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Weight functions on non-Archimedean analytic
spaces and the Kontsevich—Soibelman skeleton

Mircea Mustata and Johannes Nicaise

ABSTRACT

We associate a weight function to pairs (X,w) consisting of a smooth and proper va-
riety X over a complete discretely valued field and a pluricanonical form w on X.
This weight function is a real-valued function on the non-Archimedean analytification
of X. It is piecewise affine on the skeleton of any regular model with strict normal
crossings of X, and strictly ascending as one moves away from the skeleton. We apply
these properties to the study of the Kontsevich-Soibelman skeleton of (X,w), and
we prove that this skeleton is connected when X has geometric genus one and w is
a canonical form on X. This result can be viewed as an analog of the Shokurov—Kollar
connectedness theorem in birational geometry.

1. Introduction

1.1 Skeleta of non-Archimedean spaces

An important property of Berkovich spaces over non-Archimedean fields is that, in many geo-
metric situations, they can be contracted onto some subspace with piecewise affine structure, a so-
called skeleton. These skeleta are usually constructed by choosing appropriate formal models for
the space, associating a simplicial complex to the reduction of the formal model and embedding
its geometric realization into the Berkovich space. For instance, if C' is a smooth projective curve
of genus at least two over an algebraically closed non-Archimedean field, then it has a canonical
skeleton, which is homeomorphic to the dual graph of the special fiber of its stable model [Ber90,
§4]. Likewise, if (X, x) is a normal surface singularity over a perfect field k, then one can endow k
with its trivial absolute value and construct a k-analytic punctured tubular neighborhood of z
in X by removing x from the generic fiber of the formal k-scheme Spf O x,z- This k-analytic space
contains a canonical skeleton, homeomorphic to the product of R-y with the dual graph of the
exceptional divisor of the minimal log-resolution of (X, z) [Thu07].

In higher dimensions, one can still associate skeleta to models with normal crossings (or
to so-called pluristable models as in [Ber99]). However, it is no longer clear how to construct
a canonical skeleton, since we usually cannot find a canonical model with normal crossings. The
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aim of this paper is to show how one can identify certain essential pieces that must appear in
every skeleton by means of weight functions associated to pluricanonical forms.

1.2 The work of Kontsevich and Soibelman

One of the starting points of this work was the following construction by Kontsevich and Soibel-
man [KS06]. Let X be a smooth projective family of varieties over a punctured disc around the
origin of the complex plane, and let w be a relative differential form of maximal degree on X.
Let t be a local coordinate on C at 0. Kontsevich and Soibelman defined a skeleton in the ana-
lytification of X over C((¢)) by taking the closure of the set of divisorial valuations that satisfy
a certain minimality property with respect to the differential form w. Their goal was to find
a non-Archimedean interpretation of mirror symmetry. They studied in detail the maximally
unipotent semi-stable degenerations of K 3-surfaces, in which case the skeleton is homeomorphic
to a two-dimensional sphere, and described how a degeneration can be reconstructed from the
skeleton, equipped with a certain affine structure. This idea was further developed by Gross and
Siebert in their theory of toric degenerations, using tropical and logarithmic geometry instead
of non-Archimedean geometry; see for instance the survey paper [Grol3].

1.3 The weight function

We generalize the definition of the Kontsevich—Soibelman skeleton to smooth varieties X over a
complete discretely valued field K, endowed with a non-zero pluricanonical form w. We define the
weight of w at a divisorial point of X?" (that is, a point corresponding to a divisorial valuation
on the function field of X)) and define the skeleton Sk(X,w) of the pair (X,w) as the closure of
the set of divisorial points with minimal weight. A precise definition is given in §4.7.1 and it is
compared to the one of Kontsevich and Soibelman in §4.7.3.

Next, we show how the weight function can be extended to the Berkovich skeleton associated
to any sncd-model of X (a regular model whose special fiber has strict normal crossings), and
even to the entire space X" if K has residue characteristic zero or X is a curve. A remarkable
property of this weight function is that it is piecewise affine on the Berkovich skeleton Sk(Z")
associated to any proper sncd-model 27, and strictly descending under the retraction from X?2"
to Sk(Z") (Proposition 4.5.5). We use this property to show that Sk(X, w) is the union of the faces
of the Berkovich skeleton of 2~ on which the weight function is constant and of minimal value
(Theorem 4.7.5). This generalizes Theorem 3 in [KS06, §6.6]; whereas the proof in that paper
relied on the weak factorization theorem, we only use elementary computations on divisorial
valuations and approximation of arbitrary points on X®" by divisorial points.

1.4 The connectedness theorem

Besides the construction of the weight function, the other main result of this paper is a connect-
edness theorem for the skeleton Sk(X,w) of a smooth and proper K-variety X of geometric genus
one (for instance, a Calabi-Yau variety) endowed with a non-zero differential form of maximal
degree w. This skeleton does not depend on w, since Sk(X,w) is invariant under multiplication
of w by a non-zero scalar. We show that Sk(X,w) is always connected if K has residue charac-
teristic zero (Theorem 5.5.3). Our proof is based on a variant of Kollar’s torsion-free theorem for
schemes over power series rings (Theorem 5.3.1), which we deduce from the torsion-free theorem
for complex varieties by means of Greenberg approximation.
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WEIGHT FUNCTIONS ON NON-ARCHIMEDEAN SPACES

1.5 The relation with birational geometry

All these constructions and results have natural analogs in the birational geometry of complex
varieties, replacing the pair (X, w) by a smooth complex variety Y equipped with a coherent ideal
sheaf 7 and sncd-models by log resolutions. In particular, one can define in a very similar way
a weight function on the non-Archimedean punctured tubular neighborhood of the zero locus
of Z in X; this is explained in Section 6, together with the close relation with the constructions
in [BFJO8] and [JM12]. If h: Y' — Y is a log resolution of Z and E is an irreducible component
of the zero locus Z(ZOy+) of ZOy, then the value of the weight function at a divisorial point
associated to F is equal to p/N, where p — 1 is the multiplicity of F in the relative canonical di-
visor Ky /y, and N is the multiplicity of £ in Z (ZOy~). This is a classical invariant in birational
geometry, closely related to the log discrepancy of (X,7) at E, and its infimum over all possible
log resolutions h and divisors E is the log canonical threshold of (X, 7). The counterpart of the
Kontsevich—Soibelman skeleton coincides with the dual complex of the union of irreducible com-
ponents of Z(ZOy) that compute the log canonical threshold, and our connectedness theorem
translates into the connectedness theorem of Shokurov and Kollar; see Section 6.4. Of course,
the latter result was our main source of inspiration for the proof of the connectedness theorem
for smooth and proper K-varieties of geometric genus one.

1.6 Connections with the existing literature

As we have explained in Section 1.2, the principal source of inspiration for this paper is the con-
struction of the skeleton by Kontsevich and Soibelman in [KKS06]. We generalize this construction
in two ways. First, we attach skeleta to pluricanonical forms, instead of only canonical forms.
This generalization is straightforward and does not require any new ideas. Second, we work over
an arbitrary complete discretely valued field K instead of over the field of germs of meromorphic
functions at the origin of the complex plane. For the computation of the skeleton in Section 4.7,
we need to assume the existence of a proper sncd-model, but our main improvement is that we
eliminate the use of the weak factorization theorem in the proof of Theorem 3 in [KS06, §6.6].
To our best knowledge, weak factorization for models of K-varieties in the form needed for this
proof is not even available in the literature if K has equal characteristic zero (although it is very
likely that it can be deduced from [AKMWO02]). In positive or mixed characteristic, it is a much
heavier assumption than the existence of one proper sncd-model for a fixed proper and smooth
K-variety X (and it might be too much to ask for if the residue field of K is not perfect). Another
aim of our exposition is to supply full details (some of the proofs were only sketched in [KS06])
because we believe that the Kontsevich—Soibelman skeleton is an object of broad interest.

The results in Sections 2 and 4 owe much to the papers [BFJ08, JM12]. As we explain in
Section 6, the weight function from Section 4 is closely related to the thinness function of [BFJ0S]
and the log discrepancy function of [JM12], which are defined on certain valuation spaces attached
to regular schemes of characteristic zero, and the basic properties of the weight function that we
prove in this paper are very similar to the results in [BFJ08, JM12|. Likewise, if K has equal
characteristic zero, the results on the Berkovich skeleton in Section 3 can be found in [BFJ12,
§3]. More generally, if K has equal characteristic p > 0, then one can obtain most statements
in Sections 2, 3 and 4 by easy adaptations of the arguments in [BFJ08, BFJ12, JM12]. This is
not the case when K has mixed characteristic: many proofs in [BFJ08, BEJ12, JM12] use that
the completed local rings of regular schemes over a field are rings of formal power series over
a field, which is of course false in the mixed characteristic case. The essential extra ingredients
we need are Proposition 2.4.4, which is used to define the notion of monomial point in mixed
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characteristic, and the calculus of canonical sheaves in Section 4.1, in particular Proposition 4.2.1.
To keep the paper self-contained, and accessible to a broad scope of readers, we have chosen to
give careful proofs of all the statements in Sections 2, 3 and 4.

1.7 Further questions

As we have seen, the skeleton of a pair (X,w) as above is contained in the Berkovich skeleton of
every regular proper model with strict normal crossings. We define the essential skeleton of X
as the union of the skeleta Sk(X,w) as w runs through the set of non-zero pluricanonical forms
on X (Section 4.9). It would be quite interesting to know whether one can define a suitable class
of models of X whose skeleta coincide with the essential skeleton (assuming that the Kodaira
dimension of X is non-negative). We are investigating this question in an ongoing project.

1.8 Structure of the paper

To conclude this introduction, we give a brief survey of the structure of the paper. In Section 2
we introduce divisorial and monomial points on analytic spaces and we prove some basic pro-
perties. In Section 3 we explain the construction of the Berkovich skeleton associated to a regular
model with strict normal crossings and we define its piecewise affine structure. This is a fairly
straightforward generalization of the construction by Berkovich for pluristable formal schemes,
but since the non-semistable case is not covered by the existing literature, we include some details
here. The main new result is Proposition 3.1.7, which says that every proper morphism of models
gives rise to an inclusion of skeleta. The core of the paper is Section 4, where we construct the
weight function and prove its fundamental properties; see in particular Proposition 4.5.5. The
weight function is constructed in several steps, first defining it on divisorial and monomial points
and then extending it to the entire analytic space by approximation. The applications to the
Kontsevich—Soibelman skeleton are discussed in Section 4.7. In Section 5 we deduce a variant
of Kollar’s torsion-free theorem for schemes over formal power series and use it to prove our
connectedness theorem for skeleta of varieties of geometric genus one. Finally, in Section 6, we
sketch the analogs of these results in the setting of complex birational geometry.

1.9 Notation

1.9.1 We denote by R a complete discrete valuation ring with residue field & and quotient field K.
We denote by m the maximal ideal in R and by vg the valuation

K* =17,
normalized in such a way that vk is surjective. We define an absolute value |- |x on K by setting
|z = exp(—vx ()

for all x in K*. This absolute value turns K into a complete non-Archimedean field.

1.9.2 All schemes in this paper are assumed to be separated. We will consider the special fiber
functor

()k (R—SCh)—)(k‘—SCh), %'—)%k:%XRk:
from the category of R-schemes to the category of k-schemes, as well as the generic fiber functor

()k (R—SCh)%(K—SCh), %'—)%K:%XRK

from the category of R-schemes to the category of K-schemes.

368



WEIGHT FUNCTIONS ON NON-ARCHIMEDEAN SPACES

2. Monomial points on K-analytic spaces

2.1 Birational points
2.1.1 Let X be an integral K-scheme of finite type. Its analytification X" is endowed with a
canonical morphism of locally ringed spaces

i XM= X
For every point = of X?", we denote by K(x) the residue field of X at i(x). This field carries
a natural valuation, and the residue field JZ(x) of X" at x is the completion of K(x) with
respect to this valuation. The dimension of the Q-vector space

| (x)"| ®2 Q

will be called the rational rank of X at x.

2.1.2 We call a point of X" birational if its image in X is the generic point of X. We will denote
the set of birational points of X2 by X, For every birational point z on X" we can define a
real valuation v, on the function field K(X) of X by

vp: K(X)* =R, f——In|f(x)].

