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Varieties of minimal rational tangents on
Veronese double cones

Jun-Muk Hwang and Hosung Kim

ABSTRACT

A rational curve C in a nonsingular variety X is standard if under the normalization
f: P! — C C X, the vector bundle f*T(X) decomposes as O(2) D O(1)? § O for some
nonnegative integers satisfying p + ¢ = dim X — 1. For a Fano manifold X of Picard
number one and a general point © € X, a general rational curve of minimal degree
through z is standard. It has been asked whether all rational curves of minimal degree
through a general point z are standard. Our main result is a negative answer to this
question.

1. Introduction

Throughout this paper, we will work over the field of complex numbers. Let X be a Fano manifold
of Picard number one. An irreducible component X of the normalized space of rational curves
RatCurves"(X) (see [Kol96] for a precise definition) is called a dominating family of rational
curves if there is a member of I through a general point of X. We call £ a minimal dominating
family of rational curves if the degree of members of JC with respect to K)_(l is minimal among
all dominating families of rational curves. Denote by KC; the normalized space of members of
K through a general point x. It is well known that X, is a nonsingular projective variety with
finitely many irreducible components. By [Keb02], the map 7, : K, — PT,(X) sending a member
of K, to its tangent direction at x is a well-defined morphism finite over its image. Furthermore,
by [HMO04], 7, is the normalization morphism of the image 7, (K, ). The image 7, (K, ) is denoted
by C, and called the variety of minimal rational tangents at x.

In many examples, the Fano manifold X can be embedded in projective space PV and the
members of the minimal dominating family IC are embedded as lines in PV. If this is the case,
the morphism 7, is an embedding and the variety of minimal rational tangents C, is nonsingular,
as explained in Proposition 1.5 of [Hwa01]. This motivates the following question.

Question 1.1 (Question 1 in [Hwa0l]). For a Fano manifold X of Picard number one and a
minimal dominating family of rational curves, is 7, an immersion, or even an embedding, at a
general point x € X7

Recall that 7, is an immersion at [C] € IC; if and only if C is a standard rational curve (see
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VERONESE DOUBLE CONES

[Hwa01] Proposition 1.4). So the first part of Question 1.1 is asking whether all members of K,
are standard.

It is possible to extend the setting to an arbitrary uniruled projective manifold X and a
locally unsplit dominating family of rational curves on X (see [CD12]). The results of [HMO04]
and [Keb02] hold for 7, : I — PT,(X) in this general setting and Question 1.1 can be extended
as follows.

Question 1.2 (Problem 4.15 in [Hwal2]). For a uniruled projective manifold X and a locally
unsplit dominating family of rational curves on X, is 7, an immersion, or even an embedding,
at a general point x € X7

Recently, Casagrande and Druel discovered a counterexample to Question 1.2 in Theorem 1.10
of [CD12]. The uniruled projective manifold X in their example is a Fano manifold of Picard
number three. Thus it does not give a counterexample to Question 1.1.

In the current paper, we will study the morphism 7, for a class of Fano manifolds of Picard
number one, Veronese double cones, and prove the following negative answer to Question 1.1.

THEOREM 1.3. Let d > 3 be an odd positive integer, and let f(x1,...,Tn,Tnt1),n = d, be a
weighted homogeneous polynomial of degree 2d with respect to wt(z1) = --- = wt(z,) = 1 and
wt(zn11) = 2 (see Definition 2.4). Let X/ be a Veronese double cone of dimension n associated
with a general choice of f (see Definition 6.2). This is a Fano manifold of Picard number one (see
Proposition 6.4) and there exists a minimal dominating family consisting of minimal rational
curves on X' in the sense of Definition 6.6. If 2d < n, then 7, at a general point = € X7 is not
an immersion.

Our example can be viewed as an optimal counterexample to Question 1.1 in the following
senses:

— When L is the ample generator of Pic(X7), minimal rational curves on X/ have degree one
with respect to L. In the terminology of Definition IV.2.1 of [Kol96], they form an unsplit
family of rational curves. Note that in the counterexamples to Question 1.2 in [CD12], the
locally unsplit dominating family is neither minimal nor unsplit (see Remark 5.4 in [CD12]).

— Suppose that a Fano manifold X of Picard number one admits a morphism x : X — PV
generically finite over its image such that general members of K are sent to lines in PV,
Then by the same argument of Proposition 1.5 of [Hwa0l], the morphism 7, at a general
point z € X is an embedding. Our X/ admits a morphism y : X — PV, finite over its
image, such that general minimal rational curves on X7 are sent to conics in PN .

To prove Theorem 1.3, we will give an explicit description (Proposition 6.7) of I, for a general
f and a general point € X7, as a smooth weighted complete intersection in a suitable weighted
projective space. This description is of independent interest and is proved by extending some
calculations from [HK13]. This enables us to express the morphism 7, as an explicit projection
map of this weighted complete intersection (Proposition 3.11), which cannot be an immersion if
2d < n (Proposition 5.3).

Notation and Convention

1. The projectivization PV of a vector space V is the space of one-dimensional subspaces in V.
Given a one-dimensional subspace U C V, the symbol [U] denotes the corresponding point
on PV. We will use freely the natural identification Tjy;)(PV') = Hom(U, V/U).
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2. Given a vector space V we will use 0 to denote sometimes the zero element and sometimes
the zero subset consisting of the zero element. When we consider two or more different vector
spaces at the same time, we will use the same symbol 0 to denote the zero element or the zero
subset of one of the vector spaces. Usually it will be clear which vector space the zero element
belongs to. For example, for the direct sum of two vector spaces V; @ Vs, we will denote by
V1 @ 0 the subspace given by the first factor and by 0 & V5 the subspace given by the second
factor.

