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Infinitesimal invariants for cycles modulo algebraic
equivalence and 1-cycles on Jacobians

Claire Voisin

ABSTRACT

We construct an infinitesimal invariant for cycles in a family with cohomology class in
the total space lying in a given level of the Leray filtration. This infinitesimal invariant
detects cycles modulo algebraic equivalence in the fibers. We apply this construction
to the Ikeda family, which gives optimal results for the Beauville decomposition of the
1-cycle of a very general plane curve in its Jacobian.

1. Introduction

This paper is devoted first of all to the construction of infinitesimal invariants for (families of)
cycles modulo algebraic equivalence, similar to the infinitesimal invariants used in [Voi94b] for the
study of families of cycles modulo rational equivalence, and secondly to a geometric application
of these infinitesimal invariants to the study of the length of the Beauville decomposition of the
1-cycle of a curve in its Jacobian.

Infinitesimal invariants appear in the following situation: Let 7 : ) — B be a smooth projec-
tive morphism, and let Z be a codimension n cycle in Y. We assume that the cohomology class
[Z] € H>*(Y,Q) belongs to the s-th level of the Leray filtration on H?"(),Q). Then we pro-
duce for any point b € B an infinitesimal invariant 6[Z]; 4, which depends only on the first order
neighborhood 2, 5 := 21y, , of the restricted cycle Zy, := Zy, of the fiber ), (hence the name “in-
finitesimal invariant”). More precisely, Z has a Dolbeault cohomology class [Z]™" € H" (Y, Q}))
and this infinitesimal invariant will depend only on the restricted class

[Z]i5, € H" (Vo Q1y,,) -

This infinitesimal invariant has the property that it allows us to decide whether the restricted
cycle Z, is algebraically equivalent to 0 at the very general point b € B. More precisely, we will
prove the following result.

THEOREM 1.1. In the situation above, assuming that s > 2 and [Z] € L H*"(Y,Q), there is an
infinitesimal invariant 0[Z]q, which is a section of the sheaf
Ker ?s,n,s,n
Qp A Kerﬁsfl,nfs,n

Y
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INFINITESIMAL INVARIANTS AND 1-CYCLES IN JACOBIANS

with restriction
c Ker ﬁsﬁ_&n,b
QBJ, A Ker stl,nfs,n,b ’
which is 0 at a general point b € B if for general b € B, Z;, is algebraically equivalent to 0 up to
torsion in the fiber ).

4 [Z]b,alg

The maps
ﬁs,nfs,n . SB ® NSy QSB—i—l ® /Hn—s—l,n—l—l

are induced by the infinitesimal variation of Hodge structure on the cohomology of the fibers
of 7; they are defined using the Gauss-Manin connection and the Hodge filtration on Hodge
bundles associated to the family Y — B (cf. [Gri83], [Voi03, 5.1.2]).

Since the set of points b € B such that a multiple of the restricted cycle Z; is algebraically
equivalent to 0 is a countable union of closed algebraic subsets of B, we can rephrase Theorem
1.1 as follows.

COROLLARY 1.2. There is a Zariski open set U C B such that if §[Z]p ag # 0 for some b € U,
then [Z]y is not algebraically equivalent to 0 up to torsion for very general b/ € B.

More precisely, we can take for U the Zariski open subset of B consisting of points where the
sheaf Kerﬁ&n,s’n/(QB,b AKerVs_ipn_sn) is locally free; the nonvanishing of 0[Z]p,a1g for some
b € U then guarantees the nonvanishing of §[Z]; 414 for general b € B.

The main difference between the present construction and the one in [Voi94b] lies in the
fact that the infinitesimal invariant introduced here detects cycles modulo algebraic equivalence,
while in our previous work only cycles modulo rational equivalence (a much bigger group) could
be detected. There is a serious difficulty here, since Lemma 2.2, which says that up to shrinking
the base B, the cycle Z as above is cohomologous to 0 modulo torsion on the total space ) if
the restricted cycles Z; are rationally equivalent to 0, obviously does not hold when replacing
rational equivalence by algebraic equivalence.

Our infinitesimal invariants are not present, at least not explicitly, in the work of Nori [Nor93]
and Fakhruddin [Fak96], but they are in fact hidden in the infinitesimal variations of Hodge
structures arguments used in their computations of the Leray filtration (we refer to [Voi94al,
[Voi03] for the relation between infinitesimal invariants and Leray filtration). The work of Ikeda
[Tke03] involves similar infinitesimal invariants, which, however, lie in a bigger cohomology group
and allow him to detect the nontriviality of cycles modulo a relation which is much finer than
algebraic equivalence. His computations have been extended by Pirola and Rizzi in [PRO7].

Our main application concerns the length of the Beauville decomposition of the canonical
l-cycle of a generic Jacobian. To avoid heavy notation, we denote by CH!(Y) the Chow groups
of a variety Y with rational coefficients. Recall that Beauville defined in [Bea86] a canonical
decomposition on the Chow groups CH'(A) of an abelian variety, as a direct sum of eigenspaces
for the actions of the homotheties:

CH'(A) = @s CH'(A)s,
where
2 € CH (A)s & ulz =m* ™2, Vm € 7.

Here for m € Z we denote by p,, the multiplication by m on A. This decomposition works as
well for cycles modulo algebraic equivalence. It should be understood as a canonical splitting
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of the'conjectural Bloch-Beilinson filtration, which'is supposed to be a decreasing filtration
F!'CH'(A) on CH'(A), whose graded pieces Gr', CH(A) are governed by the Hodge structures
on the cohomology groups H*~!(A,Q), and which finishes, more precisely F**! CH!(A) = 0.

It is not known, however, whether the filtration defined by
F'CH!(A) = @4 CH(A), (1.1)
satisfies the axioms of a Bloch-Beilinson filtration, and in particular whether
FYCH(A) = CH(A)pom -

Here the inclusion F' CHY(A) € CH!(A)pom is easy to see: for s > 0, CH(A), is made of cycles
homologous to 0, because p; acts as multiplication by n?* on H? (A, Q), but the reverse inclusion,
which is equivalent to saying that CH!(A), = 0 for s < 0 and the cycle class map is injective on
CH(A)p, is unknown.

In this paper, we consider the induced decomposition on the groups CH!(A)/alg of cycles with
rational coefficients modulo algebraic equivalence. As mentioned above, for s > 0, CHi(A)S -
CH'(A)pom, so that the s-th piece CH!(A),/alg is in fact contained in the Griffiths group

CH'(A)pom/alg = Griff'(A) @ Q.

We will avoid using the notation Griff’(A), since it is used by Ikeda with a different meaning
(see below). In the case where A = JC' is the Jacobian of a curve of genus g, there is a natural
1-cycle (codimension g — 1 cycle) Z on JC defined as the image of C' under the Abel map, with
respect to any chosen point or 0-cycle of degree 1 on C'. Being defined up to translation, it is
well-defined modulo algebraic equivalence. We consider the Beauville decomposition

Z=Y Z,
S

of this cycle, with Z, € CHY™1(JC)4/alg. The study of the components Z, has a long history. The
first result is the one by Ceresa [Cer83], saying that Z; is non zero in CHY ™1 (JC); /alg for g > 3
and C' very general in modulus. Ceresa uses the Griffiths criterion [Gri69] that says that if a cycle
is algebraically equivalent to 0, then its Abel-Jacobi invariant belongs to the maximal abelian
subvariety of the intermediate Jacobian, together with a degeneration argument for the study
of this Abel-Jacobi invariant. Using Griffiths’s infinitesimal invariant [Gri83], an infinitesimal
argument can be applied as well (cf. [CP95]) to prove the nontriviality of the primitive (or
transcendental) part of the normal function given by the Abel-Jacobi image of the cycle Z;.

In the opposite direction, there is the following vanishing result due to Colombo and Van
Geemen [CvG93].

THEOREM 1.3. Assume that a smooth curve C' has a gcll, that is, a morphism of degree d to P'.
Then

Zy=0in CHYY(JC)s/alg, Vs > d—1.

