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Gepner type stability conditions on graded matrix
factorizations

Yukinobu Toda

ABSTRACT

We introduce the notion of Gepner type Bridgeland stability conditions on triangulated
categories, which depends on a choice of an autoequivalence and a complex number.
We conjecture the existence of Gepner type stability conditions on the triangulated
categories of graded matrix factorizations of weighted homogeneous polynomials. Such
a stability condition may give a natural stability condition for Landau—Ginzburg B-
branes, and correspond to the Gepner point of the stringy Kéhler moduli space of a
quintic threefold. The main result is to show our conjecture when the variety defined
by the weighted homogeneous polynomial is a complete intersection of hyperplanes in
a Calabi—Yau manifold with dimension less than or equal to two.

1. Introduction

1.1 Motivation

The Donaldson-Thomas (DT) invariants enumerate semi-stable coherent sheaves on Calabi—Yau
threefolds, which have drawn much attention recently [Tho00]. We are interested in the following
two problems in DT theory:

— Find constraints among DT invariants induced by autoequivalences of the derived category
of coherent sheaves, for example Seidel-Thomas twists [ST01].

— Construct DT type invariants counting B-branes on Landau-Ginzburg (LG) models asso-
ciated with a superpotential.

As for the former problem, there are several predictions in string theory on generating se-
ries of DT invariants, for example S-duality conjecture, the Ooguri-Strominger—Vafa conjec-
ture [DMO07], [OSV04]. There seem to be mysterious constraints among DT invariants behind
such predictions, and we hope to reveal their origins via symmetries in the derived category. We
believe that a key step toward this problem is to construct a Bridgeland stability condition on
the derived category [Bri07] satisfying a certain symmetric property with respect to the given
autoequivalence. For instance, the large volume limit (cf. Figure 1) for a quintic Calabi-Yau
threefold X is preserved by ®Ox (1), and there is an obvious constraint among DT invariants
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YUKINOBU ToODA

induced by ®Ox(1). Also a construction of a (weak) stability condition which is preserved un-
der the derived dual, together with wall-crossing arguments [JS12], [KS08], play crucial roles
in the proof of the rationality of the generating series of rank one DT type invariants counting
curves [Brill], [Tod10b], [Tod12].

As for the latter problem, in order to define the DT type invariants, we need to fix a stability
condition for B-branes on LG models. A desired stability condition should be natural in some
sense, so that it is an analogue of Gieseker stability on coherent sheaves. In mathematical terms,
if the superpotential is given by a homogeneous polynomial W, the relevant B-brane category is
Orlov’s triangulated category of graded matrix factorizations HMF&' (W) [Orl09]. For instance,
suppose that W is the defining polynomial of a quintic Calabi-Yau threefold X C P*. Then
a desired Bridgeland stability condition on HMF®&"(I¥) may correspond to the Gepner point
(cf. Figure 1) of the stringy Kéhler moduli space of X, via mirror symmetry and the Orlov
equivalence [Orl09]

Db Coh(X) & HMF&' (W) . (1)
The Gepner point is an orbifold point in the stringy Ké&hler moduli space of X, with stabilizer

group Z/5Z. Such an orbifold data may be translated into a certain symmetric property of the
corresponding Bridgeland stability condition, which we focus on and pursue in this paper.

We have observed common keywords regarding the two problems above, namely a Bridgeland
stability condition with a symmetric property. The motivating problem for this paper, which is
rather ambitious and which we are not able to do at this moment, is to find a natural stability con-
dition on HMF® (W), and apply its symmetric property to obtain non-trivial constraints among
DT invariants on X, via the Orlov equivalence (1) and wall-crossing arguments [JS12], [KS08]
(cf. Subsection 1.5 (iii)).

. <-- Large Volume Limit

@ <--- Conifold point

<--- Gepner point

F1cURrE 1. Stringy Kéhler moduli space of a quintic threefold

1.2 Gepner type stability conditions

As we discussed, we are interested in constructing a natural stability condition on HMF®&" (V). So
far there are few works on this problem, except [KST07], [Tak05], [Wal05], which will be discussed
later. A serious issue is that, since the category HMF®' (W) is not a priori constructed as a
derived category of some abelian category, it is not clear what ‘natural’ means. Our viewpoint is
as follows: rather than constructing a stability condition in terms of graded matrix factorizations,
we just extract and formulate the symmetric property of a desired stability condition, and try to
find one satisfying such a property. We formulate it as a Gepner type property, which depends
on a choice of a pair consisting of an autoequivalence and a complex number, given simply as
follows.
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GEPNER TYPE STABILITY CONDITIONS

DEFINITION 1.1. A stability condition ¢ on a triangulated category D is called of Gepner type
with respect to (®,\) € Aut(D) x C if the following condition holds:

bo=0-(N). (2)

Obviously, any stability condition is of Gepner type with respect to ([k], k) for k € Z, where [k]
is the k-times composition of the shift functor [1]. On the other hand, there are several interesting
examples in which the relation (2) holds with respect to non-trivial pairs (®,\). As the name
indicates, if X C P* is a quintic threefold, a Gepner type stability condition on D? Coh(X) with
respect to the pair

(®,)) = (SToX 0 ©0x (1), g) (3)
conjecturally corresponds to the Gepner point, where ST, is the Seidel-Thomas twist [ST01]
associated with Ox. The fraction 2/5 appears since the fivefold composition of the autoequiv-
alence ® becomes the twofold composition of the shift functor. This fact is best understood in
terms of HMF®&" (W) via the equivalence (1), as the autoequivalence ® corresponds to the grade
shift functor on the matrix factorization side.

At this moment, it seems to be a difficult problem to construct a stability condition on a
quintic threefold corresponding to the Gepner point: we are not even able to construct a Bridge-
land stability condition on a quintic threefold near the large volume limit point (cf. [BMT14]).
However there are plenty of examples of weighted homogeneous polynomials, which are more
amenable than quintic polynomials, but interesting enough to study. The goal of this paper is
to construct Gepner type stability conditions on graded matrix factorizations in some of these
interesting cases. In the quintic case, an attempt to construct a Gepner point leads to a conjec-
tural stronger version of the Bogomolov—Gieseker inequality among Chern characters of stable
sheaves on quintic threefolds. The details in this case will be discussed in the paper [Tod13].

1.3 Gepner type stability conditions on graded matrix factorizations
Let W be a homogeneous element with degree d in the weighted polynomial ring

W e A:=Clxy,xo, x|, degz;=a; €Z

such that (W = 0) C C™ has only an isolated singularity at the origin. The triangulated category
of graded matrix factorizations of W, denoted by HMF®&" (W), is defined to be the homotopy
category of the dg category whose objects consist of data

] 1
P' 5 Pt L PO(d),

where P? are graded free A-modules of finite rank, p’ are homomorphisms of graded A-modules,
P! P(1) is the shift of the grading, satisfying the following condition:

pop’=-W, p’(d)op'=-W.

In [Orl09], Orlov proved that the triangulated category HMF®& (W) is related to the derived
category of coherent sheaves on the stack

X :=(W=0)CP(a1,--- ,an) (4)

depending on the sign of the Gorenstein index

n
g = E ai—d.
i=1
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Let 7 be the autoequivalence of HMF® (W) induced by the grade shift functor P®* — P*®(1).
We propose the following conjecture on the existence of a Gepner type stability condition on
HMF®&"(W).

CONJECTURE 1.2. There is a Gepner type stability condition
oa = (Za, {Pc(®)}scr) € Stab(HMF® (W))
with respect to (7,2/d), whose central charge Zg is given by
Za(P*) = str(e?™V =14 p* - P*).

Here the e2™V~1/4_action on P* is induced by the Z-grading on each P?, and ‘str’ is the supertrace
which respects the Z/2Z-grading on P*.

Similarly to the quintic case, the fraction 2/d appears since the d-fold composition of 7
coincides with [2]. We propose that, if there is a desired stability condition o¢ in Conjecture 1.2,
then it may be employed as a ‘natural’ stability condition for graded matrix factorizations.
There are at least three reasons for this. Firstly, the Gepner type property with respect to
(7,2/d) resembles the following property of the classical Gieseker stability on coherent sheaves:
for a polarized variety (X, H), a coherent sheaf E on X is H-Gieseker semi-stable if and only if
E®0Ox(H) is H-Gieseker semi-stable. In this sense, the desired stability condition o seems to be
a natural analogue of the Gieseker stability on Coh(X) for graded matrix factorizations. Secondly,
the Gepner type property with respect to (7,2/d) turns out to be a very strong constraint for
the stability conditions. Indeed, such a property characterizes the central charge Zg uniquely up
to scalar multiplication (cf. Subsection 2.8). Also in some cases, we see that o is also unique
up to shift (cf. Subsection 2.9) and one may expect that this holds in general. Thirdly, if there
is such a og, then the og-semi-stable objects have a nice compatibility with the Serre functor
on HMF® (V). As a result, the moduli space of og-semi-stable objects should have good local
properties, for example smoothness, with a perfect obstruction theory, etc., depending on the
given data n,d, e (cf. Subsection 1.5 (ii)). Therefore, whichever way o¢ is constructed, it seems
worth studying moduli spaces of og-semi-stable objects, and the enumerative invariants defined
by them.

1.4 Result

Before stating our result, we mention the earlier beautiful work by Takahashi [Tak05] and
Kajiura—Saito-Takahashi [KSTO07]. They study the triangulated category HMF& (W) in the fol-
lowing cases: n = a1 = 1 [Tak05] and n = 3, ¢ > 0 [KSTO07]. In these cases, they show that
HMF®" (W) is equivalent to the derived category of representations of a quiver of ADE type.
As a result, HMF# (W) has only a finite number of indecomposable objects up to shift, which
are completely classified. Using such a classification, they construct a stability condition on
HMF®" (W) by the assignment of a phase for each indecomposable object. Their construction
satisfies our Gepner type property, so Conjecture 1.2 is proved in these cases (cf. Subsection 2.7).

From our motivation, we are rather interested in cases where there are an infinite number
of indecomposable objects up to shift, which are hard to classify, and form non-trivial moduli
spaces. For instance if £ < 0, then the stack (4) is either Calabi-Yau or of general type, and
it seems hopeless to construct og via classification of indecomposable objects. Our main result,
formulated as follows, contains such cases (cf. Propositions 5.2, 5.4, 5.10, 5.18, 5.26).
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TABLE 1. Possible types in Theorem 1.3

n ¢ (a1, - ,ap) d W X
4 0 (1,1,1,1) 4 zi+a23+25+2] K3 surface
4 0 (3,1,1,1) 6 z3+a5+af+a8 K3 surface
3 -1 (1,1,1) 4 r]+ x4+ 25 genus 3 curve
3 -1 (3,1,1) 6 23+ 2§ + 2§ genus 2 curve
2 -2 (1,1) 4 zl+ 73 4 points
2 -2 (3,1) 6 2?2 + 2§ 2 points
3 0 (1,1,1) 3 23+ a3+ 23 elliptic curve
3 0 (2,1,1) 4 2?2 + x4+ 235 elliptic curve
3 0 (3,2,1) 6 2?2 + 23+ 2§ elliptic curve
2 -1 (1,1) 3 o3 + 3 3 points
2 -1 (2,1) 4 2 + 15 2 points
2 -1 (3,2) 6 z} + 23 1 point

THEOREM 1.3. Conjecture 1.2 is true if n — 4 < € < 0 and the stack X defined by (4) does not
contain stacky points.

The assumption that X does not contain stacky points means that X is indeed a smooth
projective variety. The inequality n — 4 < € < 0 implies that X is contained in a Calabi—Yau
manifold of dimension less than or equal to two as a codimension —e complete intersection of
hyperplanes. These conditions are restrictive, and the possible types (a1, -, an,d, W, X) are
completely classified. The classification with n — & = 3,4 and W of Fermat type is given in
Table 1.

Our strategy for proving Theorem 1.3 is as follows: by Orlov’s theorem [Orl09], the condition
e < 0 allows us to describe HMF&"' (W) as a semi-orthogonal decomposition

HMF®# (W) = (C(~=1 —¢),--- ,C(0), v Do Coh(X)),

where ¥ is a fully faithful functor from D’ Coh(X) to HMF& (W), and C(i) is a certain excep-
tional object. We show that there is the heart of a bounded t-structure on HMF&" (W), given by
the extension closure
Aw = (C(=1 —¢),-+-,C(0), ¥ Coh(X))ex -

We describe the central charge Z¢ in terms of the generators of the heart Ay, and take a suitable
tilting Ag of Ay using the description of Zg. We then show that the pair (Z¢, Ag) determines
a stability condition o on HMF® (). It remains to show that og has a desired Gepner type
property, and we reduce it to showing the og-stability of certain objects in HMF&" ().

We show that the construction above works in the situation of Theorem 1.3. However, un-
fortunately, several case by case arguments are involved in the proof, and that prevents us from
constructing o beyond the cases in Theorem 1.3. For instance, they contain the proofs of the in-
equalities of numerical classes of certain objects in Ay, which are required in proving the axiom
of Bridgeland stability for (Zq,.Ag). They also contain checking the og-stability of some objects
in HMF®" (W), which we use to prove the Gepner type property of og. The arguments above are
in particular hard if the image of Zg is not discrete. In the situation of Theorem 1.3, fortunately,
the image of Zg is always discrete and that makes our situation technically rather amenable.
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For instance the image of Zg is not discrete if d = 5, and the case of (a1, az2,d) = (1,1,5) is not
included in Table 1. Such a case will be discussed in the paper [Tod13], since it involves a subtle
argument due to this non-discrete property.

In the list in Table 1, the case (n,e) = (3, —1) seems to be the most interesting case, since we
observe a new phenomenon relating graded matrix factorizations and coherent systems on the
smooth projective curve X. Recall that a coherent system on X consists of data

VeoOx =+ F

where F'is a coherent sheaf on X and V is a finite dimensional C-vector space. We show that the
heart Ay is equivalent to the abelian category of coherent systems on X. In the construction
of oq, we see that a Clifford type bound on the dimension of V is involved. Such a Clifford
type bound for semi-stable coherent systems was established by Lange-Newstead [LNO08], and
we apply their work. If X has a higher dimension, the conjectural construction of oo would
predict a higher dimensional analogue of Clifford type bound for semi-stable coherent systems.
In the case of a quintic surface, the details will be discussed in [Tod13].

1.5 Future directions for research

We believe that the work in this paper leads to several interesting directions for the future
research. We discuss some of them.

(i) Descriptions of og-semi-stable objects in terms of graded matrix factorizations.
As we discussed in the previous subsection, our construction of o relies on Orlov’s theorem, and
it is not intrinsic in terms of graded matrix factorizations. It would be an interesting problem to
see what kinds of graded matrix factorizations appear as og-semi-stable objects, and compare
them with the R-stability discussed in string theory [Wal05]. It may involve deeper understanding
of Orlov equivalence, and we are not even able to give a mathematically rigorous candidate of
the description of og purely in terms of graded matrix factorizations.

(ii) Constructing moduli spaces of og-semi-stable graded matrix factorizations.
It would be an important problem to construct moduli spaces of og-semi-stable graded matrix
factorizations, and study their properties. We expect that, using the argument of [Tod08], there
exist Artin stacks of finite type

Me(y) C ME(v), v € HHp(W)

which parameterize og-(semi-)stable graded matrix factorizations P® with ch(P®) = ~. Here
HHy(W) is the zeroth Hochschild homology group of HMF# (W), studied in [Dycl1], [PV11] and
[PV12]. On the other hand, we have the following vanishing for [P*] € ME(v):

2e

Hom'(P*®, P*) = 0, i>n—2—g.