2. The Veronese cone

DEFINITION 2.1. Let V be an n-dimensional vector space and let R be a one-dimensional vector
space. Consider the C*-action on V & R defined by
c-(v,7) = (cv, ) force C*, veVandreR.

The quotient space of (V @ R) \ (0@ 0) by this C*-action is a projective variety, which we call
the Veronese cone of (V,R) and denote by P(V; R). We denote by vtx(V;R) € P(V;R) the
C*-equivalence class of (0@ R)\ (0 0) and call it the vertez of the Veronese cone. If dim V' > 2,
the vertex is a singular point of the Veronese cone. Denote by P(V; R)? := P(V; R) \ vtx(V; R)
the complement of the vertex.

The following easy proposition explains the name ‘Veronese cone’. We will skip the proof.

PROPOSITION 2.2. (i) The map7:V @ R — Sym?V @ R defined by 7(v,r) = v? + r induces a
natural embedding
t:P(V;R) C P(Sym?V @ R).
It is an isomorphism if dimV = 1.
(ii) The image of ¢ is a cone over the Veronese variety vo(PV) C P(Sym?V) with vertex
L(vtx(V; R)) = P(0 @ R) € P(Sym?*V @ R).

The following proposition is straightforward.

PROPOSITION 2.3. Let ‘IJ‘R; : (V@& R) — V be the projection onto the first factor. It descends to
a morphism V& : P(V; R)° — PV, inducing a commutative diagram

VeR)\(0eR) —Y .~ v\0
o iﬁ
lIIR
P(V; R)° 4 PV

where the quotient morphisms « and 8 induce the structures of C*-principal bundles. Further-
more, in terms of the natural identification T,(V & R) =V @R at apointp € (V& R)\ (08 R),
we have

Ker(dp@) =0®R and Ker(dpa)n Ker(dp@) =040.

DEFINITION 2.4. Let t1,...,ty be nonnegative integers. A polynomial f(z1,...,zy) in N vari-
ables is said to be a weighted homogeneous polynomial of degree k with respect to wt(xz;) = t;,
1 <i < N, if it is of the form

_ i in
flxy,...,xn) = E Cir,yiin®] XY
tiir++tyin==k
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with coefficients ¢;, ., € C.

DEFINITION 2.5. Choose linear coordinates x1,...,z, on V and a linear coordinate x, 1 on R.
For a weighted homogeneous polynomial f(z1,...,x,,zyy1) of degree k with respect to the
weights wt(z1) = -+ = wt(x,) = 1 and wt(zp4+1) = 2, the zero set (f(z1,...,%n, Tnt1) = 0)

descends to a hypersurface in P(V; R). Such a hypersurface is called a weighted hypersurface of
degree k in P(V; R). This is a Weil divisor on P(V; R), but not necessarily a Cartier divisor.

PROPOSITION 2.6. There exists a connected algebraic group G acting algebraically on V & R
with the following properties:

(i) For any g € G and (v,r) € VO R, if (v/,7") = g- (v,7), then (cv',c*r") = g (cv, c?r) for any
c € C*. In particular, the G-action on V & R descends to a G-action on P(V; R).
(ii) The G-action on P(V; R) is transitive on P(V; R)°.
(iii) The G-action on P(V; R) sends a weighted hypersurface of degree k to a weighted hyper-
surface of degree k.

Proof. We have an action of GL(V) on V& R by h- (v,r) = (h-v,r) for h € GL(V). Also, we
have an action of the vector group Hom(Sym?V, R) on V @ R, where ¢ € Hom(Sym?V, R) acts
by

- (v,r) = (v,0(v,0) +7).
Both actions satisfy properties (i) and (iii). Then the semi-direct product G of GL(V) and
Hom(Sym?V, R) acts on V @ R satisfying all three conditions (i)-(iii). O

PROPOSITION 2.7. In Definition 2.5, let S C P(V; R)° be a nonsingular projective subvariety.
For a weighted hypersurface Z C P(V; R) of degree k > 1 such that S ¢ Z, the intersection
SN Z is an ample divisor on S.

Proof. A weighted hypersurface of degree 2d > 2 is the pull-back of a hypersurface of degree d in
P(Sym?V @ R) by the morphism ¢ of Proposition 2.2. Consequently, all weighted hypersurfaces
of even degree in P(V; R) are ample Cartier divisors. This proves the proposition when & is even.

If k is odd, the Weil divisor 2Z on P(V; R) becomes a weighted hypersurface of degree 2k.
Thus on S, the divisor 2Z N S is an ample divisor. It follows that Z N S is an ample divisor
on S. O

DEFINITION 2.8. A nonsingular projective subvariety Z C P(V; R)° of codimension m is called
a smooth weighted complete intersection of multi-degree (dy,...,d,,) if it is the scheme-theoretic
intersection of m weighted hypersurfaces of respective degree dy, ..., dp,.

PROPOSITION 2.9. Let Z C P(V; R)° be a smooth weighted complete intersection of multi-degree
(di,...,dp). Assume that d; > 3 for all i and 2m < n. Then the morphism \II§|Z : Z - PV s
not an immersion.

Proof. Write 7= a~1(Z) C V @ R using the notation of Proposition 2.3. By the equality
Ker(dpa) N Ker(dp,¥ft) =040 at every p € Z

from Proposition 2.3, it suffices to show that \I/‘]}2 : Z — V is not an immersion. By the equality

1z
Ker(dp\I/{;) = 0 6@ R from Proposition 2.3, it suffices to show that there exists a point p € Z

~

satisfying (0 & R) C T,(2).
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Fixing a linear coordinate system on V & R as in Definition 2.5, let

{fi($17 s '7xn7$7l+1)7 1 g ] < m}

be the set of weighted homogeneous polynomials of degree d; defining Z. At a point p € Z , the
tangent space T,,(Z) C T,(V & R) =V & R is defined by the m linearly independent functionals
on V&R

n+1
0 .
Z filp 1<t <m.