Further results concerning the so-called “tautological ring” introduced by Beauville in [Bea04]
and generated under Pontryagin product by the Z5 have been obtained by Herbaut [Her07], Van
der Geer-Kouvidakis [vdGKO07], Polishchuk and Moonen [Pol07], [Mo009]. The results of Herbaut
(reproved by Van der Geer-Kouvidakis) generalize the Colombo-Van Geemen result to the case
where the curve admits a g/, 7 > 2. This, however, does not give more vanishing for the individual
components Zg, but rather polynomial relations between them in the tautological ring (here the
ring structure considered is given by the Pontryagin product of cycles). The results by Moonen
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and Polishchuk are devoted to relations in the tautological ring of a general curve, and the paper
[Bea04] by Beauville describes a set of generators for this ring.

In the paper [CvG93], Colombo and Van Geemen asked for the optimality of their result, for
a very general curve. (As noticed by Ben Moonen, it is not expected that their result is optimal
for any curve, because for curves defined over a number field, the Beilinson conjecture [Bei87]
predicts that

Zs=0,Vs > 2,
while the general curve defined over a number field and of genus > 5 has gonality > 4.)

Concretely, the gonality gon(C') of a general curve C' of genus g, that is, the minimal degree
of a g} on C, is computed using Brill-Noether theory (cf. [ACGHS85]), which gives

g=2k+1or g=2k+2= gon(C) =k + 2 for generic C'.

Thus the question asked by Colombo and Van Geemen can be stated in the following form.

CONJECTURE 1.4. Let C be a very general curve of genus g > 2k + 1. Then
7y, #0in CHY Y (JO)/alg.

Note that by a degeneration argument as in Ceresa’s paper [Cer83], we can reduce to the
case where g = 2k + 1. Some results have been obtained in this direction. First of all, Fakhruddin
[Fak96] shows the nonvanishing of Zs for C' a general curve of genus > 11 (the expected bound
being g > 5). In a different direction, Tkeda obtains a nonvanishing result for an analogue of the
cycles Zs, s < d — 2 when the curve is a very general plane curve of degree d (thus of gonality
d —1). Colombo-Van Geemen’s Theorem 1.3 says that for such a curve, the cycle Z;_s is zero in
CHY71(JC)4_2/alg. This last result is also possibly optimal since by Herbaut’s above mentioned
results in [Her07], we know that for plane curves, there are extra polynomial relations between
the various Zj, but a priori no further vanishing of a given component Z, is expected except for
the vanishing of Z; o given by Theorem 1.3. This leads to the following conjecture.

CONJECTURE 1.5. Let C' be a very general plane curve of degree d (so g = ¢g(C) is given by
29 — 2 = d(d — 3)). Then the cycle Zy_3 is nonzero in CHY™1(JC)y_3/alyg.

Ikeda addresses this conjecture but not for cycles modulo algebraic equivalence. The quotient
of the group of cycles considered by Ikeda is an a priori much bigger group than the group of
cycles modulo algebraic equivalence. These groups called higher Griffiths groups were defined by
Shuji Saito [Sai02] and involve his construction of a Bloch-Beilinson filtration Fg CHF(Y") [Sai96].
The higher Griffiths groups of Saito are then defined as the quotient

Fi CHF(Y)
FITCHM(Y )+ < T Fi, CHy(Z) >

where I' runs over the set of correspondences of codimension k between any smooth projective
variety Z and Y. Of course when i = 1, the subgroup < I', & CHy(Z) > consists exactly of cycles
algebraically equivalent to 0, but for i > 1, the group < I'.Fi CHo(Z) >C F} CH*(Y)) may be
very small, and different from F% CH¥(Y) N CH*(Y")4,. We will make a comparison between the
Ikeda infinitesimal invariants and ours in Section 4, and we will see that, due to the vanishing of
canonical syzygies for generic curves [Voi05], for the case of a general curve of genus 2k + 1, his
infinitesimal invariants for the cycle Zs, s < k, highly depend on the choice of embedding of C
into its Jacobian (this embedding, hence also the cycles Z, is defined up to translation).

)
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Our main application of the infinitesimal invariant constructed in Section 2 is the proof of
Conjecture 1.5.

THEOREM 1.6. Let C' be a very general plane curve of degree d. Then
Zg 3 #0in CHI Y (JCO)g_3/alg.

Theorem 1.6 implies, in particular, the following result, which is certainly not optimal in view
of Conjecture 1.4, but partially answers the question asked in [Bea04].

COROLLARY 1.7. Let C be a very general curve of genus g > k(k+3) Then the cycle Z satisfies

2
Zy # 0 in CHI"Y(JC)y/alg.

Proof. Indeed, we first reduce by degeneration the problem to the case where g = %k:(k +3)+1;
then we specialize C' to a very general plane curve of degree k + 3 and apply Theorem 1.6. Since
the specialized cycle Z; is not algebraically equivalent to 0, the same is true at the very general
point. [

For k = 2, the above corollary says that the very general curve of genus g > 5 has Zy # 0
in CH9"1(JC)s/alg. The bound expected from Colombo and Van Geemen’s Conjecture 1.4 is
g = 5, and as already mentioned, Fakhruddin [Fak96] proved the result in the range g > 11.

In order to prove Theorem 1.6, we compute the infinitesimal invariant of Theorem 1.1 on the
Ikeda family of plane curves of degree d (cf. [Ike03]). This family has a very special variation of
Hodge structure, which makes the explicit computation quite easy.

2. Infinitesimal invariants for cycles modulo algebraic equivalence

2.1 Infinitesimal invariants for cycles modulo rational equivalence

In this subsection, we recall for the convenience of the reader the construction of infinitesimal
invariants for families of cycles modulo rational equivalence. We will explain in § 2.2 the modifi-
cations needed to get infinitesimal invariants for families of cycles modulo algebraic equivalence.

Let m : Y — B be a smooth projective morphism, where B is smooth quasi-projective, and
let Z C Y be a cycle of codimension n. Following Nori [Nor93], consider the cycle class

[z e H™(,€2y)
with the following restriction at t € B:
[(Z]7" e H™ (W, Slim)'

We have the following lemma, which will be useful later on. It is not completely obvious because
we are working not on a smooth projective variety, but only on a quasiprojective one.

LEMMA 2.1. The class [Z]™" is determined by the Betti cohomology class [Z] € H*™(), Q).

Proof. The class [Z] belongs to the pure weight 2n part Wyue H2"(),Q) of the Deligne mixed
Hodge structure on H?"(),Q), which is defined as the image of the restriction map

I{Qn(y7 Q) N 1{271(3)7 @)

for any smooth projective completion Y of Y. It is a Hodge class in Wpue H>" (Y, Q), which
means that it comes from a Hodge class « on ). This Hodge class can now be seen via the Hodge
decomposition as a class o™ € H™ (), Q%), which restricts to a class in H"(Y, 2},). If we change
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a to o, the difference a — o/ is a Hodge class in Ker(H*(), Q) — H?*(Y,Q)). It is known (cf.
[Voil4, Proof of Lemma 2.22] or [PS08, Corollary 7.3]) that if a Hodge class (3 of degree 2n on a
smooth projective compactification ) of ) vanishes on ), then there exists a Hodge class 3’ of
degree 2n — 2 on a desingularization D of D := Y\ Y such that j,8’ = 3, where j : D — ) is
the natural morphism. It follows that 7,3 """ = gnn_ with g/ ! e H" (D, Q%fl) and
thus ™" vanishes in H™(Y, Q%) Applying this to § = a — o/, we conclude that a™" = /™" in
(Y, ). O

The class [Z]™" was again considered and studied in [Voi94b], in the case of a family of
0-cycles in a family of surfaces. Its usefulness for the study of the algebraic cycle Z comes from
the following easy fact (see [Voi03, Theorem 10.19]).

LEMMA 2.2. If for any t € B, the restricted cycle Z; := Z|y, Is rationally equivalent to 0, then
there is a dense Zariski open set U C B such that Zy is of torsion in CH"(Yy), hence in
particular

[Z]"" =0 in H*(Vu,9,), [Z]}" =0in H"(V, Q%) t € U.
In [Voi94b], [Voi94a] (see also [Voi03, 5.2.2]), it was furthermore explained how to study the
nonvanishing of the class [Z]™" by considering the “Leray filtration” on Q73
L2y, =" Qp A QY70 (2.2)
The associated graded vector bundle is

Gry QO = T Q5 © 05

Y/B*
It thus follows that there is a spectral sequence abutting to R"m,(2y:
E}I(QF, L) = Qf ® RMmQ5 0 = R, Q3. (2.3)

Of course, if B is affine, we have
H™(Y,Q%) = H°(B, R"m,Q%)
and thus the vanishing of [Z]™" is equivalent to the vanishing of [Z];"" for any ¢ € B.