This vanishing, which is proved in Lemma 2.18, is one of the important properties of Gepner type
stability conditions. Since the space Hom®(P*, P*) is responsible for the local deformation theory
of P*, the moduli space Mg () would have good local properties depending on n, d, €, for example
it is smooth if 4 > n — 2¢/d, has a perfect obstruction theory if 5 > n — 2¢/d. Such properties
would be important in constructing counting invariants of graded matrix factorizations, even in
a non-CY3 situation.

(iili) DT type invariants counting og-semi-stable graded matrix factorizations:
Suppose that HMF&' (W) is a CY3 category. If Conjecture 1.2 is true, then (ii) would imply the
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existence of invariants
DTg(y) € Q, ~ € HHo(W)
which count og-semi-stable matrix factorizations P® with ch(P®) = 7. These invariants may give

a DT analogue of Fan—Jarvis—Ruan—Witten theory [FJR07] in Gromov—Witten theory. Also, the
Gepner type property of o should yield an important identity

DTG’(’V) = DTG’(T*’Y) :

This identity, combined with Orlov’s equivalence and wall-crossing argument [JS12], [KS08], may
imply non-trivial constraints among the original sheaf counting DT invariants on X induced
by the autoequivalence STp, o ®Ox(1). If this works, then it realizes an analogue of Calabi-
Yau/Landau—Ginzburg correspondence in FJRW theory [CR10].

1.6 Plan of the paper

In Section 2, we introduce the notion of Gepner type stability conditions and propose a conjecture
on the existence of Gepner type stability conditions on the triangulated category HMF&" ().
We also discuss some examples of our conjecture, and their uniqueness. In Section 3, we con-
struct the heart Ay of a bounded t-structure on HMF# (W), and describe it in terms of quiver
representations or coherent systems. In Section 4, we explain how to compute the central charge
in terms of generators of Ay, and propose a general recipe for the construction of a Gepner type
stability condition. In Section 5, we prove Theorem 1.3 by applying the strategy in Section 4.

2. Gepner type stability conditions

In this section, we recall the definition of Bridgeland stability conditions on triangulated cate-
gories, group actions, and define the notion of Gepner type stability conditions. We then recall
Orlov’s triangulated categories of graded matrix factorizations, and discuss Gepner type stability
conditions on them.

2.1 Definitions

Let D be a triangulated category and let K (D) be its Grothendieck group. We first recall Bridge-
land’s definition of stability conditions on it.

DEFINITION 2.1 [Bri07]. A stability condition o on D consists of a pair (Z, {P(¢)}gcr)
Z:K(D)—C, P(p)cD (5)

where Z is a group homomorphism (called central charge) and P(¢) is a full subcategory (called
o-semi-stable objects with phase ¢) satisfying the following conditions:

— For 0 # E € P(¢), we have Z(E) € Rxgexp(yv/—17¢).

— For all ¢ € R, we have P(¢ + 1) = P(¢)[1].

— For ¢1 > ¢2 and E; € P(¢;), we have Hom(E, Ey) = 0.

— For each 0 # F € D, there is a collection of distinguished triangles

Ei_1—>Ei—>E—>Ei_1[l], EN:E, E():O
with F; € ’P((ﬁl) and ¢1 > o > -+ > on.

The full subcategory P(¢) C D is shown to be an abelian category, and its simple objects
are called o-stable. In [Bri07], Bridgeland shows that there is a natural topology on the set of
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‘good’ stability conditions Stab(D), and each of its connected components has the structure of
a complex manifold.

Remark 2.2. The ‘good’ conditions above are called the ‘numerical property’ and the ‘support
property’ in the literature. Although these properties are important in considering the space
Stab(D), we omit the details since we focus on the construction of one specific stability condition.

Let Aut(D) be the group of autoequivalences on D. There is a left Aut(D)-action on the set
of stability conditions on D. For ® € Aut(D), it acts on the pair (5) as follows:

©.(Z,{P(0)}ger) = (Z 0 271, {2(P(6))}per) -
There is also a right C-action on the set of stability conditions on D. For A € C, its acts on the

pair (5) as follows:

(ZAP(@)}oer) - (V) = (V™ Z{P(¢ + Re N} ger)
The notion of Gepner type stability conditions is defined in terms of these group actions.

DEFINITION 2.3. A stability condition ¢ on a triangulated category D is called of Gepner type
with respect to (P, \) € Aut(D) x C if the following condition holds:

b.o=0-(N). (6)
Here we give some trivial examples:
Ezample 2.4. (i) For k € Z, any stability condition ¢ on a triangulated category D is of Gepner
type with respect to ([k], k).
(ii) Let A be an abelian category and let Z be a group homomorphism
Z:K(A) —=C
such that Z(A\ {0}) is contained in RspeV =1 for some 6 € R. We set P(¢) for ¢ € [0,0 + 1)
to be
PO)=A, P(o)={0}ifp e (0,0+1).
Other P(¢) are determined by the rule P(¢+1) = P(4)[1]. Let ® be an autoequivalence of D’(A)

which preserves A and Z. Then the pair (Z, {P(¢)}4cr) is a Gepner type stability condition on
D*(A) with respect to (®,0).

Remark 2.5. A Gepner type stability conditions as in Example (ii) appears at a point in the space
of stability conditions on X = wp2 studied by [BM11]. Such a point corresponds to the orbifold
point in the stringy Kéhler moduli space of X, and A is the abelian category of representations
of a McKay quiver. The autoequivalence ® is given by

o = ST(Q]P)2 o Ox(l)
which induces the automorphism of the McKay quiver.

As we will see, there will be more interesting examples of Gepner type stability conditions
on triangulated categories of graded matrix factorization.

2.2 Triangulated categories of graded matrix factorizations

Here we recall Orlov’s construction of triangulated categories of graded matrix factorizations
[Orl09]. Let A be a weighted graded polynomial ring

A:=Clxy, 22, - 2y, degwz; = a; (7)
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and let W € A be a homogeneous element of degree d. Throughout this paper, we always assume
that a; > as > --- > ay, and (W = 0) C C™ has an isolated singularity at the origin. For a
graded A-module P, we denote by P; its degree i-part, and let P(k) be the graded A-module
whose grade is shifted by k; that is, P(k); = Piix.

DEFINITION 2.6. A graded matrix factorization of W consists of data
0 1
PO E pL 2, pO(g) (8)

where P? are graded free A-modules of finite rank, p’ are homomorphisms of graded A-modules,
satisfying the following conditions:

plop’ =W, p’(d)op'=-W.

The category HMF8&" (W) is defined to be the homotopy category of graded matrix factoriza-
tions of W. Its objects consist of data (8), and the set of morphisms are given by the commutative
diagrams of graded A-modules

p° p
PY——= pl——~ POq)

PR
0 1

Q—=Q'—> Q)
modulo null-homotopic morphisms: this diagram is null-homotopic if there are homomorphisms
of graded A-modules
h': PP — Q' (=d), n':P'—Q°
satisfying
fP=d'(—=d)oh® +htop®, fl=¢"on! +n%d)op".
The category HMF# (W) has the structure of a triangulated category. The shift functor [1] sends
data (8) to
PL R po() Y play
and the distinguished triangles are defined via the usual mapping cone constructions. The grade
shift functor P* — P*(1) induces the autoequivalence 7 of HMF& (W) which satisfies the follow-
ing identity:
7 =12]. (9)
There is also a Serre functor Sy on HMF®' (W), described by 7, n and the Gorenstein index .
The number ¢ is defined as
n
€= Z a; —d € 7.
i=1

The Serre functor Sy on HMF® (W) is given by (see, for instance, [KST09, Theorem 3.8])
Sw =1 °n-2]. (10)

This description of the Serre functor will be used later in this paper.

2.3 Relation to the triangulated categories of singularities

The triangulated category HMF®' (W) is known to be equivalent to the derived category of
singularities of the hypersurface singularity (W = 0) C C™. This equivalence is often useful in
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doing certain computations of matrix factorizations.

Let R be the graded ring R = A/(W) and let gr-R be the abelian category of finitely generated
graded R-modules. We denote by D?(grproj-R) the subcategory of D®(gr-R) consisting of perfect
complexes of R-modules. The triangulated category of singularities is defined to be the quotient
category

T . b b :
D§(R) := D’(gr-R)/ D (grproj-R) .
The following result is proved in [Orl09].

THEOREM 2.7 [Orl09, Theorem 3.10]. There is an equivalence of triangulated categories
Cok: HMF&" (W) = D5 (R) (11)

sending a matrix factorization (8) to the cokernel of p°.

The cokernel of p° is easily checked to be annihilated by W, so it is an R-module. Obviously,
the equivalence (11) commutes with grade shift functors on both sides, so we use the same
notation 7 for the grade shift functor on D§;(R).

Let
m=(x1, - ,zp) CR (12)
be the maximal ideal and set the graded R-module C(j) to be (R/m)(j). The graded R-module
C(j) determines an object in D§(R). The matrix factorization given by

Cok™(C(j)) € HMF& (W)

plays an important role. By [Dycl1, Corollary 2.7], it is given by the matrix factorization of the
form

2k+1 o 2k
B N\ m/m? e A(dk +5) 5 P \m/m* @ A(dk + 5) (13)
k=0 k>0
L 2k+1
5 N\ m/m® e Aldk + k + j).
k>0

We omit the descriptions of these morphisms p°, p!, as we will not use them. By an abuse of
notation, we leave out Cok™! and denote by C(j) the matrix factorization given by (13).

2.4 Conjecture on the existence of Gepner type stability condition

We are interested in constructing a natural stability condition on HMF#&" (V). We require that
such a stability condition be preserved under the grade shift functor 7 in some sense. The
following might be an analogous property for the classical H-Gieseker stability on a polarized
variety (X, H): H-Gieseker semi-stable sheaves are preserved under ® Ox(H). Because of the
identity (9), the expected stability condition is not exactly preserved by 7 but the phases of
semi-stable objects should be shifted by 2/d. This is nothing but the Gepner type property with
respect to (7,2/d).

There is a natural construction of a central charge Zg which might give a desired stability
condition, and has already appeared in some articles [KSTO07], [Tak05], [Wal05]. For a graded
matrix factorization (8), its image under Zg is symbolically defined by

str(e2™V=1/d. p* 5 p*). (14)
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Here the 2™ ~1/d_action is given by the C*-action on P*® induced by the Z-grading on each P?,
and the ‘str’ means the super trace of the 2™V =1/d_action which respects the Z/27-grading of
P* = P @ P'. More precisely, since P? are free A-modules of finite rank, they are written as

m
Pt @A(ni,j)a ni; € 4.
j=1

Then (14) can be written as
m
Z (62n07j7r\/jl/d B einyjﬂ\/jl/d) ]

Jj=1

Ezample 2.8. Let C(0) be the matrix factorization given by (13) for j = 0. By the definition
of Z¢, we have

Z6(C(0))= Zefmm\/jl/d + Z e~ 2(aiy taiytaig)my/=T/d |

=1 11 <12<13

1 Z efQ(ailJraiQ)Tr\/jl/d B Z

11 <i9 11<i9<13<14
n
_ H (1 _ 672aj71'\/jl/d) £0.
j=1

It is easy to check that (14) descends to a group homomorphism
Zg: K(HMF&"(W)) — C.

Indeed, Zg is one of the components of the Chern character map of HMF&" (W) constructed
in [PV12] (cf. Remark 2.16). As we stated in the introduction, we propose the following conjec-
ture.

CONJECTURE 2.9. There is a Gepner type stability condition
oq = (Zg, {Pg(¢)}¢eR) € Stab(HMF® (1))
with respect to (7,2/d), where Zg is given by (14).

Note that the central charge Zg satisfies the condition (6) with respect to (7,2/d) by con-
struction. The problem is to construct full subcategories Pg(¢) € HMFS' (W) satisfying the
desired property.

Remark 2.10. The image of Zg is contained in Z[e%ﬁ/ ). which may or may not be discrete
depending on d. For instance, it is discrete if d = 3,4, 6, but not so if d = 5.

2.5 The case n =1

As a toy example of Conjecture 2.9, let us consider the case n = 1; that is,
W =2%ecClz], degzr=a.

The case a = 1 is worked out in [Tak05]. In this case, the triangulated category HMF® (W) is
equivalent to the derived category of the path algebra of the Dynkin quiver of type Ag_1. As a
result, we have a complete classification of indecomposable objects in HMF# (W), given by

Qi = {A(j B A AG -1t d)}
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for 1 <1< d—1andj e Z. Note that @;1 coincides with C(j) given by (13). We set ¢(Q;,;) € Q
to be

1 1 25

HQj1) =—5 -5+

For ¢ € R, we define Pg(¢) C HMF#& (W) to be the subcategory consisting of direct sums of ob-
jects Q;; with ¢(Q;;) = ¢. Then Takahashi [Tak05] shows that the pair o = (Zg, {Pc(®)}ser)
is a desired stability condition in Conjecture 2.9. The case a > 1 follows from the following
lemma.

LEMMA 2.11. Let A be the graded ring (7), let a € Z=1 be the greatest common divisor of
(a1,--- ,ay), and set a; = a;/a. Let A’ be the graded ring defined by

/ ot / / l
A :(C[:Ela:f%"',xn]’ degxi:ai'

Given a homogeneous element W € A of degree d, we regard it as a homogeneous element
W' € A" of degree d' = d/a by the identification x; = z. Then if Conjecture 2.9 holds for
W' e A, it also holds for W € A.

Proof. There is an obvious fully-faithful functor of triangulated categories
i: FIMF® (W) — HMF® (V)
by multiplying each grading of A’-modules which appears on the left-hand side by a. If 7/ is the
grade shift on HMF&" (W) and Z, is the central charge (14) for HMF® (W’), we have
toi=1io7, Zgoi=Z. (15)
Also note that if there is a non-zero morphism of graded A-modules A(m) — A(n), then m —n
is divisible by a. This implies that HMF®&" (W) has the following orthogonal decomposition:
((HMF® (W) , 7iHMFE (W) , - -, 7% LHMEFE (7)) (16)
Suppose that (Z(, {PL(9)}cr) is a Gepner type stability condition on HMF®" (W) with respect
to (7/,2/d"). We set Pg(¢) as follows:

a—1 .
Po(6) = L D@ Qe P (0- %)

§=0
By (15) and (16), it is easy to check that (Zg, {Pq(¢)}eecr) is a Gepner type stability condition
on HMF®' (W) with respect to (7,2/d). O
Combining this with the argument for n = a; = 1, we obtain the following corollary.

COROLLARY 2.12. Conjecture 2.9 is true if n = 1.

2.6 Remarks for the case n =2

We discuss Conjecture 2.9 in some more cases with small n. By Corollary 2.12, the next interesting
case is n = 2. In this case, the problem is trivial when ¢ > 0. Indeed it is easy to check that

HMF& (W) = {0}, n=2¢>0

by using the equivalence (11). On the other hand, the triangulated category HMF&" (W) is non-
trivial when € = 0. In this case, by applying a coordinate change if necessary, we may assume
that

W =x129 € C[SL‘l,SL‘Q]
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with a; and ao coprime by Lemma 2.11. Similarly to the case n = 1, it turns out that there are
only a finite number of indecomposable objects up to shift in HMF#"(1W). They consist of the
objects

where C(j) is given by (13). Furthermore, the indecomposable objects are mutually orthogonal.
This fact can be easily checked, for instance using Orlov’s theorem [Orl09], as given in Example 3.4

below. A desired stability condition o in Conjecture 2.9 is constructed as follows: we first choose

#o € R so that Zg(C(0)) € R-ge2™% and set
: _ 2j
H(CUK]) = do+k+ —— .