83:7

Thus a point p € Z satisfies (0 & R) CT,(Z 7) if and only if
dfi(p)

=0 foralll<i<m.
axn—i—l

Since Jf;/0xp41 is a weighted homogeneous polynomial of degree d; — 2, its zero set on Z

E;:( Of: :o)mz
8$n+1

is either an ample divisor on Z by Proposition 2.7 or F; = Z. Since dim Z = n — m > m, the
intersection Fy N --- N Fy, is nonempty. This implies the existence of a point p € Z satisfying
Ofi(p)/0xp+1 =0 for all 1 < i < m. O

3. The Space of conics on a Veronese cone

DEFINITION 3.1. Let us use the notation of Proposition 2.2. An irreducible reduced curve
C C P(V;R) is a line (respectively, a conic) on the Veronese cone if the closure of the image
L(CNP(V; R)°) is a line (respectively, a conic) in P(Sym?V @ R).

PROPOSITION 3.2. A line on P(V; R) is the closure of a fiber of the projection \If‘}} in Proposi-
tion 2.3. More precisely, for a one-dimensional subspace U C V', the subset P(U; R) C P(V; R)
is a line in P(V; R), and any line in P(V; R) is of the form P(U; R) for some one-dimensional
subspace U C V.

Proof. Tt is clear that the closure of a fiber of U# is a line and is of the form P(U; R) for some
one-dimensional subspace U C V. Let us check the other direction.

Consider the commuting diagram

P(V; R)° ——=P(Sym?V @ R) \ P(0 @ R)

w@i lw

PV = P(Sym?V)

where 1) denotes the projection from the vertex P(0 @ R) and ve denotes the second Veronese
embedding. Note that the Veronese variety v2(PV) C P(Sym?V) contains no line. Thus, given a
line C C P(V; R) in Definition 3.1, the image

P((CNP(V;R)%)) Cva(PV)

must be a point. It follows that U&(C NP(V; R)°) is a point and C is the closure of a fiber
of \I/{;. O
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Notation 3.3. Let W C V be a two-dimensional subspace and let ¢ : Sym?W — R be a
homomorphism. Define

CW,¢) = {{(w, p(w,w))] € P(V; R) [ w e W\ {0}}.
It is easy to check that this is a conic on P(V; R) in the sense of Definition 3.1.

PROPOSITION 3.4. A conic in P(V; R) is of the form C(W, ) for a two-dimensional subspace
W C V and a homomorphism ¢ : Sym?W — R. In particular, any conic is contained in P(V; R)°.

Proof. Let C be a conic on P(V; R). The proper image of C' under the projection \Il‘}; must be a
conic on the Veronese variety va(PV) C P(Sym?V). So the image must come from a line in PV
and be of the form v (PW) C P(Sym?W) for some two-dimensional subspace W C V. It follows
that

C C P(W;R) C P(Sym®W & R) = P*.
Then the linear span P of C' in P(Sym?W @ R) must be a plane in P3. If P contains the vertex
vtx(W; R) = vtx(V; R), then P NP(W; R) must be the union of two lines (or a double line),
giving a contradiction because C' C P NP(W;R) is assumed to be an irreducible conic. Thus
P does not contain the vertex. This means that its homogeneous cone P C Sym?’W @ R is a

subspace of dimension three that does not contain 0 & R. So P determines a homomorphism
@ : Sym?W — R. Tt is easy to check that C' = C(W, ). O

PROPOSITION 3.5. Let M C Hilb(P(V'; R)) be the subscheme of the Hilbert scheme parametrizing
conics on P(V; R). For a point y € P(V; R), let M,, C M be the subscheme parametrizing conics
through y. Then both M and M, are smooth.

Proof. By Proposition 3.4, any conic C' lies in P(V; R)°, a homogeneous variety by Proposition
2.6. Then the normal bundle N¢ of the conic in P(V; R)® is globally generated and consequently

HY(C,N¢)=0 and H'(C,N¢®m,) =0,
where my,, is the maximal ideal of a point y € C. This implies the smoothness of M and M,,. [
PROPOSITION 3.6. Let Gr(2, V') be the Grassmannian of two-dimensional subspaces of V. Denote
by U — Gr(2,V) the tautological bundle of rank two and by ¢ : Hom(Sym?U, R) — Gr(2,V)

the vector bundle whose fiber at [W] € Gr(2,V) is Hom(Sym?W, R). Then we have a natural
isomorphism of schemes

n : Hom(Sym?U, R) — M
sending (W, ¢) to C(W, p).

Proof. The association (W, ¢) — C(W, ¢) defines a morphism 7. It is easy to see that C(W1, 1)
# C(Wa, @) if (W1, p1) # (Wa, p2). Thus 7 is injective. Proposition 3.4 shows that 7 is surjective.
Since M is smooth by Proposition 3.5, the bijective morphism 7 must be an isomorphism of
schemes. O

PROPOSITION 3.7. Let U C V be a one-dimensional subspace. Denote by [U] € P(V;R) the
point corresponding to U, that is, the unique C*-equivalence class of (U ®0) C (V @ R). Define
a submanifold S(U) C Hom(Sym?!, R) by

S(U) := {(W, ) € Hom(Sym?U,R) | U ¢ W, p(U,U) =0} .

Then the restriction of 1) in Proposition 3.6 gives an isomorphism 1|sy : S(U) = M.
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Proof. Note that a conic C(W, ¢) passes through [U] € P(V&0) C P(V; R) if and only if U C W
and (U, U) = 0. It follows that 1|s is a bijection to M. Since My is a smooth subscheme
of M by Proposition 3.5, the morphism 7|s(y is an isomorphism of schemes. O

Notation 3.8. Let U be a one-dimensional vector space and let () be an (n — 1)-dimensional
vector space. We have a natural inclusion of the Veronese cone

P (Hom(SmeU, R); Hom(Sym?U, R))
in the Veronese cone
P (Hom(U, Q) & Hom(Sym*U, R); Hom(Sym?U, R)) .

