequence (4.1)

for E, the sheaf E?! fits into the Coh(X)-short exact sequence
0—Q—E*' - EY -0,
where @ is a quotient of (—1)*E. So Q is a torsion sheaf and Hom(Q, F') = 0, as F'! is a reflexive
sheaf (see Proposition 4.8). Therefore we have
Hom(E*', F') = Hom(E'3, F')

= Hom(®(E")[3], ®(F )[ )

=~ Hom(E', F[-2]) =
Hence F' 2 T2 and so F =2 (—1)*F'2 = (—=1)*T?? = 0 (from the Mukai spectral sequence (4.1)
for T), as required. O

For z € X, we denote L%, by L,. Since h%(X,L,) = x(L;) = 1, let the divisor D, be
the zero locus of the unique (up to scaling) non-zero section s, € HY(X, L,). Moreover, as
LR L' = P, we have D, = t! D., where e € X is the identity element. For a positive integer
m, let mD, be the non-reduced divisor in the linear system |m/¢| topologically supported on D,.
So mD, is the zero locus of the section s&™ of L™, and we have the short exact sequence

0—L,"=+O0x = Opmp, =0

in Coh(X). For E € Coh(X), apply the functor E @Ié) (—) to the short exact sequence above and
consider the long exact sequence of Coh(X)-cohomology. Since L;™ and Ox are locally free,
we have Tor;(E, O,p,) = 0 for i > 2. Now assume E € Coh*(X) for some k € {0,1,2,3}. For
generic z € X, we have dim(Supp(E) N D,) < (k — 1) and so Tory(E, O,,p,) € Coh<F1(X).
However, L;™E € Coh*(X), and so Tor(E,O,,p,) = 0. Therefore we have the short exact
sequence

0= L;™E — E — Elpp, — 0 (4.3)

in Coh(X). Since any E € Coh(X) is an extension of sheaves from Coh*(X), for generic z € X,
Tor;(E, Omp,) = 0 for i > 1 and so we have the short exact sequence (4.3) for all E € Coh(X).
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Moreover, when 0 — E; — E3 — E3 — 0 is a short exact sequence in Coh(X), for generic z € X
we have Tor;(E;, Opmp,) = 0 for all i > 1 and each j, and so

0— El’me — EQ’sz — Eg‘me —0

is a short exact sequence in Coh(X).
PROPOSITION 4.10. Let E € CohS'(X); then E' € Tp.

Proof. The sheaf E € CohS!(X) fits into the torsion sequence 0 — Ey — E — F; — 0, where
Ey € Coh®(X) and F; € Coh!(X). Here Ey € Vé%)h(X) (0) and so B! = E{. Therefore we only
need to prove the claim for a pure dimension one torsion sheaf E. Then for sufficiently large
m > 0 and suitable x € X, we have L;"E € V&h(x)(l), and

0—L,"E—FE— E|,p, —0

is a short exact sequence in Coh(X) for El,,p, € Coh’(X). By applying the Fourier-Mukai
transform ®, we have (L, ™FE)' — E'. Therefore, we only need to show (L;™E)! € Tg. Let
us show this by proving the claim for a pure dimension one torsion sheaf E € Vgoh( X)(l). Then
ch(E) = (0,0, a, 3), where a > 0 and 3 < 0 since 3 = —rk(E").

Let T:=T(E"') and let F := F(E'). Then 0 — T — E' — F — 0 is a short exact sequence
in Coh(X). We need to show F = 0. Suppose F' # 0 for a contradiction. Apply the Fourier—
Mukai transform ® and consider the long exact sequence of Coh(X )-cohomology. Then we have
T € Vinx)(2) and F € V3 x(1,2), and

0 F'5T?> 5 FE > F2>0

is a long exact sequence in Coh(X).

(i) Assume that the map T? — E is zero. Then T & (—1)*T?! = (=1)*F! = 0 from the
Mukai spectral sequence (4.1), as F' € Vgoh(x)(l,Q). So E = F? and hence F € VC(JI)oh(X)(2)'
Therefore F = (~1)*E' and so ch(F) = (—3,,0,0). Here @ > 0, which is not possible as
u(F) <O0.

(ii) Now assume that the map 7% — E is non-zero. Let K = im(T? — E). Then K € Coh!(X)
and the Coh(X)-short exact sequence 0 — F'! — T2 — K — 0 corresponds to an element from
Ext!(K, F'). Here F' is a reflexive sheaf and so there exist a locally free sheaf U and a torsion
free sheaf V' such that 0 — F'! — U — V — 0 is a non-splitting short exact sequence in Coh(X).
By applying the functor Hom(K, —), we obtain the following exact sequence:

.- = Hom(K,V) — Ext!(K, F!) - Ext}(K,U) — --- .

Here Hom(K, V) = 0 and Ext}(K,U) = Ext?(U, K)* 2 H*(X,U*® K)* = 0, as K € CohS!(X).
So Ext! (K, F') = 0 implies 72 = F' @ K. Here T? € VC(I:)h(X)(l) implies F! =0 and so K = T2,
Then F? = E/T? and also F € Vgoh(X)(Q). Since F? is an element of Vgoh(x)(l)v it is a pure
dimension one torsion sheaf. So ch(F?) = (0,0,a/,3"), where o/ > 0 and ' < 0. Therefore
ch(F) = (—p',a,0,0), which is not possible as u(F) < 0 implies o < 0.