We define Pg(¢) to be the subcategory consisting of direct sums of indecomposable objects with
¢(*) = ¢. Then by the argument above, 0 = (Zg, {Pc(¢) }scr) gives a desired stability condition.
As a summary, we have the following.

ProposiTION 2.13. Conjecture 2.9 is true if n = 2 and € > 0.

The situation drastically changes when n = 2 and € < 0. For instance, let us consider the
case
W =2+ 2% € Clzy, 0], degz;=1, d>3.
Even in such a simple case, Conjecture 2.9 does not seem obvious, and requires a deep under-

standing of the category HMF®" (WW). This case is treated in this paper when d < 4. The d =5
case will be studied in [Tod13].

2.7 Remarks for the case n =3

Suppose n = 3 and £ > 0, the case studied by Kajiura-Saito-Takahashi [KSTO07]. In this case, W
is classified into the following ADE types [Sai87]:

x179 + 25 A (1=1)

o3 +ades+ a2t Dy (1> 4)
W(x1,x2,23) = 22 + 23 + 23 Eg

o3 + 235 + o7 Ly

o3+ a3 + 23 Eg.

Furthermore, the triangulated category HMF#" (V) is equivalent to the derived category of quiver
representations of a Dynkin quiver of the corresponding ADE type. As a result, the category
HMF®' (W) is shown to have only a finite number of indecomposable objects up to shift, which
are completely classified. Similarly to the case n = 1 (which is also interpreted as an A;-case in
the n = 3, ¢ > 0 list given above, by Knorrer periodicity [Kno87]) they assign phases to classified
indecomposable objects, and prove the following result.

THEOREM 2.14 [KST07, Theorem 4.2]. Conjecture 2.9 is true if n = 3 and € > 0.

Conjecture 2.9 in the case n = 3 and € < 0 is not obvious, and a part of this case is treated
later in this paper.

2.8 Uniqueness of the central charge

It is a natural question whether the Gepner type property uniquely characterizes og or not in
some sense. For the central charge, it is true: Zg is characterized by the Gepner type property
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with respect to (7,2/d) up to scalar multiplication. Indeed we are only interested in central
charges which factor through the Chern character map

ch: HMF® (W) — HHo(W) .

The right-hand side is the Hochschild homology group of HMF®&" (W), or more precisely of its dg
enhancement. A general theory on Hochschild homology groups and Chern character maps on
HMF®" (W) is available in [Dycl1], [PV11], [PV12].

Because K (HMF®" (1)) is not finitely generated in general, it would be more natural to define
the set of central charges on HMF8" (W) as the dual space HHo(W)V, rather than the original
one in Definition 2.1. On the other hand, the autoequivalence 7 on HMF® (W) defines the linear
isomorphism

7. HH, (W) 5 HH,(W).
This isomorphism induces the isomorphism 7,” on the space of central charges HHy(W)V. The
Gepner type property requires the central charge, regarded as an element in HHo(W)V, to be an

eigenvector with respect to 7.7, with eigenvalue 2™V ~1/4. The lemma below shows that such an
eigenspace is one-dimensional.

LEMMA 2.15. The eigenspace of the T.-action on HH,(W') with eigenvalue et2mV=1/d g ope-
dimensional, and contained in HHo(W).

Proof. We consider the G := pg-action on C", given by

e?wm/d x1, ) = (eQale?l/dxl’ L ,eQa"W\/?l/dl‘n) ]
By [PV11, Theorem 2.6.1 (i)], HH.(W) is given by
HH. (W) = @D H(CZ, W,)¢ . (17)
veG

Here H(C™, W) is defined by
H(C" W) := (Clz1, - ,xn)/( Oy W, -+, 05, W))day A+ Ndxy,
and the space H((C;L, W) is given by applying the construction above for
Cl:={zeC":y(z) =z}, Wy:=Wlcn.

Since 7%¢ = [2] on HMF& (W), we have 7*¢ = id on HH,(W). This implies that 7, generates a
Z]dZ-action on HH,(W). By [PV11, Theorem 2.6.1 (ii)], decomposition (17) coincides with the
character decomposition of HH, (W) with respect to this Z/dZ-action. Therefore, noting that
Clsnv=r/a = {0}, the desired eigenspace is one dimensional by

H<(C2i2w\/f1/d 7Wei2ﬁ¢?1/d) =C.
By the grading of HH,(W) given in [PV11, Theorem 2.6.1], this eigenspace is contained in
HHo (W). 0

Remark 2.16. For E € HMF# (W), the v = €2™V~1/?_component of ch(E) in the decomposition
(17) coincides with the central charge Zg defined by (14) (cf. [PV12, Theorem 3.3.3]). In partic-
ular, Z¢ is given by an element in HHy ()", which gives a basis of the eigenspace of 7,”-action
with eigenvalue e2mvV=1/d,

Remark 2.17. Obviously, the set of Gepner type stability conditions with respect to (7,2/d) is
preserved under the natural right action of C on Stab(HMF®'(W)). By Bridgeland’s deformation
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result [Bri07, Theorem 7.1], Lemma 2.15 implies that the set of such stability conditions forms
a discrete subset in the quotient space Stab(HMF#" (1)) /C.

2.9 Uniqueness of o¢

There are some cases in which not only Zg but also og is characterized by the Gepner type
property. At least this is the case when all the indecomposable objects should become semi-
stable. We first note the following lemma, which is an important property of Gepner type stability
conditions.

LEMMA 2.18. Suppose that W € A satisfies Conjecture 2.9 and og = (Zg,{Pq(¢)}scr) Iis a
Gepner type stability condition with respect to (1,2/d). For ¢; € R with i = 1,2 and k € Z,
suppose that the following inequality holds:

b1>do+n—k—2-=. (18)

Then for any F; € Pa(é;), we have Hom*(Fy, F1) = 0.
Proof. By the Serre functor given by (10), we have the isomorphism

Hom(F, F1[k]) = Hom(Fy, 775 (Fy)[n — k —2]). (19)
By the Gepner type property with respect to (7,2/d), we have
2
T ¢ (Fy)[n—k—2] € Pg <¢2+n—k:—2—d€>.
By inequality (18), the phase of Fj is bigger than that of this object, hence the right-hand side
of (19) vanishes. m
Using the above lemma, we show the following proposition:
PROPOSITION 2.19. In the situation of Lemma 2.18, suppose that
(n—3)d < 2. (20)

Then all the other stability conditions satisfying the conditions in Conjecture 2.9 are obtained
as [2m|.oq for m € Z.

Proof. Let us take F; € Pg(¢;), i = 1,2 with ¢; > ¢2. Then Lemma 2.18 and assumption
(20) show that Hom!(Fy, F;) = 0. This implies that any object in HMF& (W) whose Harder—
Narasimhan factors are Fj, F5 decomposes into the direct sum of F; and F5. Repeating this
argument, any object £ € HMF# (W) decomposes into the direct sum of og-semi-stable objects.
In particular, any non-zero indecomposable object E € HMF&' (W) is og-semi-stable. Its phase
is denoted by ¢g.

Let us fix a non-zero indecomposable object M € HMF&"(IW). By the result of [BFK12,
Theorem 5.16], the objects 7¢(M),0 < i < d — 1 generate the triangulated category HMFS8" (W).
Therefore for any non-zero indecomposable object £ € HMF# (W), there are 0 <7 < d—1 and
j € Z such that Hom(E, 7/(M)[j]) # 0. This implies that

. 23
O <Jj+om+ —.

d
Also by the Serre functor (10), we have Hom(7¢(M)[j], Sw (E)) # 0, which implies that
21 2
JHeM—n+2+ 2+ = <dp.
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Combining this with the assumption (20), we obtain

. 23 . 23
OE € ]+¢M+E—17]+¢M+E . (21)

Now suppose that oy, is another stability condition which satisfies the condition in Conjecture 2.9.
Then there is an m € Z such that the phase of M with respect to [—2m].o, coincides with ¢;.
If ¢, is the phase of the indecomposable object E with respect to [—2m].o(,, then ¢, is also
contained in the right-hand side of (21). Since both of the central charges of o and [—2m].o¢,
are the same Zg, it follows that ¢, = ¢p. Therefore oy, = [2m].o¢ follows. O

The proof of Proposition 2.19 immediately implies the following.

COROLLARY 2.20. In the situation of Proposition 2.19, there is a function ¢(*) from the set of
indecomposable objects in HMF&" (W) to real numbers such that Pg(¢) consists of direct sums
of indecomposable objects E with ¢(E) = ¢.

Remark 2.21. Inequality (20) is satisfied in the cases of Corollary 2.12, Theorem 2.13 and The-
orem 2.14. In the list in Table 1, it is satisfied except for (n,e) = (4,0) and (3, —1).

Remark 2.22. If we believe Conjecture 2.9, the proof of Proposition 2.19 predicts that Zg(E) # 0
for any non-zero indecomposable object £ € HMF®' (W) as long as inequality (20) is satisfied.
This seems to be not an obvious property of graded matrix factorizations.

3. T-structures on triangulated categories of graded matrix factorizations

In this section, we construct and study the hearts of bounded t-structures on HMF8&" (1), via
Orlov’s theorem relating HMF®' (W) with the derived category of coherent sheaves on (W = 0).
In what follows, we use the same notation in the previous section.

3.1 Orlov’s theorem

In [Orl09], Orlov proves his famous theorem relating the triangulated category HMF&"' (W) to
the derived category of coherent sheaves on the Deligne-Mumford stack

X :=(W=0)CP(ar, - ,an). (22)
Using the notation in Subsection 2.3, Orlov’s theorem is stated in the following way.
THEOREM 3.1 [Orl09, Theorem 2.5]. (i) If ¢ > 0, there is a fully faithful functor

®;: HMF& (W) — D° Coh(X)
such that we have the semi-orthogonal decomposition

Db Coh(X) = (Ox(—i—e+1),---,0x(—i), &;HMF& (W)) .
(ii) If £ < 0, there is a fully faithful functor

W,;: D’ Coh(X) — HMF& (W)

such that we have the semi-orthogonal decomposition
HMFS (W) = (C(—i —¢€),--- ,C(—i + 1), ¥;D° Coh(X)). (23)

In particular, V; is an equivalence if € = 0.
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In this paper we deal with the case ¢ < 0, so we only explain the construction of ;. It is the
composition of the following functors:

W;: DY Coh(X) %8 Db(er-R) 5 DE(R) “% " HMFE (W), (24)

where Cok ™! is the inverse of (11), 7 is the natural projection and Rw; is defined by
Ruw;(E) := @GR Homo, (Ox, E(j)) . (25)
Jjzi
The functor V¥, is not compatible with grade shift functors. If € = 0, that is, X is a Calabi—Yau
stack, then their difference is described by a Seidel-Thomas twist functor [ST01] on D? Coh(X)

STE(x) := Cone (RHomp, (E,*) @ E — *)

for a spherical object E € D? Coh(X), for example a line bundle. The following result is suggested
by Kontsevich and proved in [BFK12].

ProposITION 3.2 [BFK12, Proposition 5.8]. If ¢ = 0, the following diagram commutes:

DV Coh(X) —2* = HMF& (W)

" y

D Coh(X) —Yi HMF® (W).

Here F; :=STo, (—it1)0® Ox(1).

Remark 3.3. In [BFK12, Proposition 5.8], a comparison result similar to Proposition 3.2 is also
obtained for € # 0. We only mention the case ¢ = 0 since we only use the result in this case.

Ezxample 3.4. Let us consider the case n = 2 and € = 0. In the same situation as in Subsection 2.6,
we have

X = [pt/Zq,] H [Pt/ Za,) -
Here Z,, := Z/a;Z acts on the smooth one-point pt trivially, and [*/*] means the quotient stack.
Therefore we have the orthogonal decomposition

Db COh(X) = <‘/v107 . ,Vlal_l, V20’ . ,V2a2_1>
for one-dimensional Z,,-representations V;/ with weight j. By Proposition 3.2, the equivalence
U, identifies 7 on HMF# (W) with F; = STo, o ® Ox(1). The equivalence F; transforms Vz’] in
the following way:
Vloi—>V11 — ""—>V1a171|—>
= VR[] e Vi ] = VP

In particular, HMF®& (W) has the description stated in Subsection 2.6.

3.2 Construction of t-structures

In this subsection, we construct the hearts of bounded t-structures on HMF#& (W) when ¢ < 0.
We introduce the following notation: for a triangulated category D and a set of objects S C D, we
denote by (S)ex the extension closure of S; that is, the smallest extension-closed subcategory of D
which contains objects in §. The constructions of our hearts are based on the semi-orthogonal
decomposition (23) and the following well-known fact.
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LEMMA 3.5. Let D be a triangulated category and let
D= <DN7 aD27D1>

be a semi-orthogonal decomposition. Suppose that C; C D; are hearts of bounded t-structures
satisfying Hom<(C;,C;) = 0 for j > i. Then there is a bounded t-structure on D whose heart C
is given by (C; : 1 < i < N)ex.

Proof. The result is obviously reduced to the case N = 2, which is proved in [CP10, Lemma 2.1].
O

Remark 3.6. In the situation of Lemma 3.5, any object ¥ € C admits a filtration
0=EyCE,C---CENy=F
such that F;/F;_ is an object in C;.

Remark 3.7. If the abelian category C; is generated by an exceptional object F; € C;, then the
heart C is the extension closure (Fi,---, F})ex. In this case, the sequence (Fy,--- , Fy, F1) is
called an ext-exceptional collection.

We have the following proposition.

PropoOSITION 3.8. Suppose that € < 0. For each i € Z, there is a bounded t-structure on
HMF®" (W) whose heart A; is given by

A = (C(=i =€), ,C(—i + 1), ¥; Coh(X))ex .

Proof. By following Orlov’s argument in [Orl09, Theorem 2.5], we see the following: there is an
admissible subcategory 7; C D®(gr-R) with a semi-orthogonal decomposition

Ti = (C(—i—¢),-- ,C(—i+ 1), Rw; D’ Coh(X)) (26)
and an equivalence
T; = HMF& (W)

which identifies the semi-orthogonal decomposition (26) with the right-hand side of (23). Here
Ruw; is the functor defined by (25). Therefore by Lemma 3.5, it is enough to show that

HomZ,1(C(j),C(j") = 0 (27)
Hom;(_)R((C(j), Rw; Coh(X)) =0 (28)

for 4,5 € [—i +1,—i — €] with j/ < j. Assertion (27) is obvious since C(j) is a simple object
in the heart gr-R C D%(gr-R). As for assertion (28), since we have Rw;(F) € D>%(gr-R) for
F € Coh(X), it follows that

Homy(C(7), Russ(F)) = HomZ!(C(7), () 2

Here w;(F') € gr-R is the zeroth cohomology of Rw;(F'). Since w;(F) € gr-R is concentrated in
the degree > i parts, and C(j) is in the degree < i parts, the vector space (29) vanishes. O

In what follows, we always assume that ¢ < 0. We only focus on the case i = 1 in the
proposition above.