The map 2 — v, is a bijection between XP™ and the set of real valuations K(X)* — R that
extend the valuation vg on K. The induced topology on XP' C X2 is the weakest topology
such that, for every non-zero rational function f on X, the map

XM LR oz 0(f)

is continuous. It is clear that every birational map of integral K-varieties ¥ --» X induces
a homeomorphism Y — Xbir,

2.2 Models

2.2.1 Let X be a normal integral K-scheme of finite type. An R-model for X is a normal flat
R-scheme of finite type 2" endowed with an isomorphism of K-schemes 2% — X. Note that we
do not impose any properness conditions on X or Z. If 2" and # are R-models of X, then a
morphism of R-schemes h: 2~ — % is called a morphism of R-models of X if hg: #x — 2k
is an isomorphism that commutes with the isomorphisms Z% — X and %, — X. Thus there
exists at most one morphism of R-models % — 2. If it exists, then we say that % dominates 2.

2.2.2 For every R-scheme 2, we denote by 2 its m-adic formal completion. If 2" is an R-
model of X, then 2" is a flat separated formal R-scheme of finite type, and we can consider its
generic fiber 2, in the category of K-analytic spaces. This is a compact analytic domain in the

analytification X?" of X. A point x of X?" belongs to é”; if and only if the morphism
Spec.’(x) — X
extends to a morphism
Spec.(x)° — X,
where 7(x)° denotes the valuation ring of the valued field 77 (z). Thus X*" = é”; it 2 is

proper over R. The generic fiber ﬁ”; is endowed with an anti-continuous reduction map

redg{: ﬁ;—) %k
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that sends a point z to the image of the closed point of Spec.#’(x)° under the morphism
Speci (x)° — Z.

In particular, a birational point x of X?" belongs to 52"; if and only if the valuation v, has
a center on 27, and in that case, the reduction map red - sends x to the center of v,.

2.2.3 Assume that 2 is a normal integral R-scheme of finite type. Let & be a point in 3%; and
let D be a Cartier divisor on 2~ whose support does not contain i(x). Then we set

vz(D) = —In|f(z)]

where f is any element of K (X)* such that, locally at red - (x), we have D = div(f). It is obvious
that the function v,(-) is Z-linear in D and that is behaves well with respect to pull-backs: if
h: Z' — Z is a proper morphism of R-models of X, then v, (D) = v, (h*D) for every Cartier
divisor D on Z.

PROPOSITION 2.2.4. Assume that £ is a normal integral R-scheme of finite type. Then for every
Cartier divisor D on %, the function

{z e é”; |i(z) ¢ Supp(D)} = R, x> vy(D)
is continuous.

Proof. For every open subscheme % of £, the space @; is a closed analytic domain of 9?; by
anti-continuity of the reduction map

red g : 3@7”; — 2%

and the fact that @; = red ' (%) [Ber94, § 1]. Thus we may assume D = div(f) for some rational
function f on 2" Then

vz(D) = —In|f(z)]

is a continuous function in z. O

2.2.5 Let X be a connected regular K-scheme of finite type. An sncd-model for X is a regular
R-model 2 such that 2} is a divisor with strict normal crossings. Again, we do not impose
any properness conditions on X or 27; for instance, according to our definition, X is an sncd-
model of itself. If X is proper and either k has characteristic zero or X is a curve, then every
proper R-model of X can be dominated by a proper sncd-model, by Hironaka’s resolution of
singularities. If k& has positive characteristic and X has dimension at least two, the existence of
a proper sncd-model is not known.

2.3 The Zariski Riemann space

2.3.1 Let X be a normal integral proper K-scheme. We denote by M x the category of proper
R-models 2 of X, where the morphisms are morphisms of R-models. We can dominate any pair
of proper R-models 2", 2" by a common proper R-model of X, and we have already observed
that there exists at most one morphism of R-models 2~ — 2. These properties imply that the
category Mx is cofiltered. The Zariski Riemann space of X is defined as the limit

X2 = lim 2
ZeMx

in the category of locally ringed spaces.

370



WEIGHT FUNCTIONS ON NON-ARCHIMEDEAN SPACES

PROPOSITION 2.3.2. The map j: X* — X*R induced by the reduction maps red g : X** — 2
is injective. It has a continuous retraction r: X“® — X2 such that the topology on X?" is the
quotient topology with respect to r and such that, for every point x in X*® and every proper
R-model 2 of X, the image of x under the natural projection pg-: X*® — 2, lies in the closure
of {redy or(x)}.

Proof. Combining Theorems 3.4 and 3.5 in [vdPS95], we obtain a natural surjection r: X%R —
X2 with all the required properties. To be precise, the results in [vdPS95] are formulated for
affinoid rigid K-varieties, but as noted at the end of [vdPS95], they extend immediately to
quasi-separated and quasi-compact rigid K-varieties. To pass to our algebraic setting, it then
suffices to observe that the algebraizable formal R-models of X?" are cofinal in the category
of admissible formal R-models: if 2" is a proper R-model of X, then by Raynaud’s theorem
[BL93, Theorem 4.1] the admissible blow-ups of the m-adic completion 2 of 2~ are cofinal
in the category of admissible formal R-models of X. The center of such a blow-up is a closed
subscheme of

2 xp (R/m™) = 2 xp (R/m™)

for some n > 0. In particular, admissible blow-ups are algebraizable (simply blow up the corre-
sponding closed subscheme of .2Z7). O

COROLLARY 2.3.3. Let Z be a closed subscheme of X, and let = be any point of (X \ Z)*". Then
there exists a proper R-model 2~ of X such that the closure of red 4 (z) in 2} is disjoint from
the closure of Z in Z.

Proof. The fiber r~1(z) is closed in X?® and disjoint from j(Z*"). The closure of {j(x)} in X%k
is the intersection of the sets pj%wl(C' 27) where 2" runs through the proper R-models of X,
Cy denotes the closure of redy-(z) in 2% and py: X?R — 2} is the natural projection. Thus
we can find a proper R-model 2" of X such that red ' (Cy) is disjoint from j(Z2"). If we denote
by 3 the m-adic completion of the schematic closure of Z in 2, then 3, = Z*" by properness
of Z and the reduction map Z*" — 3 is surjective because 3 is R-flat (its image is closed by
[Ber94, p. 542] and it contains all the closed points of 3; by [Liu02, Corollary 10.1.38]). It follows
that C'9- must be disjoint from the closure of Z in 2" O

2.4 Divisorial and monomial points

2.4.1 Let X be a normal integral K-scheme of finite type. Let £ be an R-model for X and
let E be an irreducible component of Z}. Denote by £ the generic point of E. The local ring
Oz ¢ is a discrete valuation ring with fraction field K (X), the field of rational functions on X.
We denote by vg the associated discrete valuation on K (X ), normalized in such a way that its
restriction to K coincides with vg. This is the unique valuation on 2 that extends vy and is
centered at . The index of Z = |K*| in the value group of vg is equal to the multiplicity of E in
the divisor Z%. The valuation vg defines a birational point x of X" such that v, = vg. We call
this point the divisorial point associated to the pair (£, E). It is the unique point of red_%l(f ).
We call the pair (£, E) a divisorial presentation for x. Removing a closed subset of 2} that
does not contain E has no influence on the divisorial valuation vg, so that we can always assume
that 2" is regular and that 2 is irreducible.

2.4.2 The construction of divisorial points can be generalized in the following way. Let 2~ be
an R-model of X and let (E1,..., E,) be a tuple of distinct irreducible components of 2}, such
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that the intersection

is non-empty. Let & be a generic point of F, and assume that, locally at &, the R-scheme 2 is
regular and 2 is a divisor with strict normal crossings. In this case, we call (2, (E1, ..., E),§)
an sncd-triple for X. Then there exist a regular system of local parameters z1,..., 2 in Og ¢,
positive integers Ny, ..., N, and a unit u in O 4 ¢ such that

W::uz{\rl-...-zﬂv’"

is a uniformizer in R and such that, locally at £, the prime divisor F; is defined by the equation
Z; = 0.

We say that an element f of O 2, ¢ 1s admissible if it has an expansion of the form

f= Z g2, (2.4.1)

where each coefficient cg is either zero or a unit in O ,¢- Such an expansion is called an admissible
expansion of f. Let a be an element of R% such that

artNy+...+a.N.=1.

For every 8 in R", we set
,
a-f= Z a;B; .
i=1

LEMMA 2.4.3. Let A be a Noetherian local ring with maximal ideal m4 and residue field k4,
and let (y1,...,ym) be a system of generators for m4. We denote by A them A-adic completion
of A. Let B be a subring of A such that the elements 1, ..., Yy, belong to B and generate the
ideal BNmy in B. Then, in the ring A\, every element f of B can be written as

=3 e (2.4.2)

BGZ;”O

where the coefficients cg belong to (A* N B) U {0}.

Proof. Such an expansion for f is constructed inductively in the following way. Since A is local,
f belongs either to A* or to the maximal ideal m4. In the latter case, we can write f as a
B-linear combination of the elements y1,...,yn. Now suppose that ¢ is a positive integer and
that we can write every f in B as a sum of an element f; of the form (2.4.2) and a B-linear
combination of degree ¢ monomials in the elements yq, ..., ym. Applying this assumption to the
coefficients of the B-linear combination, we see that we can write f as the sum of an element
fix1 of the form (2.4.2) and a B-linear combination of degree i + 1 monomials in the elements
Yi,---,Ym such that f; and f;11 have the same coefficients in degree less than i. Repeating this
construction, we find an expansion for f of the form (2.4.2). O]

PROPOSITION 2.4.4. We keep the notation of § 2.4.2.

(i) Every element of Q) ¢ is admissible.

(ii) There exists a unique real valuation

ve: K(X)* =R
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such that
'Ua(f):min{a'ﬁ|B€Z;0a C,B#O}

for every non-zero element f in O g~ ¢ and every admissible expansion of f of the form (2.4.1).
This valuation does not depend on the choice of z1, . . ., z., and its restriction to K coincides
with vg.

Proof. (i) This follows at once from Lemma 2.4.3, taking A = B = O PRT

(ii) Uniqueness is clear from statement (i). Let us show that our definition of the value v, (f)
does not depend on the chosen admissible expansion of f. For notational convenience, we set
A = Oy ¢ and we denote by my and k4 its maximal ideal and residue field, respectively.

To every admissible expansion (2.4.1) we can associate a Newton polyhedron I'. This is the
convex hull of the set

{BeZlylcg #0} +RE,
in R". We denote by I'c the set of points in Z% that lie on a compact face of I' and we set
fo=> 2",
pere

where ¢g denotes the residue class of ¢z in k4. Thus f. is an element of kK4[z1, ..., 2. We claim
that it depends only on f, and not on the chosen admissible expansion (2.4.1). To see this, let

=Y
BEZ,
be another admissible expansion of f, with associated set I', and polynomial f.. Then
Z (cg — c%)z’g =0.
BEZL,

Choosing admissible expansions for the elements cg — c’ﬁ that do not lie in A* U {0}, we can
rewrite this expression into an admissible expansion

0= Z dﬁzﬁ

,362;0

such that 85 =Cg — E/B for all §in I'c UT”. Suppose that one of the coefficients dg is different
from zero. Then we can write

Z dgz® € gig (21, ..., 2a) + myTT
BeLL,
where g¢;,(z1,...,24) € Alz1,...,24] is the homogeneous part of minimal degree i of the power
series ZBGZ;O dgz®. By [EGA4.1, 17.1.1], the graded ka-algebra @;>om’/m’" of the regular
local ring Ais isomorphic to the polynomial ring over k4 in the residue classes of 21,..., 24
modulo m%. Thus the image of g, (21,...,2q4) in m% /mff{“ is non-zero, which contradicts the
equality
0= Z dgzﬁ.
BerL,
It follows that all dg are zero, so that I'. =I", and f. = f/.
Now we set

m =min{a - | €T, ¢g # 0}
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and we denote by I'? the set of points 8 in I'. such that o - f = m. We set
fo= Z Eﬂzﬂ € Kalz1y -y 2r] -

BeTg
Then m and f, are completely determined by f., so that they do not depend on the chosen
admissible expansion for f. Moreover,

Vo(f) =min{a- | €T, cg #0} =m (2.4.3)
because for every linear form L on R" with non-negative coefficients, the minimal value of L
on I' is reached on I'“. It follows that v, (f) depends only on f, and not on the chosen admissible
expansion.
Now it is easy to check that v, is a valuation: if f and g are non-zero elements in Oy ¢, then
clearly

Vo (f + g) 2 min{va(f), va(9)}

and we also have v, (f-g) = vo(f) +va(g) because (f-g)a = fa:ga- It is obvious that v, (f) does
not depend on the choice of z1, ..., 2 since these elements are determined up to a unit in O g ¢.
To see that v, extends vy, note that

— 2.1 N,
T=U2y ... 2"

is an admissible expansion for the uniformizer 7 in R so that

UQ(W):ZO&iNizl. ]
=1

2.4.5 The valuation v, from Pro}gosition 2.4.4 extends the discrete valuation v on K, and thus
defines a birational point = of 2, C X®" such that v, = v,. We call this birational point the
monomial point associated to the sncd-triple (2, (E1,..., E,),&) and the tuple «, and we will
say that these data represent the point z. Replacing 2" by an open neighborhood of £ has no
influence on the associated monomial point x, so that we can always assume that 2~ is regular
and that 2% is a divisor with strict normal crossings.