Denote by V(U, Q) its complement, an open subset of the latter Veronese cone. In other words,
V(U, Q) consists of C*-equivalence classes of elements

(1, v, \) € Hom(U, Q) @ Hom(Sym?U, R) @ Hom(Sym?U, R))

satisfying 1 # 0 under the C*-action defined by c- (u, v, A) = (cu, cv, 2 )) for ¢ € C*. Denote by
Uy : V(U,Q) — P (Hom(U, Q) ® Hom(Sym?U, R)) the restriction of

Hom(Sym?2U,R)
Hom(U,Q)®Hom(Sym?U,R)

to V(U, @), sending the class of (i, v, A) to that of (u,v).

Notation 3.9. For a point y € P(V; R), let 7, : M, — PT,(P(V; R)) be the tangent morphism
which sends a conic C' through y to its tangent space P(Ty(C)) € PT,(P(V; R)).

In the next two propositions, we will give an explicit description of 7, when y is the point
[U] € P(V; R) corresponding to a one-dimensional subspace U of V. Our description depends on
a choice of a complementary subspace @) C V.

ProrosITION 3.10. Let V =U ® @ be the direct sum of a one-dimensional vector space U and
an (n — 1)-dimensional vector space ). With an element

(1, v, A) € Hom(U, Q) ® Hom(Sym?U, R) @ Hom(Sym?U, R)

satisfying p # 0, we can associate the two-dimensional subspace W = (U @ Im(u)) of V' and the
element ¢ € Hom(Sym?W, R) determined by

o 4) = 0, p(ut, () = v w) and @ (u(w), ju(w) = Nu,u) forall ue U.
This association (p, v, \) — (W, ¢) induces an isomorphism 6 : V(U, Q) — S(U) = M.

Proof. 1t is straightforward to check that two elements (p1,v1,A1) and (pe, v, A2) determine
the same (W, ) if and only if u; = cug,v1 = cva, \; = c2Xo. This show that the morphism
0:V{U,Q) — SU) is well defined and injective. Given (W, ) € S(U), let (u,v, ), # 0, be
defined by

(i) p is a nonzero element of Hom(U, W N Q) C Hom(U, Q);
(i) v(u,u) = (u, p(u)); and
(i) A(u, u) = @ (u(u), p(w)) -
Then clearly 6([(i, v, A)]) = (W, ¢). Thus 6 is an isomorphism. O
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PROPOSITION 3.11. In the setting of Proposition 3.10, the hypersurface P(V &0) C P(V; R) and
the line P(U; R) C P(V; R) intersect transversally at [U], giving a natural isomorphism
Ty (P(V; R)) = Tiy(PV) @ Ty (P(U; R)) = Hom(U, Q) @ Hom(Sym®U, R) . (3.1)

Here, the natural isomorphism Tjy(P(U; R)) = Hom(Sym?U, R) comes from the embedding
P(U; R) = P(Sym?U @ R) in Proposition 2.2(i). Under the isomorphism (3.1), the tangent
space of a conic [C(W, ¢)] € M|y corresponds to the one-dimensional subspace

T(W,¢) € Hom(U, Q) ® Hom(Sym>U, R)
defined by
TW,¢) :=={(p,v) | p € Hom(U,W N Q) and v(u,u) = p(u, p(u))}.

Thus we have a commuting diagram

VU, Q) —Y2__ P(Hom(U, Q) & Hom(Sym?U, R))
|
My o PT; R))

where the morphisms are as in Notation 3.9, Notation 3.8 and Proposition 3.10.

Proof. Note that if (u,v) is an element of T (W, ¢), then so is (cp,cv) for any ¢ € C. Thus
T (W, ¢) is indeed a one-dimensional vector space. To check that it corresponds to iy (C(W, ¢)),
fix nonzero vectors v € U and ¢ € Q N W. The arc

{lu+tq, p(u+tq,u+tq) € P(V;R) |t eC}
lies in C(W, ). Under the embedding ¢, this arc is sent to
{[(u+tq)* + o(u+tq,u+tq)] € P(Sym*’V @ R) | t € C}.

Since @(u,u) = 0, this is tangent to the line in P(Sym?V @& R) corresponding to the two-
dimensional subspace
Cu®? + C(u®q+ o(u,q)) C Sym?’V o R.
The tangent to this line at [u®?] is the one-dimensional subspace of
Tisym20] (P(Sym?V @ R)) = Hom(Sym?U, (U ® Q) ® Sym*’Q @ R)
spanned by the homomorphism u®? — u ® q 4+ ¢(u, ¢). Via the natural inclusion of Hom (U, Q)

in Hom(Sym?U, U ® Q), we see that T (W, ¢) corresponds to the tangent space of the line.

Note that a nonzero element of (u,v) € T(U,Q) coincides precisely with the first two
components of (u,v,A) € V(U,Q) corresponding to [C(W,p)] € My via the isomorphism 6
in Proposition 3.10. It follows that the tangent morphism 7y corresponds to the projection
(1, v, A) = (p,v). This verifies that the diagram commutes. O

4. ECO polynomials arising from weighted homogeneous polynomials

In this section, we present some calculations with polynomials and introduce a variety EY associ-
ated with a weighted homogeneous polynomial f of a certain type. We will explain the geometric
meaning of Ef in the next section.
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DEFINITION 4.1. A homogeneous polynomial of degree 2m, m > 1, in CJ[s, ] (in two variables s
and t) is an ECO polynomial if it can be written as the square of a homogeneous polynomial of
degree m in C[s, t]. Here ECO stands for Even Contact Order (cf. Definition 5.1).

Recall the following from Proposition 3.3 of [HK13].