Therefore F' = 0, as required to complete the proof. ]
Recall from [Muk78, Proposition 6.16] that for any positive integer s, the semi-homogeneous

bundle (L*) is slope stable. In the rest of this section we abuse notation and write (L*)? for the
functor (L*)° @ —.
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PRrROPOSITION 4.11. Let E,, € HNJ[0,400) for n € N be a sequence of coherent sheaves on X.
Suppose that for any s > 0, there is an N(s) > 0 such that for any n > N(s), we have
(L*)E, € Vgoh(x)(B). Then pt(E,) — 0 as n — +oo.

Proof. Assume pt(FE,) /4 0 as n — +oo for a contradiction. Then there exists an € > 0 such
that for any N’ > 0 there is an n > N’ satisfying u*(E,) > ¢.

Let T, be the slope-semistable H-N factor of E,, with the highest slope; that is, u(7,) =
p(Ey). There is an s € N such that pu((L*)°) > —¢e. Then for any N’ > 0, there is an n > N’
such that (L*)°T;, € To. Consequently, for some n > N(s) we have

Hom((L*)°T,, (L*)°Ey) 2 Hom(®((L*)"Ty), ®((L*)°En)) =0,
as ((L*)T,)? = 0 (from Proposition 4.6) and (L*)°E,, € Vgoh(x)(B). This is the contradiction
required to complete the proof. ]

Let s be a positive integer. Consider the Fourier—-Mukai functor defined by
I=®0(L*)%0®[3].
Then Hicoh(X)((’)x) =0 for i # 0 and H%Oh(x)((’)w) = L* P, for some y € X. Define the Fourier—
Mukai functor
H=do(L*)Pod.
One can show that II[3] is right and left adjoint to IT (and vice versa). We have I X)(OJC) =0

for ¢ # 0, and ﬁ%oh( X)(OI) = L%, for some z € X. Therefore II is a Fourier-Mukai functor
with kernel a locally free sheaf if on X x X.

We have the spectral sequence
PP ((L5)Y @U(E)) = IIPTI73(E) (4.4)
for F.

PROPOSITION 4.12. Let E be a coherent sheaf such that L™"E € Vg)h(x)(k) for sufficiently large
n, where k € {0,...,3}. Then p((L~"E)*) — 0 as n — +oo0.

Proof. Since L™"E € Vg’oh(x)(k) for sufficiently large n, we have E € Cohk(X). If £ =0, then

E € Coh’(X) and so we have ut((L™"E)%) = 0. Otherwise, by Propositions 4.10, 4.9 and 4.7,
for E € Coh®(X) we have (L™"E)* € To. Let s be a positive integer. Consider the convergence
of the spectral sequence (4.4). For large enough n, we also have L™"FE € Vgoh(x)(k). Therefore

(LY (L"E)* € V&h(X)(?)). By Proposition 4.11, we have ut((L™"E)*) = 0 as n — +oo. [
ProproSITION 4.13. Let E be a reflexive sheaf. Then for sufficiently large n > 0, L™"F €
Vg’oh(x)@, 3), and we have (L™ "E)? = (Tp)° for some Ty € Coh"(X).
Proof. Consider a minimal locally free resolution of F,
0—-F—>F—>FE—O0.

By applying the Fourier—Mukai transform ®L~" for sufficiently large n > 0, we obtain L™"F €
[
Voo (2:3)-
Since FE is a reflexive sheaf, there are a locally free sheaf P and a torsion-free sheaf @) such
that

0—-E—-P—-Q—=0
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is a short exact sequence in Coh(X). By applying the Fourier-Mukai transform ®L~" for suffi-
ciently large n, we have (L "E)? = (L7 "Q)".

The torsion-free sheaf ) fits into the short exact sequence 0 — Q@ — Q** — T — 0 for
some T € Coh<}(X). Apply the Fourier-Mukai transform ®L~™ for sufficiently large n and
consider the long exact sequence of Coh(X)-cohomology. Since L™"Q** € V&h( X)(Q, 3), we have

(L7"Q)' = (L"T)°. The torsion sheaf T e Coh<!(X) fits into a short exact sequence 0 — Ty —
T — T — 0 in Coh(X) for T; € Coh"(X) with i = 0,1. Therefore (L™"T)" = (Ty)?, and so
(L™"E)? = (Ty)°, as required. O

PROPOSITION 4.14. Let E € Coh'(X) with E € Vc‘l’oh(X)(l). If 0 # T € HNJ0, +00] is a subsheaf
of E', then ¢ chy(T) < 0.

Proof. For n > 0 and generic z € X, we have the Coh(X)-short exact sequence
0—=L"E—FE—=Ty—0

for Ty := FE|,p, € Coh®(X). By applying the Fourier-Mukai transform ®, we get the commutative

diagram

0—>T(()J —_— (L;"E)l S ) —

J ]

0 v A T 0,
for some A € HNJ[0, +00]. So we have chy(A) = chy(T) for k =1,2,3.

Let G be a slope-semistable H-N factor of A. From the usual B-G inequality, we have
¢(ch1(G)? — 2¢chp(G) chy(G)) = 0. Consequently,

Echl(G)Q

20che(G) € ———+—

ho(@) < 3@

— 2 oy (G) ()

2 chy (4) u(G)
(T)pu* (L"E)Y).