2.4.6 Permuting the indices, we may assume that there exists an element r' in {1,...,r} such
that a; # 0 for all i € {1,...,7'} and a; = 0 for all i € {r' +1,...,r}. If we denote by &' the
unique generic point of ﬂ;-",:lEi whose closure contains &, then it is clear from the constructions
that the data

((E1, .. .,Er),f, (al, e ,Oér)) and ((El, Ce ,Ew),fl, (al, .. .,Oérl))

define the same monomial point z of X®*. Moreover, ¢ is the center of v,, and a; = v, (E;)
for every i € {1,...,r}. Thus & = redy (x) and ¢, (E,...,Ey) and (oq,...,qm) are com-
pletely determined by the model 2™ and the monomial point z, up to permutation of the indices
{1,...,7'}. Tt is clear that the rational rank of X at x is the dimension of the Q-vector subspace
of R generated by the coordinates of a.

2.4.7 We say that a point of X" is divisorial if it is the divisorial point associated to some
R-model £ of X and some irreducible component of Zj. We denote the set of divisorial points
on X2 by X4V The notion of a monomial point on X" is defined analogously, and the set of
monomial points on X" is denoted by X™°". Note that every divisorial point is monomial. If x
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is a monomial point on X?" and £ is an R-model of X, then we say that 2" is adapted to z if
there exist irreducible components (E1, ..., E,) of 2}, a generic point £ of N_, E; and a tuple
a in RL such that (2, (Ex, ..., E;),§) is an sncd-triple and « is the monomial point associated
to this sncd-triple and the tuple a.

PROPOSITION 2.4.8. Let x be a monomial point of X", Then the following are equivalent:
(i) The point x is divisorial.
(ii) The valuation v, is discrete.

(iii) The analytic space X®" has rational rank one at x.

Proof. It suffices to prove that x is divisorial if X*" has rational rank one at x. Let (%, (F1, ...,
E,),€) be an sncd-triple for X and let a be an element of RY such that these data represent
the point z. Since X" has rational rank one at z, the tuple o must belong to QY. Permuting
the indices, we may assume that «; is minimal among the coordinates of a. We consider the
blow-up h: 27 — 2 at the closure of {&. We denote by E! the strict transform of E;, for all ¢
in {2,...,r}, and we denote by E] the exceptional divisor of the blow-up. Let £’ be the generic
point of Ef N...N E/. Then a straightforward computation shows that

(27, (B, .-, B, E)
is still an sncd-triple, and together with the tuple
o = (a1,00 —1,...,qp — 1)

it represents the point . By the construction in § 2.4.6, we can eliminate the zero entries in o’. The
rational rank of X" at x is equal to one, so that all the «; are integer multiples of a common
rational number ¢ > 0. An elementary induction argument shows that, starting from a finite
tuple of positive integers and repeatedly choosing one of the minimal non-zero coordinates and
subtracting it from the other coordinates, we arrive after a finite number of steps at a tuple with
only one non-zero coordinate. Thus, repeating our blow-up procedure finitely many times, we
arrive at a monomial presentation with r = 1, that is, a divisorial presentation for x. O

PROPOSITION 2.4.9. The set XU of divisorial points on X®" is dense in X",

Proof. If j: X — X is a normal compactification of X, then j**: X3 — X" is an open
immersion of K-analytic spaces. It identifies the divisorial points on X" and X : every R-
model for X can be extended to an R-model of X by gluing X to its generic fiber, which shows
that the image of a divisorial point in X" is divisorial in X . Conversely, if 2 is a divisorial
point on X associated to an R-model 2~ of X and an irreducible component E of 2, then
by removing the closure of X \ X we get a divisorial presentation of x as a point of X", Thus
we may assume that X is proper over K.

We denote by XZR the Zariski Riemann space of X as defined in Section 2.3. Let 2 be
a proper R-model of X and denote by p: X*® — 2j. the projection morphism. Then for every
generic point & of 2}, the fiber p~1(€) consists of a unique point, that we will denote by ¢%R,
To see this, note that every morphism of proper R-models .2/ — 2" is an isomorphism over
an open neighborhood of ¢ by Zariski’s main theorem, because 2~ is normal. Since X*® carries
the limit topology, the points of the form ¢%® form a dense subset of X%R as 2" varies over the
class of proper R-models of X. To conclude the proof, it suffices to observe that the image of £28
under the retraction r: X%R — X2 ig the divisorial point z on X" associated to 2~ and the
closure of &. Indeed, p(¢%R) = ¢ must lie in the closure of (red 4 o 7)(¢%R) by Proposition 2.3.2.
Thus red o (r(¢%R)) = £, but z is the only element in redz,;(f). O
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3. The Berkovich skeleton of an snecd-model

3.1 Definition of the Berkovich skeleton

3.1.1 In [Ber99], Berkovich associates a skeleton to a certain class of formal schemes X over R,
the so-called pluristable formal R-schemes. This skeleton is a closed subspace of the generic
fiber X, of X, and Berkovich has shown that it is a strong deformation retract of X,. This
construction was a crucial ingredient of his proof of the local contractibility of smooth analytic
spaces over a non-Archimedean field. If 2" is a regular R-scheme of finite type such that 2 is
a divisor with strict normal crossings, then its m-adic completion 2" is not pluristable if 2} is
not reduced. Nevertheless, the definition of the skeleton can be generalized to this setting in a
fairly straightforward way. In this section, we explain the construction of the skeleton and we
prove some basic properties that we will need further on. If R has equal characteristic, most of
the results can be found already in [BFJ12, §3].

3.1.2 Let X be a connected regular K-scheme of finite type and let 2  be an sncd-model
for X. Then the reduced special fiber (Z%)req is a strictly semi-stable k-variety, to which one
can associate an unoriented simplicial set A(Z}%) in a standard way; see for instance [Nicll,
§3.1]. If 2} is a curve, then A(2Z}) is simply the unweighted dual graph of Z}. The geometric
realization |A(Z%)| is a compact simplicial space whose points can be uniquely represented by
couples (&, w) where £ is a generic point of an intersection of 7 distinct irreducible components
of X2, for some r > 0, and w is an element of the open simplex

Az=SweRIF| > @i=1
i€ (£)
Here ¥ (&) denotes the set of irreducible components of 2} that pass through &. In [Nicll,

§3.2], we called (£, w) the barycentric representation of the point, and w the tuple of barycentric
coordinates.

3.1.3 We define a map
Skg: |A(Zy)| — X

by sending a point P with barycentric representation (£, w) as above to the monomial point
on X associated to the sncd-triple (£, (E1, ..., E;),§) and the tuple

WE, WEg,. r
a= <N1 SN Nr) e Ry,
where E1,..., E, are the irreducible components of %2} passing through ¢ and Ni,..., N, are
their multiplicities in Z}. We call the image of Skg the Berkovich skeleton of 2, and denote
it by Sk(Z"). We endow it with the induced topology from X?". Beware that it depends not
only on X, but also on the chosen sncd-model 2. Note that the Berkovich skeleton of 2" is
contained in £, and that a monomial point on X*" lies on Sk(Z") if and only if the sncd-model
Z is adapted to z, in the sense of §2.4.7. It is clear from the definition that, for every open
subscheme % of 2", the skeleton Sk(%) C #;2" is equal to the closed subset redggl(%) of Sk(Z").

PROPOSITION 3.1.4. The map Sky : |[A(Z))| — Sk(Z) is a homeomorphism.

Proof. We have seen in §2.4.6 that £ and w are completely determined by 2" and Sk g (P). Thus
Skg is injective. Since |A(Z%)| is compact and X" is Hausdorff, it suffices to show that Sk
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is continuous.

Let % be an open subscheme of 2", and denote by A(%}) the simplicial set associated
to the semi-stable k-variety (% )req- Then 02//; is a closed analytic domain in ﬁ’; The open
immersion %, — 2} induces a closed embedding |A(%)| — |A(Z%)|, and Skg coincides with
Sk, on |A(%;)|. If we cover 2 by finitely many affine open subschemes %/, then the spaces
|A(2;)| will form a closed cover of |A(Z))|. Thus we may assume that 2" is affine.

By definition of the Berkovich topology on X?2" it is enough to prove that for every regular
function f on X = 2k, the map
[A(ZK)] = Rzo, @+ [f(Ska(2))]

is continuous. This follows at once from the fact that the quasi-monomial valuation v, in Propo-
sition 2.4.4 is continuous in the parameters a. O

3.1.5 We can construct a continuous retraction

pa: 2y — SK(Z)
for the inclusion Sk(Z") — 3/&”; as follows. Let x be a point of 32”;, and denote by ( its image
under the reduction map

redg : éf; — 2.
Let Eq,..., E, be the irreducible components of 2}, that pass through (. Let £ be the generic
point of the connected component of £y N...N E,. that contains (, and set

WE; = Uz (Ei)

for all . Then pg (z) is the point with barycentric representation (£, w), where we used the map
Sk to identify |A(Z2%)| and Sk(.2"). In other words, ps (z) is the monomial point on X" rep-
resented by (2, (E1,...,E.),§) and w = (wg,,...,wg,). This is the unique monomial point y
on X® such that 2" is adapted to z, vy(E) = vy(F) for every prime component E of 2}
and red ¢ () belongs to the closure of red o (y). It is straightforward to check that pg- is contin-
uous and right inverse to the inclusion Sk(Z") — 57,”; .

PRrROPOSITION 3.1.6. Let 2 be an sncd-model for X and let x be a point of 3@”; Then
[f (@) < [f(par (2))]

for every f in O%,red a (z)-

Proof. Let Fy,..., E, be the irreducible components of 2} passing through red s (x), and set
a; = vz (E;) for all i. Denote by £ the generic point of the connected component of N]_, E; con-
taining red 2 (x). Then p4 (z) is the monomial point of X" represented by (%, (E1,..., E.),§)
and a, and £ =redg (pa(x)).

Let z; = 0 be a local equation for F; on 2" at redg (x), for all i. Then (z1,...,2,) is a
regular system of local parameters in Oy ¢. By Lemma 2.4.3, one can always find an admissible

expansion
f= 2 e
BEZL,,

for f in @&gg such that all the coefficients cs belong to Oz 1eq, (2 We have |h(z)| < 1
and [h(pz-(z))] < 1 for every function h in Oy reqy 2y C Og,¢. Since, moreover, [2i(z)| =
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|zi(pa(x))] < 1foralliin {1,...,r}, we can rewrite the expression for f as
f = Z CBZB + 97
BeS

where S is a finite subset of ZL, and g is an element of O 3:1eq, (2) such that [g(z)| < [f(z)| and

l9(pa ()| < [f(pa (2))]-
Then we have
|f ()] < max{|eg(z)] - |z°(x)| | B € S} < max{|z" ()| | 3 € S}
I(f = 9)(pz ()| = |f(par (z))]. O

PROPOSITION 3.1.7. If h: 27 — % is an R-morphism of sncd-models of X, then /%\’n C ﬁ”;
and

(b2 0 par)(x) = par (z)
for every point x in 3&”\’,]. If h is proper, then éﬁ\/n = 3?; and Sk(2Z") C Sk(Z").

Proof. 1t is obvious that /%\/n C é”; Let = be a point of /4%”\’7] and set y = pg(z). Then
red 2/ (z) lies in the closure of {red 2/ (y)}, which implies the analogous statement for red ¢ (z) =
h(red 2/ (z)) and red - (y) = h(red 2 (y)). Thus by definition of the map p4-, it is enough to show
that v, (E) = vy(E) for each prime component E of Z},. Writing

.
WE=>Y oE]
1=1

where EY,..., E] are prime components of 2}/, we compute

Z vy (E Z a;vy(E vy(E),

where the second equality follows from the definition of the map pg-.