PROPOSITION 4.2. For each positive integer d, there exist d polynomials in d variables
Ag(ty, ... tq) € Clty, ... tq], d+1<k<2d
with the following properties:

(i) The polynomial Ay (t1,...,tq) is weighted homogeneous of degree k with respect to wt(t;) =1
foreachi=1,...,d.

(ii) The polynomial in two variables (s,t)
$20 4y 20 4 gy st20 1 4 gy gt2d
is an ECO polynomial if and only if a = Ag(ai,...,aq) for each d+1 < k < 2d.
(iii) We have

0 fori=1,....d—1
Agei(0,...,0,aq) = v ’
il ) {iai fori=d.

Proof. Properties (i) and (ii) are from the statement of Proposition 3.3 of [HK13]. Property (iii)
is implicit in the proof therein. It follows essentially from the fact that a polynomial of the form

20 4 ags®t? + gy s I 4 agat??

is an ECO polynomial if and only if

L,
Q41 =+ =agq—1 =0 and a2d:1ad-

Let us just check this elementary fact.
Suppose that
20 4 ags®t? + agp1sT I 4 aget??
is an ECO polynomial. We can find (o71,...,04) € C% such that
§20 4 agshe + agpr s 4o aggt? = (544 oyt 4 4 ot D)2, (4.1)

For convenience, set g = 1. Then for each k,1 < k < d — 1, we have

k
Z 0i0k—; = 0.
1=0

It follows that 01 = --- = 04_1 = 0. Therefore (4.1) becomes
$2 4 ags¥td + g st I 4o aget?® = (s 4 ot h)?,

which implies that
1
Qg41 =+ =agq—1 =0 and a9y = Zaé.

The proof of the other direction is straightforward. O
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PROPOSITION 4.3. Let f(x1,...,2n41) be a weighted homogeneous polynomial of degree 2d with
respect to wt(x1) = -+- = wt(x,) = 1 and wt(xp41) = 2. Define azf(z) = a{(zz, vevyZnto) for
each i € {0,1,...,2d — 1,2d} by

f(s,20t, ..., 2nt, 22p 4185t + 2pyot?) = ag(z)szd + a{(z)szd_lt +-F agd_l(z)sth_l + agd(z)tzd :
Then each alf (22, .., 2nt+2) is a weighted homogeneous polynomial of degree i with respect to
wt(z2) = - wt(2zp4+1) = 1 and wt(zp42) = 2. In particular, ag(z) = f(1,0,...,0) is a constant.
Proof. Putting s = z1t, we have
f(zat,zot, ... znt, 221 2p 18 + 2Zngot?)
= al ()2 1 af (2)227 9% - pad, ()2t dd ()1

Since f is a weighted homogeneous polynomial of degree 2d,

flzit, 2oty ooy 2ty 22020418 + 2naot?) = F(21, -0 20, 2212041 + Zng2) 20
It follows that

1, 2n 2202000 + Zng2) = @ (2)207 + 0] ()47 -+ aly 4 (2)2 + aly(2).

Since the left-hand side is a weighted homogeneous polynomial of degree 2d with respect to

wt(z1) = wt(z2) = - -wt(zp41) =1 and  wt(z42) = 2,
each alf (22, .., 2n+2) is a weighted homogeneous polynomial of degree i with respect to
wt(z2) = - Wt(zp41) =1 and wt(zp42) = 2. O
PROPOSITION 4.4. In the setting of Proposition 4.3, assume that the constant ag (z)=f(1,0,...,0)
is nonzero and denote it by a . Define for each i € {1,...,d},
f f f
Agi(2) a(z)  ay(2)
B£+i(z2)"'7zn+2) B§+Z( ) = +3(' _Ad+i 1f PEEED) df P
ap o ap
where Ay, is as in Proposition 4.2. Then BCJ;H(Zg, .+, Znt2) Is a weighted homogeneous polynomial
of degree d + i with respect to wt(z2) = -+ - Wt(zp41) = 1 and wt(zp42) = 2.
Proof. Recall that Ag(ty, ..., tq) is a weighted homogeneous polynomial of degree k with respect
towt(t;) =14,1 <i<d. Thus by Proposition 4.3, Ak (al( z),... ,ag (z)) is a weighted homogeneous
polynomial of degree k with respect to wt(z2) = Wt(an) = 1 and wt(2,4+2) = 2. This implies
the proposition. O
DEFINITION 4.5. Fix a basis {v1,...,v,} of an n-dimensional vector space V and a nonzero

vector vp4+1 of a one-dimensional vector space R. Define U = Cv; and @ = Cvs + - - - + Cuy, such
that V = U & Q. Let (z1,...,%n, Tpt1) be the linear coordinates on V' @& R dual to the basis

(U1, Un, Upt1). Let (22,..., 2n, Zn+1, 2nt+2) be the linear coordinates on
(mmUQ@mm@men@mmwﬁam
whose values at (u, v, \) are given by p(v1) = zo(p)va + -+ + 2 () vn, v(v1,v1) = 2pt1(V)Upt1

and A(vi,v1) = zn+2( VUnt1-
Let f(x1,...,2p+1) be as in Proposition 4.4. Let Bf;_i be the weighted hypersurface of degree
d + i on the Veronese cone

P (Hom(U, Q) ® Hom(Sym?U, R); Hom(Sym?U, R))
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defined by the weighted homogeneous polynomial Bg H(zg, ..y Znt2) of degree d + i with respect
to wt(22) = - = wt(zn41) = 1 and wt(zp42) = 2. We define the subvariety

Efcp (Hom(U, Q) & Hom(Sym?U, R); Hom(Sym?U, R))

as the set-theoretic intersection of the hypersurfaces {BCJ; 4 li=1,..d}.

The following lemma is a direct translation of Proposition 4.2 into the terminology of Defi-

nition 4.5.