DEFINITION 3.9. Suppose that ¢ < 0. We define Ay := A; and ¥ := Wy; that is,
Aw = (C(=1—¢),--- ,C(0), ¥ Coh(X))ex - (30)
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3.3 Description of certain objects in Ay,

This subsection is devoted to investigating some objects in Ay, which will be used later. By
definition, we call a closed point x € X stacky if the stabilizer group at x is non-trivial. Let us
describe ¥(O,) for a non-stacky point € X. Note that X is a closed substack

X clc\{op)/cT,

where C* acts on C" via weight (a1, - ,a,). Hence € X is represented by a point (p1,--- ,pn) €
C". We define the graded R-module M (z) to be

)
M(z) := @ Ce;, (31)
j=1
where e; is concentrated in degree j, and the action of z; sends e; to p;e;iq,. Obviously, if x € X
is non-stacky, then Rw;(O;) is a graded R-module and isomorphic to M (z). The object ¥(O,)
is obtained by applying the inverse Cok™! of (11) to M(x), after regarding it as an object in
D& (R). Using this description, we have the following lemma.

LEMMA 3.10. For any non-stacky point x € X, we have the exact sequence in Ay
0—9(0;) - 1Y(0,) - C(0) = 0. (32)
Proof. The result obviously follows from the following exact sequence as graded R-modules
0— M(x) = M(x)(1) = C(0) = 0. O
Next, let us consider the following object
C(—¢) € HMF&(W).
This object is described in terms of the generators of Ayp,. We have the following lemma.
LeMMA 3.11. We have C(—¢)[—1] € Ay . Furthermore, there is a filtration in Ay
0OCE CEyC---CE_1_.=C(—¢)[—1]
such that the following holds for 0 < i < —1—¢
E_1=2V¥(wx), E/E_1=C()®R_ji_..
Proof. Let m C R be the maximal ideal (12). We have the exact sequence
0 — m(—¢) - R(—¢) - C(—¢) —» 0

in gr-R which implies C(—¢)[—1] & m(—¢) in D5 (R). Let m>; C m be the ideal generated by
monomials with degree greater than or equal to i. We have the following filtration in gr-R:

M1 CTMz_c C--- CMz2CTMx1p =M (33)
such that the following holds:
(mzj/mzjy1) (—e) C(—j—e)®Rj, 1<j< €.

Therefore it is enough to show that m>;_.(—¢) is isomorphic to Rw;(wx) in gr-R. Since wx =
Ox(—¢) and H*(X,wx(j)) =0 for k # 0 and j > 1, we have

Rwi (wx) & @HO(X, Ox(—e+17)).

Jj=1

Obviously, the right-hand side is isomorphic to m>j_.(—¢) as a graded R-module. O
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The lemma above can be applied to carry out computations on the left adjoint of ¥, denoted
by
Ul HMF® (W) — D® Coh(X) .
We have the following lemma.

LEMMA 3.12. The object U*(C(0)) is isomorphic to Ox[1].

Proof. Let W% be the right adjoint of ¥. Note that WX and WF are related by
wl :é’;(1 o Ul o Sy,
where Sy = @wx[n — 2] is the Serre functor of D Coh(X). By (10), we have
WE(C(0) = Sy 0 WH(C(~¢))[n — 2]

~ 53t (wx 1) — 2)

= Ox|[1].
Here the second isomorphism follows from Lemma 3.11. O
Remark 3.13. By this lemma, it follows that

HOmI];IMFgr(W) (C(0),¥(0,)) = Homy (Ox,0,),

which is one-dimensional for = € X. Since 7¥(0O,) is indecomposable, the exact sequence (32) is
a unique non-trivial extension.

Remark 3.14. For F' € Coh(X), suppose that Rw; (F') is a graded R-module. Then Lemma 3.12
and the argument in Proposition 3.8 imply

Exty, z(C(0), Rwi(F)) = H°(X, F).
For u € H°(X, F), we have the corresponding extension in gr-R
0 — Rwy(F) —» M, — C(0) —» 0.

The graded R-module M, is described in the following way: as a graded C-vector space, it is the
direct sum C(0) @ Rwi (F), and the action of z; € R sends 1 € C(0) to u - z; € H°(X, F(1)).

3.4 Description of Ay, via quiver representations
In this subsection, we assume that n = 2 and describe the heart Ay in terms of certain quiver rep-
resentations. In this case, X is a smooth zero-dimensional Deligne-Mumford stack, and Coh(X)
is generated by mutually orthogonal exceptional objects. Therefore by (30), the abelian category
Aw is the extension closure of an ext-exceptional collection. We first compute other Hom groups
between these exceptional objects, and then describe Ay via the ext-quivers with relations.
For a technical reason, we assume that X does not contain stacky points, so it consists of a
finite number of smooth points. Then, after applying a coordinate change if necessary, W can be
written as

W =z W7 + 2o.Wy

for some homogeneous elements W; € A such that z; and x5 do not divide W5 and W7y, respec-
tively. The heart Ay is described in the following way:

Aw = (C(d—ar —as — 1), ,C(0), T(Op) : 7 € X)ex .

Below we calculate the Hom groups between these generators.
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LEMMA 3.15. For 0 < j < d — a; — ag, we have the following:

. RY, (i,7) = (1,a1),(1,a2)
Homjyyper 4y (C(5), C(0)) = § Ry, (i,4) = (2,a1 + a2) (34)
0, otherwise.

Moreover, the natural map
Hom®(C(a1 +a2),C(0))" = €D  Hom'(C(j),C(0)Y ® Hom' (C(j +j),C(j"))"  (35)
J.i'€{ar,a2}

sends 1 € Ry to x1 ® 9 — x2 ® x1 under the isomorphism (34).

Proof. By the same argument as for Proposition 3.8, we have

Homigyrper 17y (C(4), C(0)) == Excty, r(C(5), C(0)) . (36)
Then (34) is easily obtained by computing the right-hand side of (36) using the resolution
- = R(—aj — A)BR(—as — d) ™ R(—d) ® R(—a1 — as) (37)
" R(—a1) @ R(—az) 5 R — €(0) > 0.

Here h and I/ are given by matrices:

_ Wi —x9 ’r X1 To
h_(W2 371)’ h_<—W2 W1>' (38)

Next, we consider the map (35). We write W7, Wy as
Wi =1 Wit + 2aWha, Wo =21 War + 22Way

for homogeneous elements Wy ; € A. Let z) € R(\{k be the dual basis of z;, € R,,. We regard
them as elements of the right-hand side of (36) for (i,7) = (1,ax). Then xy is represented by the
morphism of complexes

R(ar — d) ® R(—as) "“> R(0) ® R(a1 — as) — R(ay)

| NN

R(—a1) ® R(—az2) R(0) 0.

(z1,32)

Similarly, 3 is represented by

R(as — d) & R(—a1) "> R(as — a1) & R(0) — R(ap)

! 4

R(—a1) & R(—ag) 1) R(0) 0.

Here 7; are projections onto the ith factor, and the g; are given by matrices:

_ Wll 0 o W21 1
The image of zy @z by the dual of (35) is computed by composing these morphisms of complexes.
By restricting the map 75 0 g1(a2) to the second component of R(aq + as —d) @ R(0), we see that

zy ® xy is mapped to —1Y, where 1V is the dual basis of 1 € Ry. Similarly, x} ® zy is mapped
to 1V. By dualizing, we obtain the result. O
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Remark 3.16. By (34) and (36), an element u € R, determines the extension
0— C(0) - M, — C(a;) =0

in gr-R. The graded R-module M,, is isomorphic to C(0) & C(a;) as a graded C-vector space, and
the action of x; is given by sending 1 € C(0) to u(z;) € C(a;).

Next, we compute the Hom groups between C(j) and ¥(0O,) for closed points = € X. Let
M (z) be the graded R-module defined by (31). We have the following lemma.

LEMMA 3.17. Suppose 0 < j < d—aj —az, and that x € X is represented by (p1, p2) € C2. Then
we have
A Cuj, i=1,j€[0,a2)
Hompyyper (1) (C(J), ¥(Oz)) = ¢ Cuj, i=2,j € [ar,a1 + az) (39)
0, otherwise.

Here u; and v; are regarded as elements
Uj = pre—jia, D P2e—jray € M(T)—jya, ® M(T)—j+ta,
Vj = ve_jyd D e—jiar+ag € M(2)—jtd © M(T)—jtar+as -
where v := Wa(p1,p2)/p1 = —Wi(p1,p2)/pe2. If j € [a1,a1 + a2), the natural map
Hom?(C(j), ¥(0.))Y - €  Hom'(C(j),C(;))” ® Hom(C(j), ¥(O.))Y  (40)
Jj'€{j—a1,j—az}

sends the dual basis v to pax1 ®@uj_, —piza ®uj_,, under the isomorphisms (34), (39). (Here

\/ _ . .
we set u;_, =0 ifj—a; >a.)

a2

Proof. Similarly to the proof of Lemma 3.15, we have the isomorphism
Homgpy s (1) (C(5), ¥(Ox)) = Excty 5 (C(j), M (2)) . (41)

Applying Homg,_g(*, M (x)(—7)) to the exact sequence (37), the right-hand side of (41) is com-
puted by the ith cohomology group of the following complex:

0= M(x)—; P M(2)_jray ® M(2)_j4a, (42)
th ,
MQ) M(l')fjer S M(w)—j+a1+a2
th/
P M () arar ® M(2)jaray = - -

Here h(p1,p2), W (p1,p2) are the substitution of (x1,22) = (p1,p2) in the matrices (38). Then
(39) easily follows by noting that all non-zero maps in the complex (42) are of rank one. The

image of v;-/ by the map (40) is computed similarly to (35), so we omit the details. O
These computations enable us to describe Ay in terms of quiver representations with rela-
tions. Here we only discuss the case a; = az = 1. Recall that for a set of objects (Fi, - - - , Fa, F1),
the ext-quiver Q(F,) is defined as follows: the set of vertices is
{1,2,---,N}

and the number of edges from j to 7’ is the dimension of Extl(Fj, Fjy), which we identify with a
basis of Extl(Fj, Fj/)v. The following lemma may be well known, but we include the proof later
in Subsection 3.6, because of the lack of a reference.
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LEMMA 3.18. Let D be a triangulated category with finite dimensional Hom spaces, generated
by an ext-exceptional collection (Fy,--- ,Fs, F1). Let A be the heart of a bounded t-structure
on D given by the extension closure of all F; for 1 < i < N. Suppose that there is a partition

{13"'aN}:P1I—|"'I—IPl7j/>j Zf jGPk,j/GPk/,k’,>k'.
such that, by setting ﬁk ‘= @jep, I}, the following condition holds:
Ext'(Fy, Fy) =0 unless (i,k' —k) = (1,1),(2,2). (43)

Then A is equivalent to the abelian category of Q(F,)-representations with relations generated
by the images of the following natural maps for all 1 < k < I:

Ext?(Fypa, Fr)Y = Ext'(Fpio, Fip1)Y @ Ext' (Fypq, Fi)Y (44)
The following corollary directly follows from Lemma 3.15, Lemma 3.17 and Lemma 3.18.
COROLLARY 3.19. Suppose that a1 = ao = 1 and write
X ={p¥ = (pgi),pgi)) ceP':1<i<d}.

Then Ay is equivalent to the category of representations of the quiver of the form

W@
w(d)
p(d=3) x{4=3) o x0) TG
[ ] { ce e I=— o —=— —_— (45)
Xéd—B) Xél) :
(1) w®
°

with relations given by
XEOXP = XEUXE, a0 = 00 1)
forall2 <i<d—3and1 < j <d. The vertex v(® corresponds to C(i) and wl) corresponds to
V(Op)-
P

By investigating the filtration (33), we are able to describe C(—¢)[—1] in terms of a representa-
tion of the quiver (45). The following corollary is a straightforward adaptation of Corollary 3.19,
Remark 3.14 and Remark 3.16.

COROLLARY 3.20. In the situation of Corollary 3.19, the object C(—¢)[—1] in Ay is the repre-
sentation of the quiver (45) given as follows:

Here 79 : Ry_5 — C is the evaluation at p\9) = ( gj),pgj)).
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3.5 Description of Ay via coherent systems

In this subsection, we assume that ¢ = —1 and describe the heart Ay, in terms of coherent
systems on X. Let us recall the definition of coherent systems.

DEFINITION 3.21. A coherent system on a Deligne-Mumford stack X is data
V®O0x 5 F ,
where V' is a finite dimensional C-vector space, F' € Coh(X) and s is a morphism in Coh(X).

The category of coherent systems on X is denoted by Syst(X). The set of morphisms is given
by the commutative diagrams
V®0O0x > F (47)
V'® Ox L F’
in Coh(X). Obviously, Syst(X) is an abelian category. We have the following proposition.

PRrROPOSITION 3.22. Suppose that € = —1. Then we have an equivalence of abelian categories
O: Syst(X) = Aw .
Proof. Let us take a coherent system (V ® Ox > F) on X. By Lemma 3.12, the morphism s is
regarded as an element
RS HomHMFgr(W) (V ® C(0), \I/(F)[l]) .
The cone of 5 determines an object in Ay, which fits into the exact sequence
0— U(F)— Cone(s) - V®C(0) =0
in Ay . The correspondence
©: (F,s) — Cone(s)
is a functor from Syst(X) to Ayw. Indeed, if we are given a commutative diagram (47), the
induced morphism
Cone(s) — Cone(3)
is uniquely determined by the vanishing Hom(C(0), ¥ Coh(X)) = 0. This vanishing is proved
using the same argument as for Proposition 3.8.
Conversely, let us take an object E € Ay . There is an exact sequence
0—-U(F)-E—->V&®C0) —0 (48)

in Ay for a finite dimensional vector space V and F' € Coh(X). By Lemma 3.12, the extension
class & of (48) is regarded as an element

¢ € Hom(V ® Ox, F).
The pair (F,¢’) determines an object in Syst(X). The correspondence
0 Ew (F,¢)
is a functor from Ay, to Syst(X) since (C(0), D’ Coh(X)) is a semi-orthogonal decomposition
of HMF®! ().
Obviously, we have
Oo0 idgyst(x), ©o0 O ~idy,, ;
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hence © is an equivalence. ]

Combining this with Lemma 3.11 and Remark 3.14, we immediately obtain the following
corollary.

COROLLARY 3.23. Suppose € = —1. Then the object C(1)[—1] € Aw is given by
C)[-1) = 0 (H'(X,0x(1) @ Ox > Ox(1)) .

Here s is the canonical evaluation morphism.

3.6 Proof of Lemma 3.18

Finally, in this section, we give a proof of Lemma 3.18. The proof is straightforward, and probably
well known. We recommend the readers to skip this subsection at the first reading.

Proof. We denote by I the set of relations generated by the images of (44). Let Rep(Q(Fs),I)
be the category of Q(F,)-representations with relation I. We divide the proof into three steps.

STEP 1.

We construct the functor ®: A — Rep(Q(F,),I) in the following way: any object E € A
admits a filtration

O=FEyCFEiC---CE=F
such that Ejy/Ey_; can be written as
Ey/By = P FjeV;
JEPy
for finite dimensional vector spaces V;. By the exact sequence
0= Ey/Ep—1 = Egs1/Ep—1 = Ep1/Ep — 0 (49)
we obtain linear maps
Gjj+ Vir @ Bxt! (Fyr, )" =V (50)
for j' € Pyy1, j € Pg, which defines the Q(F,)-representation ®(FE). In order to show that the
representation ®(F) satisfies the relation I, consider the composition of extension classes of (49):

P Frevi—s @ Frevill- @ FeVa. (51)
J"€Pyt2 J'€Pk 11 JEPy
This composition must vanish since it coincides with the composition

Eyt2/Epy1 = Epgr/Ep1[l] = Epgr/Ep[1] = Ey/Ep—1[2],
where the first morphism corresponds to the extension class of
0= Eyt1/Er—1 = Epyo/Ex—1 — Epyo2/Epp1 — 0.