Now assume that h is proper. Then j%”\’n = é”; by the valuative criterion for properness.
Let z be a point of Sk(.2") and set { = red g (), 2’ = pg/(x) and & =red g~ (2’). To prove that
Sk(Z") C Sk(Z"), we must show that = 2/. It suffices to show that v, (f) = v (f) for every

element f in Qg ¢. We choose a system of coordinates (z1,. .., 2-) and an admissible expansion
f=2 e
BeZL,
for f as in §2.4.2. Let (2],...,2,) be a regular system of local parameters in Oz ¢ such that
there exist a unit v’ in Oy ¢ and positive integers Ny, ..., N/ such that
S
U H(zg)N
j=1
is a uniformizer in R. For each i in {1,...,r}, we can write
S
2 = v; H(zé)””
=1
in Qg ¢, with v; a unit and ~;; non-negative integers. We view ~; = (Yi1, - - Yis) as a vector
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in Z2, for each 4. Let 3 and ' be elements of ZZ, such that

T T
Z Bivi = Z 51{%' .
i=1 i=1

This means that the monomials z° and z# have the same multiplicity along each irreducible
component of £, and thus that the rational function 288" on X is a unit in
Og ¢ = O(f@w X g SpecOg;g)

(the isomorphism follows from the fact that h is proper, 2" and 2" are R-flat, hi is an isomor-
phism and 2 is normal). This can happen only if § = /3. It follows that

f= Z CBUﬁ(%)ZL&m

L

is an admissible expansion for f in Qg ¢. Thus

vy (f) = min Z%’(Z;)ﬂi%j |B€Zl, cs#0
i7j

= min{ > () va(2))vi)B8i | B € ZLy, c5 # 0
J

7

= min{va(zi)BiWEZ;O, 037&0} = vy (f). O

3.1.8 If h: 2" — 2 is a proper morphism of sncd-models of X, then in general, the skeleton
Sk(Z"") will be strictly larger than the skeleton Sk(.2"). The following proposition shows, however,
that the skeleton does not change if we blow up a connected component of an intersection of
irreducible components of Z.

PROPOSITION 3.1.9. Let 2 be an sncd-model for X, let Eq, ..., E, be irreducible components
of 2, and let £ be a generic point of N!_, E;. Denote by h: Z' — Z the blow-up of Z  at
the closure of {{}. Then Sk(Z") = Sk(Z"). More precisely, if we denote by o the face of Sk(Z")
corresponding to &, then the simplicial structure on Sk(2Z") is obtained by adding a vertex at
the barycenter of o, corresponding to the exceptional divisor of h, and joining it to all the faces
of o.

Proof. This follows from a straightforward computation. O

3.2 Piecewise affine structure on the Berkovich skeleton

3.2.1 Let X be a connected regular K-scheme of finite type, and let 2" be an sncd-model for X.
We will use the simplicial structure of A(Z%) to define an integral piecewise affine structure on
the Berkovich skeleton Sk(2"). We use the homeomorphism

to identify Sk(.2") with the geometric realization |A(Z2})| of A(Z)). Let U be a subset of Sk(Z")

and consider a function

f: U—=>R.
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We say that f is affine (with respect to the model 27) if the following two conditions are fulfilled:

(i) The function f is continuous.

(ii) For every closed face o of Sk(Z"), we can cover o NU by open subsets V' of o NU such that
the restriction of f to V is an affine function with coefficients in Z in the variables

wEl wET
Nl PR NT )

where Fjy, ..., E, are the irreducible components of 2} corresponding to the vertices of o,
Ny, ..., N, are their multiplicities in 2% and (wg,, ..., wg,) are the barycentric coordinates
on o.

We say that f is piecewise affine (with respect to the model 27) if f is continuous and if we
can cover each face o of Sk(Z") by finitely many polytopes P such that the vertices of P have
rational barycentric coordinates and the restriction of f to U N P is affine.

PROPOSITION 3.2.2. Let 2 be an sncd-model of X, and let h be a non-zero rational function
on X. Then the function
fn: SK(Z) =R, z—uvy(h)

is piecewise affine. If o is a closed face of Sk(Z") corresponding to a generic point & of an
intersection of irreducible components of 2}, then the function

folo: o= R, x— vy(h)

(i) is concave if £ is not contained in the closure of the locus of poles of h on X;
(ii) is convex if £ is not contained in the closure of the locus of zeroes of h on X;

(iii) is affine if £ is not contained in the closure of the locus of zeroes and poles of h on X.

Proof. Continuity of f; follows immediately from the definition of the Berkovich topology. The
remainder of the statement can be checked on the restrictions of f to the faces of the skeleton.
Let Fy,..., E,. be irreducible components of 2%, let £ be a generic point of their intersection
and let o be the closed face of Sk(:Z") corresponding to £. We may assume that £ does not lie
in the closure of the locus of poles of h on X, because fi/, = —fi, so that statement (ii) follows
from statement (i). Multiplying h by a suitable element in R, we can further reduce to the case
where h belongs to O 9 ¢. Taking an admissible expansion for A in O 7. ¢, we deduce from (2.4.3)
that f3|, is a minimum of finitely many affine functions on o and therefore a concave piecewise
affine function. Statement (iii) now follows from statements (i) and (ii), because a piecewise affine
concave and convex function is affine. O

PRrROPOSITION 3.2.3. Let 2" and % be sncd-models of X. Then the map
P2 7 sy 2o NSK(P) = Sk(Z), y = pa(y)

is piecewise affine, in the following sense: if U is a subset of Sk(2Z") and f: U — R is a piecewise
affine function on U, then f o py is a piecewise affine function on p7,* (U) N Sk(%).

Proof. This is an easy consequence of Proposition 3.2.2 and the definition of the map pg. O

As a corollary, we see that the notion of piecewise affine function is intrinsic on X and
independent of the choice of an sncd-model.
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COROLLARY 3.2.4. If & and % are sncd-models of X and U is a subset of Sk(%Z") N Sk(%),
then a function f: U — R is piecewise affine with respect to 2 if and only if it is piecewise
affine with respect to %'.

Proof. This follows immediately from Proposition 3.2.3. O

Thus we get a canonical piecewise affine structure on the set of monomial points in X&".
Beware, however, that the notion of affine function depends on the chosen model.

4. The weight function and the Kontsevich—Soibelman skeleton

4.1 Some reminders on canonical sheaves

4.1.1 Let f: Y — X be a morphism of finite type of locally Noetherian schemes, and assume
that f is a local complete intersection. Then one can define the canonical sheaf wy,x of the
morphism f; see §6.4.2 and Exercise 6.4.6 in [Liu02]. It is a line bundle on Y, whose restriction
to the smooth locus of f is canonically isomorphic to the sheaf of relative differential forms of
maximal degree of f. We will mainly be interested in the situation where Y and X are regular;
then every morphism of finite type Y — X is a local complete intersection, by [Liu02, Example
6.3.18]. If g: Z — Y is another local complete intersection morphism between locally Noetherian
schemes, then the canonical sheaves of f, g and fog are related by the adjunction formula: there
is a canonical isomorphism

wz/x Fwzy ®o, 9 wy)/x (4.1.1)
by Theorem 6.4.9 and Exercise 6.4.6 in [Liu02].

4.1.2 If X and Y are integral and f is dominant and smooth at the generic point of Y, then
the function field F(Y) of Y is a separable extension of the function field F'(X) of X, of finite
transcendence degree d. If ¢ is the generic point of Y, then we can view wy, x as a sub-Oy-module
of the constant sheaf on Y associated to the rank one F(Y)-vector space

(Wy/x)e = vy p(x) -

4.1.3 Let us recall how, in suitable situations, the canonical sheaf wy,x can be explicitly com-
puted. Assume that X and Y are regular integral schemes, and let f: Y — X be a morphism
of finite type such that f is dominant and smooth at the generic point of Y. Denote by d the
transcendence degree of F'(Y') over F'(X), and let y be a point of Y. Locally at y, the morphism f
is of the form

SpecA[Th,...,T,]/(F1,...,F,) — SpecA,

where the sequence (F1,..., F;) is regular at y and » < n. Then n = r 4+ d. Renumbering the
polynomials F;, we may assume that

OF;
A = det [ Z]
( oT;; 1<i,j<'r>

is different from zero in Oy,,. Then by [Liu02, Corollary 6.4.14], the stalk (wy,x ), of the canonical

sheaf wy, x at the point y is the sub-Oy -module of Q%(Y) JP(X) generated by

A7YdT, 1 A ... ANdT) .
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4.1.4 Now let f: Y — X be a dominant morphism of finite type of regular integral schemes, and
assume that f is étale over the generic point of X. This means that the function field F(Y) is a
finite separable extension of F'(X). Then we can view wy,x as a sub-Oy-module of the constant
sheaf

vy rx) = F(Y)
on Y. This embedding defines a canonical element in the linear equivalence of Cartier divisors
on Y associated to the line bundle wy, x, namely, the divisor of the element 1 € F(Y') viewed as
a rational section of wy,x. We call this divisor the relative canonical divisor of f and denote it

by Ky x. It follows from § 4.1.3 that Ky y is effective and that its defining ideal sheaf O(— Ky x)

1
Y/X>

finite type of regular integral schemes such that F'(Z) is separable over F(Y') of transcendence
degree d, then the isomorphism in the adjunction formula (4.1.1) is an equality of sub-Oz-modules
of the constant sheaf

is precisely Fitt’Q the zeroth Fitting ideal of Q%, /X" If g: Z — Y is a dominant morphism of

d ~ Od
ez rer) = r(2)/7(x)
on /.

Ezample 4.2. Let X be a regular integral scheme, and let Z be a regular integral closed subscheme
of codimension r. If f: Y — X is the blow-up of X at Z, then one can use §4.1.3 to compute
that the relative canonical divisor of f is equal to (r — 1)E, with E = f~1(Z) the exceptional
divisor of f.

PROPOSITION 4.2.1. Let 2 and % be regular flat R-schemes of finite type, and assume that
%, and A are irreducible and (Z};)req 1s regular. Let h: % — 2  be a dominant R-morphism
such that h is étale over the generic point of Z. We denote by M and N the multiplicities
of Z) and %, respectively, and by v — 1 the multiplicity of (% )red in the relative canonical
divisor Kg 4. Then M divides N and v > N/M.

Proof. First, we prove that M divides N. Let y be the generic point of %}, and set x = h(y). Then
we can find a prime element f and a unit u in O 4, such that © = M is a uniformizer in R.
Thus the rational function h* f™ on % has order N along %, which implies that M divides N.

Now we prove that v > M/N. Shrinking 2 and %, we may assume that the following
properties hold:

— the schemes 2™ and % are affine;
— the element f € Oy, is defined at every point of Z;
— there exist an integer m > 0, a polynomial P in O(Z)[T1,...,T,] and a surjective mor-
phism of O(2")-algebras
p: A= O(2)T, ..., T/ (PTN™ - f) 5 0@).

Clearly, SpecA is regular at every point lying above z, so that the morphism % — SpecA is

a regular immersion at the point y. We set F} = PTlN ™M _ f. Further shrinking % around y, we
may assume that there exist an integer n > m and polynomials Fs, ..., F,, in O(2)[T1,...,T,]
such that the sequence (F1,..., F,) is a regular sequence in O(Z2")[T4,...,T,] and such that the
morphism ¢ factors through an isomorphism of O(2")-algebras

O)T,..., T/ (PTN™ — £y, .. F,) = O%).
Applying §4.1.3, we now compute that v > N/M. O
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4.3 The weight of a differential form at a divisorial valuation

4.3.1 Let X be a connected smooth K-scheme of dimension n and let w be a non-zero rational
m-pluricanonical form on X, for some m > 0. Thus w is a non-zero rational section of the m-
pluricanonical line bundle w?}’/nK on X. In the following subsections, we will explain how one can
use w to define a weight function on the analytic space X". As we will see, if X is proper and w
is regular at every point of X, then the weight function has the interesting property that it is
strictly increasing if one moves away from the Berkovich skeleton associated to any proper sncd-
model of X. We will use this property to compute the so-called Kontsevich-Soibelman skeleton
of the pair (X,w) in Theorem 4.7.5.

4.3.2 For each regular R-model 2" of X, the pluricanonical form w defines a rational section of
the relative m-pluricanonical line bundle w®" , and thus a divisor divy (w) on 2. If h: 27 — 2
is a morphism of regular R-models of X, then it follows from §4.1.4 that

div g (w) = h*diVQf(w) + ngg//gg .

4.3.3 We first define the weight function on divisorial points. Let x be a divisorial point of X?2",
associated to a regular R-model 2~ of X and an irreducible component E of Z}. We denote
by w the unique integer such that p —m equals the multiplicity of F in divg (w), and by N the
multiplicity of £ in Z.

PROPOSITION 4.3.4. The rational number u/N only depends on X, w and z, and not on the
choice of the model Z'.