LEMMA 4.6. Let f(x1,...,2n4+1) be a weighted homogeneous polynomial of degree 2d with re-
spect to wt(x1) = -+ = wt(z,) = 1 and wt(z,41) = 2 satistying f(1,0,...,0) # 0. Then the
homogeneous polynomial in C[s, t]

f(s,zat, ..., Znt, 22n 115t + Zpiot?)
is an ECO polynomial if and only if the element
(225« y Zny Zntl, Znt2) € (Hom(U, Q) @ Hom(Sym?U, R)) @ Hom(Sym?U, R)
in the coordinates of Definition 4.5 belongs to a point of E¥.

PROPOSITION 4.7. A general weighted homogeneous polynomial f(z1,...,xn+1) of degree 2d
with respect to wt(z1) = --- = wt(z,) = 1 and wt(x,4+1) = 2 satisfying f(1,0,...,0) # 0 has
the following properties:

(i) The locus f = 0 defines a smooth weighted hypersurface of degree 2d in P(V; R).

(ii) The subvariety Ef in Definition 4.5 is disjoint from the locus of (zo = --- = 2z, = 0) in the
Veronese cone

P (Hom(U, Q) & Hom(Sym®U, R); Hom(Sym*U, R)) .
In other words, it belongs to V(U, Q) (see Notation 3.8).

(iii) The subvariety Ef is a smooth weighted complete intersection of multi-degree (d + 1,
d+2,...,2d) in V(U,Q). In particular, it is nonempty if and only if d < n.

Proof. Property (i) is obvious. Since properties (ii) and (iii) are open conditions, we may verify
them for a special f(x1,...,2Zn+1). Let us consider polynomials of the following type:

f(.’El, e ,,InJrl)
_.2d d_lh h h d
= 21" + 27 hap1 (22, ..., xn) + - Fxrhog_1 (22, ..., 2p) + hog(T2, ... 2p) + 2544
where h;(x2,...,x,) is a homogeneous polynomial of degree i in z9,...,z,. From

f(Lzat, ..., znt, 22p 41t + 2ppot?)

d

/d S

=1+t hg (20, o) + o+ 2 0hog(2a, o z) 7Y 20 (i)zg;llz;+2t’
1=0

d

/d o 4

=14+2%0 17+ {hdﬂ»(zQ, ey 2n) 207 (i>zg;’1zg+2} ¢t
=1

= al(2) + af (2)t + -+ ad ()%
we have

a{;(z)zl, a{(z):-~:a£71(z)20, ad(z):2dsz+1
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and
A\ a—i ,
a§+z‘(2) = hayi(z2, .., 2n) + 2 z<i>zg+zlzfz+2 fori=1,....d.
Using Proposition 4.2 (iii), we have

(2) = {hd+i(zg, ceeyZn) 2d_i(?)zZ1§zﬁL+2 fori=1,...,d—1,

hoa(22, ..., 2n) — 4971224 424 fori=d.

f
B d+i

From these equations for B(]; +;» We see that property (ii) is true for any choice of hgy;,1 < i < d.
Now we choose hag(22, . . ., 2n) = 2394+ - -+22¢. Then the subscheme Z defined by the equation
Bgd(zg, e Zngo) =220 422 4d_1zZi1 + sz+2 =0

is a smooth weighted hypersurface of degree 2d in the Veronese cone
P (Hom(U, Q) ® Hom(Sym?U, R); Hom(Sym?U, R))
disjoint from the vertex of the Veronese cone. Note that this subscheme Z is independent of the
choice of hgi;,1 < i < d— 1. We will show that property (iii) is true under a general choice of
hayas - hag1.
For simplicity, let us denote by
Yz Z =P =P (Hom(U, Q) ® Hom(Sym?U, R))

the restriction to Z of the morphism

Hom(Sym2U, R)
Hom(U,Q)®Hom(Sym?U,R)

in Notation 3.8. Note that for each ¢ =1,...,d — 1,
hatilz € Yz HO (B, Opno (d +1))

while
(A a—i ¥ .
Bl = (hasiGeac ooz 427 (1) sttt )| € (203000,
z
By the Bertini theorem, if hgi1, ..., hog—1 are general, the scheme-theoretic intersection
d—1
Z 0 ()(hari = 0)
i=1

is smooth, of codimension d — 1 in Z and contained in V(U, Q). Thus the scheme-theoretic
intersection

d—1
/d o
Zn ﬂ (hd+i<227 e 2n) 2d_2<i)tzgflzﬁ+2 = 0>
i=1
is smooth, of codimension d — 1 in Z and contained in V(U, Q) for a general ¢t € C. It follows
that if hgyq, ..., hog—1 are general, then

d—1
/d o
Ef = 7n | | (hd+,~(zg,...,zn) —|—2d_z<,>zg+’lz;+2 = 0>
i

i=1
is a smooth weighted complete intersection of multi-degree (d + 1,d + 2,...,2d) contained in
V(U, Q). This has property (iii). O
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5. ECO conics on a Veronese cone

DEFINITION 5.1. Let Z C P(V; R) be a weighted hypersurface of degree 2d for d > 1. We say
that a conic C' in P(V; R) is an ECO (Even Contact Order) conic with respect to Z if C ¢ Z and
the local intersection number at each point of C'N Z is even. For a point y € P(V; R), denote by
EyZ C M, the subvariety consisting of ECO conics through y. Here M, is as in Proposition 3.6.

PROPOSITION 5.2. Using the linear coordinates of Definition 4.5, let Z C P(V'; R) be the weighted
hypersurface of degree 2d defined by a weighted homogeneous polynomial f of degree 2d with
respect to wt(z1) = -+ = wt(x,) = 1 and wt(zp4+1) = 2. Using the decomposition V. =U @ Q,
we have the isomorphism 6 : V(U,Q) = My by Proposition 3.10. Suppose that f is general
in the sense of Proposition 4.7. Then the variety 5[%] C My of Definition 5.1 is exactly the

6-image of the variety Ef c V(U, Q) of Proposition 4.7.