By applying Hom(Fj», *) for j” € Py19 to (51), taking the adjunction and the (j”, j)-component
for j € Py, we see that the map

‘/j// (] @ (Eth(Fj//,Fj/)v & Eth(Fj/,Fj)v) — ‘/J
jIEPk+1
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given by the sum of compositions
Z (b]/] [e] ¢j”j’ (52)
' €Pr11
is zero on Vjr» & Ijn ;, where Ijn ; is the image of (44) restricted to the ExtQ(Fju.Fj)V—component.
This implies that ®(FE) satisfies the relation I, hence it is an object in Rep(Q(F,), I).

STEP 2.

The correspondence E — ®(E) obviously determines a fully faithful functor from A to
Rep(Q(Fe),I), since (Fy,--- , Fy, F1) is an ext-exceptional collection. It remains to show that ®
is essentially surjective. Let us take an object

W € Rep(Q(F,),I).

It consists of finite dimensional vector spaces V; for 1 < j < N and linear maps (50) whose
composition (52) is zero on Vi @ Ijn ; for (j”,j) € Pyyo x Py. We need to show the existence of
and E € A such that ®(E) = W.

By induction on [, we may assume that the assertion holds for [ — 1. We set full subcategories
Aj. C D as follows:

Ap = (Fj: j € Pus1 <K < B)ex.
Let Q(F)) be the ext-quiver for A;_; and define the relation I’ by restricting I to Q(F,). The

category Rep(Q(F)),I') can be naturally considered as a subcategory of Rep(Q(F,), I), and there
is an exact sequence

0—->W =W W, =0, (53)
where W’ € Rep(Q(F}),I') and W, can be written as
Wi=PeeV;.
JePR
Here e; is the simple object in Rep(Q(F,), 1) corresponding to the vertex j.

By the induction hypothesis, there is an object E’' € A;_; such that ®(E’) = W’'. By the
exact sequence (53), it is enough to show that the map

a: ExtY(Fj, E') — Extﬁep(ej,W/) (54)

induced by ® is an isomorphism for all j € P,. Here we have written Rep(Q(F,), ) as Rep for
the sake of simplicity.

STEP 3.

We show that the morphism (54) is an isomorphism. Let us consider the exact sequence
0—-FE'—-E —-E_1—0 (55)
in A with E” € A;_5 and where E;_ is given by
B = P Fpovy.
JEP 1

By condition (43), for j € P, we see that Ext!(F;, E”) = 0 and there is a natural isomorphism

Ext}(Fj, E") 5 @@ Ext}h(F), Fjr) @ Vjn .
Jj'eP_o
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Therefore applying Hom(F}, %) to (55), we obtain the exact sequence

0— Extly(Fj,E') » €D Exty(F;,Fy) eV (56)
J'€EP 1
@ EXtQD(F’j, Fj//) (] V}//,
j"epP_o

On the other hand, there is an exact sequence in Rep(Q(Fs,), I)

0—->W'=W — @ ey @ Vi — 0
JEP 1

such that W” = ®(E"). Since Extg,, (€4, €w) = 0 unless a € Py, ’ € Py with k —k =1, we
have Ext%{ep (ej, W") =0 for any j € F,. Therefore we obtain the commutative diagram

0 Exty(Fj, ) Dy, Exty(Fy. Fy) @ Vy

la l’Y
0
00— EXt%{ep(eﬁ W) —— @j’EPhl EXt%{ep(eJV ejr) @ Vjr .

Here ~ is an isomorphism induced by ®. By this diagram, it follows that « is injective. On the
other hand, the composition

Boylod: Extie,(e;, W) = €D Exth(Fj, Fyr) @ Vi
J"EP 2

vanishes, since any object given by an extension class in the left-hand side satisfies the relation I.
Therefore « is surjective, hence is an isomorphism. O

4. Construction of Gepner type stability conditions

In this section, we propose a general recipe for the construction of a desired Gepner type stability
condition. We first compute the central charge Zg in terms of generators of Ay, and try to
construct o¢ via a tilting of Ay . In what follows we assume that the stack X in (22) is a smooth
projective variety, for example X does not contain stacky points. As in the previous section,
we denote by W := Wy the fully faithful functor from D’ Coh(X) to HMF& (W) constructed by
Orlov, which is an equivalence if € = 0.

4.1 Computation of the central charge (¢ = 0 case)

In this subsection, we explain how to compute Zg in the case e = 0. If e = 0, X is a Calabi—Yau
manifold of dimension n — 2, and Ay is equivalent to Coh(X) via ¥. Let us consider the group
homomorphism given by

ZgoV: K(X)—C. (57)

This group homomorphism can be described in terms of Chern characters on K(X). Indeed,
a fundamental theory on Hochschild homology groups implies that ¥ induces an isomorphism
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U, : HHp(X) 5 HHo (W) such that the following diagram commutes (cf. [PV12, Section 1]):

D’ Coh(X) —L~ HMF& (W)

o Jo

HHo (X)) — = HHo (W) .

We also have the Hochschild-Kostant—Rosenberg isomorphism
N n—2 A )
HH(X) = HQo(X) := @) H (X, %)
j=0

whose composition with ch: D? Coh(X) — HHo(X) coincides with the classical Chern character
map [Cal05, Theorem 4.5]. Since our central charge Zg factors through the Chern character
map on HMF® (W) (cf. Remark 2.16) and the Poincaré pairing on HQ(X) is perfect, the group
homomorphism (57) can be written as

n—2
E— Z/ % ‘Chj(E)
j=0"%

for some a; € H"277"~27J(X). Here by an abuse of notation, we also denote by ch(E) €
HQo(X) the classical Chern character of E € K(X), and by ch;(E) its H%J(X)-component.

On the other hand, let us consider the autoequivalence I of D® Coh(X) defined by
F = ST@X o® Ox(l) .

By Proposition 3.2, the above autoequivalence corresponds to the grade shift functor 7 on
HMF®' (W) via the equivalence ¥. By the Riemann—Roch theorem, the autoequivalence F' acts
on ch(E) for E € D?Coh(X) in the following way

F,: ch(E) — efl ch(F) — </X et ch(E) th> 1.

Here H is the first Chern class of Ox(1). This action naturally extends to a linear isomorphism
on HQy(X), given by the composition of the matrices

1=ty —tp_3 --- —to 1 0 0
0 1 0 H 1 0
M =
: : 0 : . 0
0 0 1 g oD 1

(n—2)!  (n—3)!

Here ¢; is the H7J(X)-component of tdx, and we regard an element in HQy(X) as a column
vector. The Gepner type property of the central charge Zs can be translated into the following
linear equation on «;:

(g, -+, Qp_g) - M = e2mV=1/d (0, -+, p—2) . (58)

By Lemma 2.15, the solution space of (58) must be one dimensional, so it determines the group
homomorphism (57) uniquely up to scalar multiplication.

In practice, it is more convenient to work with a smaller subspace in HQy(X). Let C(H) be
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the subspace in HQy(X) defined by
n—2 .
C(H) :=cH.
=0

We have the following lemma.
LEMMA 4.1. The solution space of (58) is contained in C{H).

Proof. Let C(H)* be the orthogonal complement of C(H) in HQy(X) with respect to the
Poincaré paring. We have the direct sum decomposition

HQo(X) = C(H) ® C(H)™

and F, preserves the direct summands. Since tdx € C(H), F, acts on C(H)* via multiplication
by e, which is unipotent. Hence all the eigenvectors of the action Fy on C({H )" have eigenvalue 1,
which implies that the solution space of (58) is contained in C({H). O

By this lemma, it is enough to solve equation (58) for «; € CH"™ 273, The ambiguity of the
scalar multiplication is fixed by the following lemma.

LEMMA 4.2. We have the equality
n
/ a0 =[] (1 - e_QGjW‘E/d> . (59)
X jale

Proof. By Lemma 3.12, the object U%(C(0)) is isomorphic to Ox/[1]. Since £ = 0, the functor ¥
is an equivalence, hence U* = ¥~1 Tt follows that ¥U(Ox) is isomorphic to C(0)[—1]. Then
equality (59) follows by applying homomorphism (57) to Ox and using the computation in
Example 2.8. O

Now, the a; € CH "=2-J are uniquely determined by equation (58) and the normalization
(59). However, for our purpose, it is more convenient to consider a different normalization of
Zg o W. Namely we write Zg o ¥ as a multiple of some non-zero complex number and a central
charge on HMF®&' (W) whose image of W(O,) is —1. This is possible by the following lemma.

LEMMA 4.3. For any x € X, we have Zg(V(0O,)) = —Cy, where Cyy is given by

CW [y _(1 _ e27rﬁ/d)—1 H <1 _ 6—2aﬂrﬁ/d) , (60)
j=1
which satisfies
— 1 1 [
Cy € RygeV 10w bw = 5(n—1) - ;aj—kl . (61)

Proof. Equality (60) follows from Example 2.8 and Lemma 3.10. Property (61) follows from
1— e 210 — 9ginng . (3-0)mV-T O

We summarize the results in this subsection as follows.
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PROPOSITION 4.4. Suppose € = 0. Then for E € D®Coh(X), the central charge Zg(V(FE)) can
be written as

n—2
Za(V(E)) = C’WZ/ al - chy(E), (62)
i=0’X
where (o%, e ,ozjl_2) satisfies aj- € CH"™ 277, it is the unique solution of the linear equation
(f - val ) M =™ (af ol ), ol ,=-1. (63)

4.2 Computation of the central charge (¢ < 0 case)

The purpose of this subsection is to reduce the computation of Zg in the case £ < 0 to that of
the case € = 0. The strategy is to embed X into a n — 2 — e-dimensional Calabi—Yau manifold X
and relate Zg to the central charge on X. We set

A = (C[:Ela oty Ty Tp4ly 7xn75]

and consider the element W € A defined by
W= W 4ol + o,
Since we assume that X does not contain stacky points, the stack
X:=(W=0)CP(ay, -+ ,apn,1,---,1)
also does not contain stacky points. The variety Xisa projective Calabi—Yau manifold of di-
mension n — 2 — € which contains X as a zero locus zp41 =+ =2z = 0.

Let R be the graded ring A\/ (W) There is a natural push-forward functor

~

iv: DE(R) — DE(R)

by regarding a graded R-module as a graded R-module via the surjection R—R (cf. [Ued12]).
Combining this with the equivalence (11) and the functor ¥ = W, in (24), we obtain the diagram

HMF® (W) — = HMF® (W) (64)
DP Coh(X) —2> Db Coh(X).

Here i: X — X is the inclusion and T is the equivalence obtained by applying the same con-
struction as that of ¥ to W and X. We have the following lemma.

LEMMA 4.5. The diagram (64) is commutative.
Proof. The result follows from the definitions of ¥, ¥ and the adjunction for E € DP Coh(X):

P R Hom (0% (), i E) = @) R Homx (Ox (j), E) . O

j=1 Jj=1

The top arrow i, of diagram (64) obviously commutes with grade shift functors on both sides.
Also, by the functoriality of the Hochschild homologies, we have the push-forward functor

P

iy HH (W) — HH, (W)
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which preserves the one-dimensional eigenspaces in Lemma 2.15 on both sides. By Remark 2.16,
the composition

Z¢ oiy: K(HMF# (W)) — K(HMF#(W)) — C
differs from Zg by a scalar constant, where 2(; is the central charge (14) on HMFgr(/W) applied
to W. Since i,.C(0) = C(0), it follows that
Za(P) = (1 — 2™V Z4(i. P)

for any P € HMF# (W), by comparing Zg(C(0)) and Zg(C(0)) as given in Example 2.8. In
particular, using diagram (64), it follows that

n
ZG(\I’(OI)) _ (1 B e27n/j/d)—1 H (1 . 62aj7r\/—71/d)
j=1

= _CW )
where Cyy coincides with the one defined in (60). As a summary, we have the following.
PROPOSITION 4.6. Suppose ¢ < 0. For E € D”Coh(X), the central charge Z(V(E)) can be

written as
n—2—e

Za(U(E) =Cw > /)? al - chy(inE), (65)

7=0
where (Z)ZT al ) satisfies
00 o

ale CH" =77, H:=c(05(1));
it is the unique solution of equation (63) for X.

Note that a} is computed using the argument in the previous subsection, since X is Calabi-
Yau. Later, we will use the following data:

Za(¥(0y)) = —Cw .
€ RugeV 1m0w+1)
Za(C(j)) = Cye?™V=1/d (1 _ eZW—T/d>
€ RogeV (0w +i+3+3)
Here z € X and Oy € Q is defined by (61). The relation (66) is a consequence of the arguments

above and the computation in Example 2.8.

4.3 A recipe for constructing Gepner type stability conditions

In this subsection, we explain how desired Gepner type stability conditions are constructed. We
divide the construction into 3 steps: construction of a slope stability on Ay, construction of o¢
via a tilting of Ay, and checking the Gepner type property of og. In the next section, we will
apply this recipe in the case n —4 < e < 0.

STEP 1.

Our first step is to construct an analogue of a slope stability on Ay,. This is a map

w: Aw — RU {£o0} (67)
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satisfying the weak seesaw property: for any exact sequence 0 - F — F — G — 0 in Ay, we
have either

pu(F)
p(F)
This slope function defines the p-stability in Ay .

p(E)
0

< (@) or
(E) > w(G).

<
> (G)

DEFINITION 4.7. An object F € Ay is p-stable or p-semi-stable if for any exact sequence
0> F—FE— G—0in Ay, we have the inequality

pw(F) < p(G) or u(F) < p(G),

respectively.

We require that p-stability satisfy the Harder—Narasimhan property; that is, for any E' € Ay,
there is a filtration

O=EyCE{C---CEN=F
in Ay such that each subquotient F; = F;/F;_; is p-semi-stable with p(F;) > p(Fi41) for all i.

STEP 2.

Suppose that there is a slope function p as above. We define a pair of full subcategories
(T Fu) by setting

Ty :=(E € Aw : E is p-semi-stable with p(E) > 0)ex (68)
Fu:=(F € Aw : E is p-semi-stable with p(£) < 0)ex -

The existence of Harder-Narasimhan filtrations in p-stability implies that (7, F,) is a torsion
pair on Ay (cf. [HRS96]). We define Ag to be the associated tilting:

A = (Fou, Tu[~1])ex € HMF# (W) . (69)

The category Ag is the heart of a bounded t-structure on HMF&"'(W). We try to construct a
desired stability condition from the heart Ag, as follows.

DEFINITION 4.8. We say that a triple
(Za, Ag,0), 0€R (70)
determines a stability condition if the following conditions hold:
— For any 0 # F € Ag, we have
Za(E) € {reV=1" . r > 0,6 € (6,6 +1]}. (71)
— Any object in Ay admits a Harder—Narasimhan filtration with respect to Zg-stability.

Here Zg-stability and its Harder—Narasimhan filtrations are defined in the same way as in
the p-stability, by replacing u by arg Zg(x) € (6,60 + 1]. If the triple (70) determines a stability
condition, we associate with it a pair

oG = (Za, {Pc(®)}per), Pa(¢) C HMF (W) (72)
in the following way: we define Pg(¢) for ¢ € (6,6 + 1] to be

Pa(o) = {E € Aw : Zg-semi-stable with Zg(E) € R>oemﬁ¢} u {0}
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and other Pg(¢) are determined by the rule
Pa(¢+1) = Pa(e)[1].