By Proposition 4.12, we have ™ ((L;"E)!) — 0 as n — +00. So choose n > 0 large enough such
that (2 chy (T)u™((L;"E)') < £3. Since 20chy(G) € €37, we have £chy(G) < 0. So £cho(T) =
fcha(A) <0. O

PROPOSITION 4.15. (i) Let E € Fy be a reflexive sheaf. If 0 # T € Ty is a subsheaf of E*, then
ﬁChQ(T) < 0.
(ii) Let E € Ty be a torsion free. If 0 # F € Fy is a quotient of E?, then £ chy(F) < 0.

Proof. (i) Recall that, for any positive integer m, non-reduced divisors mD, of L" are topolog-
ically supported on D,.

Since FE is a reflexive sheaf, one can choose x,y € X such that
— dim(D, N Dy) = 1;
— the restriction E|p, is locally free on D,; and

— the restriction E|p, is locally free on D,.
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By Proposition 4.13, for sufficiently large m > 0, we have L, E € VéI:)h(X)(2’ 3). By applying
the Fourier-Mukai transform ® to the Coh(X)-short exact sequence

0—-L,"E—FE — E|sp, —0,

we obtain FE|,,p, € Vgoh(X)(lv 2) and E' < (E|,p,)". Since E|p, is locally free on D,, for large
enough n > 0, we have L, "El;,p, € Vg:)h( X)(2) . By applying the Fourier-Mukai transform @
to the Coh(X)-short exact sequence

0— L;nE’sz — E|sz — E|szﬂnDy — 0,
we obtain El|,,p,nnD, € Véboh(X)(l) and (E|mp,)" < (E’szﬂnDy)1~ Therefore we have

T — El — (E‘szrmDy)l .

The result follows from Proposition 4.14.

(ii) Since F' # 0 is a quotient of E?, we have F* < (E?)*. Here F’* € HN[0, +o00) fits into the
Coh(X)-short exact sequence 0 — T' — F* — Fy — 0 for some T' € Ty and Fy € HN[0]. By the
usual B-G inequality, ¢cha(Fp) < 0.

By Proposition 4.6, we have E? = 0 = (E*)°. Therefore from the convergence of the duality
spectral sequence (4.2) for E, we have the Coh(X)-short exact sequence

0= (-1)*(E)' - (E)* =P =0

for some subsheaf P of (£xt'(E,0))". By Proposition 4.7, we have (£zt'(E,0))° € Fy and so
P € Fy. Therefore Hom (T, P) = 0 and so P — (—1)*(E*)'. Here E* € Fy and so by part (i), we
have £chy(T") < 0. Therefore ¢ cha(F) < €cho(F**) = Lcho(F™*) = fcha(Fp) + fcho(T) <0. O

PROPOSITION 4.16. Let E € Coh(X).

(i) If E € Fy, then E' € F.

(ii) If E € HN[0, +o00) with E® = 0, then E? € HNJ0, +00].
Proof. (i) Assume the opposite for a contradiction. Let T := T(E') and F := F(E'). Then
0+ T — E' - F — 0 is a short exact sequence in Coh(X). By Proposition 4.8, the object
E! is reflexive and so non-trivial T is reflexive. Hence ¢2 ch;(T) > 0. By applying the Fourier—

Mukai transform @ to this short exact sequence we obtain T' € Véboh( X)(Q) and F' € V((]I)oh( X)(l, 2).
Moreover, we have the Coh(X)-short exact sequence

0= F' T2 5 E -0

for some subsheaf E of E'2. From the Mukai spectral sequence (4.1) for E we have the Coh(X)-
short exact sequence

0+ E® 5 E2? 5 Ey—0

for some subsheaf Ey of (—1)*E. Therefore Ey € Fy and by Proposition 4.7, we have E?° € F.
So we have E' € Fy, and consequently E; € Fo.

Let T} := T(F') and F; := F(T?). These fit into the following commutative diagram for
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some Fy € Fy:

0

B

0

[an)

By Proposition 4.15, we have ¢cha(F7) < 0.
By applying the Fourier—-Mukai transform ® to the Coh(X)-short exact sequence 0 — T} —
F! — F» — 0, we obtain the Coh(X)-short exact sequence
0 Fy =T~ F3—0

for some subsheaf F3 of F''2. We also have T} € Vg;h( X)(2). By considering the Mukai spectral
sequence (4.1) for F', one can show F3 € Fy. By Proposition 4.8, the sheaf F21 is reflexive. So T12
is torsion free and fits into the Coh(X)-short exact sequence

0—=TE = (TH*™ - Q — 0
for some @ € CohS'(X). The torsion sheaf @ fits into the Coh(X)-short exact sequence

0=Qo—Q—Q1 —0
for Qo € Coh’(X) and Q; € Coh!(X). By Proposition 4.13, for large enough m > 0, we have
(LT = (L7™Q)° = Qf. Also, (L™"Q1)t = (L7™Q)" and (L™™(TF)*)* = R{ for some
Ry € Coh%(X). So we have the Coh(X)-short exact sequence
0— (L7™Q)" = (L™™T?)* - R} — 0.

By Proposition 4.10, we have (L=™1%2)% € HNJ0, +oc) and ¢ chy((L~™T%)?) = 0.
The torsion-free sheaf F3 also fits into the Coh(X)-short exact sequence 0 — F3 — F3* —
S — 0 for some S € Coh<!(X).