One verifies (see [Voi03, 5.1]), as a consequence of the Katz-Oda description of the Gauss-
Manin connection, that the first differentials d; are the Griffiths V-maps induced by the Gauss-
Manin connection and Griffiths transversality:

dy = ﬁs,nfs,erq O ® HEST QSB+1 @A betatl ) (2:4)

where the bundles HP? = wa*ng /p are the Hodge bundles whose fibers at ¢t € B are the spaces
Hi1()y, Q’;,t ).

This spectral sequence degenerates at Esy (see [Ike03], [EP94]), as it is the case for the topo-
logical Leray spectral sequence, and by the same argument as in [Del68].

Assume now that our cycle 2 has its class in L°H"(Y,Q3,), which is equivalent, if B is affine
and small enough, to the fact that [Z];"" belongs to the subspace L*H™ (), Q@lyt) for any t € B,

since we then have the base change property for the sheaf R"m. ()3, endowed with the L-filtration
and the formula

LH"(Y, Q%) = T(B, L°*R"m. Q%) .
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Our cycle then has an “infinitesimal invariant” (see [Voi94a], [Voi03, 5.2.2])
§[Z] e (B, E3°(9%, L)) =T(B, Ey"°(QY, L)) (2.5)
= P(B, Ker Vs,n—s,n/ Im Vs—l,n—s-i—l,n—l) 5
where
ﬁs s SB ® NS QSBJrl ® Hn—s—l,n—l—l

and

Vetn-stin1: Q5 @H" L5 Qn @ 9" on
are the V-maps of (2.4).

Let U C B be the dense Zariski open set where the coherent sheaf E3)'™ " is locally free.
The nonvanishing of the restricted infinitesimal invariant

5[Z]t € Kerﬁs,nfs,n,t/Imﬁsfl,nferl,nfl,t

at some point ¢t € U implies that the class [Z]™" is nonzero on any dense Zariski open subset

of U, and thus by Lemma 2.2, the cycle Zy is not rationally equivalent to 0 at a very general
point ¢ € B.

Let us comment on the assumption made on Z™", namely that it belongs to L*H™ (), Q@),
and relate it to the assumption made in Theorem 1.1 that [Z] € L*H?"(Y, Q).

ProprosITION 2.3. Let Z be a codimension n cycle on ) such that the Betti cohomology class
[Z] belongs to L*H?**(),Q). Then, after shrinking the base B if necessary, the Dolbeault cycle
class [Z]™" belongs to L*H"(Y,3,).

Proof. We use the fact, which is a consequence of the global invariant cycles theorem of Deligne
(see [Del71], [Voi03, 4.3.3]), that there exist Hodge classes ¢; of degree 2d with d := dim /B on
Y xpY, (where by Hodge classes, we mean Hodge classes in the pure part Wy, H 2d(y xp),Q))
that act as Kiinneth projectors, that is, the induced morphisms 4;, : Rm.Q — Rm,.Q factor as

Rm,Q — R'm,Q[—i] — Rm.Q,

where both maps induce the identity on cohomology of degree i (and 0 in the other degrees).
Furthermore, the sum ), ¢; is equal to the class of the relative diagonal.

When the fibers ); have the property, as it is the case for an abelian fibration, that the
Kiinneth components of their diagonals are algebraic, thus providing cycles A;; on V; x ); with
classes the i-th Kiinneth projectors d;; € H2d(yt X V¢, Q), we can construct the J;’s over a
generically finite cover B’ of B, by spreading out the A;; (which needs to make a base change)
and taking the cohomology class 9; of the spread-out cycles A;.

We now let the §; act on the classes [Z] and [Z]™". For the second action, we use the fact
that §; is a Hodge class on ) xp ), hence has a natural image in Hd(y Xg Y, le,XBy). As we
have ), 6; = [Ay,p], we get

> b =1d: H*(Y,Q) » H™(¥,Q). (2.6)
Note also that the actions d;, are compatible with the Leray filtration on H?"(),Q) and the

filtration L on H™ (), Q@) Looking at the way the §; operate on the spectral sequence associated
to the filtration L on 23, one finds that

i [Z]™" € LT H™M(Y, Q) .
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Using (2.6), we now write

(2] = Z i Z] .

By Lemma 2.1, we get that if the Hodge class §;,[2] vanishes in H?*(), Q), then its Dolbeault
counterpart d;[Z]™" vanishes in H"(), 3,).

The assumption that [Z] € L*H?"(),Q) is equivalent to the assumption that §;x[Z] = 0
for i > 2n — s, because Im &, : H**(Y,Q) — H?"(Y,Q) is a direct summand contained in
L2~ q?(Y,Q) and isomorphic to Gr3" *H?"(Y, Q). But then §;[Z]™" vanishes for i > 2n — s,
that is,

(21" =) 62 = Y SulZMre Y LPTTHM(Y,Q)) = LPH'(Y,Q)). O
7 i<2n—s s<2n—1

The name “infinitesimal invariant” comes from the fact, proved in [Voi88], that for s = 1, the
infinitesimal invariant is the Griffiths infinitesimal invariant (cf. [Gri83]) obtained by differenti-
ating the normal function associated to Z.

2.2 Infinitesimal invariants for cycles modulo algebraic equivalence

Our main result in this section is the construction of an infinitesimal invariant for cycles modulo
algebraic equivalence and the proof of Theorem 1.1. Let w : ) — B be a smooth projective
morphism and let Z C ) be a cycle of codimension n. Note that Lemma 2.2 is not true for cycles
modulo algebraic equivalence. However, we have Proposition 2.4 below, which will allow us to
extract from the §[Z] defined in previous section an infinitesimal invariant associated to cycles
modulo algebraic equivalence.

We will use the fact that the maps
vs,n—s,n : SB &® HPTHT QSBJFI X Hn—s—lm—i—l
satisfy the relation
ﬁsyn*&n(a A U) =—aAl vsfl,nfs,n(c") (27)

for «v a section of g, o a section of QSB_l ® H™ 5", This is proved as follows: for «, o as above,
let & be a section of F*~*H?"~* which lifts o. Then by definition,

Vsn—sn(aNo)=V(aAd) mod QSB+1 ® FH2n=s

By the Leibniz rule, this is also equal to —a AVa +daAG mod QSBH ® F"H*" 5. As da N &
is a section of QSB+1 ® F"H?*"~5, we get

Vsn—sn(a@Ao)=—a A Vs mod. QSB+1 ® FH2—s
It follows from (2.7) that
Qp AKerVs_ipnsn CKerVn_sn, (2.8)
as implicitly stated in Theorem 1.1. We now have the following result.

PROPOSITION 2.4. Assume that for any t € B, (a multiple of) Z, is algebraically equivalent to 0
and that furthermore [Z]"" € L*H"(Y,3,). Then there is a Zariski open set U C B such that

over U, the infinitesimal invariant 6| Z]™" belongs to the image of Qp N Ker ?s,l,n,s,n in
Ker ﬁs,n_s,n
Imﬁs—l,n—s—i—l,n—l .
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The following lemma is useful as it explains the simple form that the space of infinitesimal
invariants in Theorem 1.1 takes.
LEMMA 2.5. For s > 2, the space Qg AKer ﬁs_lm_sm C Ker v&n_s,n contains Imﬁs_Ln_s_i_l’n_l.
It follows that the quotient
Kerﬁsfl,nfs,n
Im vs—l,n—s—i—l,n—l + Qp A Ker vs—l,n—s,n

is equal to
Ker Vs—l,n—s,n

Qp A Kervs—l,n—s,n '

Proof. Indeed, for s > 2, we have s — 1 > 1 and thus for a section 7 of Q%_l ®@ HPsHn=l e
can write, locally, n = ). a; A 1;, where the «; are sections of Qp and the 7; are sections of
052 @ HrstLn=l By (2.7), we have

ﬁsfl,nferl,nfl(n) = - Z oy N\ ﬁ572,nfs+1,nfl(77i) .
[

This proves the result since ﬁs,gn,sﬂmfl(m) € Ker ﬁs,l,n,s,n. ]

The proof of Proposition 2.4 is postponed to the end of the section. We first show how it
implies Theorem 1.1.