Proof. Recall from Proposition 3.10 that 6 sends a point [(u, v, A)] € V(U, Q) to a conic C(W, ¢),
where

W = {svy + tu(v1) = svy + tzo(p)va + ... +tzu (v, | (s,t) € C?*}
and for any (s,t) € C2,

¢ (sv1 Ftp(vr), so1 + tu(vr)) = 2stp (v1, p(v1)) + 2 (p(or), por))
= 2stv (v, v1) + 2 X\ (v1, v1)
= (25tzn+1(u) + t22n+2()\)) Up1 -
Consequently, C(W, ¢) = {[(w, p(w,w))] € P(V;R) | w € W\ {0}} is equal to
{[(sv1 + tza(p)va + - - + tzn (1) vn, (25t2041 (V) + 20 12(N)) vnt1)] | (5,8) € C*\ {(0,0)}}
Therefore C(W, ¢) is an ECO conic with respect to Z if and only if
f(s,22(p)t, ooy 2 (), 22p 41 (V) 5t + 2py2(N)E?)
is an ECO polynomial in (s,t). By Lemma 4.6, this is the case if and only if the point
(z2(10)s - - s 20 (), Zng1 (V) 2nga(N)) € Hom(U, Q) @ Hom(Sym?U, R) @ Hom(Sym?U, R)
belongs to Ef ¢ V(U, Q). This completes the proof. O

ProproOSITION 5.3. Let Z C P(V;R) be as in Proposition 5.2, defined by a general weighted
homogeneous polynomial f of degree 2d in the sense of Proposition 4.7. Assume 2 < d < n/2.
Let y € P(V; R) be a general point. Then the tangent morphism

77 &) = PT,(P(V;R))
defined by the restriction of 7, in Notation 3.9 is not an immersion.

Proof. Fix a general f in the sense of Proposition 4.7. Let Z C P(V; R) be the hypersurface
defined by f. Via the isomorphism 6 : E/ = 8[%] of Proposition 5.2, the morphism T[%]] is the
restriction of the morphism ¥(U, Q) of Proposition 3.11 to Ef. By Proposition 4.7, the variety
E/ is a smooth weighted complete intersection of multi-degree (d+1,d+2,...,2d). By applying
Proposition 2.9 to the n-dimensional Veronese cone

P (Hom(U, Q) ® Hom(Sym?U, R); Hom(Sym?U, R)) ,

we see that TUZ]] is not an immersion by our assumption 2 < d < n/2.
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Now consider the G-action on P(V; R) in Proposition 2.6. For an element g € G, the hyper-
surface g - Z is also a weighted hypersurface of degree 2d by Proposition 2.6 (iii). We have just
proved that T[ZU] is not an immersion for a general Z. Thus there exists a Zariski open subset

qg-Z
(U]

is isomorphic to the morphism ng,l,[U]. Thus TgZ,L[U}

G* C @ containing the identity element such that the morphism 77,7 is not an immersion for any

g € G*. By the g-action, the morphism T[%]Z
is not an immersion. By Proposition 2.6 (ii), the set {g=! - [U], g € G*} covers a Zariski open
subset of P(V; R)°. It follows that TyZ is not an immersion for a general point y € P(V; R). [

6. Minimal rational curves on a Veronese double cone

DEFINITION 6.1. Let d > 3 be an odd integer. Let V, R and T be C-vector spaces of dimensions
dimV =n > 3 and dim R = dimT = 1. Consider the C*-action on V @& R ® T where ¢ € C*
acts by (v, r,t) — (cv, c?r, c?t). The quotient space of (V@R T)\ (00 0) by this C*-action
is a projective variety, denoted by P(V; R; T)).

DEFINITION 6.2. Let z1,...,z, be linear coordinates on V and let x,41 (respectively, z,42)
be a nonzero linear functional on R (respectively, T). We will use (x1,...,Zpn, Tnt1, Tnt2) as
a linear coordinate system on V& R @ T. Let f(x1,...,2Tpn,Tnt1) be a weighted homogeneous
polynomial of degree 2d with respect to wt(z1) = -+ = wt(x,,) = 1 and wt(x,,41) = 2. Consider
the hypersurface in Ve Re& T

X = {(x1, o Ty g1, Tng2) EVOROT, f(T1,.. Ty Tng1) = Tyl -

The hypersurface X/ C P(V; R;T) consisting of C*-equivalence classes of points on X7 is called
the Veronese double cone associated with f.

The next three propositions are well known. We recall the proofs for readers’ convenience.

PROPOSITION 6.3. In Definition 6.2, assume that the hypersurface Z C P(V'; R) defined by f = 0
is nonsingular and disjoint from vtx(V'; R). Then the following hold:
(i) The projective variety X{ is nonsingular.

(ii) The rational map x : P(V; R; T) --» P(V; R) defined by the projection (VBOR®T) — (VBR)
induces a morphism x : X/ — P(V; R), which is a finite morphism of degree two and is
unramified outside Z U vtx(V;R) C P(V; R).

Proof. The hypersurface
XI\(0®0®0)cVaR®GT
Is nonsingular by the assumption that Z is nonsingular. The variety X7 is the quotient of
X7\ (0@ 0 0) by the C*-action given by
ceC* acting by (v,rt)— (cv,c?r, ).