Choose z,y € X such that
— dim(D, N Dy) =1,
— D, N'Supp(Qo) =0,
— dim(Supp(Q1) N Dz) <0,
— Dy N Dy N Supp(Q) =0,
— D, N Dy N Supp(S) = 0.
Since Fy is reflexive, Fi}|p, is locally free on D, and Fj| p, is locally free on Dy, and since F3*
is reflexive, F3*|p, is locally free on D, and F3*|p, is locally free on D,.
From the Mukai spectral sequence for Fy, we know Fy € V&h( X)(2, 3). Since it is reflexive,
for large enough m > 0, the sheaf L,™F} is an element of V(‘ih(X)(Q,?;), and since F}|p,
is locally free on D,, we have L,"F3|mp, € Vgoh(x)@). So F3|mp.rmp, € Véboh(X)(l)' Since
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D, N D, N Supp(S) = 0, similarly one can show F3|mp,nnp, = F5*|mp,rnp, is in VC‘POh(X)(l).
Therefore, Tf\szmnDy o~ (Tf)**\mpzmnpy is in VC@oh(X)(l)‘

By applying the Fourier-Mukai transform ® to the Coh(X)-short exact sequence

0— L,"T7 = T¢ — T¢|mp, — 0,
for large enough m > 0 we obtain the Coh(X)-long exact sequence
0— Q) — (—1)*Ty = (T%|mp,)' — (LT™TEH? = 0.
So (Tf\sz)l € HNJ0, +-o0] and cha((T2|,mp,)!) = cha(T}). Moreover, we have the Coh(X)-short
exact sequence
0= T{|mp, = (T7)*lmp, = Q1lmp, = 0.

Here Q1]mp, € Coh’(X). So for large enough n > 0, we have (L™"T2|,,p,)" = (Q1|mp, )"

By applying the Fourier-Mukai transform ® to the Coh(X)-short exact sequence

0— L;nle‘me — T12|le, — Tf’mDmﬂnDy — 0,

we have the Coh(X)-long exact sequence

1
0= (Qilmp,)* = (T2lmp.)" = (Tf|mp.rnp, ) = -+

Let T5 := coker(a). Then T5 € HNJ[0, +00] and cha(T2) = cha(71). By Proposition 4.14, we have
¢ chy(Ty) < 0. So £chy(T?) = £ chy(Ty) + £ cha(Fy) < 0. Therefore we have ¢ chy(T) < 0. This is
the contradiction required to complete the proof.

(ii) Since E* € HN(—00,0], it follows from part (i) that (E*)! € HN(—00,0]. By the
convergence of the duality spectral sequence (4.2) for E, we have (E?)* € HN(—o0,0]. So
E? € HNJ0, +o0], as required. O

COROLLARY 4.17. Let E € Ty; then E? € Ty.

Proof. Let T := T(E?) and F := F(E?). Then 0 — T — E? — F — 0 is a short exact sequence
in Coh(X). Now we need to show F' = 0. Apply the Fourier-Mukai transform ® and consider
the long exact sequence of Coh(X)-cohomology. So we have F € V3, n X)(l) and

0T - E? 5 F' T2 50

is a long exact sequence in Coh(X). From the convergence of the Mukai spectral sequence (4.1)
for £/, we have the Coh(X)-short exact sequence

0-Q—E*' - E¥ -0,

where @Q is a quotient of (—1)*E. Then Q € Ty and, by Proposition 4.7, we have E'3 € Ty and
so E?' € Ty. On the other hand, by Proposition 4.16, we have F' € Fy. So the map E?! — F!
is zero and F'' = T2, Hence F = (—1)*F'? = (—1)*T?2 = 0 (from the Mukai spectral sequence
(4.1) for T), as required. O

PROPOSITION 4.18. Let E € HN(0,1]; then E® € HN(—o0, —1].
Proof. Due to Mukai, we know that ®L® = (—1)*L1®L~!. Therefore we have the following
convergence of a spectral sequence:

EPT =P LY

Gon(x) L®Eon(x) (B) = (-1)* L7ttt (L7'E).

Coh(X)
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Here L~'E € HN(—1,0], and so by Proposition 4.6, we have (L~!FE)% = 0. So from the conver-
gence of the spectral sequence above for E we have (LE?)? = 0. Also, (LE®)! — L=Y(L7'E).
By Proposition 4.16, we have (L71E)! € Fy and so (LE®)! € HN(—o0, —1] C Fo.

Let FF C E° be the H-N-semistable factor of E° with the highest slope and let p := u(F).
Then (LF)? — (LE®)? and so (LF)? = 0. Let ch(F) = (ag, pag, az, az). Now suppose p > —1/2
for a contradiction. Then LF € Ty and F fits into the Coh(X)-short exact sequence

0—+F—E —-G—0 (4.5)

for some G € HN(—o00,0]. By Proposition 4.5, the sheaf E is reflexive. Since G is torsion-free,
it follows that F' is also reflexive. Apply the Fourier—Mukai transform ® and consider the long
exact sequence of Coh(X)-cohomology. Then we have F' € V&h( X)(2, 3) and

0-G' - F2 5 E2 ...

is an exact sequence in Coh(X). From the convergence of the Mukai spectral sequence (4.1)
for B, £ =~ E' and E'° € H(—o00,0] by Proposition 4.7. Also, by Proposition 4.16, we have
G' € HN(—00,0]. So F? € HN(—00, 0] and we have ¢2 ch; (F’?) < 0. Moreover, by Proposition 4.7,
we have F3 € HN(0, +00] and so ¢2 chy (F?) > 0. Therefore ¢ chy(®(F)) < 0 and so ch(®(F)) =
(a3, —ag, pag, —ag) implies
agl® = 20chy(F) > 0.