Proof of Theorem 1.1. Starting from a cycle Z with class [Z] € L*H?"(),Q), we know by Propo-
sition 2.3 that after shrinking B, if necessary, the class [Z]™" belongs to L*H"(Y,Q},). We thus
have the infinitesimal invariant 0[Z] and its restrictions 0[Z]; € Gri H™ ()}, Qg,'yt) for any point
t € B. Let U be the dense Zariski open subset of B where the sheaf
Ker ?s’n,s,n
Qp A Ker vs—l,n—s,n + Imvs—l,n—s—l,n—l

is locally free. Then the nonvanishing of the infinitesimal invariant

Ker Vg,
5[Z]t c sl s,n—s,n,t
Im vsfl,nfsfl,nfl,t

modulo the image of Q2 ; ® Ker Vs_l,n_ sn,t under the wedge product map implies that for any
dense Zariski open subset U’ C U,

K 75n_5n
5[Z}|U'€F<U', o Vons )

Im vsfl,nfsfl,nfl

does not vanish modulo

v Ker V,
Im |:F(U/7 QU’ N Ker v5_17N—8,n) =T <U/, jr s,n—8,n >:| 7
IIIl Vs_l,n_s_l,n_l

hence it follows from Proposition 2.4 that the cycle Z; is not algebraically equivalent to 0 for
very general t € U.

For s > 2, we can apply Lemma 2.5. Denoting then by 0[Z],4 and §[Z]; 414 the image of §[Z]
and 0[Z]; in

T ( Ker vs,n—s,n ) Ker ﬁs,n—s,n,i&
) == and = ,
QU A Ker vs—l,n—s,n QB,t A Ker vs—l,n—s,n,t
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respectively, we have constructed the desired infinitesimal invariant for cycles modulo algebraic
equivalence satisfying the conclusion of Theorem 1.1 and Corollary 1.2. O

Let us first make a few remarks.

Remark 2.6. In [Nor93], Nori uses the cycle class [Z]™" to conclude that a certain cycle is not
algebraically equivalent to 0 at a general point ¢ € B, assuming its cohomology class Z does
not vanish on the total space. However, he does not introduce the infinitesimal invariant above
(although the infinitesimal computation is hidden in his arguments), for the following reason. In
his situation, the kernel of the map

Vetnsn: Q5 @H™s" o Qf @ Hs~Lntl
is equal to the image of the map
Vsom—siin-1: Qg2 @K sThn=l sl gyn—sn
and it thus follows that
Qp AKer Vo1 mosn CIM(Vootposrinot i Q5L @ HI 51 3 g gyn—smny |

This is why Nori can use the previously defined invariant §[Z] (see Section 2.1) to deal with
cycles modulo algebraic equivalence. The same remark applies to the paper of Fakhruddin who
uses similar methods applied to general abelian varieties.

Our second remark concerns the consistency of the existence of the above defined invariant
and the conjecture made in [Voi04]. We first recall what is this conjecture: Here we can consider
for the Bloch-Beilinson filtration on Chow groups with rational coefficients any of the filtrations
mentioned in the introduction, for example the one defined by Shuji Saito in [Sai96], or, in the
case of an abelian variety, the one which is induced by the Beauville decomposition asin (1.1). Let
us denote such a filtration by F'. These filtrations are conjectured to satisfy the crucial property
that

FFICHF(Y)g =0.
These filtrations also induce similar filtrations on Chow groups modulo algebraic equivalence.
In [Vo0i04] we made (and explored the consequences of) the following conjecture (which gen-
eralizes Nori’s conjecture [Nor93] on CH?).
CONJECTURE 2.7. We have
F*CHE(Y) Jalg = 0.

We now want to observe the following fact, which is consistent with this conjecture.

LEMMA 2.8. Let Z C Y — B be a cycle of codimension n such that [Z] € L"H"(Y,Q%,). Then
for any t € B, the infinitesimal invariant
c Ker vn,o,n,t

Qe ANKer V1001

5[Z]t,alg

vanishes.

Proof. This is obvious because the group we are looking at is the following (assuming n > 2, see
Lemma 2.5):

Ker (ﬁn,o,n : Q%,t ® HO™(Yy;) — Q%jl ® H=1"H()y))
Qp s AKer (V100 : Q' @ HOMY,) — Qi @ H-W0H (V)
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Hence, because H~1"*1());) = 0, the V-maps vanish in this range, and our group is in fact

Qp,® HO™ ()
Qpt A Q%jtl ® HOn(Y;) '

which is 0 because n > 0. O

Our last remark concerns the assumption that [Z] € LSH*"*(),Q) and will be useful for our
main application. There are two cases where the Leray level of an algebraic cycle in a family of
varieties is easy to compute:

1) The family Y is a family of smooth ample hypersurfaces or complete intersections in a pro-
jective space (or more generally, any ambient variety X whose rational cohomology is made of
classes of algebraic cycles). Then the hard Lefschetz theorem in this case says that the inter-
esting part of the cohomology of ); is supported in degree m := dim ). Given any cycle Z of
codimension n < dim );/2 in ), we can write (at least with rational coefficients)

Z=2 4T,

where I' is the restriction of a cycle coming from X and Z’yt is cohomologous to 0. Looking
more precisely at the shape of the Leray spectral sequence of ) — B and applying the Lefschetz
hyperplane section theorem, one finds that on an adequate dense Zariski open set U C B, the
Dolbeault cohomology class of Z|’yU belongs to L*"~*H?" (Y7, Q), where d = dim ;.

2) The second case where the Leray level is easy to compute is the case of a cycle in a family
of abelian varieties A — B. In this case we have the following fact.

LEMMA 2.9. If the cycle Z satisfies the condition that
for any t € B, then there is a dense Zariski open set U C B such that [Z]y € L*H**(Ay, Q).

Proof. Indeed, under our assumptions, Lemma 2.2 and the relative Beauville decomposition (see
[DMO1]) show that there exists a dense Zariski open set U C B such that for any k € Z*,

piZy = k*"*Z in CH"(Ap). (2.9)
It thus follows that for any k, the class [Z] € H?"(Ay, Q) satisfies
k(2] = K2 in B (A, Q). (2.10)

But there is a canonical Deligne decomposition
Rm.Q = ®R'7,Q[—i] (2.11)
such that for any i,
[y, © T = k:im : Rm,Q — Rm,Q,

where the 7; are the projectors associated to the decomposition (2.11) (cf. [DM91]). It follows
that

L*H™(Av,Q) = @iz H*"(Au, Q) (2.12)
where
H*M(Ay,Q)i = {a € H**(Ay,Q), pi[2] = K" '[2] in H™(Ay, Q) for any k} .
By (2.10) and (2.12), we therefore have [Z]y € L*H*"(Ay, Q). O
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Proof of Proposition 2./. We first prove the result in the case which will be useful for us, namely
when 7w : Y — B is a family of abelian varieties. The proof is easier in this case because, as
the proof of Lemma 2.9 shows, not only does the spectral sequence abutting to R™m. (), QS‘,)
degenerate at FEso, there is also a natural decomposition

R"m. Q3 = ©s(R"m Q%)) , (2.13)
where
(R"m )5 = {a € R"1.Q%, pra = k" *a, Vk € Z}
and the decomposition (2.13) is a splitting of the filtration induced by the filtration L on Qy.
We will explain at the end of the proof how to modify the argument to make it work in general.

So assume that Y — B is a family of abelian varieties over a smooth affine variety B,
and consider a codimension n cycle Z on ). Assume that for any ¢t € B, Z; is algebraically
equivalent to 0, and that furthermore [Z] € L*H?*"(),Q). Using the relative Beauville decom-
position of Deninger-Murre [DM91], we can replace Z by Z,, which does not change the class
§[Z] € GrlH™(Y, Q%) and preserves the assumption that its restrictions to the fibers is alge-
braically equivalent to 0. So from now on we assume that Z = Z;.

The definition of algebraic equivalence together with an elementary argument involving count-
ability of Chow varieties and uncountability of C implies that over a Zariski dense open subset U
of B, there exist

(i) a family of smooth nonnecessarily connected curves p : C — U;
(ii) a divisor D of C which is homologous to 0 on the fibers of p;

(iii) a codimension n correspondence I' C C xy Yy with Q-coefficients,
such that
Z=T.(D)in CH"QV). (2.14)

Here we recall that, denoting by p; and po the two proper smooth projections from C Xy Yy
to C and Yy, respectively,

L(D) == p2(piD - T).