If # = 0, this construction is nothing but the one given in [Bri07, Proposition 5.3], and the same
argument applies to show that (72) is a stability condition. Below, for an interval I C R, we set

Pa(I) := (Pa(¢) : ¢ € T)ex -

Note that Pg((0,6 + 1]) coincides with Ag by our construction. We require the local finiteness
of our stability condition; that is, for any ¢ € R, the quasi-abelian category Pg((¢ — 9, ¢ +9)) is
noetherian and artinian for 0 < 6 < 1 (cf. [Bri07, Definition 5.7]). It in particular implies that
any object F € Pg(¢) admits a Jordan—Holder filtration.

Remark 4.9. The local finiteness condition holds if the image of Zg is discrete. By Remark 2.10,
this is always satisfied in the cases studied in the next section, so we do not need to consider the
local finiteness.

STEP 3.

In this step, we assume that the triple (70) determines a stability condition og. We expect
that o¢ is a Gepner type stability condition with respect to (7,2/d). To show this, we consider
the following stability condition:

106 (5) = (Zo, Pl(@Nocs). (73
where P(¢) is given by
PG(9) =7""Pa <¢ + 2) :

It is enough to show that (73) coincides with o¢. This is equivalent to having P ((0,60 + 1]) =
Pc((6,6 + 1)), or, equivalently,

2 2
T(AG):P0(<9+d,9+d+1]). (74)
We show equality (74) by investigating the og-stability of simple objects in Ay. When n = 2,

we have the following lemma.

LEMMA 4.10. Suppose n = 2 and that the following inequality holds:
1
Oow — = — ——= <O<bw+1. (75)

If 70(0,), C(1),--- ,C(—¢) are og-semi-stable for all x € X, then equality (74) holds.

Proof. The argument is similar to the one in [Bri08, Section 10]. Let ¢, be the phase of 7¥(O,) for
x € X and let ¢; be the phase of C(j) for 1 < j < —e. Since 7¥(O,) and C(j) for 1 < j < —1—¢
are objects in Ay, and Ag is obtained as a tilting of Ay, the phases ¢,, ¢; are contained in
(0,0 + 2] for 1 < j < —1 —e. On the other hand, condition (75) implies that

1 2(-1—¢)

2 1 3
9<9W+1<9W+1+g<ew+g+§<-~<ew+g+ ]

By comparing (76) with (66), we obtain

+%<9+2. (76)

3
+3 (77)

2 1 25
¢x—(9w+1+g, (b]—ew-f-a-f—g
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for 1 < j < —1 —e. We show that (77) also holds for j = —e. By Lemma 3.11, we have
C(—¢)[—1] € Aw. Therefore if C(—¢) is og-stable, then we have either
C(-e) € Ag[l], ¢-e€(0+1,0+2] or (78)
C(—e) e Ag[2], ¢—c€(0+2,0+3]. (79)

In the case of (78), equality (77) also holds for j = —¢ by the inequalities (76). In the case of

(79), we need to exclude the case
2
¢—5:¢—1—a+2+a'

If this happens, then ¢_;_. < 6 + 1, and Lemma 3.11 and (76) imply that
Za(C(—e)[-1]) € {RogeY "™ 16 € (6,0 + 1)}

This contradicts the fact that ¢_. € (6 + 2,6 + 3], hence (77) also holds for j = —e¢.

Note that 7(Ayw) is generated by 7¥(0,) for all x € X and C(j) for 1 < j < —&, whose
phases are given by (77). By inequality (75), we have

2 1 2¢ 3
2y 12 3 .
9+d 9w+d d+2 J=¢0_c—]

for j > 2. Noting that there is no non-trivial homomorphism from P(¢) to P(¢') if ¢ > ¢', it

follows that
2 2
Hom <! <73G <<9+d,9+d+1]> ,T(E)) =0 (80)

for any E € Ay . Similarly, inequality (75) implies

2 2 :
Gr=0w+1+=>0+=+1—j

d d
for j > 1. It follows that
2 2
for any E' € Ay . The vanishings (80), (81) imply that the right-hand side of (74) is obtained as
a tilting of 7( Ay ). Hence the result follows from Lemma 4.11 below. O

We have used the following lemma.

LEMMA 4.11. Let D be a triangulated category, let A C D be the heart of a bounded t-structure
on D, and let Z: K(D) — C be a group homomorphism. Suppose that there are torsion pairs
(Tg, Fr), k = 1,2 on A such that, for By = (Fp, Tp|—1])ex the associated tilting, both of the
triples

(Z,B1,0), (Z,B3,0) (82)

determine stability conditions. Then B; = Bs.
Proof. We may assume 6 = 0. Let us take an object E € T;. Since (72, F32) is a torsion pair,
there is an exact sequence

0—-F—-F—-G—0

in A such that F' € T3 and G € Fy. Also, since (71,F1) is a torsion pair, objects in 7 are
closed under quotients, hence G € 7. Suppose G # 0. Then since the triples (82) determine
stability conditions for 6§ = 0, it follows that Im Z(G) = 0. Hence the condition G € F» implies
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Re Z(G) € Ry but the condition G € Tz implies Re Z(G) € Rsp, which is a contradiction.
Therefore G = 0, and 71 C 75 follows. Similarly, 7o C 77 also holds, hence 7; = 7> holds.
Because F, is an orthogonal complement of 73 in A, we have F; = Fo, hence B; = By holds. [

Next we discuss the case n = 3. In this case, we need to add an extra check of og-stability.
LEMMA 4.12. Suppose n = 3 and that the following inequality holds:

Suppose furthermore that 7V(0,) is og-stable, C(1),---,C(—¢) are og-semi-stable and the
following holds for all x € X:

15w (0,) € Pa (1 - 2(1; 5)> . (84)

Then equality (74) holds.

Proof. By following the proof of Lemma 4.10, we have the vanishings (80), (81) for £ = ¥(0O,),
C(0),---,C(—1 —¢) with x € X. Below we show these vanishing also holds for £ = U(F) for
any F' € Coh(X). Then the right-hand side of (74) is shown to be a tilting of 7(Aw ), hence
Lemma 4.11 gives the result.

Let us take an object

2 2
AETlpg<<0+d,0+d+l]> (85)

and let
ot HMF# (W) — D’ Coh(X)
be the right adjoint functor of ¥. We claim that W¥(A) € D? Coh(X) satisfies
HI(WE(A) =0 forj#0,1. (86)

This property will be proved in Sublemma 4.13 below, and we continue the proof assuming this
fact. Let us take the distinguished triangle

vu(A) - A - B (87)
in HMF®' (W), where B satisfies
Be (C(-1-¢),---,C(0)).

For a coherent sheaf F' on X, we apply Hom (W (F'), ) to the distinguished triangle (87). Since B
is right orthogonal to ¥ D® Coh(X), and W (A) satisfies condition (86), we have

Hom<%(7W(F), 7(A)) = Hom<°(F, ¥f(A))
>0,

which proves the vanishing (81) for E = U(F).
Similarly, applying Hom(x, U(F’)) to the triangle (87), and noting that
Hom=<"1 (WU (A), U(F)) = Hom<"}(UE(A), F)
=0
by the property (86), we see that the vanishing (80) for E = W(F) is equivalent to
Hom~<"1(B,¥(F)) 0. (88)
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To show (88), note that the vanishing (80) for £ = C(j), 0 < 7 < —1 — ¢ and the triangle (87)
imply
H0m<71(B7C(j))gO7 jZO,"‘,—l—E.
Therefore, if we denote by HQW (B) € Aw the ith cohomology with respect to the t-structure

on HMF®" (W) with heart Ay, then we have ”Hfélw (B) = 0 for ¢ > 1. Since V(F) € Ay, this
implies that (88) holds. Therefore the vanishing (80) for £ = ¥(F') holds. O

We have used the following sublemma.
SUBLEMMA 4.13. Condition (86) holds.
Proof. We investigate the vanishing
Hom’ (¥(A),0,) =0 (89)

for x € X and j € Z. By the Serre duality on X, adjunction and applying 7, the vanishing (89)
is equivalent to

Hom(rT(0,)[j — 1], 7(A)) = 0. (90)

We first show that (90) holds for any j < —1 and = € X. Applying the Serre functor
Sw = 77 ¢[1] on HMF®" (W), the vanishing (90) is equivalent to

Hom(7(A)[—j], 7 ¥ (0,)) = 0. (91)
On the other hand, by assumption (83), we have the inequality

2 2(1—¢)
O+=-—5=>1+6
+d J + 0w + 7

for j < —1. Therefore by our assumptions (84) and (85), the vanishing (91) holds for j < —1.

Next, we have the inequality

2 . 2
O +1+>+j—1>0+°+1

d d
for j > 2 by (83), hence the vanishing (90) holds for j > 2. Moreover, the above inequality,
hence the vanishing (90), also holds for j = 1 unless # = Oy. Suppose 6 = 6y, and let P be the
og-Harder-Narasimhan factor of 7(A) with the maximum phase. Note that 79 (0,) is og-stable
with phase Oy +1+2/d, which is bigger than or equal to the phase of P. Therefore the vanishing
(90) for j =1 holds unless we have

2
PEPG(@W—Fl‘i‘d)

and 7V (O;) is one of the Jordan-Holder factors of P. It follows that, by taking the Jordan-Hoélder
filtration of P, there is a distinguished triangle

TU(Q) — 7(A) — 7(A) (92)

where (@ is a zero-dimensional coherent sheaf on X, and A’ is an object in the right-hand side of
(85), such that the vanishing (90) holds for j > 1 after replacing A by A’.

Applying U2 o 771 to (92), we have the distinguished triangle
Q — UE(A) —» vR(A).

The argument above shows that, after replacing A by A’, the vanishing (89) holds unless j =
—1,0. It follows that WR(A’) is a two-term complex of vector bundles on X whose cohomology
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is concentrated in degrees 0 and 1. Since Q € Coh(X), we conclude that H7(¥F(A)) = 0 for
J#0,L m

By the results above, the problem is reduced to showing the og-stability of some objects
in HMF&"(W). The following lemma is useful in checking the og-stability of these objects. The
proof is obvious, and we omit it.

LEMMA 4.14. Let D be a triangulated category, Z: K(D) — C a group homomorphism and
A C D the heart of a bounded t-structure on D. Suppose that the triple (Z, A,0 = 0) determines
a stability condition on D, and the following condition holds:

Cmin ‘= Inf{ImZ(E) >0: E € A} > 0.

Then an object E € A with Im Z(E) = ¢pin is og-stable if and only if Hom(P, E) = 0 for any
P e A withIm Z(P) = 0.

5. Proof of Theorem 1.3

In this section, we apply the strategy in the previous section and prove Theorem 1.3. Below
we use the same notation as in the previous section. In particular, the constants Cy € C* and
Ow € Q are defined as in Lemma 4.3, in both the ¢ = 0 and the € < 0 case. The goal is to prove
Conjecture 2.9 when

n—4<e<0

and X does not contain stacky points. Since we already discussed the case with n = 1 and n = 2,
€ = 0, the following five possibilities are left:

(n,e) = (3,0), (2,-1), (4,0), (3,-1), (2,-2).

We divide the proof into five subsections, where each subsection corresponds to one of these
types. We repeat similar arguments in these subsections, so we recommend the readers to follow
only one or two cases, for example (n,e) = (4,0) or (3, —1), at the first reading of this paper.

5.1 The case n=3,c=0

In this subsection, we study the case n = 3 and € = 0. In this case, X is a smooth elliptic curve,
and the heart Ay is given by

Aw = ¥ Coh(X).
Furthermore, possible data (a1, as, a3, d, [ « H) are classified into three types [Sai87, Table 2]

(1,1,1,3,3)
(alaa27a37d7/ H> = (271>1>472) (93)
X (3,2,1,6,1).

The central charge Zg can be described as follows.

LEMMA 5.1. Suppose n =3 and £ = 0. For any E € D Coh(X), we have

Z6(U(E)) = Cyy {—d(E) +r(E) (cos %” - 1> +r(E)sin 2;T\/—T} , (94)

where (r(E),d(E)) = (rank(FE), deg(F)).
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Proof. Equation (63) becomes

giving [y oz(T) = 2mV=1/d _ O

We set the slope function p in (67) to be the constant function p = —1, so that the resulting
heart Ag in (69) coincides with Ay,. We have the following result.

PROPOSITION 5.2. Suppose n = 3 and € = 0. Then the triple
(Za, Aw,0 = 0w ) (95)

determines a Gepner type stability condition o on HMF&" (W) with respect to (1,2/d).

Proof. Note that, since X is an elliptic curve, the space of stability conditions on D’ Coh(X)
is completely described in [Bri07, Section 9]. Since Ay = ¥ Coh(X), and the central charge
Zq is given by (94), it follows that the triple (95) satisfies condition (71). Then the same argu-
ment of [Bri07, Example 5.4] shows that the triple (95) determines a stability condition og on
HMF®"(W). Now we are going to apply Lemma 4.12. Note that inequality (83) is satisfied in this
case. For a point z € X, we have

TU(0;) = ¥ (Ox (—)[1])
by Proposition 3.2. Since this object is og-stable with phase 1 + 6y + 2/d, Lemma 4.12 implies
that o¢ is a Gepner type stability condition with respect to (7,2/d). O

5.2 The case n =2, e = -1

In this subsection, we study the case n = 2, ¢ = —1. In this case, X is a finite number of smooth
points, and the heart Ay is given by

Aw = (C(0),¥(O0y) : © € X)ex -

The following lemma immediately follows from (66).

LEMMA 5.3. If we write the K-theory class of an object E € Ay as
[E] = w[C0)] + > we[W(0,)]
zeX

and set w := )y W, then Zg(E) is given by

2 2
Zg(E) = Cw {—w+vo (1 — cos ;) — vp sin ;\/fl} )

In the notation used in Subsection 4.2, the polynomial W is of type (a1, az,1,d), which must
belong to one of the classifications in (93). Furthermore, applying Lemma 3.17 and Lemma 3.18,
we see that Ay is equivalent to the abelian category of representations of a certain quiver Q.
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By these arguments, the possible types of (a1, a2, d, $X, Q) can be classified as follows:

(CLl,CLQ,d,ﬁX):(].,].,:‘;,?)), Q: —°
(al,ag,d,ﬁX):(2,1,4,2), Q:

<a17a27d’ﬁX):(3727671)7 Q: .41>.

Here the left vertex of the quiver Q corresponds to C(0), and the right vertices correspond to
U(0O,) for z € X. In all these cases, we set yu = —1 so that the heart (69) coincides with Ayy.
We have the following result.

PROPOSITION 5.4. Suppose that n = 2 and € = —1. Then the triple
5
(Zg,.AW79), 6+9W <0< 140w (96)

determines a Gepner type stability condition o on HMF&" (W) with respect to (7,2/d).

Proof. By Lemma 5.3, it follows that the triple (96) satisfies condition (71). Since Ay is noethe-
rian and artinian, the triple (96) satisfies the Harder-Narasimhan property (cf. [Bri07, Propo-
sition 2.4]), hence it determines a stability condition o on HMF®' (). In order to show the
Gepner type property of og, it is enough to check the assumption of Lemma 4.10. Since inequal-
ity (75) is satisfied, it remains to show the og-stability of 7¥(O,) and C(1) for all € X, which
we prove in the next lemma. ]

LEMMA 5.5. The objects T¥(0,) and C(1) are og-stable.

Proof. The object 7¥(O,) fits into a unique non-trivial extension in Ay by Lemma 3.10 and
Remark 3.13:

0—9(0;) - 1Y(0,) - C(0) = 0.