Proof. Let % be another regular R-model of X, and let F' be an irreducible component of %,
such that x is the divisorial point associated to (%, F). Then the isomorphism between the
generic fibers of 2" and % will extend to an isomorphism between some open neighborhoods of
the generic points of E¥ and F, respectively, because the local rings at these points are the same
when viewed as subrings of the field of rational functions on X: they both coincide with the
valuation ring of v,. Thus the value u/N does not depend on the choice of the R-model 2. [

4.3.5 We call p/N the weight of w at the point z, and denote it by wt,(x). In this way, we
obtain a function

whey: XW 5 Q, 2~ wy(z)
on the set of divisorial points of X", which we call the weight function associated to w. Note
that
Wty ed(T) = d - Wty (z)
for every integer d > 0 and
Wt (&) = Who(2) + v ()

for every non-zero rational function f on X.

4.3.6 In the following subsections, it will be convenient to have a formula for the weight of w
at a divisorial point in terms of a monomial presentation. Let x be a monomial point on X?",
represented by an sncd-triple (£, (E1,..., E),€) and a tuple o in RZ,. Replacing 2" by its
open subscheme of regular points does not influence the associated monomial valuation, so that
we may assume that 2" is regular. As before, the rational m-pluricanonical form w defines a
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rational section of the relative m-pluricanonical sheaf w%’/LR, and thus a divisor div g (w) on 2.

For eachiin {1,...,r}, we denote by p; the unique integer such that p; —m equals the multiplicity
of divy (w) along E;. Recall that we associated a value v, (E) to every divisor F on 2" in §2.2.1.

LEMMA 4.3.7. If x is divisorial, then
Wtw(x) = Uﬁ(divﬂf(w) + m(f%k)red) .

In particular, if £ is not contained in the closure of the locus of zeroes and poles of w on X, then
T
wty, () = Z Qi -
i=1

Proof. The second assertion follows immediately from the first, since in this case, locally around &,

we have
T T

divy (w) = Z(Mz —m)E;, sothat wvy(divy (w)) = Z(Mz —m)o .
i=1 i=1
Thus it suffices to prove the first assertion. If » = 1, this is simply the definition of the weight
of w at x, and we will reduce to this situation. We construct an sncd-triple

(27 (B, ... B, €)

and a tuple @’ in QZ, as in the proof of Proposition 2.4.8, by blowing up 2" at the unique
connected component of N;_; E; that contains £. As we have explained in the proof of Proposi-
tion 2.4.8, repeating this operation a finite number of times, we can reduce to the case where
r = 1. Thus it is enough to show that the value

Ux(dng(w) + m(ﬁ&”k)red)
does not change under such blow-ups, that is,
vz (divy (w)) +m Z a; = vg(divgr(w)) +m Z al.
i=1 i=1

The relative canonical divisor of the blow-up morphism 27/ — 2 is equal to (r — 1)Ef, so
that

h*divy (w) = divgr(w) —m(r — 1)E} .

Since of = a1 and o = a; — a; for 2 < ¢ < r, we obtain
T T
vz (divgr(w)) +m Z af = v (h*divy (W) + m(r — oy +m Z o

=1 =1

:vx(divzgg(w))—i—mZai. O
i=1

LEMMA 4.3.8. Let % be an sncd-model for X and let y be a divisorial point on @; Then

Wty (y) = vy (dive (W) + m(%)rea)
and equality holds if and only if y lies on the Berkovich skeleton Sk(%/).

Proof. Denote by Ey, ..., E, the irreducible components of %, that contain reds (y), and let £ be
the generic point of the connected component of N]_, E; containing redy (y). We set 3y = pa (y).
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The point 3’ is divisorial because the value group of v, is contained in the value group of v,.
Multiplying w with a suitable rational function on X, we may assume that reds (y) is not
contained in the closure of the locus of zeroes and poles of w on X. Then

Uy(diV@(w) + M )red) = Vy! (divey (w) + m(Zh)red) = Wtw(y/)
by Lemma 4.3.7, so that it is enough to show that

Wty (y) = wto(y')
with equality if and only if y = 7/.
By means of the blowing-up procedure explained in the proof of Proposition 2.4.8, we con-
struct an snced-model 2 of X and an irreducible component E of .2}, such that 3/ is the divisorial

point associated to (£, E). Then Propositions 3.1.9 and 3.1.7 imply v’ = p4 (y). Thus we can
assume without loss of generality that » = 1. We set ' = Ej.

Since every element of Oy 1eq,, (y) belongs to the valuation ring of vy, we can find a regular R-
model 2 of X such that 2 is irreducible and y is the divisorial point associated to (2, (Z%)red)s
together with a morphism h: 2 — % of R-models of X. This morphism sends the generic point
of 24 to & We set F' = (Z%)red-

We denote by p —m the multiplicity of E in divey (w), by M the multiplicity of E in %, by
v — 1 the multiplicity of F' in K4,5 and by N the multiplicity of F' in Z%. If f = 0 is a local
equation for F in ¢ at &, then

o (f) = vy (f) = 57
because, up to an invertible factor, f* is a uniformizer in R. This implies that N is a multiple
of M and that the multiplicity of F' in divg(w) is equal to

(o= m) X
,u—mM+m1/—m.
Now we compute
1 N o m(yv—N/M)
Wtw(y)—N((u—m)M—i—mu—m—i—m)—M—l— ~
On the other hand,
1
tw(y) = —.
wto(y) = 7

It follows from Proposition 4.2.1 that v > N/M, so that

Wtw(y) = Wty (y/) .

Now assume that y # y’. We denote by Y the closure of {reds (y)} in %, endowed with its
reduced induced structure. Shrinking %, we may assume that Y is regular. Note that Y is
a strict subvariety of (%4 )req, since otherwise, y would be equal to 3’. We denote by g: %' — %
the blow-up of ¢ at Y. Then

vy (divy (W) + m(Zh)red) = vy(g"divay (w) + mg™ (D )red)
= vy (divayr (w) — MKy /g + (%)) red)
< ’Uy(diV@/ (w) + m(%’)red) .
Applying the first part of the proof to the model %7, we get
Uy(diVW ’(w) + m(%/)red) < Wtw(y) )
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and therefore wty, (y') < wty,(y). O

4.4 The weight function on a Berkovich skeleton

4.4.1 Let X be a connected smooth proper K-scheme of dimension n and let w be a non-zero
rational m-pluricanonical form on X. We suppose that X has a proper sncd-model Z. Note
that, at this point, we are not assuming resolution of singularities, nor that any two proper
sncd-models can be dominated by a common one. We denote by F;, for ¢ € I, the irreducible
components of 2} and by mu; —m the multiplicity of E; in divy (w), for each i € I.

4.4.2 Let z be a point of the Berkovich skeleton Sk(.2"). Then we set
wt o w(z) = vp(div(w) + m(Z%)red) -
In this way, we obtain a function
wta w: Sk(Z) =R

that we call the weight function associated to 2" and w. It is clear from the definition that, for
each point x of Sk(2"), we have

Wty yed(T) = d - Wtg,(7)
for all d > 0 and
Wt fu(T) = Wt 7w () + v (f)
for every non-zero rational function f on X.
PRropPOSITION 4.4.3. The function
wto w: Sk(Z) =R

is piecewise affine. If J is a non-empty subset of I, § is a generic point of NjcjE; and o is the
closed face of Sk(Z") corresponding to £, then the restriction of wty ,(x) to o is

— concave if £ is not contained in the closure of the locus of poles of w on X;

— convex if £ is not contained in the closure of the locus of zeroes of w on X;

— affine if £ is not contained in the closure of the locus of zeroes and poles of w on X.
Proof. The function wt 4, is continuous, by Proposition 2.2.4. The remaining properties can be
checked on the restriction of wty- ., to a closed face o as in the statement. We can write w as
h - wg, where h is a non-zero rational function on X and wq is a generator of the stalk of w?} /R

at £. If we choose, for each j in J, a local equation x; = 0 for the prime divisor E; on 2" at &,
then we have

Wt w(T) = vy th;n

for every x in o, so that the result follows from Proposition 3.2.2. O

PROPOSITION 4.4.4.
(i) If z is a divisorial point on Sk(Z"), then

Wt w(z) = wty(x) .
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(ii) If x is a divisorial point on X®" such that red g (z) is not contained in the closure of the
locus of poles of w on X, then

wie, () = Wt w(pa (7)),
with equality if and only if x € Sk(Z").

(iii) If # is a proper sncd-model of X and y is a point of Sk(#%') such that redy (y) is not
contained in the closure of the locus of poles of w on X, then

Wt w(y) = Wta,w(pa (y))
and equality can occur only if y € Sk(Z").
(iv) If % is a proper sncd-model of X and if x is a point in Sk(2") N Sk(%/), then

Wt w(z) = Wty ().

Proof. (i) This follows from Lemma 4.3.7.

(ii) We may assume that red 4 (z) is not contained in the closure of the zero locus of w on
X, by dividing w by a suitable element of Oy and invoking Proposition 3.1.6. Then it follows
from Lemma 4.3.8 that

Wtw(«r) Z Uy (Z(Nz - m)Ez + m(f%k:)red> = Wtﬁ?f,w(ﬁ%‘(l'))
i€l
with equality if and only if x belongs to Sk(Z").

(iii) Denote by P the set of points of 2} that belong to the closure of the locus of poles
of w on X. This is a closed subset of Z}. Let Z be the set of points y' on Sk(#%') such that
red 4 (y') does not lie in P. This is a closed subset of Sk(%) containing y, by anti-continuity of
the reduction map red . We claim that the divisorial points in Z are dense in Z. If we accept
this claim for now, it suffices to prove the inequality in the statement in the case where y is
divisorial, by continuity of wt o~ ,,, Wta, ,, and pg . But when y is divisorial, the inequality follows
from statements (i) and (ii). Likewise, if we denote by Z’ the locus of points ¢ in Z such that

Wi, w(Y') = wtaw(p2 (y)),

then the divisorial points in Z’ form a dense subset, because the functions wtg, ,, and wty, o
pa are piecewise affine on Sk(%), by Propositions 3.2.3 and 4.4.3. Statement (ii) implies that
X4V 7" is contained in Sk(.2"), so that Z’ is contained in Sk(.2").

It remains to prove our claim that the set of divisorial points in Z is dense in Z. Since y is
an arbitrary point of Z, it is enough to show that y belongs to the closure of the set of divisorial
points in Z. Denote by ¢ the center of v, on 2" and by C' the closure of {{} in 27, endowed with
its reduced induced structure. We choose finitely many affine open neighborhoods %, ..., %
of £ in 2 such that C is contained in their union. For each i in {1,...,7}, we choose a regular
function f; in O(%;) such that the support of the closed subscheme of %; defined by f; = 0 is
equal to %; N P. Then the set

S={z Ered;{l(CHvz(fi) =0fori=1,...,r}

is a locally closed subset of Z containing y. The divisorial points in .S form a dense subset of S,
because red ! (C) is open in Sk(#/) and the functions

Sk(#Z) =R, z—v,(f)
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are piecewise affine. It follows that y belongs to the closure in Z of the set of divisorial points
in Z.
(iv) Since the statement is symmetric in 2" and %/, it is enough to prove

th;/’w(l’) = thg}w(:c) .

Multiplying w by a suitable non-zero rational function on X, we can reduce to the case where
the center of v, on 2" is not contained in the closure of the locus of poles of w on X. In that
case, the result follows from statement (iii). O

4.5 The weight function on X?2"

4.5.1 Let X be a connected smooth K-scheme of dimension n. We will show how weight func-
tions can be defined on the whole space X?". Throughout this section, we make the following
assumption: there exists a smooth compactification X such that, for every proper R-model 2~
of X, there exists a morphism of R-models h: 2~ " Z such that 2 is a proper sncd-model
and h is an isomorphism over the open subscheme of 2~ consisting of the points where 2~ is
regular and 2", is a divisor with strict normal crossings. This assumption is satisfied when k
has characteristic zero or X is a curve.

PROPOSITION 4.5.2. Let x be a point of X*". Every proper R-model % of X can be dominated
by a proper sncd-model Z that has an open subscheme 2 such that % is an sncd-model
for X and 2 is a neighborhood of x in X*". If x is monomial, we can moreover arrange that
x € Sk(Z).

Proof. If x is monomial, we can first choose an snced-model Z7 of X such that x lies in Sk(%) and

compactify it to an R-model 2 of X. Replacing % by a proper R-model of X that dominates
i ity il

both # and %", we can assume that x lies in Sk(%/), by Proposition 3.1.7.

We set Z = X \. X and we endow  this closed subset of X with its reduced induced structure.
By Corollary 2.3.3, we can dominate & by a proper sncd-model 2" of X such that the closure C
of red(x) in 2} is disjoint from the closure of Z in 2. The set red%(C) is open in X"

by anti-continuity of the reduction map. Removing from 2~ the closure of Z, we get an open
subscheme 2~ which is an sncd-model of X and whose generic fiber 2, is a neighborhood of x

in X2 If x lies in Sk(%/), then it will also lie in Sk(.Z"), by Proposition 3.1.7. O

PRroOPOSITION 4.5.3. Let w be a non-zero rational m-pluricanonical form on X. There exists
a unique function

whe,: XM = Q
on the set of monomial points of X?" such that
Wty () = vy (divy (w) + m(Zk)red)
for every monomial point x of X and every sncd-model 2" of X for which x € Sk(Z").