Using the natural functoriality properties of the Dolbeault cycle class, the equality of cycles
(2.14) now provides the corresponding equality of Dolbeault cohomology classes:

[Zu]™" = pa([L]™" - pi[D]M) in H"(Vur, O3, (2.15)
We now again use the relative Beauville decomposition for cycles in the family C xi; Y — C. The
cycle I'' decomposes as
I'= Z Ty,
P

with p; ') = k2"=PT,. Accordingly, the class
[O™" € H™(C xu Yo, Qexyy,)

decomposes as

p
where [[')]™" € H"(C Xy Yu, ¢y, ) satisfies the condition
pi[C,)™™ = K" P[C, ™", Vk € Z* . (2.16)
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Recall that [Z];" belongs to H™(Vy, QY,,)s- Observing that the maps i} are compatible with
the pushforward map ps,, in the sense that

D24 © Py = [1; © P2s (2.17)
we get the following equality from (2.15), (2.16) and (2.17):
[Zu]™" = pou([Ls]™" - pI[DIMY) in H™ (Y, 9%,)s C L°H" (V. O3, - (2.18)
Projecting everything modulo L**1, we get
0[Z] = p2.(6[Ts] - p16[D)) in GriH"(YVu, Q) =T(U, B3 (Q,,, L)) - (2.19)

Here [D]Y' € H(C,Q¢), and as D is cohomologous to 0 on the fibers C;, t € U, we have
[D] € L'HY(C, ), so that

3[D] € (U, Qp @ HY' /VeHS) (2.20)

where the bundles ’Hg’l = R'p.Oc, 7—[(13’0 = R%p.Q¢ yu are the Hodge bundles of the family

p:C — U and V¢, V¢ denote the corresponding Gauss-Manin connection and V-map. (To avoid
confusion, below we will also write Vy, Hg’;q for the infinitesimal variation of Hodge structure of

the family ) or Vy.) We will denote by ({[\75] any lift of 6[D] in Qy ® 7—[2’1.

We now examine
Y= 6[Fs] € Hn(c XU yU? QgXUyU)S = HO(U7 (RnW;QgXUyU)S) )
where ' :=mopy : C Xy Yy — U, and as before
(R"T.% vy, )s = {a € R*'TO¢, y,» Hpo = " sa) . (2.21)
We recall that the class v is a section of
(Rnﬂ;Qg’XUyU)S ’

with 7' = popy =mops : C xy Yy — U. Considering the exact sequence

0— Rlp*(Rn_lpl*QgXUyU) - Rnﬂ-;QgXUyU - p*(Rnpl*QgXUyU) - 0’
and taking the direct summand (where p} acts by multiplication by k%"~*), we get

0= R (R a8y vy )s = (RTS8 yy)s = pu( Ry )s — 0.
As Q¢ y,, Projects naturally to pi€lc/y ® p’Q‘QSZ,_l, we get a morphism
1,0 _
P*(Rnpl*QgXUyU)S - HC7 ® (Rnﬂ*QgUl)S_l ’

where the subscript s — 1 instead of s on the right follows from formula (2.21) and the shift in
total degree.

As was explained in Section 2.1, (Rnﬂ'*QSL)ZI) s—1 1s computed as
Ker (vy75_17n_57n . Q?j—l ® IHSI}_S’n — QSU ® Hg—s—l,n-&-l)
I (Vy so2n—stin-1 - Q2 @ Hy T = Q@ HYTH)
Combining these various morphisms and identifications, we find that + provides a class

Ker vy,s—l,n—s,n )
Im vy,s—Q,n—s—i-l,n—l

v el (U, 'Hé’o &

We will denote by 4, any lift of vy in T'(U, 7—[(1:’0®Ker Vy.s—1mn-sn) C LU, 7—[(13’0(2)9?]*1 ®H§,ﬁs’").
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The proof of Proposition 2.4 in the case of a family of abelian varieties is then an immediate
consequence of Lemma 2.10 below. Indeed, it says in particular that under the assumptions of
Proposition 2.4,

Ker V)J,s,nfs,n

Imﬁy,s—l,n—s—l—l,n—l
belongs to the image, under the wedge product map, of the sheaf

Ker Vy s 1n-sn

QU ® — .
Im vy,s—Q,n—s—i-l,n—l
O
LEMMA 2.10. With the same assumptions and notation as above, we have
d[Z] = w(< <TD],’)/1 >) modulo Im Vy 51 pn—s+1n-1, (2.22)

where the brackets mean that we use the duality between Hg’l and H(lj’o to get a contraction
map

<7 > (QU ® Hg’l) ® (%é’o ® Q?]_l ® HSL}-S;”) N QU ® QsU_l ® HSL}—S,H ’
and the map w is induced by the wedge product map Qpy ® ijfl Q3.

Before giving the proof of (2.22), let us explain why the projection of

w(< 8[D), 51 >) € T(U, Ker Vy,gnon) C T(U, 0 @ HYy ")
in the quotient
Ker ﬁy’s’n_s’n

Im vy,s—l,n—s-‘rl,n— 1

does not depend on the choice of the lifts (SI[\ZS], 41. If we change 71 by a Vy-exact section of
QSU_l ® ’Hé’o ® ’H;,_s’n, that is, (31)" = 1 4+ Vy s—2n—st1,n—1(7") for a section v’ of Qf]_Q ® ’H(ljo ®
HSL;SH’HA, then we clearly have

w(< 8[D], (1) >= w(< 8[D], A1 >) + Vysmtn-stin-1(w(< §[D],7 >)),

and the difference is Vy s_1 n—st1.n—1-€xact. On the other hand, if we change 4[D] to

(8[D]) = 6[D] + Ve(a)

where « is a section of Hé’o, then we get

w(< (B[P, A1 >) = w(< [Dl, A1 >) +w(< Ve(a). 71 >)
= w(< 8[D), A1 >) — w(< o, Ve(Fr) >).
Furthermore, the class V¢ (71), hence also the contraction —w(< «, Ve(31) >), is Vy-exact for the
following reason. Recall that 4; is the projection of a Ve ,y-closed section 7 of (R" ngB v/ B)s-
This section has a Kiinneth decomposition ¥ = 41 + 72 + ... with 72 € I'(U, QSU_l ® Hg’l ®
7-@_5“’”_1). The condition Vey, y, (7) = 0 then implies that

Ve(h) = =Vy(32).-
Proof of Lemma 2.10. We apply formula (2.18). We observe that the map

. pn+l_ on+l n n
pos : R F*QCXU:)}U — R, Yo
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is obtained by composing the maps I and g, where
g: RO, — Rl (p1Qc sy © p5Q%,)
is induced by the morphism
Qgi;y,] = P18 v @ P52y,
coming from the exact sequence
0— p;QyU - QC><U37U - pTQC/U —0
and
I: R"H?Ti(pTQC/U ® p3Sy,, ) — R"m.Q5),
is the integration over the fiber of py, which can also be obtained by writing 7’ = 7 o py and
sending R" 7, (piQc /iy ® p3Q2y, ) to

1 * *
by the corresponding Leray spectral sequence.

We apply the morphism g to the class pi[D]"! - [[4]»". As [D]Y' € HY(C,€¢) vanishes
in H°(U, R'p,Q¢/7), we find that

g(Pi[DIM - [D™") = 8[D] - g(v) in T(U, R™ 7l (piQc /v @ p32%,)) (2.23)

where g(7) is the image of v € I'(U, R"m, Q¢ y,,) in I'(U, R" 7 (p1Qc v/ ®p’2‘9$;1)) and d[D] is
any lift of [D] in H'(Cp*Qu) = T(U, HY' ® Q).
We now observe that for g(v) € T'(U, R" 7 (piQ¢ /v ®p§Ls_1Q§;l), and (ﬂﬁ] e HY(C, p*Qu),
we have
I(5[D] - g(v)) = w(< 8[D], 1 >) in T(U, R"m. Q% /LS R, Q% ) . (2.24)

To prove (2.24), we choose a class p € H'(Qc ) which does not vanish in H(U, R*p.Qc1/)
(for example the first Chern class of a relatively ample line bundle on C). The class
9(v) € T(U, R*m,(p1Q%c /v ®p§L3_lQS§;1)) can be written as

9(y) = pin - pan +pami
with n € T'(U, R”_lw*(LS_IQ§;1)) and v; € I'(U, ’Hé’o ® Rnﬂ*(LS_lQ&_]l)). We then find that

1(5[D] - pi- pim) = p(81D] - 1) -

which is 0 since we assumed U affine, so 6[D] - p = 0 in H?(C, Qc/vr). On the other hand, it is
clear that for

3[D] € D(U, Q) @ HY(O¢) = T(U, Qy @ Ho'),
we have
I(3[D] - pom) = w(< 6[D],m >)
because for any u € H'(C,0¢) = I'(U, R p.O¢) and w € T'(U, ”Hé’o) with cup product v - w €
H'(C,Q¢/), we have I(u-w) =< u,w >.
Combining (2.23) and (2.24) clearly proves the desired formula (2.22). O

We now turn to a general family  — B. The proof in fact works in exactly the same way,
except that we have to replace the natural splitting of the Leray filtration on H" (Y, ng ) given
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by the character decomposition by another one, which is not canonical and depends only on the
choice of a polarization on the family ) — B, that is, a line bundle £ on ) which is ample on
the fibers ).