Therefore, U(O,) is the only non-trivial subobject of 7¥(Q0,) in Ay . Comparing the argument
of Zg(x), we see that 7V (0,) is Zg-stable.

For C(1), note that the object C(1)[—1] is contained in Ay by Lemma 3.11. Let 0 # F' € Ay
be a proper subobject of C(1)[—1] in Ay . As in Corollary 3.20, the inclusion F' C C(1)[—1] can
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be represented by the following inclusion of quiver representations:

W (#X) C
/ 2(EX)
(0)
F= V.\ : c cay-1= "2
wo =N
[ ] [

Here R; is the space of degree one elements in R = Clx1,x3], whose dimension is X — 1. The
morphisms 7" : Ry — C are evaluations at the points in X, and V©, W are finite-dimensional
vector spaces with V(O ¢ Ry, dimW® < 1. Let I be the subset of i € {1,---,4X} satisfying
W@ = 0. Then we have

v ¢ ﬂ Ker(n")
i€l
hence dim V(©) < X — 1 — |I|. Since we have
Ze(C)[-1]) = Cw { X + (#X — 1) - (1 - 21}
Zo(F) = Cw {1 = X +dim VO - (1 — 2771/}
it follows that the argument of Zg(F') is less than that of Zg(C(1)[—1]) in (7, w0+ 7]. Therefore
C(1)[—1] is og-stable. O

5.3 The case n =4, =0

In this subsection, we study the case of (n,e) = (4,0). In this case, X is a smooth projective K3
surface, and the heart Ay is given by

Aw = ¥ Coh(X).

By Theorem 3.1, the triangulated category HMF® (W) is equivalent to D® Coh(X) via the equiv-
alence V. On the other hand, the spaces of stability conditions on K3 surfaces have been studied
by Bridgeland [Bri08]. Combining the techniques in [Bri08] with the arguments in Subsection 4.3,
we construct a desired Gepner type stability condition on HMF8&" (V).

Let us first describe the matrix M which appears in equation (58). By writing [, H? = 2m
for m € Z>1, the matrix M is given by

—1-m —-H -1
M = H 1 0 . (97)
m H 1

By using this description, we give a classification of possible types.

LEMMA 5.6. If n = 4, the possible data (a1, az,as3,a4,d, [y H?) can be classified into the two

types:
(al,CLQ,CLg,CL4,d,/ H2> :{
X

Proof. By (97), we have
det(M — X -id) = —(A + D{N2 + (m — 2)A + 1}.

(1,1,1,1,4,4)
(3,1,1,1,6,2) . (98)
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Since det(M — X -id) = 0 for A = e¥27V=1/4 we have
2cos (2m/d) =m — 2.

This is only possible for (m,d) = (2,4), (1,6). In the latter case, the possibility (a1, a2, as,as) =
(2,2,1,1) is excluded since the stack X always contains a stacky point. Therefore we obtain the
classification (98). O

Remark 5.7. In the type (1,1,1,1,4,4) case, X is a quartic K3 surface. In the type (3,1,1,1,6,2)
case, X is a double cover of P2.

In order to describe the central charge Zg, it is convenient to use the twisted Mukai vector.
For B € H*(X,R), we set

vB(E) := e B ch(E)\/tdy . (99)
We denote by v2(E) the H%(X)-component of v®(E). The central charge Zg is computed in
the following way.

LEMMA 5.8. By setting B = —H /2, the following holds for E € D® Coh(X):

d 1 /d
Za(¥(E)) = Cw <—UQB(E) + gvég(E)jL S\ gzt le(E)\/—1> : (100)
Proof. By (97), equation (63) becomes
—1—m—e2V-1/d -H -1
(aé,a{,—l) H 1 — e2mV-1/d 0 =0,
m H 1 — e2mV-1/d
which gives
eZWJ?l/d

t_ omy=T/d _ P
/ono e 1, o 1_627r\/?1/dH'

Applying the classification in Lemma 5.6, a straightforward computation shows the result. [

Remark 5.9. Equality (100) can be written as the integral
Zo(W(E) = ~Cy [ eV Teu 1 p), (101)
X
where w € RyoH satisfies [, w? = d/4.

By setting B = —H /2, we consider the slope function p on Ay = ¥ Coh(X) defined by
B
vy (B) - H
n(Y(E)) =
vg (B)

Here p(V(E)) is defined to be oo if E is a torsion sheaf. This u-stability coincides with the
classical slope stability condition on Coh(X) via W. As we discussed in Subsection 4.3, the slope
function p defines a torsion pair (68) on Ay, and the associated tilting Ag is given by (69). We
have the following result.

PROPOSITION 5.10. Suppose that n = 4 and € = 0. Then the triple
(Zg, Ag,0 = 0w — 1) (102)
determines a Gepner type stability condition o on HMF&" (W) with respect to (7,2/d).
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Proof. Instead of the triple (102), we consider the triple
(Z& = Za/Cw, Ac1],0 = 0). (103)

Obviously, the triple (102) determines a stability condition if and only if the triple (103) de-
termines a stability condition. If the latter holds, then by Remark 5.9, the resulting stability
condition is W, of one of stability conditions on D” Coh(X) constructed in [Bri08, Section 6].
Therefore, applying [Bri08, Lemma 6.2], it is enough to show the following: for any spherical
torsion free sheaf £ on X, one has Zg(\I/(E)) ¢ R<p. The proof of this fact requires some more
arguments, so we leave the proof to Lemma 5.11 below. We continue the proof assuming this
fact.

By the argument above and Lemma 5.11, the triple (102) determines a stability condition o¢
on HMF# (W). It remains to show that o is of Gepner type with respect to (7,2/d). To show
this, let us consider the objects 7¥(O,[—1]) for x € X. By Proposition 3.2, we have

TU(O0,[—1)) 2 U(I,) € Ag[1],

where I, C Ox is the ideal sheaf which defines x. In Lemma 5.12 below, we see that WU(I,) is
og-stable, hence it lies in P (0w + 2/d). If we set oy, to be the stability condition defined as in
(73), this implies that

B(OL[-1) € 7P (b + 5 ) = Poiow)

for any z € X, and that it is oj,-stable. Since X is a K3 surface, this implies that P, ((6w —1, 6w])
is obtained as a tilting of Ay = ¥(Coh(X)), by the argument of [Bri08, Lemma 10.1]. Therefore
PL((Ow — 1,0w]) coincides with Ag by Lemma 4.11, which shows that o¢ is of Gepner type
with respect to (7,2/d). O

LEMMA 5.11. For any spherical torsion free sheaf E on X, one has Zg(\II(E)) ¢ Reo.

Proof. This is equivalent to saying that, for any spherical torsion free sheaf £ on X with v (E)-
H =0, one has

—B(E) + CSZUO (E)>0. (104)

Since E is a spherical sheaf, we have v®(FE)? = —2, where the square is defined in the Mukai
lattice of X (cf. [Bri08, Lemma 5.1]). Combining this with v¥(E) - H = 0 and the Hodge index
theorem, we have

0> vP(E)? = 208 (E)od(B) - 2.

Noting that v (FE) > 0, we obtain v¥(F) < 1/vP(E), hence
—UQB(E)+§ (E) > o7 EE) {dv(?(E) — 1} : (105)

The right-hand side of (105) is positive if vF’(E) > 2. Therefore we may assume that vF (F) = 1;
that is, E' is rank one. Since F is a spherical sheaf, this implies that F is a line bundle.

Let [ be the first Chern class of E. Since v (E) - H = 0, we have [ - H = —H?/2, and v (E)
can be written as
> H?
B
E)=- " 11
vy (E) 5 s
Suppose that (104) does not hold for a line bundle E. Then, combining with the Hodge index
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theorem, we obtain
H? d H?
— —2+4 - 12 < —.
4 + 4 4

Since we have only two cases, (d, H?) = (4,4),(6,2), and [? is an even integer, it follows that
12 = 0. Also since —[ - H is either 2 (when X is a quartic K3 surface) or 1 (when X is a double
cover of P2), it follows that the linear system | — I| defines an elliptic fibration X — P!. In
particular, its general fiber is a smooth elliptic curve C' € | — I] in X. However, this gives a
contradiction: when X is a quartic K3 surface, we have the Castelnuovo inequality

g(C)é%(H-C—l)(H-C—m:O

which contradicts g(C') = 1. When X is a double cover of P2, if 7: X — P? is the double cover,
then H -C = 1 implies that 7|¢ is an isomorphism between C and a line in P?, which contradicts
the fact that C' is an elliptic curve. Therefore (104) also holds for a line bundle E. O

LEMMA 5.12. The object V(1) € Ag[l] is og-stable.

Proof. It is enough to show the Zg—stabﬂity of W(I,) with respect to the triple (103). By
Lemma 5.8, we have the following:

Im Z\,(Ac[1]) C {; % X Z>0} . (106)

We first consider the case (d, H?) = (6,2). In this case, the imaginary part of Zg(\II(II))
is v/3/2; that is, the smallest positive value of the right-hand side of (106). Therefore, by
Lemma 4.14, the ZTG—stability of ¥(I,) follows from

Hom(P, ¥(I,)) = 0 (107)
for any P € Ag[1] with Im Zé(P) = 0. This vanishing holds since ¥~!(P) is given by an iterated

extensions of zero dimensional sheaves and objects U[1] for torsion free p-stable sheaves with
u(U) = 0.

Next we consider the case (d, H%) = (4,4). In this case, Zg(\I/(Iw)) = +/—1, whose imaginary
part is the twice of the smallest positive value 1/2 of the right-hand side of (106). Therefore,
besides the vanishing (107), we need to show the following: if there is an exact sequence

0— P —-9¥Y(;)— P,—0
in Ag[1] with Im Zg;(PZ) = 1/2, then we have the inequality

arg Z5,(Py) < arg Z,(9(I,)) =

ol 3

in (0,7]. In order to show this, we first observe that ¥(Ox) € Ag[l] is Z&—stable by [BMT14,
Proposition 7.4.1]. Since ¥(I,) is a subobject of ¥(Ox) in Ag[1] and Zg(\IJ(OX)) =—-14++v-1,

we have
3
arg Zg(Pl) < arg Zé(\ll(ox)) =47
Since the image of ZTG is contained in %Z + @Z, and Im Zg(Pl) = 1/2, this inequality implies
that arg Zg(Pl) < 7/2. It remains to exclude the following case:
v—1
ZL(P) = ZL(Py) = 5
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Indeed, we see that there is no object P € Ag[1] such that ZZ;(P) = +/—1/2. Suppose that such
an object P exists, and let

ch(T'P)\/tdx = (1,1, 5) € H'(X) @ H*(X) ® H*(X)
be the (untwisted) Mukai vector of ¥~!P. Then the condition ZTG(P) = +/—1/2 is equivalent to
I-H+2r=1, [-H+2s=0.

This is a contradiction since both of r and s are integers. O

5.4 The case n =3, ¢ = —1

In this subsection, we study the case (n,e) = (3, —1). This case seems to be the most interesting
case studied in this paper, as a construction of o4 has to do with the study of coherent systems
on the smooth projective curve X. Indeed, in Proposition 3.22, we constructed an equivalence ©
between the category of coherent systems on X and the heart Ay, given by

Ay = (C(0), ¥ Coh(X))ex -
Below we leave out © and regard any coherent system ((’)AE,%R — F') on X as an object in Ay .

In the notation of Subsection 4.2, the polynomial W is of type (a1,as2,as,1,d), which must
belong to one of the classifications (98). There are two possibilities:

(a a9, a d) — (1717174)7 Xisa genus 3 curve
v (3,1,1,6), X is a genus 2 curve.

The Calabi-Yau manifold X is a K3 surface which is either a quartic surface or a double cover
of P2, and it contains X as an element in the linear system X € |H|. The central charge Zg is
described in terms of coherent systems as follows:

LEMMA 5.13. For any coherent system (O?@R — F) on X, we have

Z6(O%F = F) — Cyy {—d(F) 4R (1 —COSQD + \/gﬂ (T(F) _ g) ﬁ} ,

where (r(F),d(F)) = (rank(F'), deg(F)).
Proof. The result follows from (65), (66), Lemma 5.8 and an easy computation. O

By setting Z - Za/Cw, we define the slope function p on Ay by
—Im ZL(0%F = F)

w0 = F) = I
_ VT‘Z.(;_T?) . (108)

We set pu(x) = —oo if R =0.

LEMMA 5.14. Any object in Aw admits a Harder—Narasimhan filtration with respect to p-
stability.

Proof. Although Ay is a noetherian abelian category, we have to take a little care since the
condition in [Tod10a, Proposition 2.12] is not satisfied in this case. Instead, we apply the argument
used in [Tod09, Theorem 2.29]. Let C C Ay be the subcategory consisting of objects (O?@R 5 F)
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such that s is surjective. Note that the right orthogonal complement C* consists of objects of
the form (0 — F’). Any object (O3 > F) € Aw fits into the exact sequence

0— (0%F 35 Ims) — (0L > F) — (0 — Cok(s)) — 0, (109)

showing that (C,C*) is a torsion pair on Ayp,. Furthermore, since p(*) = —oo on C*, we can
easily see the following: an object F € C is u-semi-stable if and only if for any exact sequence

0—FE —F—FEy—0

in C, we have p(E1) < u(E2) (cf. [Tod09, Lemma 2.27]). Since C is a noetherian and artinian
quasi-abelian category, an argument similar to [Tod09, Theorem 2.29] shows that any object
in C admits a p-Harder—Narasimhan filtration. Combining this with (109), we conclude that any
object in Ay, admits a pu-Harder—Narasimhan filtration. O

Remark 5.15. By the proof of Lemma 5.14, we see that if an object (O??R % F) is p-semi-stable,
then either s is surjective or R = 0.

Before discussing the construction of og, we review a Clifford type theorem for coherent
systems established by Newstead-Lange [LN08]. For a smooth projective curve C' and o € R,
recall that the a-stability on Syst(C) is defined by the slope function

d(F)+a-R

(0GR = F) )

(110)

The slope function is set to be oo if r(F) = 0.

THEOREM 5.16. ([LNO8, Theorem 2.1, Remark 2.3]) Let C' be a smooth projective curve of
genus g(C) > 2, and let a € Rs. Then for any a-stable coherent system (O%R — F) with
0 <d(F) <2g9(C)-r(F), we have

d(F)

Moreover, if C' is non-hyperelliptic, then equality holds in (111) only if (OE'?R — F) is isomorphic
to either
HO(Oc)®Oc—>OC or HO(WC)(X)Oc—)wc. (112)

Using this result, we have the following lemma, which plays a crucial role in constructing a
Gepner type stability condition on HMF#&" (V).

LEMMA 5.17. Let (0% > F) be a p-stable object in Aw such that R = 2r(F) > 0. Then we

have
2T

d(F)> R (1 — cos d) . (113)

Proof. By the u-stability, the morphism s is surjective (cf. Remark 5.15) hence d(F') > 0. Also,
the right-hand side of (113) is R if d = 4 and R/2 if d = 6. In both cases, it is smaller than
29(X) - r(F) = g(X) - R, so we may assume d(F) < 2g(X) - r(F). Comparing the p-stability
in (108) and the a-stability in (110), we see that the p-stable object (O%® — F) is a-stable
for o > 0, since the set of quotient sheaves of F' with degrees bounded from above is bounded.
Therefore, applying Theorem 5.16, we obtain the inequality d(F') > R. It remains to check that
the equality d(F) = R does not hold if d = 4. In this case, X is a quartic curve, so it is not
hyperelliptic. Also, H°(O¢) is one-dimensional, H®(w¢) is three dimensional, hence the objects
in (112) do not satisfy our assumption R = 2r(F’). Therefore the case d(F') = R is excluded. [
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As we discussed in Subsection 4.3, the slope function p defines a torsion pair (68) on Ay,
and the associated tilting Aq is given by (69). We have the following result.