Apply the Fourier-Mukai transform ®L to the short exact sequence (4.5) and consider the long
exact sequence of Coh(X)-cohomology. Then we have the Coh(X)-long exact sequence

0— (LG)® = (LF) —» (LE°)! — ...
Here (LE®)! € Fy and so (LF)! € Fy. By Corollary 4.17, we have (LF)? € HN(0, +cc]. So
¢%chy(LF') <0 and ¢%chy(LF?) > 0, which imply ¢2 chy(®(LF)) > 0. Hence

(ap + 2pag + ax)l® = 20 chy(LF) < 0.

Here, by assumption 2+ 1 > 0, and we have already obtained as > 0. Hence (2u+1)ag+ag > 0,
which is not possible. This is the contradiction required to complete the proof. O

PROPOSITION 4.19. Let E € HN[—1,0]; then E3 € HN[L, 4o0].

Proof. From the duality spectral sequence (4.2) for E we have (E*)? = (—1)*(E3)*. Here E* €
HNI0,1] and so by Propositions 4.6 and 4.18, we have (E*)° € HN(—oco, —1]. Hence (E3)* €
HN(—o0, —3] and so E3 € HN[3, +00], as required. O

THEOREM 4.20. We have the following inclusions:
(i) L®(B) C (B, B[-1],B[-2]);
(i) ®L~'[1](B) C (B, B[-1], B[-2]).

Proof. (i) We can visualize B as follows:

B=(FI,T): iB A AET=HN(4 400], BEF=HN(—00,1]

If £ € F =HN(—o0, %], then by Propositions 4.6 and 4.18, we have LE? € F. Also, by Propo-
sition 4.7, we have LE® € HN(1, 4+-00] C F. Therefore L®(E) has B-cohomology in positions 1,
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2 and 3; that is,

|
-
o

|
-
o
-
V)
w

On the other hand, if £ € T = HN(%, +00], then by Proposition 4.6, we have LE® = 0 and by
Corollary 4.17, we have LE? € HN(1,4+oc] C 7. So L®(E) has B-cohomology in positions 0, 1
and 2; that is,

Hence L® (B) C (B, B[—1],B[-2]), as B= (F[1],T).
(ii) We can use Propositions 4.6, 4.7, 4.19 and 4.16 in a way similar to that used for the proof
of part (i). O

5. (Semi)stable sheaves with the Chern character (r,0,0, x)

In this section we shall consider sheaves E with chy(E) = 0 for k = 1, 2 which arise as the Coh(X)-
cohomology of some of the tilt-stable objects, for example when F' € B is a tilt-stable object
with v(F) = 0 and F; := Héoh(X)(F). By Proposition 3.1, if u(F_1) = 0, then chg(F_1) = 0,
and if pu(Fp) = 1, then chy (L1 Fy) =0 for k =1,2.

We would like to show that such sheaves can only take on a very special form.

THEOREM b5.1. Let E be a slope-semistable sheaf with chy(FE) = 0 for k = 1,2. Then E** is a
homogeneous bundle. In other words, E** is filtered with quotients from Pic’(X).

Proof. Assume the opposite for a contradiction. Then there exists a stable reflexive sheaf E with
chy(E) = 0 for k = 1,2 and H¥(X,E ® &;) = 0 for k = 0,3 and any z € X. By a result
of Simpson ([Sim92, Theorem 2]), we have ch3(E) = 0. Therefore, ch(E) = (r,0,0,0) for some
positive integer 7.

Since H*(X,E ® #,) = 0 for k = 0,3 and any 2 € X, we have E = E% = 0. B
Proposition 4.16, we have E!' € HN(—o00,0] and E? € HNJ0, +occ]. So #2ch;(E') < 0 an
¢%2ch1(E?) > 0. Therefore ¢?chy(®(E)) > 0, which implies ¢cha(E) < 0. Since chy(E) =
we obtain chy (E') = chy(E?) = 0. Consequently,

Ch(El) = (CL? 0,—b, C) ) Ch(E2) = ((I, 0,—b,—r + C) ,

C A<

’

for some a > 0 and b > 0. Moreover, we have E' € HN[0].

If E'3 # 0, then E! fits into a Coh(X)-short exact sequence of the form 0 — K; — E' —
P, Lo, — 0. Then K; € HN[0] and we have the following exact sequence in Coh(X):

s K} EB 50, —0.

290



FMTS AND STABILITY CONDITIONS ON ABELIAN THREEFOLDS

If K} # 0, then K fits into a Coh(X)-short exact sequence 0 — Ky — K1 — £,,Zc, — 0. So
K, € HNJ0] and we have the following exact sequence in Coh(X):

s K3 5 KPP 5 0_,, - 0.

We can continue this process for only a finite number of steps since rk(E!') < +o00 and hence
E' is filtered by skyscraper sheaves. Moreover, from the convergence of the Mukai spectral
sequence (4.1) for E, we have the Coh(X)-short exact sequence

05F° 5 E2?25Q—0,
where @ is a subsheaf of (—1)*E, and so Q € HN(—o0,0]. By Proposition 4.7, we have E?" €
HN(—o00, 0]. This implies E'? € HN(—o00, 0]. Then 2 ch; (®(E')) < 0 and so —bf® = 2/ chy(E') >
0. Hence b = 0. By Proposition 4.8, the sheaf E' is reflexive. Since E! is an element of HN[0], it
is slope-semistable. So by [Sim92, Theorem 2], we have ¢ = ch3(E') = 0. Therefore ch(®(E!)) =
(0,0,0,—a). Since E'3 is an element of Coh®(X), we have chy(E'2) = 0 for k& = 0,1,2. So
E12 € HN(0, +00]. Therefore E'2 = 0 and we have the Coh(X)-short exact sequence

0— (-1)*E — E*' - E" 0.