PRrROPOSITION 2.11. Assume that the base B is smooth quasi-projective. Given a relative polar-
ization £ on Y = B, there is a canonically induced splitting of the filtration on Hi1()y, Q§;|yt)

or of the sheaves quﬂg, induced by the filtration L on QS’,
respect to pull-back maps.

e This splitting is functorial with

The proof of Proposition 2.11 is given below. Choosing the pulled-back line bundle p5L on
the pulled-back family C xy ), we get a similar decomposition of H™(Cy X )y, QE‘XU),I Cox ) which
t t

splits the filtration L on this space, relative to the projection C xy Y — C.

The decompositions are compatible with pull-back and push-forward maps, and the rest of
the argument works the same way as before. This concludes the proof of Proposition 2.4. O

Proof of Proposition 2.11. We could do it by hand, but it is quicker to see this as a consequence
of Deligne’s canonical splitting result in [Del91]. Deligne proves that the choice of a relative
polarization on 7 : ) — B induces a canonical quasi-isomorphism

Rm.Q = @ZRZT"*Q
It follows that there are canonical cohomology classes 7, € H?() x5 Y, Q), d = dim Y, whose
images in H%(B, R?!(r,7).Q) are the Kiinneth projectors my:
RQd(Tr, 7'&')*@ = @i_;.j:zdRin*Q ® Rjﬂ'*Q
=@ Hom (ij@, Rjﬂ*(@) S>mj:=1Idgjr q-
From the construction of [Del91], it is clear that these classes 7 € H?(Y x5 Y, Q) are Hodge

classes, which means that they extend to any smooth compactification of ) x g ) and are Hodge
classes there. It then follows that these classes have Dolbeault counterparts:

7l e HUY x5 Y, 0%y 1y) -

We can now use the ﬁg’d as acting on the relative Dolbeault cohomology of ). Namely, denoting
by pri1 and pry the projections from ) xpg Y to B, we have maps:
pras o () Uopry : Rim, Q8 — Rim, Q).
They similarly act on the fibers at ¢:
pros o (7)) Uopry : HI(Yy, ng‘yt) — HY(Y,, QIJ)’IM) .

These maps are compatible with the L-filtration and induce a morphism of spectral sequences
associated to the filtration L. On the other hand, their action on EY*™" = Q% @ HI7*(), Qg’l%)
is induced by m, hence it is equal to 0 for p+ ¢ — s # k and the identity if p+ g — s = k, and

similarly for E39" = E377°. It follows that we have induced maps

Pros © (Tptq—s) Uopry : L HI(Yy, ) — L°HY(), Q

Y4 D )
Y|V Y|V

which have the property that after passing to the graded vector bundle Grp, they induce the

Zero map on E;l’q_sl for s’ > s and the identity map on E3?° = EX?°. But then a sufficiently
high power of these maps vanishes on L*t1H9()),, ng‘yt) and thus factors through E33’ ° to give
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a retraction

q— D
E3 — LHY(Y,925,,)
hence a canonical splitting
LEHY(Y,, ng‘yt) = LT H(Y), QZJ)}D)t) @ B9, F395 = E3I° 0

3. Codimension g — 1 cycles modulo algebraic equivalence in Jacobians

3.1 Constructing test elements in the dual space

We now consider a family C — B of curves of genus ¢ and the associated Jacobian fibra-
tion m : J — B. We choose an embedding C C J, which provides a codimension g — 1 cycle
Z € CHY7Y(J)/alg and we want to study the cycles Z, € CHY"1(7),/alg. Our goal is to exhibit
such families with a nontrivial infinitesimal invariant

Ker (Vi,g-1-s9-1) )
’ Qp A Ker (vsfl,gfsfl,gfl)

for s > 2. Here V is the V-map for the Hodge bundles of the family 7 — B. The infinitesimal
variation of Hodge structure on the cohomology of the fibers of the family (7;)iep of Jacobians
is deduced from the one of the family of curves (C¢)icp, in the obvious way. Namely, it coincides
with the latter in degree 1 and with its k-th exterior power for higher k.

6[Zs]alg € Is,g—l—s,g—l =T <B

The map
Vopag: Uy @HPI — QSBH & HP—Latl
has for transposed map
s+1 s
Vetlg-pilgq-1: /\ Tp @ HIPHLo—a—1 /\TB @ HIPIq

This map is given by the formula

tvs+1’g_p+1’g_q_1(ul AN ANUs11 QWI A NAWg—pr1 @M AL A ng—q—l)

= E ()" ug A AN A U1 @WI A AGA AWy pid
1<i<s+1, 1<j<g—p+1

& tﬁLLo(ui ® OJJ') ANmMAN. o ATg—g—1-

Fix a point b € B. The dual of the space of infinitesimal invariants
Ker (ﬁs’gflf&gfl’b : QSBJ) & ,Hg—l—s,g—l — QSB—":bl & ,Hg_Q_S’g)

-~ B —1 —1—s,9—1 —2—s,
Qpp NKer (Vo1 gs-1g-1p: Qg @My 077 = Qp, @ Hy ™)

is the quotient of the space

(3.25)

N s—1 s+1,1
* T ® H s
s g—1-sg-1 = Ker (/\ Top @ M & Ty @ A Bb ®H, )

=
Im vs7s+2,0,b

by the subspace

s+1 s
t— . s+2,0 s+1,1
Im("Vsi1,542,00 : /\ Tpy @ H, — /\ Tepy@Hy ),
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where H)'? = AP HY(C, K¢) ® \? HY(C, O¢). The following lemma describes the simplest pos-

. . *
sible elements in the space Is’gfl,s’g,l.

LeEMMA 3.1. Assume that we have
(i) an s-dimensional subspace W =< u1,...,us >C Ty,
(ii) an s+ 1-dimensional subspace K =< w1, ... ,wst1 >C ”H;’O and an s-dimensional subspace
Kl =< H1y--y s >C H[?O ’
(iii) an element n € 7—[2’1,
such that
(i) For anyi € {1,...,s} andj € {1,...,s+ 1}, 'V(u; ®w;) =0 in ’Hg’l.
(ii) Foranyie {1,...,s} andj € {1,...,s}, 'V(u;®u;j) = \ijn in Hg’l, where the (s, s)-matrix
(Aij) is invertible.
Then w:=ui A... ANus ®wi A ... Awsy1 ®n belongs to the subspace I3, 1 . 4 of (3.25).

Proof. Indeed, we may assume that )\;; = d;; after changing the basis u; if necessary. Then the
image of Uy A AU @ WAL Awer1 @1 in Ty ® /\‘(”_1 Tpp® HstLL is equal to ZZ(—l)’ul &
ULA AU A AU @wi AL Awsy1 ®@n. On the other hand, for any i, we have:

UIA AN AU RWI A N Wsr1 ®N

= (—1)"Vss200(U1 Ao AUus @ i Awi Ao Awsyt) .

g @y !

Thus ui A ... Aus@wi A...Aws11 ®n € Ker (/\STB,b ®H§+1’1 — Ty ® W) ]
3.2 The Ikeda family
The Tkeda family [Ike03] is simply the family of plane curves which are cyclic covers of P! of
degree d ramified along a degree d divisor. In other words, the general equation f of such a plane
curve takes the form

FY, X0, X1) = Y — fo(Xo, X1)
(in homogeneous coordinates Y, Xo, X; on P2?) for some homogeneous polynomial fq of degree
d. This family is parameterized by the quotient U/PGI(2) where U C P(H°(P', Op1(d))) is the
open set parameterizing reduced divisors, hence smooth plane curves.