PropPoOSITION 5.18. Suppose n = 3 and € = —1. Then the triple
(Za: Ac, 0 = 0w) (114)
determines a Gepner type stability condition o on HMF&" (W) with respect to (1,2/d).

Proof. Obviously, the triple (114) determines a stability condition if and only if the triple

(ZL = Za/Cw, Ag, 0 = 0) (115)
determines a stability condition. By the construction of Ag, any non-zero object E € A¢ satisfies
Im ZL(E) > 0. Moreover, Lemma 5.13 and Lemma 5.17 imply that if Im Zg(E) = 0, then

Re Zg(E) < 0. Therefore the triple (115) satisfies condition (71). Also, by Lemma 5.13, the

image of ZTG is discrete, which enables us to apply the same argument of [Bri08, Proposition 7.1]
to prove the Harder—Narasimhan property of the triple (115). Therefore the triple (115), and
therefore (114), determines a stability condition. Let

oG = (Z¢,{Pa(d)}toer)

be the stability condition on HMF&" (W) determined by the triple (114). We need to show that o¢
is of Gepner type with respect to (7,2/d). Note that, in our situation, the triple (114) satisfies the
inequality in (83). Therefore, by Lemma 4.12; it is enough to check the og-stability of 7¥ (O, ),
C(1) and 72¥(0,). The stability of these objects is proved in Lemma 5.19, Lemma 5.21 and
Lemma 5.23 below. O

Below we check the og-stability of the objects 7¥(0O,), C(1) and 72¥(0,). Let aé be the

stability condition on HMF®" (W) determined by the triple (115). It differs from o¢ by an action

of C, so it is enough to check the UTG—stability of these objects.

LEMMA 5.19. For any x € X, the object TU(Q,) is ag-stab]e.

Proof. By Lemma 3.10, the object 7¥(O,) is an object in Ay, given by the coherent system
(Ox — O,). It is p-stable with u(x) > 0, hence 79 (0, )[—1] € Ag. On the other hand, we have

X Z>o

1 > (116)

Im Z},(Ag) C {

The imaginary part of Zg(T\I!((’)w)[—l]) is vV H2d/4, which is the smallest positive number in the
right-hand side of (116). By Lemma 4.14, it is enough to check that there is no non-zero morphism
from any object P € Ag with Im Zé(P) =0 to ¥(O;)[—1]. Since 7V(O,)[—1] € Aw[—1], and
P € Ay by Sublemma 5.20 below, there is no non-zero morphism from P to 7¥(0;)[—1]. O

We have used the following sublemma. The proof is obvious from the construction of Ag,
and we omit it.

SUBLEMMA 5.20. A non-zero object P € Ag satisfies Im Zg(P) = 0 ifand only if P € Ay, and it
is given by iterated extensions of p-stable coherent systems (O?@R — F) with ,U,(O??R — F) =0,
and coherent systems of the form (0 — O,) for y € X.

Next we check the stability of C(1).
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LEMMA 5.21. The object C(1) is ag—stable.

Proof. By Corollary 3.23, we have the isomorphism (again we leave out ©)
C(1)[~1] = (Ox @ R = Ox(1))

such that s is the natural evaluation map. In particular, H%(s) is an isomorphism, and s is
surjective since Ox (1) is globally generated. Then we apply Sublemma 5.22 below to show that
C(1)[—1] is p-stable. The slope p(C(1)[—1]) equals 1/6 if d = 4 and 0 if d = 6. In the former case,
C(1)[-2] € Ag, and the imaginary part of Zg(@(l)[—Q]) is 1, which is the smallest positive value
of the right-hand side of (116). Hence the Jg-stability of C(1)[—2] follows from the same argument
as Lemma 5.19. In the latter case, C(1)[—1] € Ag and the imaginary part of Zg(@(l)[—l]) is 0.
Hence the Jg—stabﬂity of C(1)[—1] follows from its p-stability and Sublemma 5.20. O

SUBLEMMA 5.22. An object (0% % L) € Aw with R > 0 and £ € Pic(X) is p-stable if s is
surjective and H(s) is injective.

Proof. Suppose that s is surjective and H(s) is injective. Let
0— (0% = L) = (0LF = £) — (0% = L£5) =0
be an exact sequence of coherent systems. It is enough to show the inequality
WO = £) < p(O%% = L) (117)

By our assumption, £1 # 0 and Rs # 0, hence Ly is a zero-dimensional sheaf. Therefore the
right-hand side of (117) equals to 1/2, while the left-hand side of (117) is less than 1/2. Hence
(117) holds. O

It remains to prove the following lemma.
LEMMA 5.23. The object 72¥(0,) is an object in Pg(Ow + 1+ 4/d).
Proof. Applying T to the exact sequence (32), we obtain the distinguished triangle
TU(0,) = 72U (0,) — C(1)

in HMF® (W). Combining this with Lemma 3.10 and Corollary 3.23, we see that the object
72¥(0,) is obtained as a cone of the morphism of coherent systems:

Ox ® Ry —— Ox(1)

%l |

Ox O, .

Here s is the evaluation map and (71,72) is the morphism of coherent systems. Since (71, 72)
is non-zero, 7 and 72 are both non-zero, hence surjective. Therefore the object 72U (0,)[—1] is
given by the coherent system

(Ox ® Ri, 3 Ox(1) @ L,). (118)

Here Ry is the subspace of Ry which vanishes at x, and I, is the ideal sheaf which defines x.

First, suppose d = 4. In this case, Ry, is two-dimensional, and s, is surjective since any
of two lines in P? determined by two generic elements in Ry . intersect only at x transversally
Also, H(s;) is injective since H%(s) is an isomorphism. Therefore the coherent system (118)
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is p-stable by Sublemma 5.22. Since y = 0 for the coherent system (118), 72W(0,)[—1] is an
element of Ag and is og-stable. In particular, 72¥(0O,) is an object in Pg(fy + 2).

Next, suppose d = 6. In this case, R, is one-dimensional, and s, is not surjective at x.
In particular, the coherent system (118) is not p-semi-stable. However, we can show the Zg—
stability, hence the ag—stability, of (118) in the following way: the sheaf Ox (1) ® I, is isomorphic
to Ox (') for another point 2’ € X, and (118) is isomorphic to the coherent system

(Ox = Ox(a").
where s’ is a natural inclusion. There is an exact sequence of coherent systems
0= (0x 3 0x) = (0x = Ox (@) = (0= Op) — 0. (119)

Both of the objects (Ox < Ox) and (0 — O,) are p-stable with negative slopes, hence the
object (118) is an object in Ag. Also the imaginary part of ZE(OX — Ox(2')) is v/3/2, which is
the smallest positive value of the right-hand side of (116). Therefore by Lemma 4.14, it is enough
to check that there is no non-zero morphism from P € Ag with Im Zg(P) = 0 to the object

(Ox — Ox(2')). This follows from Sublemma 5.20, since (Ox i Ox) and (0 — O,/) are both
u-stable with negative slopes, and the exact sequence (119) does not split. O

5.5 The case n =2, ¢ = -2

Finally, in this subsection, we study the case (n,e) = (2, —2). In this case, X is a finite number
of smooth points, represented by points pl) = (pgj),péj)) € C? for 1 < j < #X. The heart Ay is
given by

Aw = (C(1),C(0),¥(O,) : € X)ex -
By Lemma 3.17 and Lemma 3.18, the heart Ay is equivalent to the abelian category of represen-
tations of a certain quiver Q@ with relations. As in the previous subsection, we have the following
possibilities:

)

(3)

N

X1 4
Xa

(aha??d? ﬁX) = (17 17474)7 Q= o

#(2)

s
3
\ °

(a17a27d7 ﬁX) = (37 17672)7 Q = &>

Also, by Corollary 3.19, in the d = 4 case, we have the following relations:
PP x; =pWallx, 1<j<A4. (120)

There is no relation in the d = 6 case. By (66) and the classification above, the central charge
Z¢ is given as follows.
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LEMMA 5.24. If we write the K-theory class of E € Ay as
41X
[E] = v [C(1)] + w[C(0)] + 3 w; [#(0,00))] (121)
j=1

for vj,wj € Zxo, then we have

2
Zg(E) =Cw {—w + (1 — CoS ;) vo + v1

. 27 .27 L A4r
+ {—smdvo—i- (smd —smd> vl}\/—l} ,

X
where w = Zgzl wj.

By setting Zg := Za/Cw, we define the slope function p on Ay by

e i
n(g) = e ZeE)

1 2
:<vl+<1—cosﬂ)vo>—1.
w d

We set u(E) = oo if w = 0. This slope function defines the p-stability on Ayy. Since Ay is
noetherian and artinian, any object in Ay admits a y-Harder—Narasimhan filtration (cf. [Tod10a,
Proposition 2.12]). We have the following lemma.

LEMMA 5.25. For any non-zero p-stable object E € Ay with u(E) = 0, we have Im Z(T;(E) < 0.

Proof. In the case d = 6, we have Im Zg;(E) = —+/3vp/2, which is non-positive. If vg = 0,
the condition u(E) = 0 implies v; = w # 0. Therefore E decomposes into direct sums, which
contradicts the u-stability of E.

In the case d = 4, the claim is equivalent to the claim that if E is u-stable with vg+v; = w # 0,
then v1 < vg. Let us represent F as a representation of O:

w@w  we)
()
(1) (0) )
v (122)
e
WO 7 (2)
[ ] [ ]

where the V@ are v;-dimensional and the W® are w;-dimensional. Suppose that v; > vy. By
the relation (120), for 1 <4 < 4, we have the linear maps

pgi)X2 - pg)Xl: v S Ker(7®). (123)

Because of the condition w # 0, there is an 1 < 4 < 4 such that w® £ 0. Also, the p-stability of E
implies that 7 is surjective. Therefore the assumption v > vg implies dim Vv > dim Ker(w(i)),
and there is a non-zero element v € V1) which is mapped to zero by (123). Let us consider the
sub-quiver representation of (122) generated by v. By taking relation (120) into consideration,
the corresponding subobject F' C E in Ay has K-theory class

[CD)] or [CW)]+[C(O)] or [C(1)]+ [C(0)] + [¥(Op))] -
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Hence we have p(F') > 0, which contradicts to the p-stability of E with u(FE) = 0. O

As before, the slope function u defines a torsion pair (68) on Ay, and the associated tilting
Ag given by (69). We have the following result.

PROPOSITION 5.26. Suppose n = 2 and € = —2. Then the triple

(ZG,AG, 0 = 0w + ;) (124)

determines a Gepner type stability condition o on HMF&" (W) with respect to (7,2/d).

Proof. The triple (124) determines a stability condition if and only if the triple

(ZTG = Zg/Cw, Ag,0 = ;) (125)

determines a stability condition. By Lemma 5.24, Lemma 5.25 and the construction of Ag, the
triple (125) satisfies condition (71). Also, since the image of Zg is discrete, the same argument as
that used for [Bri08, Proposition 7.1] shows the Harder-Narashiman property of (125). Therefore
the triples (124), (125) determine stability conditions o¢, ag respectively. Since they only differ
by a C-action, by Lemma 4.10, it is enough to check the Jg-stability of T¥(O0;), C(1) and C(2).
These are checked in Lemma 5.27, Lemma 5.28 and Lemma 5.29 below. ]

LEMMA 5.27. For any x € X, the object TU(QOy) is crg—stable.

Proof. By Lemma 3.10, we have 7¥(0;) € Aw. By the exact sequence (32), the object 7¥(O;)
is p-stable with non-positive slope. Therefore 7 (Q,,) is an object in Ag. In the d = 4 case, we
have Zg(T‘P(Om)) = —/—1. Since the image of ZTG is Z + Z+/—1, this immediately implies that
TU(O,) is og—stable. In the d = 6 case, note that Re Zg(*) on Ag is contained in Z<g x 1/2. Since
Re Zg(T\I/(Ox)) = —1/2, by Lemma 4.14, it is enough to check that Hom(P, 7¥(0,)) = 0 for any

P € Ag with Re Zg(P) = 0. By our construction of Ag, we have P € Ay, and P is y-semi-stable
with pu(P) = 0. Since 7¥(0;) is u-stable with negative slope, we have Hom(P,7¥(0,)) =0. O

LEMMA 5.28. The object C(1) is UTG—stab]e.

Proof. Since C(1) is p-stable with u(C(1)) = oo, we have C(1)[—1] € Ag. In the d = 4 case, note
that Re Zg(*) is contained in Z<p. Since Re Zg((C(l)[—l]) = —1, by Lemma 4.14, it is enough
to check that Hom(P,C(1)[—1]) = 0 for any P € Ag with Re Zg(P) = 0, which follows since P
is an object in Ay . In the d = 6 case, let E be a non-trivial quotient of C(1)[—1] in A¢g. Since
Zg(C(l)[—l]) = —1, it is enough to check that Im ZTc(E) < 0. To check this, note that we have
E € Aw since C(1) is a simple object in Ay . Let us write the K-theory class of E as in (121).
Since Im Zg(E) = —+/3vp/2 is non-positive, it is enough to exclude the case vy = 0. If vy = 0,
then E is a direct sum of objects C(1) and W (O,) for x € X. Then there is a non-zero morphism
from C(1)[—1] to ¥(O,), which contradicts to Lemma 3.17. O

LEMMA 5.29. The object C(2) is ag—stable.

Proof. We first discuss the case d = 4. In this case, by Corollary 3.20, the object C(2)[—1] is an
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object in Ay represented by the following quiver representation:
-
R (3)
(2
(1)

Here R; is two-dimensional and Ry is three-dimensional. We first show that C(2)[—1] is u-stable.
Let E be a subobject of C(2)[~1] in A given by a representation (122), with ) := dim V)
and w 1= Z?:l dim W0, Let I be the subset of i € {1,2,3,4} such that W® = 0. Similarly to

the proof of Lemma 5.5, we have the inequality v(¥) < 3 — #I. Also, we may assume v < 1,
since otherwise F' coincides with C(2)[—1]. Therefore we have the inequality

0@ oM <41 =w,
which implies that u(F) < 0 < u(C(2)[—1]) = 1/4. Therefore C(2)[—1] is p-stable with positive
slope, hence we have C(2)[—2] € Ag. Since ZI;((C(2)[—2]) = —1+4+/—1 and the image of Zg is Z+
Z~/—1, by Lemma 4.14, the JL—Stability of C(2)[—2] follows if we check that Hom (P, C(2)[-2]) =
0 for any P € Ag with Re ZE(P) = 0. This follows since P € Ay and C(2)[-2] € Aw[-1].

Next we discuss the case d = 6. By Lemma 3.11, the object C(2)[—1] € Ay is represented
by the following quiver representation

«©©
@
X

This object is obviously p-stable. Since p(C(2)[—1]) = —3/4, it follows that C(2)[—1] € Ag.
Also we have Zg((C(Q)[—l]) = —(1/2+3+/-3/2), and Re Zg(*) is contained in Z<y x 1/2 on Ag.
Applying Lemma 4.14, the ag stability of C(2)[—1] follows if we check that Hom(P, C(2)[—1]) =0

for any P € Ag with Re Zg( ) = 0. Since such P is a u-semi-stable object in Ay with pu(P) = 0,
and C(2)[—1] is p-stable with negative slope, it follows that we have Hom(P,C(2)[—1]) =0. O
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