Since E'3 is an element of Coh?(X) and E is locally free, Ext!(E'3, (=1)*E) = 0. Hence E*!
(—=1)*E @ E'3. Since E*! is an element of VéI;h(X)(Z), we have E'3 = 0 and so F € VCoh (

Therefore ch(E?) = (0,0,0, —r). But it is not possible to have —r > 0. This is the contradlctlon
required to complete the proof. O

2)

Remark 5.2. Theorem 5.1 can be interpreted as saying that if a vector bundle F over X satisfies
c1(F) = 0 = c2(F), then it cannot carry a non-flat Hermitian-Einstein connection. This is
analogous to the case where there are no charge one SU(r)-instantons on an abelian surface.
This is proved in a slick way using the Fourier—Mukai transform and it would be good to avoid
the direct proof given for Theorem 5.1 as it would follow more directly from Theorem 6.10.

6. Auto-equivalences of A 7z, 12,0/2 under Fourier—Mukai transforms

Let us define the Fourier-Mukai transforms ¥ = L® and ¥ = ®L~1[1]. Then by Theorem 4.20,
the images of an object from B under ¥ and ¥ are complexes whose B-cohomology can only be
non-zero in positions 0, 1 or 2. We have WoW = (—1)*id ps(x)[~2] and Wo¥ = (—1)*id ps(x)[—2].
This gives us the following convergence of spectral sequences.
PROPOSITION 6.1. We have
EYY = WRUL(E) = HE*((-1)*E),
qu \I,P\IJQ( ):>Hp+q 2(( 1)*E)

for E € B, where Wi (F) := Hi(U(F)) and Wi (F) := Hi(U(F)).

(6.1)

This convergence of the spectral sequences for £ € B looks similar to the convergence of
certain spectral sequences in an abelian surface for coherent sheaves. See [BBR09, Mac96, Yos09]
for further details.

Recall that if By, By € B, then Ext?(By, By) = 0 for any i < 0.
PROPOSITION 6.2. For E € D*(X) we have
S(Z(V(E))) = -S(Z(E)) and S(Z(¥(E))) = -S(Z(E)).
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Proof. Let ch(E) = (ag,a1,a2,a3). Then S(Z(E)) = 3v/3(az — a1). Also, we have ch(U(E))
(*,a3 — az, a3 — 2az + a1, *) and ch(U(E)) = (%, as — 2a1 + ag, —ay + ag, *). Then I(Z(¥(E)))
S(Z(V(E))) = —3v/3(az — a1), as required.

Ol

From Propositions 2.7 and 3.1 and Theorem 5.1, we obtain the following result.
Remark 6.3. Let E € B. If E € HN”(—o00,0), then u*(F_1) < 0. If on the other hand, F €
HN" (0, 4+00], then p~(Ep) > 1.

For tilt-stable E with v(E) = 0, we have p*(F_1) < 0 and p~(Ep) > 1. Moreover, if
u(E_1) = 0, then E_; = &, for some = € X; and if u(Ep) = 1, then Ef* = L2, for some
reX.

PROPOSITION 6.4. Let E € T,

(i) Hcoh(X)(\IJQ( )) =0.
(it) If OZ(E) # 0, then I(Z(V3(E))) > 0.

Proof. (i) For any = € X, we have
Hom(¥3(E), O,) = Hom(V5(E), VE(LZ_,))
= Hom(¥(E), (L%@)
= Hom(E,LZY_;) =
since F € T" and LZ_, € F'. Therefore Hgoh(X)(\i%(E)) =0, as required.

(ii) From part (i), we have \@%(E) = A[1] for some non-zero A € HN(—o0,1/2].
Consider the convergence of the spectral sequence

) Heonx) (B) = yrta

Ey? = U Coh(X)

Coh(X) (E)

for E. Let F; := Héoh( )(E) Then by Remark 6.3, we have Ey € HN(1, +00] and so by Corollary

4.17 and Proposition 4.7, we have
(L7 Ep)?, (L7 E_1)? € HN(0, +00] .
Therefore, from the convergence of the spectral sequence for E given above, we have
A € HN(—o0, 1] N HN(0, +-00] = HN(0, 3] .

Let ch(A) = (ao,a1,az2,a3). Then from the B-G inequalities for all the H-N-semistable factors
of A, we have

S(Z(VE(E))) = S(Z(AN]) = 3v3(a1 — a) > 0,
as required. O

PROPOSITION 6.5. Let E € F'.
(i) He,

Coh(X)(‘I'%(E)) =0.
(it) If BY(E) # 0, then I(Z(TY(E))) < 0.
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Proof. (i) Let z € X. Then we have

Hom(¥(E), O4[1]) = Hom(V¥°(E), ¥(O,[1]))
= Hom (VW (E)[-2], LZ4[1])
= Hom(VEUR(E ) L2:[3])
>~ Hom(L 2., V5U%(E))* .