The tangent space to this quotient at a general point fy is the quotient
d _ qd d
Rfo = 5%/ Jfo )
where S% = HO(P!, Op:(k)) and J]]Z’O C S* is the degree k part of the Jacobian ideal of fo,

generated by the partial derivatives 0fy/0X;.

We consider the universal family C — B, where B C U is any slice for the action of PGI(2)
and the corresponding infinitesimal variation of Hodge structure at a point b € B corresponding
to an equation f as above. Let us exhibit, for any such f, data as in Lemma 3.1 with s = d — 3.

We recall from [CG80] (see also [Vo0i03, 6.2.1]) that the infinitesimal variation of Hodge
structure of a hypersurface defined by a homogeneous equation f is governed by the product in
the Jacobian ring R; of f, quotient of the polynomial ring by the ideal generated by the partial
derivatives of f. In the case of a curve C of degree d in P? defined by an equation f, we get

HI’O(C) ~ R?*?)’ H071(C) ~ R?’d*‘?
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and the infinitesimal variation of Hodge structure restricted to the family of plane deformations
of C identifies

tvl,l,o : TB,b X Hl’O(C) — Ho’l(C)
with the multiplication map
d d—3 2d—3
where B is a slice for the PGI(3)-action and b € B is the parameter for C.

Let now f = Y — fy(Xo,X1), which is homogeneous of degree d in the three variables
Y, Xo, X1. Note that 0f/0X; = —0fy/0X; for i =0, 1, so that Ry is a module over Ry,.

Consider the following subspaces:
. pd d . pd—3 _ od—3 — d—4 _ v, qd—4
W:=Rj CRy, K:=R; ™~ =5y and K1 :=YR; " =YSy". (3.26)
Note that dim W =d — 3, dim K = d — 2 and dim K; = d — 3. We have the following result.

LEMMA 3.2. (i) For anyu € W, w € K, we have 'V(u ® w) = 0.
(ii) There is an element n € H%1(C) such that the map W @ K1 — H%Y(C), u®@w —! V(u®@w)
takes the form
T @ w) = A, w)n,

where the bilinear form A gives a perfect pairing between W and K;.

Proof. (i) This follows from the fact that R?g_g = 0.

(ii) We choose for n the generator of the 1-dimensional vector space YR%_ZL, which means

geometrically (cf. [CG80]) that

P(Xo, X7)YQ
12

with Q@ = XodX1 A dY — X1dXo AdY + YdXo A dX; € HY(P?, Kp2(3)) and P generic of

degree 2d — 4 in the variables Xy, Xi.

Then statement (ii) follows from Macaulay’s theorem (cf. [Voi03, 6.2.2]), which says that
R?cg_‘l = C and that the multiplication map leco ® R?O_4 — R?g_‘l is a perfect pairing.

n = Resc in H%'(C), (3.27)

O]

We now get the following corollary. Here we consider the Ikeda family C — B (defined over a
slice of the quotient map P(S%) — P(S%)/PGI(2)), the associated Jacobian fibration 7 : J — B,
an embedding C — J giving rise to a codimension g — 1 cycle Z of J and its (relative) Beauville
component Z;_3.

COROLLARY 3.3. Choose a basis ui,...,uq_3 of W and a basis w1, ...,wq_2 of K. Let n be a
generator onRfcg_A‘ =C c HY(C,O¢), where the curve C is defined by Y% = fo(Xo, X1). Then
W:i=U AN AU 3 QW1 A ANWg_a N (3.28)

belongs to the space I;_, g—dt2,9—1° where g = %d(d —-3)+ 1.

Proof. We only have to observe that the space W C H'(C, T¢) is exactly the tangent space to
the Tkeda family, so that w belongs to /\di?’ Tpp ® H¥=21(JC). Applying Lemmas 3.1 and 3.2,

we also get that the image of w in Tp) ® A Tpp® HY=21(JC) vanishes in the quotient

A" Tpy @ H2L(IC)

Tgp® =
b t
Im"Vg_34-1,0

)
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which proves the result. ]

3.3 End of the proof of Theorem 1.6

This section is devoted to the proof of the following result.

PropPOSITION 3.4. Let fy € S;l( define a smooth divisor in P'. Let C be the curve defined by
yd — fo(Xo,X1) and let w € 12_3’g_d+27g_1 be the element constructed in Corollary 3.3. Then
the pairing

< 0[24-3]b,a1g, w >
is nonzero, where b € B is the point of the Ikeda family C — B parameterizing C'.

Note that Proposition 3.4 implies Theorem 1.6. Indeed, it implies that for the Ikeda family
C — B, the infinitesimal invariant §[Z4_3]p 4 of the corresponding codimension g — 1 cycle Z
of J — B is nonzero at the general point of B, which implies by Theorem 1.1 that for the
very general curve C' parameterized by B (hence for the very general plane curve), the Beauville
component Z;_3 is nonzero in CH;(JC)4_3/alg.

The proof of Proposition 3.4 will use the following description of the pairing

< 0[Z4-3]batg,w >. Let C C J — B be a family of curves of genus g and let w € I3, ;4

be an element constructed as in Lemma 3.1. Assume for simplicity that dim B = s, so that
W = Tpy, where the point b parameterizes the curve C' := Cp,. Then the pairing

< 5[Zs]b,alng >

is computed as follows. Since all the forms w; € H(C, K¢) satisfy 'V (v; ®w;) = 0in HY(C, O¢),
they lift to sections of

HD(C, Qc|c) = HO<Ca QJ|C) = HO(Jv QJlJ) )

where J = JC = J,. For any k, the multiplication p; induces an endomorphism p of H9(J, Q2 J17)
which is compatible with the restriction map

HY(J,Qq17) = H°(J,Q),

the action of y; on the right hand term being the homothety of factor k. It follows that there is
an unique lift &; of w; in HO(J, Q7)) satisfying the property

s (@;) = k@; for any k.

The d — 2-form
OLA ... Nagp1 € HY(C, QS;'({,)
restricts to a form p € H°(C, QZT&) There is an isomorphism
gt = i

which becomes canonical once A\* W is trivialized and we trivialize A\* W using the multivector
u1 A ... Aug. We thus obtain from w an element p-n € H(C, K¢).

LEMMA 3.5. We have

< 5[Zs]b,alg7w >= / .
C
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Proof. In a general situation C < J — B, the class [Z]g_l’g_l c HIY(JC, ng_|}c) is the

Dolbeault cohomology class of C C J and the class [Z]; 414 is its component lying in the space

HI~Y(JC, Qg}c)s = {a € HIY(JC, Qf;'}c), pio = k297275 kY

For any class 8 in the dual space

HY(JC,QYTL), N :=dim B,

Jlic
we have
<l 8 >= | fe, (3.29)
where (¢ is the image of 8 in H'(C, Q]C\%l) which is identified with H'(C, K¢) via a trivialization

of /\N (1. Coming back to our situation above, where NV = s, the statement thus follows from
the following facts:

(i) The choice of a lift @; € H(Q7|;0)1 gives the unique lift
W = (JJl VAN /\J)s—l-l X ne Hl(JC, st+1uc)s+2

of we Gri?H' (JC,Q% ).

(ii) Writing [Z]971971 = 3" [2;]97 1971 we then have

(]

<2107 >=< (20w >, (3.30)
since the coupling is multiplied by k%9 under iy, which implies that all the other terms
< [24]197 5971 b > vanish.

The term on the right in (3.30) gives a coupling < 5[23]2_1’9_1, w > which, by the fact that
w is in the kernel 1§ 5 ;.o 4 Of (3.25), is equal to the desired coupling < 5[35]5;11;9_1, w >.
On the other hand, the term on the left is computed by formula (3.29). The equality (3.30) thus
proves Lemma, 3.5. ]

Proof of Proposition 3./. We follow the description given in Lemma 3.5. As 'V (u; ® w;) = 0 for
all 4, j, each w; has a canonical lift ©; € H 07,9 I 7)- This lift is determined by the condition
that ppw; = kw; for all k.