Proof. This follows immediately from Proposition 4.4.4, since we can compactify 2~ to a proper
sned-model of X. O

4.5.4 Let w be a non-zero regular m-pluricanonical form on X, for some m > 0, and let x be a
point of X2". We set

Wha(a) = sup{wtu(pr (z))} € RU {00}
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where the supremum is taken over all sncd-models 2" of X such that x lies in 5/&”; In this way,
we obtain a function

Wt X - RU{+o0}.
PROPOSITION 4.5.5.
(i) The function
Wty X - RU{+o0}

is lower semi-continuous.

(ii) We have
Wty (2) = v (div g (w) + m(Zk)red)
for every monomial point x on X®" and every sncd-model 2" of X such that x € Sk(Z).

In particular, the definition in § 4.5.4 agrees with the one in § 4.3.5 for divisorial points and
with the one in Proposition 4.5.3 for points on the skeleton of an sncd-model of X.

(iii) For every point x of X*" and every sncd-model 2~ of X such that z € é”;, we have

Wi () > who(ps (2))
and equality holds if and only if x lies in Sk(%Z").

(iv) If h: Y — X is an open immersion, then

Wt (y) = Who (h(y))
for every point y on Y2".
(v) For each point x in X*", we have
Wtyed () = d - Wty ()
for all integers d > 0 and
wt i, (x) = Wt (z) + v (f)
for all regular functions f # 0 on X.

Proof. (i) Let x be a point of X?". By Proposition 4.5.2, we can find an sncd-model 2™ of X
such that 3&” is a neighborhood of z. For every point y of 3&7, we have

Wha(@) = sup{wto(p (@)} € RU {oc}

where the supremum is taken over all proper R-morphisms 2’ "' — 2 of sncd-models of X.
Thus wt,, is lower semi-continuous on 2, since it is the supremum of the continuous functions
wty, 0 pgr.

(ii) This follows from Proposition 4.4.4.

(iii) The inequality follows immediately from the definition. Proposition 4.4.4 implies that
every monomial point y of 32”; that does not lie on Sk(Z") satisfies

wty, (y) > wte(p2 (v)) -

Thus it suffices to prove the following property: if x does not lie on Sk(Z2"), then we can find
a proper morphism 27/ — 2 of sned-models of X such that 2’ := p g (z) does not lie on Sk(2").
Note that pg (2') = pg (x) by Proposition 3.1.7.

We choose a proper morphism of sned-models % — 2~ such that
redy (z) # redy (p2 (2)) -
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The existence of such a model follows from Proposition 2.3.2. We set y = pg (x). If y does not
belong to Sk(.2), then we can take 27/ = # and 2/ = y. Thus we need to consider only the case
where y € Sk(Z"). Then we have y = pg (z), so that

redy (z) # redy (y)

and redg (z) belongs to the closure of {reds (y)}. It follows that reds (y) cannot belong to the
closure of {reds (x)}. Blowing up ¢ at the closure of {reds (z)} and resolving the singularities, we
obtain a proper morphism of sncd-models 2”7 — #%'. We set 2/ = pg(z). Note that py (') =y
by Proposition 3.1.7. The inverse image in .2} of the closure of {reds ()} is a union of irreducible
components of 2. This implies that reds (z’) lies in the closure of {reds (x)}. In particular,
redgy (2') is different from reds (y), which means that 2’ cannot lie in Sk(%/). Therefore, it does
not lie in Sk(2") either, since Sk(.Z") is contained in Sk(#') by Proposition 3.1.7.

(iv) Let % be an sncd-model of Y such that y € @; Gluing %% to X by means of the open
immersion h, we get an sncd-model 2" of X such that h(y) € Z;,. Then it is clear that

Whhsw(pz (y)) = wiw(pa (h(y)) < wiw(h(y)) .
Since this holds for all sned-models % of Y with y € @;, we find
Wi (y) < Wty (z) .

Conversely, let 2" be an sncd-model of X such that h(y) lies in 5?; Then by applying Propo-
sition 4.5.2 to Y and a compactification of 2~ to a proper R-model of X, we can find a proper
morphism of sncd-models 27 — 2 and an open subscheme % of 27 such that # is an sncd-
model of Y and y € %},. We have
wty, (p2 ((y)) < Who(p2 (h(y)) = Winew (pz (y)) < Whpew(y)
and thus
Wt (y) = Wt (h(y)) .
(v) This is obvious. O

Remark 4.6. The weight function
wt,: X = R U {+o0}

is not continuous. Assume, for instance, that X is a curve and that 2 is a regular R-model of X.
Let E be an irreducible component of 2} of multiplicity NV, and let (y,)n>0 be any sequence of
distinct closed points on E that are not contained in any other irreducible component of 2. If
we denote by x,, the divisorial point of X?" associated to the exceptional divisor of the blow-up
of & at y,, then the sequence (x,),>0 converges to the divisorial point z € X" associated to
(Z, E). However, a direct computation shows that

Wty (zn) = Wty (x) + 1/N

for every n > 0.

4.7 The Kontsevich—Soibelman skeleton

4.7.1 Let X be a connected smooth K-scheme of dimension n and let w be a non-zero rational
m-pluricanonical form on X, for some m > 0. We define the weight of X with respect to w to
be the value

Wty (X) = inf {wt,(z) |z € Xdiv} € RU{—o0}.
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We say that a divisorial point x of X?" is w-essential if
Wty (z) = Wty (X) .

The closure in X" (with the induced topology from X®") of the set of w-essential points is called
the Kontsevich—Soibelman skeleton of (X,w) and denoted by Sk(X,w). We endow it with the
induced topology from X?".

PROPOSITION 4.7.2. The skeleton (X,w) is a birational invariant: if h:' Y — X is a birational
morphism of connected smooth K-schemes, then the morphism h?*": Y3 — X3 jnduces a
homeomorphism between Sk(Y, h*w) and Sk(X,w).

Proof. Tt is enough to consider the case where h is an open immersion. This case is trivial,
since Y** and X®" have the same divisorial and birational points and we can extend every
model % for Y to a model for X by gluing X to the generic fiber #. O

4.7.3 The skeleton Sk(X,w) was introduced by Kontsevich and Soibelman in [KS06, §6.6] in the
case where R = C[t] and X and w are defined over the ring C{t} of germs of analytic functions
on C at 0. Instead of our definition of the weight, they used the following invariant: with the
notation of §4.3.3, they considered the value

1
N ordg(w A dt/t),

where w A dt is viewed as a meromorphic differential form of maximal degree on 2. However,
this invariant does not lead to the correct definition of the skeleton, and Theorem 3 in [KS06,
§6.6] is incorrect as stated. Instead, one should use the invariant

1

N (ordg(w Adt/t) +1),

which coincides with our definition of weight up to shift by —1 because the wedge product with
dt defines an isomorphism between wy-/r and Q?;/l(c. We will now prove a generalization of
Theorem 3 in [KS06, §6.6]. Instead of invoking the weak factorization theorem as in [KSO06,
§6.6], we use only the elementary properties of the weight function that we have proven in the
preceding subsections.

4.7.4 Assume that X is proper over K and that w is regular at every point of X. We suppose
furthermore that X has a proper sncd-model 2". We will give an explicit description of Sk(X, w)
in terms of 2. We write

2 =Y  NiE;
el
and we denote by p; —m the multiplicity of E; in div g (w), for each i in I. Let J be a non-empty
subset of I and let £ be a generic point of NjecsE;. We say that £ is w-essential if

Kézmin{ﬁé\ié[}

for every 7 in J and £ is not contained in the closure of the zero locus of w on X.

THEOREM 4.7.5. With the assumptions and notation of §4.7.4, we have

Wty (X) = min {wt,,(z) |z € XY = min {wto(z) |z € X*} = min{]'ti; |i e I} :
i
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The Kontsevich—Soibelman skeleton Sk(X,w) is equal to the set of points € X*" where the
weight function wt,, reaches its minimal value wt,,(X). It is the union of the open faces in the
Berkovich skeleton Sk(Z") corresponding to the w-essential points of Zj. This is a non-empty
compact subspace of Sk(Z").

In particular, this union of faces in the Berkovich skeleton Sk(Z") depends only on X and w,
and not on the choice of the proper sncd-model 2.

Proof. This follows immediately from Proposition 4.4.4 and the fact that

Wt%,w(x) = Zﬂzvx(Ez)
icl
for every x in Sk(Z"), with equality if and only if red 4-(x) is not contained in the closure of the
zero locus of w on X. O

Ezxample 4.8. Let X be a smooth proper K-variety with trivial canonical sheaf, and assume
that X has a proper sncd-model 2” such that wg- /g is trivial. Then Sk(X) is the union of the
closed faces of Sk(.2") corresponding to the irreducible components of 2}, of maximal multiplicity.
In particular, if 2} is reduced, then Sk(X) = Sk(£"). Such models play an important role in the
study of degenerations of complex K 3-surfaces; see [Kul77] and [PP81].

4.8.1 Note that Sk(X,w) may be empty if w has poles on X. For instance, it is easy to see that
the weight of P}, = Proj K[z, y] with respect to the one-form d(z/y) is equal to —oc.

4.9 The essential skeleton

4.9.1 Let X be a connected smooth and proper K-variety. If 2 is an sncd-model of X, then the
Berkovich skeleton Sk(Z") is of course highly dependent on the choice of Z". Nevertheless, we have
seen in Theorem 4.7.5 that for every non-zero m-pluricanonical form w on X, the Kontsevich—
Soibelman skeleton Sk(X,w) identifies certain open faces of Sk(.2") that must be contained in
the Berkovich skeleton of every sncd-model of X. This naturally leads to the following definition.

DEFINITION 4.10. Let X be a connected smooth and proper K-variety. We define the essential
skeleton of X by
Sk(X) = | JSk(X,w) c X",
w

where w runs through the set of non-zero regular pluricanonical forms on X.

PROPOSITION 4.10.1. The essential skeleton Sk(X) is a birational invariant of X.

Proof. This follows at once from the birational invariance of Sk(X,w) and of the spaces of
pluricanonical forms on X. ]

4.10.2 If X has Kodaira dimension —oo, then Sk(X) is empty. If X has non-negative Kodaira
dimension and there exists a proper sncd-model 2" of X, then Sk(X) is a non-empty union
of closed faces of Sk(Z"), by Theorem 4.7.5 (it is a union of open faces and it is compact). In
particular, Sk(X) carries a canonical piecewise affine structure, by Corollary 3.2.4. If the canonical
sheaf wy i of X is trivial, then Sk(X) = Sk(X,w), where w is any non-zero differential form of
maximal degree on X.
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5. The skeleton is connected

In this section we show that the Kontsevich—Soibelman skeleton of a smooth and proper K-
variety of geometric genus one is connected, assuming that k has characteristic zero. The proof
is based on a generalization of Kollar’s torsion-free theorem to R-schemes. We will first deduce
this generalization by means of an approximation argument.

5.1 Algebraic approximation of R-schemes

5.1.1 If X is a proper scheme of pure dimension d over a field F', then a line bundle £ on X is
called big if there exists a constant C' > 0 such that

dimpHY(X, L") > Cn?
for all sufficiently divisible positive integers n.

PROPOSITION 5.1.2. Assume that R has equal characteristic. Let 2 be a flat R-scheme and let
L be a line bundle on Z". Then for every integer n > 0, we can find the following data:

(i) a smooth connected algebraic k-curve C, a k-rational point O on C and a ring isomorphism
R/m” — OC,O/m?)’,O s
where mc o denotes the maximal ideal of O¢c o;

(i) a flat C-scheme 2", a line bundle L' on 2", an isomorphism of R/m"-schemes
[+ 2" xc Spec(Oco/mts o) = 2 xpg (R/m™)
and an isomorphism of line bundles
L'/mé o = f1(L/m").
Here we wrote L'/mf, , for the pullback of L' to 2" x¢ Spec(Oc,0/m¢ ), and L/m™ for
the pullback of L to 2" x g (R/m™).
These data satisfy the following properties:

(a) If 2 is proper over R, then we can arrange that 2" be proper over C.

(b) If 2 is projective over R and L is ample, then L' is ample over some neighborhood of O
in C.

(c) If the restriction of L to Xk is ample, then we can arrange that L' be ample over the
generic point of C. If 2 is proper over K and the restriction of L to 2 is big, then we
can arrange that the generic fiber of 2"’ — C be proper and that L' is big over the generic
point of C.