To prove that X is nonsingular, it suffices to show that this C*-action on X7 \(0®0®0)is

free, that is, it has trivial stabilizers at all points of )/50 \ (0@ 0@ 0). Because d is odd, the only
points of V& R & T with nontrivial stabilizers are the points on 0 & R$® 0 and 0 064 1. But

X/\ (0@ 0@®0) is disjoint from these points. We conclude that the quotient X/ is nonsingular,
proving result (i).
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The indeterminacy locus of the rational map Y is the subvariety PT' C P(V; R; T') correspond-
ing to 00T . Since X/ € P(V; R; T) is disjoint from PT’, the rational map ¥ induces a morphism
x : Xf = P(V;R). For a point (v,7) = (x1,...,Tn, Tns1) € V® R with f(x1,...,2n, 2pns1) # 0,
its inverse image X~ !((v, 7)) consists of two distinct points

(1’17...,$n,$n+17$n+2) and (xlv"wwn?xn-‘rla_xn-i—Q)?
where x,19 € C is a solution of m%+2 = f(x1,...,%n, Tnt1). These two distinct points of X7 are
sent to the same point of X7 if and only if there is a ¢ € C* with
L1 =CT1, ..., Tp=CTn, Tpel =Capy1 and Tpio = —clzpis.
The only possibility is 1 = -+ =z, = 0 and ¢ = —1. Then (v,r) = vtx(V; R). Thus x is 2-to-1
outside Z and vtx(V; R). This completes the proof of result (ii). O
PROPOSITION 6.4. For a homogeneous polynomial g(z1,...,x,) of degree one in the coordinate

system in Definition 6.2, the equation g(x1,...,z,) = 0 defines a Weil divisor D C P(V; R;T).
Let X c P(V;R;T) be as in Proposition 6.3, so that X7 N D determines a line bundle L on
X7. Then Pic(X;) 2 ZL and Kys = (d —n — 2)L.

Proof. This follows from Theorems 3.2.4. and 3.3.4 of [Dol82], where the line bundle L is denoted
by O(1). O

PROPOSITION 6.5. Let x : X/ — P(V;R) be the morphism in Proposition 6.3 and let
t:P(V:R) = P(Sym?V @ R) be the morphism in Proposition 2.2. Then L®? = (10x)*¢, where &
is the hyperplane bundle on P(Sym?V @ R).

Proof. In the notation of Proposition 6.4, ¢g? corresponds to a section of ¢. Thus L®? =
(Lox)*€. O

DEFINITION 6.6. In the setting of Proposition 6.3, a rational curve ¢ C X7 is called a minimal
rational curve on X' if L-¢ = 1, where L is the line bundle in Proposition 6.4. For a general point
r € X/, we denote by K, the normalization of the subscheme of RatCurves™(X/) parametrizing
all minimal rational curves on X/ passing through z. It is known that if }C, is nonempty, it is a
disjoint union of finitely many nonsingular projective varieties of dimension n — d (see I1.3.11.5
of [Kol96]).

PROPOSITION 6.7. Assume n > d. In Proposition 6.3, let x be a general point on X7 such that
y:=x(x) e P(V;R)\ Z. Let C C P(V;R) be an ECO conic passing through y with respect to
Z in the sense of Definition 5.1. Then x~!(C) consists of two smooth minimal rational curves
meeting each other at the points over C'NZ. In particular, there exists a unique minimal rational
curve { C X7 passing through x satisfying x(¢) = C. Conversely, if ¢ C X/ is a minimal rational
curve through x, then x(¢) is an ECO conic on P(V; R) through y. Consequently, there exists a
natural isomorphism X, : Ky =2 EyZ of nonsingular varieties.

Proof. The proof is a slight variation of that of Proposition 2.4 in [HK13].

Let £ C X/ be an irreducible curve through x such that C := x(¢) C P(V;R) is an ECO
conic with respect to Z. Suppose that x|¢ : £ — C is not birational; that is, £ = x~1(C). Let /
be the normalization of ¢. For a point z € C'N Z, let t be a local uniformizing parameter on C
at z and let r, be the local intersection number of C' and Z at z. Then the germ of £ at x~(z)
is analytically defined by the equation s? = ¢"=. Since r, is even for any choice of z € C'N Z, the
composition of the normalization morphism ¢ — ¢ and X|¢ : £ = C induces a morphism (= C
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of degree two without ramification point, giving a contradiction. Thus x|, : £ — C' is birational
and £- L =1 by Proposition 6.5. It follows that ¢ is a minimal rational curve.

Conversely, let £ C X7 be a minimal rational curve through z. By Proposition 6.5, the cycle
X« () is either a conic or a double line on P(V; R). By Proposition 3.2, a line m through a general
point y € P(V; R) intersects the smooth hypersurface Z C P(V; R) transversally at d > 3 distinct
points. Thus x~!(m) is irreducible and cannot be a rational curve. It follows that x. () is a conic
C C P(V;R) and x~!(C) has two irreducible components. We claim that C is an ECO conic
with respect to Z. For each point z € C'N Z, if the local intersection number r, of C and Z at z
is odd, the germ of x~!(C) over z is irreducible (for example, by the equation s> = ¢ in the
previous paragraph). This is impossible because x~!(C) has two distinct components. Thus 7,
is even at every z € CN Z and C is an ECO conic with respect to Z. O

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Propositions 5.2 and 6.7 imply that X, is isomorphic to Ef, which is
a smooth weighted complete intersection of multi-degree (d + 1,d 4+ 2,...,2d) in V(U,Q) by
Proposition 4.7. Therefore IC; is nonempty when n > d, and irreducible when n > d, because it
is smooth and connected. Thus minimal rational curves form the union of finitely many minimal
dominating families of rational curves on X7 if n > d, and they form a single minimal dominating
family if n > d. We have a commuting diagram

Tz

Ka PT,(X7)

X*l ldzx
A

&l ——=PT,(P(V;R))

The first vertical arrow is an isomorphism by Proposition 6.7. As x is unramified at z, the

second vertical arrow d,x is an isomorphism. If n > 2d, the morphism TyZ is not an immersion

by Proposition 5.3. Thus the morphism 7, is not an immersion. ]
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