From the convergence of the spectral sequence (6.1) for E, we have the B-short exact sequence
0 — UQUL(E) —» VU%(E) - F -0,

where F is a subobject of (—1)*E and so F' € F'. Moreover, by the H-N filtration, F' fits into
the following B-short exact sequence:

0—-Fy—F—>F—0,
where Fy € HN”[0] and F; € HN”(—o00,0). Since L2, is an element of HN”[0], we have
Hom(LZ,,F1) =0.

Moreover, Fj has a filtration of v-stable objects Fy; with v(Fp;) = 0. By Proposition 2.9, each
Fy; fits into a non-splitting B-short exact sequence

0— Fo; — M; —T; =0

for some T; € Coh®(X) such that M;[1] € A is a minimal object. Moreover, LZ,[1] € A is a
minimal object. Consequently, for finitely many x € X, we can have L%, = M; for some i. So
for a generic z € X, we have Hom(LZ,, M;) = 0 and therefore Hom(LZ,, Fy;) = 0, which
implies Hom(L.Z,, Fy) = 0. Hence for a generic z € X, we have Hom(LZ,, F) = 0.

On the other hand, we have
Hom(LZ,, Uik (E)) = Hom(W}(0,), Uy ¥k(E))

Here \il}g(E) fits into the B-short exact sequence
0— H(;c}h(X)(\i]%(E))[l] — Up(E) = Hgoh(x)(‘i’%s(E)) —0,

where H(_Jolh(X)(\i/}g(E)) is torsion free and Hcoh( )(\i/%g(E)) can have torsion supported on a

zero-scheme of finite length. Hence for generic z € X, we have Hom((’)m,‘if}g(E)) = 0. Con-
sequently for generic € X, the equalities Hom(LZ,, ¥4V L(E)) = Hom(LZ,,F) = 0 im-
ply Hom(LZ,, V% P 3(E)) = 0. Therefore Hom(\iIOB(E),OI[l]) = 0 for generic z € X. But
Hc_oh( )(\if%(E)) is torsion free and so Hcoh( )(@OB(E)) = 0, as required.

(ii) From part (i), we have \if%(E) >~ A for some coherent non-zero sheaf A € HN(3, +oc].
For any z € X, we have

Ext!(0,, A) = Ext}(O,, V4 (E)) = Hom(¥(0,), WI%(E)[1])
=~ Hom(LZ,, V2% (E)[-1]) = 0.
So A € Coh”?(X), and if ch(A) = (ag, a1, as, a3), then a; > 0.
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Apply the Fourier-Mukai transform W to U%(E). Since U%(E) is an element of V¥ (2), the
transform \I’%\iIOB(E) € B has Coh(X)-cohomology LA! in position —1 and LA? in position 0.
So we have A € ng)h(x)(1,2), LA' € HN(—o0, 3] and, by Corollary 4.17, A% € HN(0, +oc].
Therefore ¢ chy(A') < 0 and ¢2 chy(A2%) > 0. Hence

agl® = 20chy(A) = —02 chy (P(A)) = —£2 chy(A?) 4+ 2 ch (AY) € 0.
So we have
S(Z(Vp(E))) = $(Z(4)) = §V3(az —a1) <0,

as required. O

PROPOSITION 6.6. (i) Let E € T'. We have Hgoh(x)(\l%(E)) = 0, and if V4(E) # 0, then
S(Z(PE(E))) > 0.

(ii) Let E € F'. We have Hg(}h( x)(VB(E)) =0, and if U%(E) # 0, then I Z(VE(E)) < 0.

Proof. (i) Let E € T'. The proof of the first assertion is similar to the proof of part (i) of

~

Proposition 6.4. From the first assertion, we have W%(E) = A[1] for some coherent non-zero sheaf
A € HN(—o0, %] Let ch(A) = (ag, a1, as,as). Then ch(L~tA) = (ag, a1 — ap, as — 2a1 + ag, *) and
so a; — ag < 0.

Apply the Fourier-Mukai transform ¥ to UZ(E). Since U%(E) is an element of Vi (0), the
transform R U%(E) € B has Coh(X)-cohomology (L~*A)! in position —1 and (L~1A4)? in po-
sition 0. So we have (L7'A4)? € HN(3,+oc], and, by Proposition 4.16, (L~'A)! € HN(—o0,0].
Therefore ¢2 chy((L71A)') < 0 and ¢2chy((L~*A)?) > 0. Hence we have

(ag — 2ay + ag)l® = 20 chy (L1 A) = —¢% chy (B(L 1 A))
= —2chi (LAY + 2 chy (LAY <0,
and consequently
3(Z(YB(E))) = S(Z(A[L]) = §V3(a1 — a2)
= —3V3((a1 — ao) + (a2 — 2a1 + ap)) >0,
as required.

(ii) Let E € F'. The proof of the first assertion is similar to the proof of part (i) of Proposi-
tion 6.5. From the first assertion, we have U%(E) 2 A for some non-zero A € HN(3, +00].

Consider the convergence of the spectral sequence

q +
Ep? = \I/%oh(X)(Hg?oh(X) (E)) = ‘I’%oﬁ(x) (E)

for E. Let E; := Héoh(X)(E). Then by Remark 6.3, we have E_; € HN(—o00,0] and so by
Propositions 4.16 and 4.7, we have

LE', € HN(~o00,1] and LEJ € HN(—oo0,1].
Therefore, from the convergence of the spectral sequence for E given above, we have
A € HN(3, +o0] N HN(—00, 1] = HN(3,1].