(d) If 2 is regular and n > 2, then 2" is regular at every point of the fiber over O. If,
in addition, E is a divisor on % whose support is contained in %} and has strict normal
crossings, then E viewed as a divisor on 2"’ via the isomorphism of k-schemes 2}, = 2"/ xc0
also has strict normal crossings. If 2" is regular and proper over R, then we can arrange
that 2" be regular and proper over C.

Proof. We fix a k-algebra structure on R by choosing a section of the projection morphism
R — k. By a standard spreading out argument [EGA4.3, § 8], we can find the following data:

— a sub k-algebra A of R such that A is integrally closed and of finite type over k;
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— an A-scheme %4 of finite type, a line bundle £4 on 24, an isomorphism of R-schemes
g: X > Zaxa R
and an isomorphism of line bundles
g (La®AR)— L,
where we wrote £L4 ® 4 R for the pullback of L4 to L4 X4 R.
We denote by a the image of the closed point of SpecR under the morphism
SpecR — SpecA .

It follows from [EGA4.3, 11.6.1] that 274 is flat over some open neighborhood of a in SpecA.
Replacing A by a suitable localization, we may suppose that 24 is flat over A.

We denote by R’ the henselization of the local ring of A} at the origin, and by m’ its maximal
ideal. The ring R’ is an excellent henselian discrete valuation ring whose completion is isomorphic
to R; we fix such an isomorphism. By Greenberg’s approximation theorem [Gre66, Theorem 1],
we can find a ring morphism A — R’ such that the composition with the projection R’ —
R'/(m")™ = R/m™ coincides with the morphism A — R/m" induced by the inclusion A — R. We
set

e/gDVR/ = %—A XA R/
and we denote by Lg/ the pullback of L4 to Zx.

The henselization R’ is a direct limit of local rings O¢ o where C is an étale A}C—scheme and O
is a k-rational point of C' lying over the origin of A}C. Since A is of finite type over k, we can
find such a curve C such that the morphism SpecR’ — SpecA factors through a k-morphism
C — SpecA. If we set 27 = 24 x 4 C and we denote by L’ the pullback of L4 to 2", then the
triple (C, 27, L) satisfies all the properties in (i) and (ii).

Now we prove the list of properties in the second part of the statement.

(a) If 2" is proper over R, then we can choose A and Z4 in such a way that 24 is proper
over A by [EGA4.3, 8.10.5]; then 27 is proper over C.

(b) If 2" is projective over R and L is ample, then £/m is ample on 2}, and it follows from
[EGA3.1, 4.7.1] that £ is ample over some open neighborhood of O in C.

(c) Assume that the restriction of £ to Zk is ample. Then by flat descent of ampleness
[EGA4.2, 2.7.2], L4 is ample over the generic point of SpecA. Thus there exists a dense open
subscheme U of SpecA over which £4 is ample, by [EGA4.3, 8.10.5.2]. We denote its complement
by Z. To prove our statement, we can always replace n by a larger integer n’, since the result will
then also be valid for n. For n’ sufficiently large, the morphism SpecR/m”/ — SpecA does not
factor though Z, since SpecR — SpecA is dominant. Thus if n’ is large enough given our choice
of A, Z4 and L4, then the morphism C — SpecA maps the generic point of C' to a point of U,
which implies that £’ is ample over the generic point of C. The statement for big line bundles
can be proved in a similar way: the generic fiber of Z4 — SpecA is proper by flat descent of
properness, and the line bundle £ 4 is big over the generic point of SpecA by flat base change for
coherent cohomology. Then 24 is proper over a dense open subset U of SpecA, and L4 is big
over every point in U by upper-semicontinuity of the function

U—>Z>0, thO(%A anc,Ei@AH(UC))

for all d > 0 [EGA3.2, 7.7.5].
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(d) If n > 2, then the reduction of 2" modulo m? is isomorphic to the reduction of 2~ modulo
m%’o. Thus the Zariski tangent space of 2~ at any point of 2} has the same dimension as the
Zariski tangent space of 2" at the corresponding point of 2”7 xc O = 2. It follows that 27 is
regular at every point over O if 2 is regular. The statement about F is obvious. If 2 is regular
and proper over R, then we can take 2" to be proper over C' and regular at every point in the
fiber over O. Then the image in C of the singular locus of 2" is a closed subset of C' that does
not contain O. Thus by shrinking C, we can arrange that 2~ be regular. O

5.2 Relative vanishing theorems over a ring of formal power series

5.2.1 Assume that k has characteristic zero. We will extend some relative vanishing theorems
for morphisms of complex varieties to the category of schemes of finite type over R. The standard
proofs of these vanishing results use transcendental methods and cannot be adapted to R-schemes
in a direct way. So we will use an approximation argument to reduce to the case where our R-
scheme is defined over an algebraic curve. In the proof of the connectedness theorem, we will use
only the torsion-free theorem (Theorem 5.3.1), but we decided to include the Kawamata—Viehweg
vanishing theorem (Theorem 5.2.3) as well, because it is of independent interest and the method
of proof is similar. Theorem 5.2.3 and Corollary 5.2.4 were also proven in Appendix B of [BFJ12],
but under more restrictive conditions (there, it was assumed that 2}, is a strict normal crossings
divisor) and with more complicated arguments.

5.2.2 For notational convenience, we will denote R/m" by R,, and 2" xg (R/m") by Z,, for
every integer n > 0 and every R-scheme 2. In particular, Ry = k and 2y = 2. If 2" is normal
and E is a Cartier divisor on 27, then we denote by Oy (E) the pullback of the line bundle
Oy (E) to Zn.

THEOREM 5.2.3 [Kawamata—Viehweg vanishing]. Assume that k has characteristic zero. Let 2
be a regular projective flat R-scheme, and denote by w -/ its relative canonical sheaf. Let A be
a Q-divisor on 4, supported on the special fiber Z}, such that A has strict normal crossings
and all multiplicities of its prime divisors lie in [0,1]. Let E be a divisor on 2 such that the
Q-divisor E — A is relatively nef and such that the restriction of E to 2k is ample. Then

HY (Z wy p® Oy (E)) =0
for all ¢ > 0.
Proof. Set L =04 (FE). We set n =1 and we choose C, 2" and L as in Proposition 5.1.2, such
that .2/ is regular and proper over C' and £’ is ample on the generic fiber of 2”7 — C. We choose
a divisor £’ on 2" in the linear equivalence class defined by the line bundle £’. Shrinking C,
we may assume that C' is affine and £’ is relatively ample over C' \ {O}, by [EGA4.3, 8.10.5.2].

Then E' — A is relatively nef, since the restriction of £ to 27/ x¢ O =2 2, is isomorphic to the
restriction of £ to %j.

It follows from the relative version of the Kawamata—Viehweg vanishing theorem [Kol97,
Theorem 2.17(3)] that

Hi(%',w%v/(;@ﬁ') =0
for all ¢ > 0. Let ¢ be a uniformizer in O¢ . Shrinking C', we may assume that ¢ is regular at

every point of C'. Looking at the long exact cohomology sequence associated to the short exact
sequence of O g -modules

0 — warye®L 5 wyre ®L — wain® Og(B) — 0, (5.2.1)

395



M. MUSTATA AND J. NICAISE

we find

HY(Zj,wa i ® O, (E)) =0
for all 7 > 0. Now it follows from the semicontinuity theorem for coherent cohomology [EGA3.2,
7.7.5], combined with the implication e) = d) in [EGA3.2, 7.8.4], that

HY (Z wyp® Oy (E)) =0
for all < > 0. O

COROLLARY 5.2.4 [Kodaira vanishing]. Assume that k has characteristic zero. Let 2" be a regular
flat projective R-scheme, and denote by w4 g its relative canonical sheaf. Then for every ample
line bundle £ on 2 and every integer i > 0, we have

H(Z,wyp@L)=0.

Proof. This is a special case of Kawamata—Viehweg vanishing, with A = 0 and E the Cartier
divisor associated to L. O

Remark 5.3. One can generalize Theorem 5.2.3 by requiring that E be big on Z% instead
of ample, as in the Kawamata—Viehweg vanishing theorem formulated in [Kol97, 2.17.3]. By
Proposition 5.1.2, we can find 2"/, C' and £’ as in the proof of Theorem 5.2.3 such that £’ is
big on the generic fiber of 2”7 — C’. But we do not know whether one can moreover arrange
that £ be relatively nef. The problem is that nefness behaves poorly in families: even if £’ is nef
over O and over the generic point of C, this does not guarantee that £’ is nef over some open
neighborhood of O in C. However, one can circumvent this problem by means of the following
variant of the Kawamata—Viehweg vanishing theorem. Let k be a field of characteristic zero and
let f: X — S be a surjective projective morphism of schemes of finite type over k, with X
smooth and connected. Let s be a closed point on S. Let A be a Q-divisor on X such that A has
strict normal crossings and all multiplicities of its prime divisors lie in [0, 1[. Let E be a divisor
on X such that the restriction of the Q-divisor E — A to X = f~!(s) is nef and such that the
restriction of £ — A to the generic fiber of f is big. Then we have R'f.Ox(Kx + E)s = 0 for
every ¢ > 1. This variant of the Kawamata—Viehweg vanishing theorem can be proven with the
same arguments as in [KMMS87, Theorem 1-2-3].

THEOREM 5.3.1 [torsion-free theorem]. Assume that k has characteristic zero. Let 2 be a
regular proper flat R-scheme, and denote by w g /g its relative canonical sheaf. Let A be a Q-
divisor on 4", supported on the special fiber 2}, such that A has strict normal crossings and all
multiplicities of its prime divisors lie in [0, 1[. Let E be a divisor on 2" such that the Q-divisor
E — A is a rational multiple of Z}.. Then

HY(Z wy /rp® Oy (E))

is a free R-module for all i > 0
0 and set
M, = Hi(%naw%n/Rn ® O%H(E))

for all n > 0. These R-modules form a projective system, whose limit is precisely the cohomology
module

Proof. We fix an integer ¢ >

M =H'(Z wy/rp® Oy (E))
by Grothendieck’s comparison theorem [EGA3.1, 4.1.5]. Fix an integer n > 1, and choose C' and
2" as in Proposition 5.1.2, with 2" regular and proper over C. Then we can view E as a divisor
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on 2, supported on the fiber over O, which is isomorphic to 2}. We denote by f: 27 — C
the structural morphism. Kollar’s torsion-free theorem [Kol97, Theorem 2.17(4)] implies that

R fu(warjc ® Oz(E))
is locally free for all j > 0. Thus the short exact sequence (5.2.1) induces an exact sequence
Rif*(w%//c & Oggf/(E)) — Rif*(w%//c ® O%/(E)) — M, =0

(the coboundary map must be zero because M, is a torsion module). Hence, we get a canonical
isomorphism

My, = R fo(wgr 0 ® O9/(E)) @0, (Oc,0/me0)

and M, is a free R,-module for all n > 0. This implies that M has no t-torsion, because every
element in M, 41 killed by t is mapped to 0 in M,,. 0

Remark 5.4. With a little extra work, Theorem 5.3.1 can be generalized: one can drop the
assumption that A and E are supported on the special fiber 2, and require only that £ — A
be Q-linearly equivalent to a rational multiple of £} (instead of equal). Indeed, by choosing A
sufficiently large in Proposition 5.1.2 we can assume that E, A and the Q-linear equivalence
are defined over A, and by shrinking C' we can assume that the pullback of A to 2 has strict
normal crossings, so that we can still apply Kollar’s torsion-free theorem.

5.5 The skeleton is connected

5.5.1 We will now show that the skeleton of a proper smooth geometrically connected K-variety
of geometric genus one is always connected. We will explain in §6.4.2 how this result can be
viewed as a global version of the connectedness theorem of Kollar and Shokurov. The proof is
somewhat different: we cannot use Kawamata—Viehweg vanishing because the divisor D that
appears in the proof is not big on the generic fiber Z%. Instead, we will apply the torsion-free
theorem.

5.5.2 We will use the following terminology for divisors on R-schemes. Let 2 be a flat R-scheme
of finite type, and let D be a Weil divisor on 2" Then we can write

D=D"—-D"
such that Dt and D~ are effective and have no common prime divisors. We call Dt and D~

the positive and negative parts of D, respectively.

THEOREM 5.5.3. Assume that k has characteristic zero. Let X be a proper smooth geometrically
connected K-variety of geometric genus one, and let w be a non-zero differential form of maximal
degree on X. Then for every sncd-model 2" of X, the union of the w-essential components of 2},
is connected.

Proof. We write 2 = > _;c; NiE; and we denote by j; — 1 the multiplicity of E; in div - (w), for
each 7 € I. We set
a =min{yu;/N;|i € I}.