We observe that the cyclic group G := Z/dZ with generator g identified with a d-th primitive
root of unity ¢ acts over B on the families C and 7, in a compatible way if we embed C in J
using one of the fixed points of the action of G on the curves. We claim that the forms w; satisfy

g 0 = (W; . (3.31)
To see this, we write the exact sequence
0—Qpp®0c — Qcjc = Qo — 0,
which induces the exact sequence
0—Qps— HY(C,Qz0) > K =0 (3.32)

with K C H°(C) defined as in (3.26). This indeed follows from Macaulay’s theorem, which
implies that K = {a € H*(Q¢), V(a) = 0in Qpp ® HY(C,0O¢)}. The claim then follows from
the fact that the wj, which are the images of @; in H(J,Q7,p55) = H(J,Q;) = H'(CO), satisfy
the property

g wj = (W
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and from the fact that the two actions p; and g* on the space
H°(J, Q1) = H(C,Qg1c) = H(C,Q¢10)
commute, both acting trivially on the space on the left in (3.32) and as a homothety of factor &
and (, respectively, on the space on the right in (3.32).
As an immediate consequence of (3.31), we find that
d—2
G @A ADag) =CTPB AL ABa—s in H(\ Q710),

hence a fortiori the restricted form y which is the image of @1 A ... A@g_s € HO(AT2Q) Jlc in
HON\? Qcic) = HY(O) satisfies
gu=C"n
Next we observe that the form 1 € H%!(C) defined in (3.27) satisfies
g'n=_¢n
as follows immediately from the formula

PYQ
f2

1 = Resc

with ¢*Y =Y, ¢*Q=(Q and ¢g*f = f, g*P = P.

The two spaces HLO(C’)Cdi2 and HO’I(C’)<2 where ¢* acts by multiplication by (%2 and (2,
respectively, are dual and 1-dimensional and the second space is generated by 7. It follows that
the pairing < §[Z4_3]p,414, w >, which by Lemma 3.5 is computed as the pairing < p,n > between
pue HY(C) and n € H%'(C), vanishes if and only if u vanishes identically.

It thus suffices to prove that p is nonzero. This is done as follows: Recall that the bundle Q¢ (¢

has rank d—2 and possesses the d— 2 sections ;. Assume that p vanishes in H%(C, /\d_2 Qeic) =
HY(C, K¢). Then these sections generate a subbundle N C Qc|c of rank < d — 3, and it follows

that if x € C is a general point, there is a section @, €< @&i,...,Wq_o > vanishing at x. As

all the sections w; satisfy g*w; = (wj, it follows that @, also vanishes at gz, g%z, ..., 9% 1z, so

that @, is in fact a section of Q¢|o(—1). It is easy to check, however, using the multiplication in
the Jacobian ring Ry, that H%(C,Qc|c(—1)) = 0. Indeed, we have the exact sequence

0= Qpp® Oc(—1) = Qejo(-1) = Ko(-1) = 0
and the induced map
H(C, Kc(~1)) = Qpp ® H'(C,Oc(~1)) = Hom (R}, , B~)

is given by multiplication in the Jacobian ring of f. Such a section would provide a nonzero
element of

d—4 _ i=d—1y i pd—4—i
Ry~ =iz YV'Ey,
which is annihilated by multiplication by all elements of W = R?O, and this does not exist by
Macaulay’s Theorem. O

4. Comparison with Ikeda’s invariants

As already mentioned in the introduction, Ikeda [Ike03] proves the nonvanishing of the cycle
Z4_3 for the very general curve in the Ikeda family of plane curves of degree d, modulo a certain
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subgroup of CH9~!(JC). Here the cycle Zy_3 is obtained by embedding the curve C in JC using
a general point p € JC.

The infinitesimal invariant used by Ikeda is the projection of

Kervd_&g_d_;_g,g_l’b C Q%Tbs & Hg_d+2’g_1(JC)

(5[2[1_3,(,] c —
ImVy 44 dy3,9-2

modulo the subspace
QdB_,é)’ @ Ker Vo g_ar29-16 CKerVa_3 9 dr29-1p- (4.33)
In contrast, our infinitesimal invariant 6[Z4_3 4145 is the projection of
KerVi_sg-dt2,9-1,6 C Q‘éf ® HI=4+29-1(JO)

ImVg_49-d43,9-2

0[Za—3p) €

modulo the subspace
Qpp A Ker vd_47g_d+27g_17b C Ker ?d_37g_d+279_17b (4.34)
which contains (4.33) by formula (2.7).

If instead of the family of plane curves, we consider the universal family of curves C — B
of genus g, and replace d — 3 by any integer s such that g > 2s + 1 (this is the range we are
interested in by Conjecture 1.4), then at the general point b € B, the subspace (4.33) can be in
fact computed explicitly. The result is as follows.

ProprosiTION 4.1. Let C' = Cy, be a general curve of genus g > 2s + 1. Then the kernel
Ker (Vo7g,3,1,g,171) : Hg_s_l’g_l(JC) — QBJ, ® Hg—s—2,g) (4.35)
is equal to the image
Im([Cx : HI™%9(JC) — HI~5~L971(JC)),
where [C]x is the Pontryagin product with the class of C in H9~1971(JC).
Notice that Im([C]* : H9=*9(JC) — HI~5~1971(J(C)) is also equal to the nonprimitive part
of the cohomology
Im(09—5~1 . HOS(JC) — HI 5~ H971(JO)) .
Proof of Proposition 4.1. The proposition above is in fact a geometric translation of our result
in [Voi05], namely the vanishing of the Koszul cohomology group Ky, 1(C, K¢) for a general curve
of genus g in the range g < 2k+ 1. This vanishing says that in this range, the kernel of the Koszul
differential
k k—1
Ker (\ H°(C, K¢) ® H'(C,K¢) —» J\ H(C,K¢) ® HO(C,2K¢)) (4.36)
is equal to the image of the natural map
k+1 k
/\ H°(C,K¢) — /\ H'(C,K¢) ® H(C, K¢)

(also a Koszul differential). If we now identify HO(C, K¢) with A9t HOY(C) = AV HO(C),
the Koszul differential (4.36) identifies with the map Vg 4-1, k = g — s — 1 of (4.35) because,
as is well known, the multiplication map

H°(C,K¢) @ HY(C,K¢) — H°(C,2K¢)
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seen in the form
H°(C, K¢) = Hom(H"(C, K¢), H°(C,2K¢)) = H*'(C) @ H°(C,2K¢)

identifies with the map ﬁo,l,u
For g > 2s+ 1, we have ¢ < 2(9 — s — 1) + 1. It thus follows from the above that the kernel

of Vo,g—s—1,9-1 is equal to the image of \Y"° H°(C, K¢). We finally observe that the natural
map

g—s g—s—1

N\ H(C,Ko) = N\ H(C,Ke) @ H(C, Ko)
identifies with the map [C]* : HI~%9(JC) — HI9~5~1971(JC) given by Pontryagin product with
the class of C.

We refer to [AN10, 8.1.4] for a more detailed version of this Hodge theoretic interpretation
of the vanishing of canonical syzygies. O

Proposition 4.1 shows that the Ikeda subspace (4.33) is too small to make the Ikeda infinites-
imal invariant of the cycles Z; € CHg_l(j ) for g > 25+ 1 invariant under relative translation of
the cycle. Indeed, choose a degree 1 codimension g cycle I' in 7 and consider the cycle

ZF =Zx*T s
where * is the relative Pontryagin product over B for cycles in 7. Then
Zr—Z=Zx(I'-0p),
where Op is the zero section of J. Since the 0-cycles 'y, — 0, € CHo(J) are of degree 0, they are
algebraically equivalent to 0, and so are the cycles Zrj, — 2.
If we now introduce the relative Beauville decomposition

=) I, Ti=0p

1

of I', we find that
ZF,S = Z Zs—i * Fz .

1<S
In this sum, the first term is Z; and the last term is Zy * I'y, and its restriction to J, over
the point b € B belongs by definition to the subgroup ZoF*® CHy_1(Jp). So its infinitesimal
invariant belongs by Ikeda’s results to the Ikeda subspace (4.33). The other terms however have
infinitesimal invariants which can be shown, using Proposition 4.1 and Ceresa’s Theorem, not to
belong to the Tkeda subspace (4.33) for g > 2s+ 1 (while they, of course, belong to the subspace
(4.34) by Proposition 2.4, since Z,_; * I'; is algebraically equivalent to 0 for i > 0).
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