Also, A is reflexive, as LE) and LE', are reflexive sheaves by Propositions 4.5 and 4.8. Let
ch(A) = (ag, a1, az,as). Then from the B-G inequalities for all the H-N-semistable factors of A,
we have

3(Z(VR(E))) = 3(Z(4)) = §V3(az — 1) < 0.
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Equality holds when A € HNJ[1] with ch(A) = (ao, ap, ag,*). Then, by considering a Jordan—
Holder filtration for A together with Theorem 5.1, we see that L™'A has a filtration of ideal

sheaves #; I, of some zero-subschemes. Here U%(F) = A € Vg’ (2) implies that we have

LA e Vg;h(X)(Q, 3). An easy induction on the rank of A also shows that L='A € Vgoh(X)(l’ 3)
and so L71A € V&h(x)(3). But then Z; = () for all i. Therefore U3U%(E) € Coh’(X). Now
consider the convergence of the spectral sequence (6.1) for E. We have a B-short exact sequence

0— URUL(E) - VAU%(E) - F — 0,

where F is a subobject of (—1)*E, and so F' € F'. Then \fJ%\IJOB(E) € Coh’(X) c 77, thh
implies F = 0 and U%Ug(E) = U3 0% (F). But then we have U%(F) = (—1)*¥Q 90 }3(E)
This is not possible as U%(E) # 0. Therefore we have the strict inequality S(Z(¥%(E))) <0, as

required to complete the proof. ]
LEMMA 6.7. (i) Let E € T'; then U%(E) = 0 and U%(E) = 0.
(ii) Let E € F'; then U%(E) = 0 and $%(E) = 0.
Proof. (i) Let E € T'. From the convergence of the spectral sequence (6.1) for E, we have the
B-short exact sequence
0—Q — ULUL(E) —» U4TU5(E) = 0.

Here @ is a quotient of (—1)*E € T and so @ € T'. Then \I’OB\i%(E) fits into the B-short exact
sequence

0T — UEUE(E) - F =0
for some T' € 7' and F' € F'. Now apply the Fourier -Mukai transformA ¥ and consider the
long exact sequence of B-cohomology. Then we have U%(T) = 0 and V4(T) = V% (F). By
Proposition 6.5, we have I(Z(PY(F))) < 0 and by Proposition 6.4, we have S(Z(U3(T))) = 0.

So (Z(¥(T ))) 0 and by Prop081t10n 6.2, we have $(Z(T')) < 0. Since T is an element of
T, we have I(Z(T)) = 0 and w?ch?(T) = 0. Then by Lemma 1.1, we have T = Ty for some
Ty € Coh?(X). But Coh®(X) C Vg’(()); hence T = 0 and therefore Q = 0. Then WOB@%(E) =
\I%\ifllg(E) and so we have lil%(E) = (—1)*@%‘1’%@}3(E) = 0, giving the first assertion. The proof
of the second assertion is similar to that of the first.

(ii) The proof of part (ii) is similar to that of part (i). O

COROLLARY 6.8. Let E € B. Then U%(E) and U%(E) are elements of T' and W%(E) and W(E)
are elements of F'.

Proof. By the definition of 7’ and F’, the object ¥%(E) fits into a B-short exact sequence
0—T = TU4(E)—F =0

for some T' € 7' and F' € F'. Now apply the Fourier—Mukai transform U and consider the long
exact sequence of B-cohomology. Then by Lemma 6.7, we have F' = 0, giving \II%(E) eT'.

The other results can be shown in a similar manner. O

PROPOSITION 6.9. (i) Let E € F'; then W(E) € F' and WE(E) € F'.
(ii) Let E € T'; then WE(E) € 7' and Ux(E) € T'.

Proof. (i) By torsion theory \i/llg(E) fits into a B-short exact sequence
0—=T — UE(E)— F =0
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for some T' € 7' and F € F'. For the first assertion, we now need to show 7" = 0. Apply
the Fourier—-Mukai transform W and consider the long exact sequence of B-cohomology. We get
UL(T) — \If%\illlg(E) and T € V}§(1). Also, by the convergence of the spectral sequence (6.1) for
E, we see that U WE(E) is a subobject of (—1)*E. Hence Wg(T) € F' implies 3(Z(V5(T))) < 0.
On the other hand, by Proposition 6.2, we have S(Z(V5(T))) = S(Z(T)) > 0, as T € T'. Hence
X(Z(T)) =0 and T € T’ implies w? ch?(T) = 0. So by Lemma 1.1, we have T' = T} for some
Ty € Coh"(X). Since any object of Coh?(X) belongs to V' (0), we have WL(T) = 0. So T = 0,
as required to prove the first assertion. The proof of the second assertion is similar to that of the
first one.

(ii) The proof of part (ii) is similar to that of part (i). O

By Lemma 6.7, Corollary 6.8 and Proposition 6.9, it follows that
(1] (F1]) cA and VY[ (T') C A.
Since A = (F'[1], T"), we have ¥[1] (A) C A. Similarly, we have W[1] (A) C A. The isomorphisms

N A

V1] o W[1] = (—=1)"idps(x) and W[1] o U[1] = (—1)*idpe(x) give us the following result.

THEOREM 6.10. The Fourier-Mukai transforms W[1] and W[1] give the auto-equivalences
Y1) (A) =2 A and V[1](A)=A
of the abelian category A.
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