We denote by A the fractional part of the Q-divisor aZ}. Then, by definition of «, none of the
prime components of A is w-essential. Moreover, the negative part D~ of the divisor

D =divy(w) —aZp+ A
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is reduced, and its support is precisely the union of the w-essential components of 2. Thus we
must show that D~ is connected.

From the short exact sequence of O g-modules

0— 0y (D)= Oy (DY) = Op-(DT) =0

we obtain an exact sequence of cohomology R-modules
HO(%,04(DY)) L HY(D=,0p-(D*)) — HY2,04(D)).
By Theorem 5.3.1, we know that the R-module
H'Y(2,04(D))

is free. On the other hand, the cokernel of

f: HY(2,02(D%)) » H(D™,0p-(D"))
is a torsion R-module. As it injects into a free R-module, it must be zero, and f is surjective.

The restriction of D™ to X = 2% is a canonical divisor. Since the geometric genus of X is
one, we have H(X, 04 (D1)|x) = K and thus

HY(#,0,(D*)) =R.
Now the surjectivity of f implies that the k-vector space
H°(D™,0p- (D))

has rank one. But all locally constant k-valued functions on D~ belong to this space, so that
every locally constant function on D~ is constant and D~ is connected. O

COROLLARY 5.5.4 [connectedness theorem]. Assume that k has characteristic zero. Let X be
a proper smooth geometrically connected K -variety of geometric genus one, and let w be a non-
zero differential form of maximal degree on X. Then the skeleton Sk(X,w) of X is connected. In
particular, if wx/ is trivial, then the essential skeleton Sk(X) of X is connected.

Proof. If wy/f is trivial, then this is a direct consequence of Theorems 4.7.5 and 5.5.3. In
the general case, we need to be more careful: if w is a non-zero differential form of maximal
degree on X, 2 is an sncd-model of X and Z is the schematic closure in %2 of the zero
locus of w in X, then an intersection of two w-essential irreducible components of 2} does not
contribute to the skeleton if it is contained in Z. However, the Kontsevich—Soibelman skeleton is a
birational invariant by Proposition 4.7.2, and we can always find a proper birational R-morphism
h: ' — 2 such that 2" is regular, 27, is smooth and proper over K, h is an isomorphism
over 2"\ Z and %2} + h*Z is a divisor with strict normal crossings on 2”. Note that 27,
has geometric genus one, because the geometric genus is a birational invariant. Moreover, the
closure Z' in 2" of the locus of zeroes of w on 27 is contained in h*Z. Thus the normal
crossings property implies that Z’ cannot contain a connected component of the intersection
of two irreducible components of %2}/. Hence, it follows from Theorems 4.7.5 and 5.5.3 that
Sk(X,w) = Sk(Z}, hj;w) is connected. O

6. Relation with the birational geometry of varieties
over a field of characteristic zero

Our definition of the weight function has a natural counterpart in birational geometry, that we
will explain in this section. It is closely related to the thinness function constructed in [BFJ08]
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and the log discrepancy function in [JM12].

6.1 The weight function of a coherent ideal sheaf

6.1.1 Let F be a field of characteristic zero. Let X be a connected smooth F-variety and let Z
be a non-zero coherent ideal sheaf on X. Let v be a divisorial valuation on the function field of X
such that v has a center on X and this center lies in the zero locus Z(Z) of Z. Then one can find
a log resolution h: Y — X of Z such that the closure of the center of v on Y is a divisor £ on Y.
Recall that this means that h is a proper birational morphism such that Z(ZOy) + Ky,x is a
divisor with strict normal crossings on Y. One can moreover arrange that h be an isomorphism
over X N\ Z(Z), and we will always assume that a log resolution satisfies this property. The
valuation v is equal to r - ordg, where ordg is the valuation associated to the divisor FE and r
is a positive real number. If we denote by N the multiplicity of E in Z(ZOy) and by p — 1 the
multiplicity of £ in Ky, x, then the quotient w/N is an interesting geometric invariant, which we
call the weight of v with respect to the variety X and which we denote by wtz(v). Note that it
does not depend on r. The set of the weights of all divisorial valuations v with center in Z(Z) has
a minimum, called the log canonical threshold of the pair (X,Z) and denoted by lct(X,Z). This
is a fundamental invariant in birational geometry; see [Kol97, §8]. It is well known that the log
canonical threshold can be computed on a single log resolution: if Y — X is any log resolution
of Z, then writing Z(ZOy) = ) ;.; N;E; and Ky x = > icr(pi —1)Ej, one has

. Mi
let(X,7) = — 1.
ct(X,7) mm{Ni|z€ }
This can be viewed as a partial analog of Theorem 4.7.5.

6.1.2 The weight function can be extended to quasi-monomial valuations on X with center in
Z(T) (see [JM12, §3.1] for the definition of a quasi-monomial valuation). If v is such a quasi-
monomial valuation, then we set

v(Ky)x + Z(ZOy )req)

v(Z(Z0y)) ’
where h: Y — X is a log resolution of Z such that (Y, Z(ZOy );eq) is adapted to v in the sense
of [JM12, §3.5] and where, for every effective divisor D on Y, we write

v(D) = min{v(f)| f € O(=D)¢}

with £ the center of v on Y. One can show that the definition of wtz(v) does not depend on the
choice of h; see Section 6.2.

Wtz(’l)) =

6.1.3 For every X-scheme of finite type Y, we denote by Y the formal Z0Oy-adic completion
of Y. In particular, X is the formal Z-adic completion of X. We consider the generic fiber X

in the sense of [Thu07, Définition et Proposition 1.7]. This is an analytic space over the field F
endowed with its trivial absolute value. It is obtained by removing from the usual generic fiber
of X all the points that lie on the analytification of the closed subscheme Z(Z) of X. It carries
a natural reduction map

redg: X, — Z(I).

The set of quasi-monomial valuations v on X with center in Z(Z) can be embedded in )A(n by
sending v to the absolute value f — exp(—v(f)) on the function field F(X) of X. We will call
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the points in the image quasi-monomial points.

6.1.4 We can extend wtz to a function
wtz: )?,7 — RU {400}

in a similar way as in § 4.5.4. Each log resolution Y — X of Z gives rise to a skeleton Sk(f/) C )A(n,
consisting of the quasi-monomial points z in )?,7 such that Y is adapted to the corresponding
valuation v;. The skeleton Sk(?) is homeomorphic to the product of R+ with the simplicial space
associated to the strict normal crossings divisor Z(ZOy ), and there exists a natural contraction
Py : )?n — Sk(?) that can be extended to a strong deformation retraction of )?,, onto Sk(?)
[Thu07, 3.27]. One can prove that

WtI(.%') > Wtj(py($)) (6.1.1)

for every quasi-monomial point z on )?,7, with equality if and only if = lies in Sk(}/}); see Sec-
tion 6.2. We define the weight function on X, as

wtz: X, = RU{+00}, z— wtz(z)= sup wtz(py(z)),
h:Y =X
where the supremum is taken over all log resolutions h: Y — X of Z. This weight function
satisfies properties that are quite similar to the ones in Proposition 4.5.5.

6.2 Comparison with the log discrepancy function

6.2.1 In [JM12], Jonsson and the first-named author studied the properties of the so-called log
discrepancy function Ax on a certain space of valuations. This function had previously been
introduced as the thinness function in a slightly different setting [BF.J08]. We will now explain
the relation with the weight function defined above. As in [JM12], we denote by Valx the space
of real valuations on the function field F(X) of X with a center on X. We can view Valx as
a subspace of the analytification X2" of X with respect to the trivial absolute value on F' by
associating the absolute value f — exp(—v(f)) on F(X) to each valuation v in Valy.

6.2.2 For every log resolution h: Y — X of Z, the skeleton Sk(?) is contained in Valy. In
[JM12], the union of Sk(Y') and the trivial valuation on F'(X) was denoted by QM(Y, Z(ZOy)).
With our notation, the restriction of the log discrepancy function to Sk(Y) is given by

Axl Sk(}/}) — R, T — ’Ux(Ky/X + Z(IOY)red) 5

where v, is the quasi-monomial valuation corresponding to z. It is proven in [JM12, §5.1]
that Ax(z) depends only on the point x, and not on the choice of the log resolution ¥/ — X
such that Sk(?) contains z, so that Ax is well defined on the set of quasi-monomial points in
)?,7. This implies the analogous claim for wtz in §6.1.2, because v;(Z(ZOy)) does not depend
on the chosen log resolution. Likewise, the inequality (6.1.1) follows from [JM12, §5.3].

6.2.3 In [JM12, §5.2], the log discrepancy function is extended to Valx by means of a supremum
construction similar to the one we used in §6.1.3. It follows immediately from the definitions
that we have
Ax ()
WtI xTr) =
W= N
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for every x in Valx N )?,7, where N, (Z) denotes the value v,(Z(ZOy)) for any log resolution
Y — X of Z.

6.3 Comparison with the weight function on K-varieties

6.3.1 The weight function wtz can also be compared to the one for K-varieties and differential
forms in §4.5.4, as follows. We set R = F[t] and K = F((t)). Let X be a connected smooth
F-variety and let Z be a coherent ideal sheaf on X. We denote by n + 1 the dimension of X. Let
h:Y — X be a log resolution of Z. We write Z(ZOy) = > ,.; N;E; and Ky/x = Yicr(pi—1)E;.
For every point £ of Z(ZOy), we can find an open neighborhood U of £ in Y and a regular
function f on U that generates the ideal sheaf ZOy. We view U as an F'[t]-scheme by means of
the morphism

f: U — A} = SpecFt]

and we denote by % the R-scheme obtained by extension of scalars. Note that % is an sncd-
model for its generic fiber . We choose a volume form ¢ on some open neighborhood V' of h(§)
in X, that is, a nowhere vanishing differential form of degree n + 1. Shrinking U, we may assume
U C h™1(V) and that U \ Z(f) is smooth over V.

6.3.2 The differential form h*¢ on U induces a relative volume form w in Qf, /V(U ~ Z(f)),

uniquely characterized by the property that w A df = h*¢ in QZJ/F‘I,(U N Z(f)). The form w is
called the Gelfand—Leray form associated to f and h*¢; see for instance [NS07, Definition 9.5].
It induces a volume form on %) that we denote again by w. By the adjunction formula (4.1.1),
there exists a unique isomorphism

o1 wospy — wosE = O TE

of line bundles on U such that ¢(0) = 6 A df for every open subset W of U \ Z(f) and every
0 € wyy(W) = Qf /V(W). Since canonical sheaves are compatible with the flat base change

F[t] — R, it follows that
divy (w) =Y (1w — 1)(E;NT). (6.3.1)

iel

6.3.3 The K-analytic space @; can be identified with the subspace of
Uy :=red; (U N Z(ZOy)) C X,

consisting of the points = where |f(z)| = |t|x = 1/e, by [Nicll, 4.2]. This embedding has
a retraction
roy ﬁn%@;, x = roy(x),

where r4 (x) is the unique point of 62//; such that red,;(ry (z)) = redg(z) and

l9(ra (x))] = |g(a)[ 7/

for all g in (’)Y’red?(x). One can easily deduce from (6.3.1) that the restriction of wtz to (777
coincides with wt,, o 74, where wt,, is the weight function associated to (%x,w).
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6.4 An analog of the Kontsevich—Soibelman skeleton

6.4.1 In analogy with the definition of w-essential divisorial points in §4.7.1, we say that a
divisorial valuation v as in §6.1.1 is Z-essential if

wtz(v) = let(X,Z),

that is, if the divisor F computes the log canonical threshold. In that case, we also say that
the divisor E is Z-essential. We define the skeleton Sk(X,Z) of the pair (X,Z) as the closure
in X}, of the set of Z-essential divisorial valuations. It is well known that when h: Y — X is
a log resolution of Z, the skeleton Sk(X,Z) is the union of the open faces of Sk(}/}) corresponding
to connected components of intersections of Z-essential prime components of ZOy. This is the
analog of Theorem 4.7.5. In particular, the subspace Sk(X,Z) of Sk(}/}) C )?,7 is independent of
the log resolution h. One can endow it with a natural piecewise affine structure as in Section 3.2.

6.4.2 The Shokurov—Kollar connectedness theorem [Kol97, 17.4] implies that for every point x
in Z(Z) and every sufficiently small open neighborhood U of x in Z(Z), the inverse image of U
under the reduction map

redg: Sk(X,Z) — Z(Z)

is connected. Thus our connectedness theorem for skeleta of K-varieties of geometric genus one
(Corollary 5.5.4) can be viewed as an analog of the Shokurov—Kolldr connectedness theorem.
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